


HANDBOOK

OF DIFFERENTIAL EQUATIONS

STATIONARY PARTIAL

DIFFERENTIAL EQUATIONS

VOLUME II



This page intentionally left blank



HANDBOOK

OF DIFFERENTIAL EQUATIONS

STATIONARY PARTIAL
DIFFERENTIAL EQUATIONS

Volume II

Edited by

M. CHIPOT
Institute of Mathematics, University of Zürich, Zürich, Switzerland

P. QUITTNER
Department of Applied Mathematics and Statistics, Comenius University,

Bratislava, Slovak Republic

2005

ELSEVIER
Amsterdam• Boston• Heidelberg• London• New York • Oxford
Paris• San Diego• San Francisco• Singapore• Sydney• Tokyo



ELSEVIER B.V. ELSEVIER Inc. ELSEVIER Ltd ELSEVIER Ltd
Radarweg 29 525 B Street, Suite 1900 The Boulevard, Langford Lane 84 Theobalds Road
P.O. Box 211 San Diego, CA 92101-4495 Kidlington, Oxford OX5 1GB London WC1X 8RR
1000 AE Amsterdam USA UK UK
The Netherlands

© 2005 Elsevier B.V. All rights reserved.

This work is protected under copyright by Elsevier B.V., and the following terms and conditions apply to its use:

Photocopying
Single photocopies of single chapters may be made for personal use as allowed by national copyright laws.
Permission of the Publisher and payment of a fee is required for all other photocopying, including multiple or
systematic copying, copying for advertising or promotional purposes, resale, and all forms of document delivery.
Special rates are available for educational institutions that wish to make photocopies for non-profit educational
classroom use.

Permissions may be sought directly from Elsevier’s Rights Department in Oxford, UK; phone: (+44) 1865
843830, fax: (+44) 1865 853333, e-mail: permissions@elsevier.com. Requests may also be completed on-line
via the Elsevier homepage (http://www.elsevier.com/locate/permissions).

In the USA, users may clear permissions and make payments through the Copyright Clearance Center, Inc., 222
Rosewood Drive, Danvers, MA 01923, USA; phone: (+1) (978) 7508400, fax: (+1) (978) 7504744, and in the
UK through the Copyright Licensing Agency Rapid Clearance Service (CLARCS), 90 Tottenham Court Road,
London W1P 0LP, UK; phone: (+44) 20 7631 5555; fax: (+44) 20 7631 5500. Other countries may have a local
reprographic rights agency for payments.

Derivative Works
Tables of contents may be reproduced for internal circulation, but permission of the Publisher is required for
external resale or distribution of such material. Permission of the Publisher is required for all other derivative
works, including compilations and translations.

Electronic Storage or Usage
Permission of the Publisher is required to store or use electronically any material contained in this work, including
any chapter or part of a chapter.

Except as outlined above, no part of this work may be reproduced, stored in a retrieval system or transmitted in
any form or by any means, electronic, mechanical, photocopying, recording or otherwise, without prior written
permission of the Publisher.
Address permissions requests to: Elsevier’s Rights Department, at the fax and e-mail addresses noted above.

Notice
No responsibility is assumed by the Publisher for any injury and/or damage to persons or property as a matter
of products liability, negligence or otherwise, or from any use or operation of any methods, products, instruc-
tions or ideas contained in the material herein. Because of rapid advances in the medical sciences, in particular,
independent verification of diagnoses and drug dosages should be made.

First edition 2005

Library of Congress Cataloging in Publication Data
A catalog record is available from the Library of Congress.

British Library Cataloguing in Publication Data
A catalogue record is available from the British Library.

ISBN: 0 444 52045 7
Set ISBN: 0 444 51743 x

The paper used in this publication meets the requirements of ANSI/NISO Z39.48-1992 (Permanence of Paper).
Printed in The Netherlands.



Preface

This handbook is Volume II in a series devoted to stationary partial differential equations.
Similarly as Volume I, it is a collection of self-contained, state-of-the-art surveys written
by well-known experts in the field.

The topics covered by this handbook include existence and multiplicity of solutions of
superlinear elliptic equations, bifurcation phenomena, problems with nonlinear boundary
conditions, nonconvex problems of the calculus of variations and Schrödinger operators
with singular potentials. We hope that these surveys will be useful for both beginners and
experts and speed up the progress of corresponding (rapidly developing and fascinating)
areas of mathematics.

We thank all the contributors for their clearly written and elegant articles. We also thank
Arjen Sevenster and Andy Deelen at Elsevier for efficient collaboration.

M. Chipot and P. Quittner
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0. Introduction

Boundary value problems for nonlinear elliptic partial differential equations have been
a major focus of research in nonlinear analysis for decades. In this survey we discuss
semilinear equations like

{−�u+ a(x)u= f (x,u), x ∈Ω,

u= 0 on ∂Ω,
(0.1)

where Ω is a domain inRN , N � 2, and f :Ω × R → R is superlinear, that is,
f (x, t)/t → ∞ as|t | → ∞. The model nonlinearity is the homogeneous function

f (x, t)= |t |p−2t with p > 2. (0.2)

The continuation method or other classical methods based on the Leray–Schauder de-
gree do not apply easily to (0.1) because there are no a priori bounds for the solutions.
This is inherent to superlinear nonlinearities. In fact, for the model nonlinearity (0.2) with
p > 2, p < 2N/(N − 2) if N � 3, a ∈ L∞(Ω), and boundedΩ , there exist infinitely
many solutions which are unbounded in theH 1 norm. On the other hand, ifΩ �= RN is
star-shaped,a(x) ≡ const� 0, f is as in (0.2) withp � 2N/(N − 2), N � 3, then (0.1)
has no solution except the trivial oneu≡ 0. Here we know a posteriori that the solutions
are bounded but the Leray–Schauder methods do not apply due to a lack of compactness.

After some initial work during the 1960s and early 1970s, Ambrosetti and Rabinowitz
established in the seminal paper [5] several variational methods to obtain solutions of (0.1)
on bounded domains, most notably the mountain pass theorem and variations thereof.
These methods have been refined and extended to deal, for instance, with unbounded do-
mains or the critical exponent casef (x, t) = b(x)|t |4/(N−2)t which is closely related to
the Yamabe problem from differential geometry. With these methods more complicated
partial differential equations with variational structure can now be investigated. Moreover,
qualitative properties of the solutions have been discovered in recent years, in particular,
on the nodal structure and the symmetry of the solutions.

The goal of this chapter is to present some basic ideas in a simple setting and to survey
selected results on the Dirichlet problem (0.1) with superlinear nonlinearity. The chap-
ter consists of three sections. In Section 1 we deal with positive solutions of (0.1), in
Section 2 with sign-changing solutions on bounded domains and in Section 3 we treat
the unbounded domainΩ = RN . No effort is being made to be as general as possible.
Neither did we try to write a comprehensive survey on (0.1). For example, we do not
present results on the bifurcation of solutions nor for thep-Laplace operator, nor do we
treat singularly perturbed equations in detail. These topics require separate surveys. For-
tunately, there are a number of well written monographs about (0.1) where the reader can
find additional information and further references. We would like to mention the books by
Rabinowitz [79], Struwe [87], Chang [41], Ghoussoub [52], Kavian [56], Schechter [81],
Willem [95], Chabrowski [39,40], Kielhöfer [57]. We concentrate on topics not being cov-
ered in these monographs, although a certain overlap cannot be avoided for natural reasons.
Of course, the choice of topics is also influenced by our own research interests.
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0.1. Conditions on the nonlinearity

For the convenience of the reader we list here conditions onf which we use at various
places in the chapter. The critical exponent is defined by

2∗ =
{+∞ if N = 2,

2N
N−2 if N � 3.

Givenf :Ω × R → R we letF :Ω × R → R, F(x, t) :=
∫ t

0 f (x, s)ds, be the primitive
of f .
(f0) f :Ω × R → R is a Carathéodory function withf (x, t) = o(t) as t → 0. There

existC > 0 andp � 2∗ such that|f (x, t)| � C(|t | + |t |p−1) for all x ∈Ω , t ∈ R.
(f ′

0) f :Ω × R → R is differentiable int ∈ R, and the derivativeft is a Carathéodory
function with ft (x,0) = 0. There existC > 0 andp � 2∗ such that|ft (x, t)| �
C(1+ |t |p−2) for all x ∈Ω , t ∈ R.

(f1) For everyx ∈Ω the functionR \ {0} → R, t �→ f (x, t)/|t |, is strictly increasing.
(f ′

1) ft (x, t) > f (x, t)/t for everyx ∈Ω and everyt �= 0.
(f2) There existR � 0 andθ > 2 such that 0< θF(x, t) � f (x, t)t for all x ∈ Ω ,

|t |>R. If Ω = RN it is required thatR = 0.
(f3) lim|t |→∞F(x, t)/t2 = +∞, uniformly in x.
(f4) There existsm> 0 so thatt �→ f (x, t)+mt is strictly increasing for allx ∈Ω .
(f5) inft �=0f (x, t)/t >−∞.

1. Positive solutions

1.1. Existence of positive solutions

We consider first the problem





−�u+ a(x)u= up−1, x ∈Ω,

u > 0, x ∈Ω,

u= 0 on ∂Ω,

(1.1)

whereΩ is a smooth domain inRN , a ∈ L∞(Ω) and 2< p � 2∗. In order to obtain a
solution of (1.1) we assume that−�+ a is positive, i.e., there existsc > 0 such that, for
everyu ∈H 1

0 (Ω),

∫

Ω

|∇u|2 + a(x)u2 dx � c

∫

Ω

u2 dx. (1.2)

Our main tool is the Rellich compactness theorem.

THEOREM 1.1. Let Ω be bounded and let1 � p < 2∗. Then the injectionH 1
0 (Ω) ⊂

Lp(Ω) is compact.
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THEOREM 1.2. Assume thatΩ is bounded, 2< p < 2∗ and (1.2) is satisfied. Then there
is a solution of(1.1).

PROOF. By Theorem 1.1 and lower semicontinuity, it is easy to verify that

µ= inf
v∈H1

0 (Ω)
‖v‖Lp=1

∫

Ω

|∇v|2 + a(x)v2 dx (1.3)

is achieved by somēv. After replacingv̄ by |v̄|, we may assume thatv̄ � 0. It follows from
the Lagrange multiplier rule that

−�v̄+ a(x)v̄ = µv̄p−1.

A solution of (1.1) is then given bȳu = µ1/(p−2)v̄. Indeed,ū > 0 onΩ by the strong
maximum principle. �

REMARK 1.3. There are other ways to prove Theorem 1.2. Instead of minimizing as
in (1.3) one can minimize the functional

Φ(u)= 1

2

∫

Ω

|∇u|2 + a(x)u2 dx − 1

p

∫

Ω

|u|p dx

on the Nehari manifold

N =
{
u ∈H 1

0 (Ω): u �= 0,Φ ′(u)u= 0
}

=
{
u ∈H 1

0 (Ω): u �= 0,
∫

Ω

|∇u|2 + a(x)u2 dx =
∫

Ω

|u|p dx

}
.

A critical point of the constrained functionalΦ|N is a critical point ofΦ, hence a solution
of (1.1). The map,

{
v ∈H 1

0 (Ω): ‖v‖Lp = 1
}

→ N , v �→
(∫

Ω

|∇v|2 + a(x)v2 dx

)1/(p−2)

v,

is a diffeomorphism with inverse

N →
{
v ∈H 1

0 (Ω): ‖v‖Lp = 1
}
, u �→ u

‖u‖Lp
.

It maps the minimizer̄v of (1.3) to the minimizer̄u of Φ onN . The solution can also be
obtained via the mountain pass theorem from [5]. In fact,

Φ(ū)= inf
u �=0

max
t�0

Φ(tu)= inf
γ∈Γ

max
t∈[0,1]

Φ
(
γ (t)

)
,
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where Γ consists of all continuous pathsγ : [0,1] → H 1
0 (Ω) with γ (0) = 0 and

Φ(γ (1)) < 0. These three different approaches are equally valid for (1.1). They allow
different generalizations. The mountain pass approach leads to the most general existence
results for positive solutions of−�u+ a(x)u = f (x,u) with Dirichlet boundary condi-
tions. This approach is most widely used in the literature. Minimizing over the Nehari
manifold requires more conditions on the nonlinearityf . When these are satisfied one can
find nodal solutions on the Nehari manifold and obtain useful additional information, in
particular on the nodal structure and the symmetry. Minimizing as in (1.3) only makes
sense for homogeneous nonlinearities.

The critical casep = 2∗ and the supercritical casep > 2∗ are more delicate.

THEOREM 1.4. Suppose thatN � 3,p � 2∗,Ω �= RN is star-shaped with smooth bound-
ary, anda(x)≡ λ� 0. Then there is no solution of(1.1).

PROOF. By the Pohozaev identity [78], if

{−�u= f (u) in Ω,

u= 0 on ∂Ω,

then

N

∫

Ω

F(u)dx − N − 2

2

∫

Ω

|∇u|2 dx = 1

2

∫

∂Ω

|∇u|2σ · ν dσ,

whereF(u)=
∫ u

0 f (s)ds andν denotes the unit outward normal to∂Ω . For a solutionu
of (1.1) we therefore obtain

−λ
∫

Ω

u2 dx +
(
N

p
− N − 2

2

)∫

Ω

|u|p dx =
∫

∂Ω

|∇u|2
2
σ · ν dσ � 0.

It follows thatu= 0 or λ� 0, henceλ= 0. If λ= 0, thenp = 2∗ and∇u= 0 on∂Ω , so
by (1.1)

0= −
∫

Ω

�udx =
∫

Ω

up−1 dx,

and therefore,u= 0. �

REMARK 1.5. In the situation of Theorem 1.4, there is, in fact, no positive nor sign-
changing solutionu �= 0 of

{
−�u+ λu= |u|p−2u, x ∈Ω,

u= 0 on ∂Ω.
(1.4)

As in the proof of Theorem 1.4, for a solutionu �= 0 to exist we must haveλ= 0, p = 2∗,
and then∇u= 0 on∂Ω . Now u= 0 follows from the unique continuation principle.
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We assume now thatΩ is bounded anda(x)≡ −λ, where 0< λ< λ1(Ω) and

λ1(Ω)= min
v∈H1

0 (Ω)
‖v‖
L2=1

∫

Ω

|∇v|2 dx.

We consider the minimization problem

Sλ = inf
v∈H1

0 (Ω)
‖v‖
L2∗ =1

∫

Ω

|∇v|2 − λv2 dx. (1.5)

In order to solve this problem, we need two tools: the following Brezis–Lieb lemma
from [31] and the strict inequalitySλ < S, where

S = inf
v∈H1(RN )
‖v‖
L2∗ =1

∫

RN
|∇v|2 dx.

LEMMA 1.6. Let (un) be a bounded sequence inLp(Ω), 1� p <∞, such thatun → u

a.e. onΩ . Then

lim
n→∞

(
‖un‖pLp − ‖un − u‖pLp

)
= ‖u‖pLp .

LEMMA 1.7. LetN � 4 andλ > 0. ThenSλ < S.

PROOF. The instanton

U(x)= [N(N − 2)](N−2)/4

[1+ |x|2](N−2)/2
(1.6)

is a minimizer forS. SinceU |Ω /∈H 1
0 (Ω), we have to use a truncationψ . We can assume

thatBρ(0)⊂Ω . Letψ ∈D(Ω), ψ � 0, be such thatψ ≡ 1 onBρ(0). Using

Uε(x)=ψ(x)ε(2−N)/2U
(
x

ε

)

an asymptotic analysis shows thatSλ < S. �

REMARK 1.8. WhenN = 3, the situation is more delicate. Consider the unit ballΩ =
B1(0)⊂ R3. Then we have

0< λ�
λ1(Ω)

4
�⇒ Sλ = S
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and

λ1(Ω)

4
< λ< λ1(Ω) �⇒ Sλ < S.

The next result is due to Brezis and Nirenberg [32].

THEOREM 1.9. LetN � 4, p = 2∗, 0< λ < λ1(Ω) anda(x)≡ −λ. ThenSλ is achieved
and there exists a solution of(1.1).

PROOF. Let (vn)⊂H 1
0 (Ω) be a minimizing sequence forSλ: ‖vn‖L2∗ = 1,

∫

Ω

|∇vn|2 − λv2
n dx→ Sλ.

By Rellich’s theorem, we can assume, going if necessary to a subsequence:

vn⇀v in H 1
0 (Ω),

vn → v in L2(Ω),

vn → v a.e. onΩ.

With p = 2∗ andwn = vn − v, we obtain from Lemma 1.6,

1− lim
n→∞

‖wn‖pLp = ‖v‖pLp .

It follows that

Sλ =
∫

|∇v|2 − λv2 dx + lim
n→∞

∫
|∇wn|2 dx

� Sλ‖v‖2
Lp + S lim

n→∞
‖wn‖2

Lp

= Sλ‖v‖2
Lp + S

(
1− ‖v‖pLp

)2/p
.

Since, by Lemma 1.7,Sλ < S, necessarily‖v‖pLp = 1 andv is a minimizer forSλ. As
before, (1.1) is solvable. �

The caseλ = 0 andp = 2∗ is more complicated. Using the instantonsUε,y(x) =
ε(2−N)/2U((x − y)/ε) with U from (1.6) one shows that the infimumS0 in (1.5) is not
achieved on a domainΩ �= RN (see, e.g., [95], p. 32). Bahri and Coron [8] showed that the
topology of the domain plays an important role.

THEOREM 1.10. SupposeΩ ⊂ RN is a bounded domain with nontrivial topology in
the sense that it has a nontrivial homology groupHk(Ω;Z2) �= 0 for somek � 1. Then
(1.1)with a(x)≡ 0 andp = 2∗ has a solution.
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We now consider the caseΩ = RN , a(x) ≡ 1, 2< p < 2∗ and the boundary value
problem





−�u+ u= up−1 onRN ,

u > 0 on RN ,

u(x)→ 0, |x| → ∞.

(1.7)

The corresponding minimization problem is

Sp = inf
v∈H1(RN )
‖v‖Lp=1

∫

RN
|∇v|2 + v2 dx.

Let us recall thatH 1(RN )=H 1
0 (R

N ). We shall use the Schwarz symmetrization and radial
Sobolev inequalities.

Let VN = m(B1(0)) be the Lebesgue measure of the unit ball inRN . The Schwarz
symmetrization of a measurable subsetA of RN is defined by

A∗ = BR(0), whereR is given bym
(
BR(0)

)
= VNRN =m(A).

The Schwarz symmetrization of a measurable functionu :RN → [0,∞[ is defined by

u∗(x)= sup
{
t > 0: x ∈ {u > t}∗

}
.

THEOREM 1.11. Letu :RN → [0,∞[ be measurable and letf : [0,∞[→ R be continu-
ous. Then

∫

RN
f
(
u∗)dx =

∫

RN
f (u)dx.

Let 1� p <∞ andu ∈W1,p(RN ), u� 0. Then the Pólya–Szegö inequality holds:

∥∥∇u∗∥∥
Lp

� ‖∇u‖Lp .

See [34] or [96] for a simple proof.
We denote byH 1

r (R
N ) the space of radial functions ofH 1(RN ). Let us recall that a

functionu is radial ifu= u(|x|). The Schwarz symmetrization of a measurable function is
radial.

The following results are due to Strauss [85].

LEMMA 1.12. LetN � 2. There existsc(N) > 0 such that, for everyu ∈H 1
r (R

N ),

∣∣u(x)
∣∣� c(N)‖u‖1/2

L2 ‖∇u‖1/2
L2 |x|(1−N)/2 a.e. onRN .

THEOREM 1.13. Let 2<p < 2∗. Then there is a radial solution of problem(1.7).
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PROOF. Let (vn)⊂H 1(RN ) be a minimizing sequence forSp: ‖vn‖Lp = 1,

∫

RN
|∇vn|2 + v2

n dx→ Sp.

By Theorem 1.11, we can replace(vn) by (v∗
n). By Theorem 1.1 and Lemma 1.12, we can

assume, going if necessary to a subsequence:

v∗
n⇀v in H 1(RN

)
,

v∗
n → v in Lp

(
RN
)
,

wherev is a radial function. Clearly,v is a minimizer forSp and (1.7) is solvable. �

The existence of nonradial entire solutionsu ∈H 1(RN ) of (1.1) and more general equa-
tions will be discussed in Section 3.

1.2. Uniqueness of positive solutions

The problem of uniqueness of positive solutions is mostly solved for symmetric domains
and is closely related to the symmetry of solutions. Let us first recall a celebrated result
proved in 1979 by Gidas, Ni and Nirenberg [53].

THEOREM 1.14. Let Ω be the unit ball inRN . Assume thatf is C1 and u ∈ C2(�Ω)
satisfies





−�u= f (u), x ∈Ω,

u > 0, x ∈Ω,

u= 0 on ∂Ω.

Thenu is a radial function andu′(r) is negative.

Consider the problem





−�u+ λu= up−1, x ∈Ω = B1(0),

u > 0, x ∈Ω,

u= 0 on ∂Ω,

(1.8)

whereΩ = B1(0) is the unit ball inRN . Uniqueness is proved when

λ= 0,2<p < 2∗, Gidas, Ni and Nirenberg [53], 1979,

λ > 0,2<p < 2∗, Kwong [59], 1989,

λ < 0,2<p � 2∗, Srikanth [84], 1993.
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Concerning problem (1.7), uniqueness for 2<p < 2∗ is proved in [59] after the pioneering
work of Coffman [42] in 1972.

The situation differs whenΩ is an annulus,Ω = {x ∈ RN : r < ‖x‖ < R} for some
R > r > 0. Let us recall a particular case of the principle of symmetric criticality proved
in 1979 by Palais.

DEFINITION 1.15. The action of a topological groupG on a normed spaceX is a contin-
uous map

G×X→X : (g,u)→ gu

such that

1 · u= u,
(gh)u= g(hu),
u �→ gu is linear.

The action is isometric if‖gu‖ ≡ ‖u‖. The orbit of an elementu ∈ X is the setGu :=
{gu: g ∈G}, and the space of fixed points is defined by

Fix(G)= {u ∈X: gu= u for all g ∈G} =
{
u ∈X: Gu= {u}

}
.

A functionϕ :X→ R is invariant ifϕ ◦ g = ϕ for everyg ∈G.

EXAMPLE 1.16. Assume thatΩ is invariant by rotations: for everyg ∈ SO(N), gΩ =Ω .
The action ofSO(N) onH 1

0 (Ω) is defined by

gu(x)= u
(
g−1x

)
.

The space Fix(SO(N)) is the spaceH 1
0,r (Ω) of radial functions inH 1

0 (Ω). From Theo-
rem 1.1 and Lemma 1.12, it follows that the injectionH 1

0,r(Ω) ⊂ Lp(Ω) is compact for
2<p < 2∗. Moreover, ifΩ is an annulus

Ω =
{
x ∈ RN : ρ < |x|<R

}

or an exterior domain

Ω =
{
x ∈ RN : ρ < |x|

}
,

the injectionH 1
0,r ⊂ Lp(Ω) is compact for 2<p � ∞.

Let us recall that, for every open subsetΩ of RN ,

S(Ω) := inf
u∈H1

0 (Ω)
‖u‖2∗=1

‖∇u‖2
2 = S
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andS(Ω) is never achieved except whenΩ = RN .
Since the “radial infimum” is achieved whenΩ is an annulus, we have

S = inf
u∈H1

0 (Ω)
‖u‖
L2∗ =1

‖∇u‖2
L2 <µ2∗,r = min

u∈H1
0,r (Ω)

‖u‖
L2∗ =1

‖∇u‖2
L2.

We deduce

µp = min
u∈H1

0 (Ω)
‖u‖Lp=1

‖∇u‖2
L2 <µp,r = min

u∈H1
0,r (Ω)

‖u‖Lp=1

‖∇u‖2
L2 for 2∗ − ε < p < 2∗. (1.9)

Using the symmetric criticality principle, we construct, for 2< p <∞, a radial solution
of the problem





−�u= up−1, x ∈Ω =
{
x ∈ RN : r < ‖x‖<R

}
,

u > 0, x ∈Ω,

u= 0 on ∂Ω.

(1.10)

For 2∗ − ε < p < 2∗ inequality (1.9) yields a nonradial solution of problem (1.10). Thus
we have proved the following theorem.

THEOREM 1.17. For 2∗ − ε < p < 2∗, problem(1.10) has at least two solutions, one
radial and one nonradial. Moreover, the least energy solution is nonradial.

The above result is due to Brezis and Nirenberg [32]. Following their work, there are
related results for multiple positive nonradial solutions of semilinear elliptic equations on
expanding annular domains, by Coffman [43] forN = 2, by Li [62] for N � 4, and by
Byeon [35] (and Catrina and Wang [38] independently) forN = 3. We setΩa = {x ∈
RN : a < |x|< a + 1} and consider





−�u+ u= up−1, x ∈Ωa ,
u > 0, x ∈Ωa ,
u= 0, x ∈ ∂Ωa ,

(1.11)

whereN � 2, 2<p < 2∗.

THEOREM 1.18. The number of not rotationally equivalent, nonradial solutions of(1.11)
tends to infinity asa→ ∞.

In [38] the exact symmetry of these nonradial positive solutions was examined and pos-
itive solutions having a prescribed symmetry can be constructed from a local minimization
procedure. The article [93] has results for the critical exponent problems. More results on
multiple positive solutions will be mentioned in Section 1.6.
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1.3. The Nehari manifold

LetΩ ⊂ RN be a (not necessarily bounded) smooth domain. We consider the problem

{−�u+ a(x)u= f (x,u), x ∈Ω,

u= 0 on ∂Ω,
(1.12)

wherea ∈ L∞(Ω). Concerning the nonlinearity we assume:
(f0) f :Ω×R → R is a Carathéodory function withf (x, t)= o(t) ast → 0, uniformly

in x. There existC > 0 andp � 2∗ such that|f (x, t)| � C(|t | + |t |p−1) for all
x ∈Ω , t ∈ R.

(f1) For everyx ∈Ω the functionR \ {0} → R, t �→ f (x, t)/|t |, is strictly increasing.
By (f0) the functional

Φ :E =H 1
0 (Ω)→ R, Φ(u)= 1

2

∫

Ω

|∇u|2 + a(x)u2 dx −
∫

Ω

F(x,u)dx,

whereF(x, t)=
∫ t

0 f (x, s)ds, is well defined andC1. Critical points ofΦ are weak solu-
tions of (1.12). The Nehari manifold is defined by

N =
{
u ∈E \ {0}: Φ ′(u)u= 0

}
.

We define also

N± = {u ∈N : ±u� 0} and β± := inf
{
Φ(u): u ∈N±

}
.

It is clear thatN contains all nontrivial critical points ofΦ. Moreover, in order to find the
least energy positive (resp. negative) solution of (1.12), it suffices to minimizeΦ on N+
(resp.N−).

We begin with a geometric description ofN . We assume thatf satisfies(f0) and(f1),
or the following differentiable versions:
(f ′

0) f :Ω × R → R is differentiable int ∈ R with f (x, t)= o(t) ast → 0, uniformly
in x. The derivativeft is a Carathéodory function. There existC > 0 andp � 2∗

such that|ft (x, t)| � C(1+ |t |p−2) for all x ∈Ω , t ∈ R.
(f ′

1) ft (x, t) > f (x, t)/t for everyx ∈Ω and everyt �= 0.
Clearly,(f ′

0) and(f ′
1) imply (f0) and(f1). Foru ∈ SE := {u ∈E: ‖u‖ = 1}, the map,

ψu :R+ → R,
(1.13)

λ �→ 1

λ
Φ ′(λu)u=

∫

Ω

|∇u|2 + a(x)u2 dx −
∫

Ω

f (x,λu)

λ
udx,

is strictly decreasing by(f1). The set

U :=
{
u ∈ SE: ψu(λ) < 0 for someλ > 0

}
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is an open subset ofSE. For u ∈ U there exists a uniqueλu > 0 such thatψu(λuu) = 0,
that is,λuu ∈N .

PROPOSITION1.19. (a)If f satisfies(f0) and(f1) then the map

h :U → N , u �→ λuu

is a homeomorphism with inverseN →U , v �→ v/‖v‖.
(b) If f satisfies(f ′

0) and (f ′
1) thenN is a C1-manifold with tangent spaceTuN =

{v ∈ E: Φ ′′(u)[u,v] + Φ ′(u)v = 0}. The maph is a C1-diffeomorphism. If u ∈ N is a
critical point of the constrained functionalΦ|N , thenu is a critical point ofΦ.

PROOF. (a) is a simple consequence of the fact thatψu is strictly decreasing and that
ψu(λ) is continuous in(u,λ).

(b) HereΦ ∈ C2(E) and the implicit function theorem applied to the map

U × R+, (u,λ) �→ψu(λ)

yields thatu �→ λu is C1. The claims follow becauseTuN is transversal toR+u. �

We can describe the setU if f is superlinear:
(f2) There existR > 0 andθ > 2 such that 0< θF(x, t) � f (x, t)t for all x ∈ Ω ,

|t |>R.

LEMMA 1.20. Suppose(f0), (f1) and (f2) hold. ThenU = {u ∈ SE: Q(u) > 0}, where
Q(u) :=

∫
Ω
(|∇u|2 + a(x)u2)dx. If −�+ a is positive thenU = SE andN is bounded

away from0.

The easy proof is left to the reader.

THEOREM 1.21. If (f0) and(f1) hold thenβ± = infu∈N Φ(u)� 0 and every minimizer of
Φ onN+ (resp. N−) is a positive(resp. negative) solution of (1.12).

We do not claim thatβ± is achieved. This requires additional conditions onf anda;
see Theorem 1.23. SinceN is not, in general, a differentiable manifold, the Lagrange
multiplier rule is not applicable. We shall use a general deformation lemma. By definition
Φc =Φ−1(]−∞, c]) andSδ = {u ∈X: dist(u,S)� δ}.

LEMMA 1.22. LetX be a Banach space,Φ ∈ C1(X,R), S ⊂X, c ∈ R, ε > 0, δ > 0, such
that

∀u ∈Φ−1([c− 2ε, c+ 2ε]
)
∩ S2δ:

∥∥Φ ′(u)
∥∥�

8ε

δ
.

Then there existsη ∈ C([0,1] ×X,X) such that
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(i) if t = 0 or if u /∈Φ−1([c− 2ε, c+ 2ε])∩ S2δ thenη(t, u)= u;
(ii) η(1,Φc+ε ∩ S)⊂Φc−ε;

(iii) η(t, ·) is a homeomorphism ofX ∀t ∈ [0,1];
(iv) ‖η(t, u)− u‖ � δ ∀u ∈X, ∀t ∈ [0,1];
(v) Φ(η(·, u)) is nonincreasing∀u ∈X;

(vi) Φ(η(t, u)) < c ∀u ∈Φc ∩ Sδ , ∀t ∈ [0,1].

A proof can be found in [95], Lemma 1.4.

PROOF OFTHEOREM 1.21. The inequalityβ± � 0 follows from the fact that the mapψu
from (1.13) is strictly decreasing. Now letu ∈ N+ be such thatΦ(u)= β+. We shall prove
thatΦ ′(u)= 0.

It follows from assumption(f1) that

Φ(su) < Φ(u)= β+ for 0< s �= 1.

If Φ ′(u) �= 0, then there existsδ > 0 andλ > 0 such that

‖v− u‖ � 3δ �⇒ Φ ′(v)� λ.

Clearly β0 = max{Φ(u/2),Φ(3u/2)} < β+. For ε = min{(β+ − β0)/2, (λδ)/8} and
S = Bδ(u), Lemma 1.22 yields a deformationη such that

• η(1, v)= v if v /∈Φ−1([β+ − 2ε,β+ + 2ε]),
• η(1,Φβ++ε ∩B(u, δ))⊂Φβ+−ε,
• Φ(η(1, v))�Φ(v) for all v ∈H 1

0 (Ω).
Let us define, for 1/2< s < 3/2,

h(s)= max
{
η(1, su),0

}
∈H 1

0 (Ω).

It is clear that

max
1/2�s�3/2

Φ
(
h(s)

)
< β+.

We shall prove thath([1/2,3/2])∩N+ �= ∅, contradicting the definition ofβ+. Since

Φ ′
(
h

(
1

2

))
h

(
1

2

)
= 1

2
Φ ′
(
u

2

)
u > 0,

Φ ′
(
h

(
3

2

))
h

(
3

2

)
= 3

2
Φ ′
(

3u

2

)
u < 0,

the existence ofs ∈ (1/2,3/2) with Φ ′(h(s))h(s) = 0, i.e.,h(s) ∈ N+, follows from the
intermediate value theorem. �
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1.4. Existence of ground states

In order to prove the existence of a minimizer ofΦ onN+, we assume
(f3) lim|t |→∞F(x, t)/t2 = +∞, uniformly in x.

THEOREM 1.23. Suppose thatΩ is bounded and thatf satisfies(f0) with p < 2∗,
(f1) and (f3). Moreover, suppose that−� + a is positive. Then there exists a minimizer
ofΦ onN+ and, hence, a positive solution of(1.12).

PROOF. Let (un)⊂ N+ be a minimizing sequence:Φ(un)→ β+. Let us definetn = ‖un‖
andvn = un/tn. We can assume thatvn⇀v in H 1

0 (Ω). Since, for everyR > 0,

R2

2

(
1+

∫

Ω

av2
n dx

)
−
∫

Ω

F(x,Rvn)dx =Φ(Rvn)�Φ(un),

we have

R2

2

(
1+

∫

Ω

a(x)v2 dx

)
−
∫

Ω

F(x,Rv)dx � β+,

so thatv �= 0. If (tn) is unbounded, we can assume thattn → +∞. We obtain, from(f3)
and Fatou’s lemma, the contradiction

+∞ =
∫

Ω

lim inf

(
−a(x)v

2
n

2
+ F(x, tnvn)

t2n

)
dx

� lim
n→∞

∫

Ω

(
−a(x)v

2
n

2
+ F(x, tnvn)

t2n

)
dx = 1

2
.

It follows that (un) is bounded inH 1
0 (Ω). Going if necessary to a subsequence, we can

assume thatun⇀u in H 1
0 (Ω). By (f0), since(un)⊂ N+,

∫

Ω

f (u)udx = lim
n→∞

∫

Ω

f (un)un dx

= lim
n→∞

(∫

Ω

a(x)u2
n dx + |∇un|2

)
> 0.

In particular,u �= 0. Sinceu� 0, there existst � 0 such thattu ∈N+ and

Φ(tu)� lim inf
n→∞

Φ(tun)� lim inf
n→∞

Φ(un)= β+.

Hencetu is a minimizer ofΦ onN+. �

Theorem 1.23 is due to Liu and Wang [67]. Note that(f3) is weaker than(f2). Efforts in
weakening(f2) have been made in [46,82] (see also the references therein).
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1.5. Symmetry of the ground state solution

In this section we assume thatΩ is invariant by rotations:gΩ =Ω for everyg ∈ SO(N).
Theorem 1.17 shows that, even whenf is independent ofx, the ground state is, in general,
not radial. However whenf = f (|x|, u), a partial symmetry is always preserved by the
ground state.

We arbitrarily choose a fixed directionP in RN which we will refer to as the north pole
direction. LetR > 0 and dσ denote the standard measure on∂BR(0). The symmetriza-
tion A∗ of a measurable setA⊂ ∂BR(0) is defined as the closed geodesic ball in∂BR(0)
centered at the north pole and whose dσ -measure equals that ofA. The foliated Schwarz
symmetrizationB∗ of a Borel setB ⊂ RN is defined on any sphere∂BR(0) by

B∗ ∩ ∂BR(0)=
(
B ∩ ∂BR(0)

)∗

and the foliated Schwarz symmetrization of a Borel functionu :RN → [0,∞[ is defined
by

u∗(x)= sup
{
t > 0: x ∈

(
∂BR(0)∩ {u > t}

)∗}
.

See [83] for the Pólya–Szegö inequality corresponding to the foliated Schwarz sym-
metrization.

The following result is proved in [19] by combining an elementary symmetrization, the
polarization (see [34]) and the maximum principle.

THEOREM 1.24. We assume(f0), (f1) and
(A1) f :Ω × R → R is Hölder continuous onΩ × [−R,R] for everyR > 0,
(A2) Ω is radially symmetric,
(A3) a andf (·, t) are radial functions for everyt ∈ R.

Then every minimizeru of Φ on N+ or N− is a foliated Schwarz symmetric solution
of (1.12).

A related result can be found in [76], Theorem 3.1.

1.6. Multiple positive solutions

Using a more topological argument Benci, Cerami and Passaseo [21,23] were able to estab-
lish the following result about the impact of the domain topology on the solution structure.
Consider





−�u+ λu= up−1, x ∈Ω,

u > 0, x ∈Ω,

u= 0, x ∈ ∂Ω,

(1.14)

on a bounded domainΩ ⊂ RN .
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THEOREM 1.25. Suppose the Lusternik–Schnirelmann category of the domain satisfies
cat(Ω)� 2.

(a) If 2<p < 2∗ then forλ sufficiently large(1.14)has at leastcat(Ω)+ 1 solutions.
(b) If λ � 0 then for p < 2∗ sufficiently close to2∗ (1.14) has at leastcat(Ω) + 1

solutions.

The casep = 2∗ is of special interest. It is closely related to the Yamabe problem
from differential geometry. This critical case is analytically more difficult because the
embeddingH 1

0 (Ω) →֒ L2∗
(Ω) is not compact. As discussed in Section 1.1, Brezis and

Nirenberg [32] obtained one solution for 0< λ < λ1 if N � 4, and, in the caseN = 3,
showed that there existsλ∗ ∈ [0, λ1) so that (1.14) has a solution forλ∗ < λ < λ1. In
the caseλ = 0 andp = 2∗, Bahri and Coron [8] obtained one solution if the domain has
nontrivial homology:Hk(Ω;Z2) �= 0 for somek � 1. The existence of multiple positive
solutions of (1.14) forp = 2∗ is not known.

REMARK 1.26. More results about the effect of the topology and geometry of the domains
on the solutions structure have been given for the singularly perturbed nonlinear elliptic
equation





−ε2�u+ a(x)u= up−1, x ∈Ω,

u > 0, x ∈Ω,

u= 0, x ∈ ∂Ω,

(1.15)

and variations thereof. In fact, Theorem 1.25 can easily be reformulated for (1.15). Typical
results are concerned with the existence of multiple positive solutions and their limiting
shape asε→ 0. This was first done for the least energy solutions in [75]. Singularly per-
turbed equations like (1.15) have been a very active area of research during the last fifteen
years and the number of papers abound. A discussion of this topic goes beyond the scope
of our survey.

1.7. The method of moving planes

This section is related to Section 1.5. We consider the problem

{−�u= f (u) in Ω,
u > 0 inΩ,
u= 0 on ∂Ω,

(1.16)

where the domainΩ has some symmetry. We shall prove, by the method of moving planes,
that, under some assumptions, all the solutions of (1.16) inherit the symmetry ofΩ .

The method of moving planes was introduced by Alexandrov in 1962 in the context
of minimal surfaces and was used by Serrin in 1971 and Gidas, Ni and Nirenberg [53]
in the study of semilinear elliptic equations. The method was extended and simplified by
Berestycki and Nirenberg [26]. We describe a result of [26], following [29].
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We shall need the maximum principle for small domains. Letw be a solution of

{
−�w+ c(x)w � 0 inΩ,
w � 0 on ∂Ω.

(1.17)

The standard form of the maximum principle asserts that, ifc(x)� 0 inΩ thenw(x)� 0
in Ω . In Stampacchia’s form we use a weaker assumption. Let us recall that

S = inf
u∈H1

0 (Ω)
‖u‖2∗ =1

‖∇u‖2
2

is independent ofΩ .

LEMMA 1.27. Assume thatw ∈H 1(Ω) satisfies(1.17)with

‖c−‖N/2< S. (1.18)

Thenw � 0 in Ω .

PROOF. It suffices to multiply (1.17) byw−, to integrate by parts and to use (1.18). �

Assumption (1.18) is always satisfied if‖c−‖∞ <∞ and|Ω| is sufficiently small.

THEOREM 1.28. Let f be locally Lipschitz and letΩ be bounded, convex in some
direction, say x1, and symmetric with respect to the planex1 = 0. Then any solution
u ∈ C2(Ω) ∩ C(�Ω) of (1.16) is symmetric with respect tox1 and ∂u/∂x1 < 0 for x1 > 0
in Ω .

PROOF. Let us define

a = sup
{
x1: (x1, y) ∈Ω

}
,

Ωλ =
{
(x1, y) ∈Ω: x1> λ

}
, 0< λ< a,

wλ(x)= u(2λ− x1, y)− u(x1, y), x ∈Ωλ.

The functionwλ is well defined onΩλ sinceΩ is convex in the directionx1 and symmetric
with respect to the planex1 = 0. We shall prove that

wλ(x)� 0 for 0< λ< a, x ∈Ωλ.

In order to see this, we define

cλ(x)=
{
f (u(x1,y))−f (u(2λ−x1,y))

wλ(x1,y)
if wλ(x) �= 0,

0 if wλ(x)= 0.
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The functionwλ satisfies

{
−�wλ + cλwλ = 0 inΩλ,
wλ � 0 on ∂Ωλ.

(1.19)

Moreover, sinceu is bounded andf is locally Lipschitz,

sup
0<λ<a

sup
x∈Ωλ

∣∣cλ(x)
∣∣<∞. (1.20)

Let us also define

Λ= {0< λ< a: wλ � 0 inΩλ}.

By (1.19), (1.20) and Lemma 1.27,Λ is not empty. ClearlyΛ is closed in(0, a). Let us
prove thatΛ is open. Letµ ∈ Λ and letK be a smooth compact subset ofΩµ such that
|Ωλ \K| is sufficiently small forλ nearµ. From

wµ � c > 0 inK,

it follows that

wλ � 0 inK for λ nearµ.

Lemma 1.27 implies that

wλ � 0 inΩλ \K.

Thuswλ � 0 in Ωλ for λ nearµ. HenceΛ is open in(0, a) andΛ =]0, a[. It follows
immediately that, onΩ ,

u(−x1, y)� u(x1, y).

Sinceũ(x1, y)= u(−x1, y) is also a solution of (1.16), one finds thatu(x1, y)= u(−x1, y).
It is easy to conclude that∂u/∂x1< 0 for x1> 0 using Hopf’s lemma. �

REMARK 1.29. (a) Theorem 1.14 follows directly from Theorem 1.28. It is interesting to
note that Theorem 1.28 is applicable to domains like cubes.

(b) The method of moving planes is very flexible and has been adapted to a large variety
of problems. It is not possible to give a bibliography within this survey. The surveys by
Berestycki [24] and by Brezis [29] contain many references.

(c) With respect to Section 1.5 the assumptions onΩ and onf are somewhat stronger,
but the results are applicable to any positive solution.
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1.8. A priori bounds for positive solutions

Topological methods require the existence of a priori bounds for the set of all positive so-
lutions. In this section we briefly describe particular cases of three classical results. We
denote byλ1 the first eigenvalue of−� onH 1

0 (Ω) and bye1> 0 the corresponding eigen-
function. Throughout this section we assume thatΩ is a smooth bounded domain inRN

and thatf : �Ω × R+ → R+ is continuous.
The first result is due to Brezis and Turner [33]. The proof uses Hardy’s inequality.

THEOREM 1.30. Assume that

lim inf
u→∞

f (x,u)

u
> λ1 uniformly forx ∈ �Ω,

and

lim
u→∞

f (x,u)

uα
= 0 uniformly forx ∈ �Ω, whereα = N + 1

N − 1
.

Then there existsc > 0 such that ifu ∈H 1
0 (Ω) satisfies





−�u= f (x,u)+ te1 inΩ,

u > 0 inΩ,

u= 0 on∂Ω,

for somet � 0, we have‖u‖∞ � c.

The second result is due to de Figueiredo, Lions and Nussbaum [51]. The proof uses the
Pohozaev identity.

THEOREM 1.31. Assume thatΩ is convex, f :R+ → R+ is locally Lipschitz and

lim sup
u→∞

f (u)

u
> λ1 and lim

u→∞
f (x,u)

uα
= 0, whereα = N

N − 2
.

Then there existsc > 0 such that, if u satisfies





−�u= f (u) in Ω,

u > 0 in Ω,

u= 0 on ∂Ω,

we have‖u‖L∞ � c.

The third result is due to Gidas and Spruck [54]. The proof uses a blow-up argument and
Liouville theorems for the spaceRN or the half-spaceRN+ .
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THEOREM 1.32. Assume that there exists a continuous functionh : �Ω → (0,∞) such that

lim
u→∞

f (x,u)

uα
= h(x) uniformly forx ∈ �Ω, where1< α <

N + 2

N − 2
.

Then there existsc > 0 such that, if u ∈ C2(Ω)∩ C(�Ω) satisfies





−�u= f (x,u) in Ω,

u > 0 in Ω,

u= 0 on ∂Ω,

we have‖u‖∞ � c.

2. Nodal solutions on bounded domains

In this section we report on recent results concerning nodal solutions of

{−�u+ a(x)u= f (x,u), x ∈Ω,

u= 0 on ∂Ω.
(2.1)

HereΩ is a bounded smooth domain inRN , N � 2, though some general results apply to
unbounded domains. In the first two subsections we present two ideas how to localize crit-
ical points of the associated functional outside of the set of positive or negative functions.
In the third subsection we give a nonlinear version of Courant’s nodal domain theorem for
eigenfunctions of the Laplace operator. This gives an upper bound on the number of nodal
domains of a solutions of (2.1) related to the min–max description of the critical value. In
the Sections 2.4 and 2.5 we prove the existence and some properties of least energy nodal
solutions. Finally, in Section 2.6 we study the existence of multiple nodal solutions.

2.1. A natural constraint

In this subsectionΩ may be unbounded. We consider the problem (2.1) withf satisfying
(f0) and(f1) from Section 1.3. Recall the functionalΦ :E =H 1

0 (Ω)→ R and the Nehari
manifold

N =
{
u ∈E \ {0}: Φ ′(u)u= 0

}

from Section 1.3. In Theorem 1.21 we showed that a minimizer ofΦ on N+ = {u ∈
N : u � 0} is a positive solution of (2.1). In order to obtain nodal solutions, we consider
the nodal Nehari set

S =
{
u ∈E: u+ ∈N , u− ∈N

}

=
{
u ∈E: u+ �= 0 �= u−,Φ ′(u)u+ = 0=Φ ′(u)u−}.
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Clearly,S ⊂ N contains the set of all nodal solutions.

THEOREM 2.1. Suppose(f0) and(f1) hold. Thenβ := infΦ(S)� 0, and every minimizer
ofΦ onS is a nodal solution of(2.1).

In Section 2.4 we shall prove the existence of a minimizer ofΦ on S . Since the maps
E → E, u �→ u± are continuous but not differentiable,S is not a differentiable manifold
even ifN is one (as in Proposition 1.19).

PROOF OFTHEOREM 2.1. Clearlyβ = infΦ(S)� infΦ(N )� 0 by Theorem 1.21. Let
u ∈ S be a minimizer and supposeΦ ′(u) �= 0. As a consequence of(f1), for anyv ∈ N ,
the functionR+ ∋ t �→Φ(tv) ∈ R achieves its unique maximum att = 1. Therefore

Φ
(
su+ + tu−)=Φ

(
su+)+Φ(tu−) < Φ

(
u+)+Φ(u−)=Φ(u) (2.2)

for (s, t) ∈ R2
+ \{(1,1)}. By the continuity ofΦ ′ there existα, δ > 0 such that‖Φ ′(v)‖ � α

for v ∈U3δ(u). Setting

g :D =
(

1

2
,

3

2

)
×
(

1

2
,

3

2

)
→E, g(s, t)= su+ + tu−,

(2.2) implies β0 := maxΦ ◦ g(∂D) < β. For ε := min{β−β0
2 , αδ8 } and S = Uδ(u),

Lemma 1.22 yields a deformationη such thatη1 := η(1, ·) :E→E satisfies:
• η1(v)= v if Φ(v)� β − 2ε,
• η1(Φ

β+ε ∩ S)⊂Φβ−ε,
• Φ(η1(v))�Φ(v) for all v ∈E.

It follows that maxΦ ◦ η1 ◦ g(D) < β and thath := η1 ◦ g = g on ∂D. We shall show that
h(D)∩ S �= ∅, which gives the contradiction infΦ|S < β. Consider the map

ψ :D→ R2, ψ(s, t) :=
(

1

s
Φ ′(h(s, t)+

)
h(s, t)+,

1

t
Φ ′(h(s, t)−

)
h(s, t)−

)

and observe thatψ(s, t)= (0,0) is equivalent toh(s, t) ∈ S . For (s, t) ∈ ∂D we have

ψ(s, t)=
(
Φ ′(su+)u+,Φ ′(tu−)u−)

becauseh= g on ∂D. This implies deg(ψ,D, (0,0))= 1, henceψ(s, t)= (0,0) for some
(s, t) ∈D. �

REMARK 2.2. (a) The proof of Theorem 2.1 is a two-dimensional version of the proof of
Theorem 1.21. A minimizer ofΦ on N+ or N− is a local minimum ofΦ on N , hence
a critical point of mountain pass type. Though not being a manifold,S is a kind of co-
dimension 1 subset ofN , a co-dimension 2 subset ofE. Hence a minimizer ofΦ onS is
a critical point of Morse index 2 (if nondegenerate).
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(b) In [17], Lemma 3.2, Bartsch and Weth prove thatS ∩H 2(Ω) is a co-dimension 2
submanifold ofE ∩H 2(Ω) if f satisfies the conditions(f ′

0) and(f ′
1).

(c) In [67] Liu and Wang give a slightly different proof of the above result without using
the deformation lemma and therefore requiring less smoothness of the functional.

2.2. Localizing critical points

A basic idea for localizing critical points can be formulated in a very general setting. Let
X be a topological space andϕ :G ⊂ [0,∞) × X → X be a continuous semiflow onX.
HereG = {(t, u) ∈ [0,∞) × X: 0 � t < T (u)} is an open subset of[0,∞) × X, where
T (u) ∈ (0,∞] is the maximal existence time of the trajectoryt �→ ϕ(t, u). We often write
ϕt (u)= ϕ(t, u).

GivenB ⊂ A ⊂ X we callB positively invariant inA if, for u ∈ B andT > 0 with
ϕt (u) ∈ A, 0 � t � T , it follows thatϕT (u) ∈ B. If evenϕT (u) ∈ intB thenB is said to
be strictly positively invariant. In the caseA = X, we simply callB (strictly) positively
invariant. The notion of invariant sets has also been exploited in [65].

Recall that a continuous mapγ : (C,D)→ (A,B) between pairsD ⊂ C,B ⊂A of topo-
logical spaces is nullhomotopic if there exists a homotopyH : (C × [0,1],D × [0,1])→
(A,B) with H(x,0)= γ (x) andH(x,1) ∈ B for all x ∈ C.

LEMMA 2.3. Let A ⊂ X be positively invariant, B ⊂ A strictly positively invariant. Let
f : (C,D)→ (A,B) be not nullhomotopic, C a metric( paracompact) space. Then

A(B) :=
{
x ∈ C

∣∣∃t � 0: ϕt
(
f (x)

)
∈ B
}

�= C.

PROOF. We argue by contradiction. IfA(B)= C then for eachx ∈ C there existsτ(x)� 0
with ϕτ(x)(f (x)) ∈ intAB. Choose a neighborhoodVx of x in C with

ϕτ(x)
(
f (y)

)
∈ intAB for all y ∈ Vx .

Let (πj )j∈J be a partition of unity subordinated toVx : suppπj ⊂ Vxj . Now we de-
fine σ :C → [0,∞), σ(x) := ∑

j∈J πj (x)τ (xj ), and H :C × I → A, H(x,f ) :=
ϕtσ (x)(f (x)). This homotopy shows thatf is nullhomotopic. �

There also exists an equivariant version of Lemma 2.3 when a groupG acts onA andC.
The extension is straightforward and therefore omitted.

In a typical application,ϕ is the negative gradient flow of a functionalΦ :X→ R, and
B contains a sublevel setΦb = {u ∈X: J (u)� b}. A andB are closed and one wants to
find a critical point inA \B. Forx ∈ C \A(B) andu := f (x), one then has

ϕt (u) /∈ B, henceΦ
(
ϕt (u)

)
> b for all t.

Thenc := limt→∞Φ(ϕt (u))� b and there exists a sequencetn → ∞ with

∥∥∇Φ
(
ϕtn(u)

)∥∥2 = d

dt
J
(
ϕt (u)

)∣∣∣∣
t=tn

→ 0.
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Thusun := ϕtn(u), n ∈ N, is a (PS)c-sequence inA \ B. If un → ū then ū /∈ B because
otherwiseū = ϕt (ū) ∈ intAB, henceφtn(u) ∈ intAB for sometn, a contradiction. Thus
ū ∈ �A \B.

We shall now present examples of strictly positively invariant sets which can be used
to find nodal solutions of (2.1). Thus we are interested in finding critical points of the
associated functionalΦ outside of

P± = {u ∈E: ±u� 0 a.e.}. (2.3)

SinceP+ andP− have empty interior one cannot useB = P+ ∪ P−.

EXAMPLE 2.4. SupposeΩ is bounded, and(f ′
0) and

(f4) there existsm> 0 so thatt �→ f (x, t)+mt is strictly increasing for allx ∈Ω
hold. We take

〈u,v〉m := 〈∇u,∇v〉L2 +m〈u,v〉L2

as scalar product inE and write‖ · ‖m for the corresponding norm. Settingg(x,u) =
f (x,u)+mu andG(x, t)=

∫ t
0 g(x, s)ds we can writeΦ as

Φ(u)= 1

2
‖u‖2

m −
∫

Ω

G(x,u)dx.

Thus the gradient ofΦ with respect to the above scalar product has the form

∇Φ = Id−K with K(u)= (−�+m)−1(g(·, u)
)
.

By (f ′
0), K leavesX = C1(�Ω) ∩ E invariant. The conesP±

X := X ∩ P± have non-
empty interior inX becauseΩ is bounded. We writeu � v if v − u ∈ P+

X , andu≪ v

if v − u ∈ int(P+
X ). As a consequence of the strong maximum principle,K is strictly order

preserving, that is,

u < v �⇒ K(u)≪K(v) for u,v ∈X.

We consider the differential equation

d

dt
ϕt (u)= −∇Φ

(
ϕt (u)

)
= −ϕt (u)+K

(
ϕt (u)

)

which induces a flow onX (andE). SinceK is strictly order preserving the setP±
X \ {0}

is strictly positively invariant. More generally, ifu ∈X is a subsolution, that is,u�K(u),
thenu+ (P±

X \ {0}) is strictly positively invariant. This follows from the fact that forv > 0
the vector field−∇Φ points atu+ v into u+ intP+

X ,

u+ v− ∇Φ(u+ v)=K(u+ v)≫K(u).
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Similarly, if u is a supersolution thenu+ (P±
X \ {0}) is strictly positively invariant. In order

to find nodal solutions above some levelα > 0 one can work withB := Φα ∪ P+
X ∪ P−

X

which is strictly positively invariant forϕ if there are no nodal solutions at the levelα.

EXAMPLE 2.5. SupposeΩ is bounded, and(f ′
0) and

(f5) inft �=0f (x, t)/t >−∞
hold. Then we choosem> 0 so thatf (x, t)+mt > 0 for all t > 0, f (x, t)+mt < 0 for
all t < 0, and define〈·, ·〉m, X and the order relation≪ as in Example 2.4. The gradient
of Φ with respect to this metric is not necessarily order preserving but it does satisfy

u > 0 �⇒ K(u)≫ 0 and u < 0 �⇒ K(u)≪ 0.

It follows as in Example 2.4 that the conesP±
X \ {0} are strictly positively invariant.

If Ω is unbounded or iff is only a Carathéodory function, the approach presented in
Example 2.4 does not work because then one cannot work inX = C1(�Ω) ∩E. Either the
conesP±

X have empty interior or there is no flow onX due to a lack of regularity. Here one
can often replaceP± by their open neighborhoods inE.

DEFINITION 2.6. LetK :E → E be a continuous operator on a Banach spaceE. A set
C ⊂E is said to beK-attractive if there existsε0> 0 so thatK(clos(Uε(C)))⊂Uε(C)=
{u ∈E: dist(u,C) < ε} for 0< ε < ε0.

LEMMA 2.7. LetE be a Banach space,Φ ∈ C1(E) andC = C1 ∪ · · · ∪Cn ⊂E be a finite
union of convex sets. Suppose∇Φ = Id−K , and eachCj isK-attractive. ThenΦ has no
critical points inclos(Uε0(C)) \C, whereε0 is from Definition2.6.Givenε ∈ (0, ε0] there
exists a pseudo-gradient vector fieldV :E \ Fix(K)→ E for Φ so thatclos(Uε(C)) is
strictly positively invariant for the flow associated to−V .

PROOF. For ε ∈ (0, ε0] andu ∈ ∂Uε(Cj ), we haveK(u) ∈ Uε(Cj ). SinceC1, . . . ,Cn are
convex, a standard partition of unity argument yields a locally Lipschitz continuous map
K̃ \ Fix(K)→E such that

K̃(u) ∈Uε(Cj ) for u ∈ ∂Uε(Cj ), j = 1, . . . , n,

and

∥∥u− K̃(u)
∥∥� 2

∥∥Φ ′(u)
∥∥, Φ ′(u)

(
u− K̃(u)

)
�

1

2

∥∥Φ ′(u)
∥∥2
,

for u ∈E \ Fix(K). �

Here are two examples ofK-attractive sets.

EXAMPLE 2.8. Supposef satisfies(f0) and (f5). Thus there existsm > 0 as in Exam-
ple 2.5, and we defineK(u) = (−�+m)−1(f (·, u)+mu). If lim supt→0 |f (x, t)|/|t | <
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λ1(Ω) uniformly in Ω then it has been proved in [12], Lemma 3.1, thatP± = {u ∈
E: ±u� 0 a.e.} isK-attractive. We sketch the argument in a more complicated parameter
dependent situation (see Lemma 3.17).

EXAMPLE 2.9. Supposef satisfies(f0) and (f4). SetE = H 1
0 (Ω) andK(u) = (−� +

m)−1(f (·, u)+mu) as in Example 2.4. In [44] it is proved for boundedΩ that, for a strict
subsolutionu ∈E ∩W2,2, the coneu+ P+ isK-attractive.

EXAMPLE 2.10. WhenΩ is unbounded, neighborhoods of shifted positive and negative
cones in the directions of the first eigenfunctions have been proved to beK-attractive
in [66]. The situation is more delicate here and some conditions on the spectrum of the
linear operator have be to assumed.

The Examples 2.4, 2.5 and 2.8 together with Lemma 2.7 yield strictly positively invariant
sets which can be used to find nodal solutions of (2.1) or (2.2) with the help of Lemma 2.3.
We shall do this in Sections 2.4 and 2.6.

2.3. Upper bounds on the number of nodal domains

In this subsectionΩ ⊂ RN may be unbounded. A nodal domain of a continuous function
u :Ω → R is a connected component ofΩ \ u−1(0). We write nod(u) ∈ N0 ∪ {∞} for the
number of nodal domains ofu and set nod(u)= 0 for u= 0.

LEMMA 2.11. Supposef satisfies(f0). Then every weak solutionu ∈ E of (2.1) is con-
tinuous. If Ω0 ⊂Ω is a nodal domain ofu thenu · χΩ0 ∈H 1

0 (Ω).

PROOF. First observe thatf (·, u)/u ∈ LN/2loc (Ω) by (f0) and the Sobolev embedding the-
orem. The Brezis–Kato theorem [30] impliesu ∈ Lqloc(Ω) for every 2� q <∞ and there-
fore f (·, u) ∈ Lsloc(Ω) for s > N/2. Thenu is continuous by elliptic regularity. The last
statement has been proved in [73], Lemma 1. �

Now we suppose that(f0) and(f1) hold. LetN be the Nehari manifold andS ⊂ N the
nodal Nehari set.

PROPOSITION2.12. Suppose(f0) and (f1) hold. Let u be a critical point ofΦ and fix
n ∈ N.

(a) If Φ(u)� infΦ(S)+ n · infΦ(N ) thennod(u)� n+ 1.
(b) If Φ(u) � infv1,...,vn supΦ(C(v1, . . . , vn)) then nod(u) � n. The infimum ex-

tends over alln-tuples of linearly independent elementsv1, . . . , vn ∈ E, and
C(v1, . . . , vn) := {∑n

i=1λi · vi : λ1, . . . , λn � 0}.
(c) If f is odd andΦ(u) � infV⊂E,dim(V )=n supΦ(V ) thennod(u) � n. Here the infi-

mum extends over alln-dimensional linear subspaces ofE.
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PROOF. (a) Let u havek nodal domainsΩ1, . . . ,Ωk such thatv1 := u · χΩ1 > 0 and
v2 := u · χΩ2 < 0. Clearly,vj := u · χΩj ∈ N andv1 + v2 ∈ S . Theorem 1.21 implies that
vj is not a minimizer ofΦ onN , hence

Φ(u)=Φ(v1 + v2)+
k∑

j=3

Φ(vj ) > infΦ(S)+ (k − 2) infΦ(N ).

This impliesk � n+ 1.
(b) and (c) Suppose nod(u) > n and letΩ1, . . . ,Ωn be nodal domains ofu. Then

vi := u · χΩi ∈N andΦ(vi)= maxλ�0Φ(λvi). This implies

Φ(u) > Φ(v1 + · · · + vn)� inf
v1,...,vn

supΦ
(
C(v1, . . . , vn)

)
.

If f is odd thenΦ(vi)= maxλ∈RΦ(λvi), hence

Φ(u) > Φ(v1 + · · · + vn)� inf
V

supΦ(V ). �

If Φ ∈ C2(E) then the Morse index provides a lower bound for the number of nodal
domains.

THEOREM 2.13. Suppose(f ′
0) and(f ′

1) hold and letu be a critical point ofΦ with Morse
indexµ(u). Thennod(u)� µ(u).

PROOF. LetΩ1, . . . ,Ωn be nodal domains ofu and setvj := u · χΩj ∈ N . Then

Φ ′′(u)[vj , vj ] =
∫

Ω

|∇vj |2 dx −
∫

Ω

ft (x,u)v
2
j dx

<

∫

Ω

|∇vj |2 dx −
∫

Ω

f (x, vj )vj dx

= 0

and therefore,µ(u)� n. �

The results of this section should be compared with Courant’s nodal domain theorem for
eigenfunctions of the Laplacian.

2.4. The existence of nodal solutions

In this subsectionΩ ⊂ RN is required to be bounded.

THEOREM 2.14. Suppose(f ′
0) with p < 2∗ and (f2) hold. If the second Dirichlet eigen-

valueλ2(−�+ a(x)) > 0, then(2.1)has a nodal solution.
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PROOF. We first observe that(f ′
0) and (f2) imply (f5), so there existsm > 0 with

f (x, t)t +mt2> 0 for t �= 0, x ∈Ω . Proceeding as in Example 2.5 we consider the scalar
product〈u,v〉m := 〈∇u,∇v〉L2 +m〈u,v〉L2 onE =H 1

0 (Ω) and letϕt be the correspond-
ing negative gradient flow of the energy functional associated to (2.1).

Let e1> 0, e2 be linearly independent elements ofX =E ∩ C1(�Ω). By (f2), there exist
R > 0 so thatΦ(u)� 0 for u ∈ span{e1, e2}, ‖u‖ �R. We define

C :=
{
u= se1 + te2: s ∈ [−R,R], t ∈ [0,R]

}

andD := ∂C ⊂ span{e1, e2}. Let E1 ⊂ E be the first eigenspace of−� + a(x). Since
λ2(−�+ a(x)) > 0, there existα,ρ > 0 so that

Φ(u)� α for u ∈E⊥
1 ,‖u‖ = ρ.

SettingS := {u ∈ E⊥
1 : ‖u‖ = ρ} the inclusion(C,D) →֒ (E,E \ S) is well defined and

not nullhomotopic. We fixβ ∈ (0, α) so that (2.1) has no nodal solutions on the levelβ. If
no suchβ exists the theorem is proved anyway.

As stated in Example 2.4, the flowϕt leavesX invariant andB := (X∩Φβ)∪P+
X ∪P−

X

strictly positively invariant. By construction we haveB ∩ S = ∅ which implies that the
inclusion (C,D) →֒ (X,B) is not nullhomotopic. Now Lemma 2.3 yieldsu ∈ C so
that ϕt (u) /∈ B for every t > 0. It follows that there exists a sequencetn → ∞ with
‖∇Φ(ϕtn(u))‖2

m = | d
dtΦ(ϕ

tn(u))| → 0 asn→ ∞.
Thusun := ϕtn(u), n ∈ N, is a (PS)c-sequence for somec � β, henceun → ū in E

along a subsequence. By theω-limit lemma from [10]un → ū in X. This impliesū /∈ B
becausēu is a critical point ofΦ, un /∈ B, andB is strictly positively invariant. Thus̄u is a
nodal solution of (2.1). �

THEOREM 2.15. Suppose(f ′
0) with p < 2∗ and (f2) hold. If 0 /∈ σ(−� + a(x)) then

(2.1)has a nodal solution.

This theorem is a simple consequence of basic Morse theory which we recall here.

THEOREM 2.16. LetX be a Banach space, Φ ∈ C1(X,R), and ϕt a (local) flow onX
with the properties:

(GRAD) If Φ ′(u) �= 0 thent �→Φ(ϕt (u)) is strictly decreasing.
(COMP) If Φ(ϕt (u))→ c ∈ R as t → ∞ then{ϕt (u): t � 0} is relatively compact.

LetH∗ be any homology theory and letCk(Φ,u) := Hk(Φc,Φc \ {u}), c = Φ(u), be the
kth critical group ofΦ at u. Finally, let B ⊂ X be strictly positively invariant such that
Φ has only finitely many critical pointsu1, . . . , uk ∈ X \ B. SettingPk := rankHk(X,B)
andβk(ui) := rankCk(Φ,ui), there existsQ ∈ N0[[t]] such that

∞∑

k=0

(
n∑

j=1

βk(ui)

)
tk =

∞∑

k=0

Pkt
k + (1+ t)Q(t).
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The proof is a variation of standard arguments, cf. [41], Theorem I.4.3.

PROOF OFTHEOREM 2.15. We considerΦ,ϕt andX as in the proof of Theorem 2.14
and recall that the conditions (GRAD) and (COMP) hold. By Theorem 2.14, we may
assumeλ1(−� + a(x)) < 0. Thenαe1 > 0 is a strict supersolution of (2.1) forα > 0
small. Heree1 > 0 is a first Dirichlet eigenfunction of−� + a(x). By Example 2.4,
A := (αe1 + P+

X )∪ (−αe1 + P−
X ) is strictly positively invariant. Condition(f2) implies

thatHk(X,Φ−β)= {0} for β > 0 large (see [41], Lemma III.2.3), anyk ∈ Z. (f2) also im-
pliesΦ(tu)→ −∞ ast → ∞ for u �= 0. It is now easy to show thatB :=A∪Φ−β can be
deformed intoΦ−β by a deformation of the form(t, u) �→ tu for u ∈ B, 0� t � T (u). As
a consequenceHk(X,B)= {0}, k ∈ Z. SinceB is strictly positively invariant, we can apply
Theorem 2.16. By assumption, 0∈X \B is nondegenerate, henceCµ(Φ,0) �= {0}, where
µ is the Morse index of 0. It follows that there exists a critical pointū ∈X \B, ū �= 0, with
Cµ+1(Φ, ū) �= {0} orCµ−1(Φ, ū) �= {0}. Clearlyū is a nodal solution of (2.1). �

Next we assume(f1), that is,t �→ f (x, t)/|t | is strictly increasing onR+ and onR−.
Recall the nodal Nehari set

S =
{
u ∈E: u± �= 0,

∫

Ω

∇u∇u± =
∫

Ω

f (x,u)u±
}

from Section 2.1.

THEOREM 2.17. Suppose(f ′
0) withp < 2∗, (f ′

1) and(f2) hold. If λ2(−�+a(x)) > 0 then
infΦ(S) > 0 and it is achieved by a nodal solution with precisely two nodal domains and
Morse index2.

A minimizer ofΦ|S is a least energy nodal solution. Geometric properties of these on
radial domains will be investigated in Section 2.5.

PROOF OFTHEOREM 2.17. Consider a minimizing sequenceen ∈ S , n ∈ N, of Φ|S , and
define

Cn :=
{
u= se+n + te−n : s ∈ [−Rn,Rn], t ∈ [0,Rn]

}
,

whereRn > 0 is chosen so thatΦ(u) � 0 for u ∈ span{e+n , e−n }, ‖u‖ � Rn. Observe that
Φ(en)= maxΦ(Cn) as in (2.2). Now, the same argument as in the proof of Theorem 2.14
yields a nodal solutionun ∈ S with Φ(un) � Φ(en). Moreover,Φ(un) is bounded away
from 0. In fact,Φ(un)� infΦ({u ∈ E⊥

1 : ‖u‖ = ρ}) > 0, whereE1 is the first eigenspace
of −�+ a(x) andρ > 0 is small. Thus(un)n is a minimizing sequence ofΦ|S consisting
of critical points. Thus infΦ|S is achieved by the Palais–Smale condition and becauseS is
closed inE. The equality nod(ū) = 2 for a minimizerū follows from Proposition 2.12.
By Remark 2.2(b),S ∩ H 2(Ω) is a submanifold ofE ∩ H 2(Ω) with co-dimension 2.
The HessianΦ ′′(ū) of Φ at a minimizerū of Φ|S is therefore positive semidefinite on
the tangent spaceV := Tū(S ∩ H 2(Ω)) ⊂ E ∩ H 2(Ω) which has co-dimension 2 in
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E ∩ H 2(Ω). It follows thatΦ ′′(u) is positive semidefinite on�V E ⊂ E which has co-
dimension 2 inE. �

REMARK 2.18. (a) The first existence results for one nodal solution under similar hy-
potheses as those considered here are due to [15,36,50]. Improved versions and related
results can be found in [17,37,45]. In [90] of Wang, besides the positive and negative solu-
tions given in [5] by Ambrosetti and Rabinowitz a third solution was found by two different
methods: linking and the Morse theory. No nodal information was given for the third so-
lution in [90], but the methods used there seem to be suggestive for the nodal nature of
the solution, motivating some of the results mentioned above. Using symmetries of the
domain, the existence of nodal solutions can be proved more easily. Results of this type
abound, in particular, for radially symmetric domains.

(b) In the recent paper [67] of Liu and Wang, it is proved that infΦ(S) > 0 is achieved
by a nodal solution with precisely two nodal domains provided(f0), (f1) and the condi-
tion (f3), that is, lim|t |→∞ F(x, t)/t2 = ∞ uniformly in x ∈ Ω , hold. Observe that this
condition is weaker than the classical Ambrosetti–Rabinowitz condition(f2). Under the
same conditions a positive and a negative solutions are given as in Theorem 1.23. The
proofs is in the same spirit of that for Theorem 1.23.

2.5. Geometric properties of least energy nodal solutions on radial domains

We consider
{−�u+ a

(
|x|
)
u= f

(
|x|, u

)
in Ω,

u= 0 on ∂Ω,
(2.4)

whenΩ is a ball or an annulus anda andf are radial. It is then natural to ask about the
symmetry of solutions of (2.4). We shall address this question for the least energy nodal
solution when it exists.

THEOREM 2.19. SupposeΩ is a ball or an annulus, a ∈ L∞(Ω) andf are radial, and
f satisfies(f0) and(f1). Suppose, moreover, thatf is Hölder continuous onΩ × [−R,R]
for everyR > 0. Then every least energy nodal solution is foliated Schwarz symmetric.

This result is due to [19]. Its proof is based on an elementary symmetrization, the polar-
ization, and the maximum principle as the one of Theorem 1.24.

If f = f (u) is independent ofx the problem whether a least energy nodal solution is
radial has been settled recently by Aftalion and Pacella [1]. The remaining part of this
section contains several results from [1]. We begin with the following observation relating
the number of nodal domains to the Morse index.

THEOREM 2.20. SupposeΩ is a ball or an annulus, andf ∈ C1(R) satisfiesf (0)� 0.
Letu be a radial solution of

{
−�u= f (u) in Ω,

u= 0 on ∂Ω.
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Then the Morse index ofu is at least(N + 1)(nod(u)− 1).

PROOF. Let Ω = A(r,R) = int{x ∈ RN : r � |x| � R} and let r = r0 < r1 < · · · <
rk−1 < rk = R be such thatAi = A(ri−1, ri), i = 1, . . . , k = nod(u), are the nodal do-
mains ofu. We consider the domainsBi = A(ri−1, ri+1) andBij = {x ∈ Bi : xj < 0},
i = 1, . . . , k − 1, j = 1, . . . ,N . Letµij be the first Dirichlet eigenvalue of−�− f ′(u) in
Bij andψij > 0, a corresponding eigenfunction. We claim thatµij < 0. If this has been
proved letvij ∈H 1

0 (Bi)⊂H 1
0 (Ω) be the extension ofψij which is odd inxj . Thenvij is

a Dirichlet eigenfunction of−�− f ′(u) in Bi with eigenvalueµij < 0. Sincevij changes
sign, there exists a positive eigenfunctionvi0 ∈ H 1

0 (Bi) ⊂ H 1
0 (Ω) of −� − f ′(u) with

eigenvalueµi0<µij < 0. It follows that the quadratic formv �→ 〈(−�− f ′(u))v, v〉L2 is
negative on span{vij : i = 1, . . . , k− 1, j = 0, . . . ,N}. Since thevij , i = 1, . . . , k− 1, j =
0, . . . ,N , are linearly independent by construction, the negative eigenspace of−�−f ′(u)
in H 1

0 (Ω) has dimension at least(k − 1)(N + 1)= (nod(u)− 1)(N + 1).
It remains to proveµij < 0. Observe thatuj := ∂u/∂xj solves−�uj = f ′(u)uj in Ω .

Let ∂oBi = {x ∈ RN : |x| = ri+1} be the outer boundary ofBi . Sinceu is radial,uj (x)= 0
if xj = 0. Supposeu > 0 on A(ri, ri+1) ⊂ Bi and u < 0 on A(ri−1, ri) ⊂ Bi . Then
uj (x) > 0 for x ∈ ∂Bi with xj < 0, andCij := {x ⊂ Bij : uj (x) < 0} � Bij is a nonempty
open subset ofBij with ∂Cij ⊂ Bij ∪ {x: xj = 0}.

It follows thatuj = 0 on∂Cij , henceuj ∈H 1
0 (Cij )⊂H 1

0 (Bij ). Therefore

µij = inf
v∈H1

0 (Bij )

〈(−�− f ′(u))v, v〉L2(Bij )

‖v‖L2(Bij )

<
〈(−�− f ′(u))uj , uj 〉L2(Cij )

‖uj‖L2(Cij )

= 0.
�

COROLLARY 2.21. SupposeΩ is a ball or an annulus, andf :R → R is independent of
x ∈Ω and satisfies(f ′

0) and(f ′
1). Then a least energy nodal solution of(2.1) is not radial.

PROOF. The proof of Theorem 2.17 shows that a minimizer ofΦ onS has Morse index 2.
Now the result follows from Theorem 2.20. �

THEOREM 2.22. SupposeΩ is a ball, and f = f (u) satisfies(f ′
0) and (f ′

1). Let u be a
least energy nodal solution of(2.1).Then the nodal setclos(u−1(0)∩Ω) intersects∂Ω .

PROOF. Arguing by contradiction we supposeu has constant sign near∂Ω . By Theo-
rem 2.19, we may assume thatu is axially symmetric around the axis{0} × R ⊂ RN . In
particular,u is even inx1, . . . , xN−1. Now, as in the proof of Theorem 2.20, one sees that
the Morse index ofu is at leastN . Thus we are done ifN � 3 because the Morse index
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of u is 2. In the caseN = 2, one can use the angle derivative∂u/∂θ and the fact thatu is
foliated Schwarz symmetric but not radial. Details can be found in [1]. �

REMARK 2.23. It is tempting to conjecture that in the situation of Theorem 2.22 and its
proof, the least energy nodal solutionu, being even inx1, . . . , xN−1, is odd inxN and that
its nodal surface is the set{x ∈Ω: xN = 0}. For the singularly perturbed problem

{
−ε2�u+ u= |u|p−2u in Ω,

u= 0 on ∂Ω,

this has been proved by Wei and Winter [94] ifε is small.

2.6. Multiple nodal solutions on a bounded domain

On an intervalΩ = (a, b)⊂ R, the problem,

{−u′′ + a(x)u= f (x,u) for a < x < b,

u(a)= u(b)= 0,
(2.5)

has infinitely many nodal solutions iff is superlinear in the sense of(f2). A rather general
result in this direction is due to Struwe [87]. It is an open problem whether (2.1) has
infinitely many solutions assuming(f0) with p < 2∗ and (f2). The existence of multiple
(nodal) solutions has been proved under additional conditions on the domain or onf . We
present several such results in this and the next subsection.

THEOREM 2.24. Supposef satisfies(f ′
0) with p < 2∗, (f ′

1) and (f2). If in addition f is
odd in u then there exists a sequence±uk , k � k0, of nodal solutions of(2.1) with the
properties:

(a) ‖uk‖E → ∞ ask→ ∞;
(b) 2� nod(uk)� k;
(c) if u < uk is a subsolution of(2.1) thenu� 0;
(d) if u > uk is a supersolution of(2.1) thenu� 0.

Herek0 = µ(−�+ a(x))+ dimker(−�+ a(x))+ 1, whereµ(−�+ a(x)) denotes the
Morse index. The existence of infinitely many solutions as well as property (a) is a classical
result of Ambrosetti and Rabinowitz [5] based on the symmetric mountain pass theorem.
The fact that the solutions are nodal and properties (b)–(d) has been proved in [10,17]
where co-homological linking properties are being used; see also [61], where the existence
of nodal solutions is proved using the Lusternik–Schnirelmann theory. It is not known
whether nod(uk)→ ∞ ask→ ∞. In fact, it is not even known whether nod(uk)� 3 for
somek. In the following, we sketch the proof from [61] for the existence of infinitely many
nodal solutions using a variant of the symmetric mountain pass theorem.
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PROOF OF THEOREM 2.24. Setλi = λi(−� + a(x)), Ei = ker(−� + a(x) − λi),
Yk =⊕k

i=1Ei andZk =⊕∞
i=k Ei . Then it is easy to check that, for allk with λk > 0, there

areρk > rk > 0 such that supYk∩Bρk (0)Φ(u) � ak := 0 andbk := infZk∩∂Brk (0)Φ(u) > 0

andbk → ∞. Let X = C1(�Ω) ∩ E. ThenYk ⊂ X for any k � 1. LetP±
X be as in Exam-

ple 2.4. ThenP±
X are invariant sets of the negative gradient flow. Moreover, fork � 2,

Zk ∩P±
X = {0}. This can be seen by noting that, for allu ∈ P± \ {0},

∫
Ω
uφ1 dx �= 0 while

for u ∈ Zk ,
∫
Ω
uφ1 dx = 0, whereφ1 is the first eigenfunction of the Laplacian opera-

tor onΩ . As a consequence of the Borsuk–Ulam theorem, the inclusion(Bk, ∂Bk) →֒
(E,Φ0 ∪ P+ ∪ P−) is not nullhomotopic; hereBk = {u ∈ Yk: ‖u‖ � ρk}. Lemma 2.3 or
the deformation lemma from [61] or the proof of [61], Theorem 3.2, yield a critical point
outside ofP+ ∪ P−. In fact, it follows that

ck := inf
h∈Γk

sup
u∈h(Bk)\(P+

X ∪P−
X )

Φ(u)� bk

is a critical value with a critical point inE \ (P+ ∪ P−); hereΓk = {h ∈ C(Bk,X): h is
odd, andh(u)= u if ‖u‖ = ρk}. �

The idea in the above proof can be adapted for many other boundary value problems with
different nonlinearity; see [61] for more examples. See also [92] for an abstract version
of a variational principle in the presence of invariant sets of the flows. Nodal solutions
for nonlinear eigenvalue problems with superlinear nonlinearity have been studied in [47,
61,63].

Without symmetry of the domain or the nonlinearity it is not known whether the super-
linear problems considered here have “many”, even infinitely many solutions. Now we dis-
cuss the role of the domain. IfΩ is a radial domain andf = f (|x|, u) is radially symmetric
in x then one can look for radially symmetric solutionsu(x)= v(|x|). Rewriting (2.1) as an
ordinary differential equation forv(r), ODE methods can be applied. In this setting there
exist solutions with any prescribed number of nodal domains for a large class of superlinear
nonlinearities.

The following recent result gives a lower bound on the number of solutions when the
domain is large in the sense that it contains balls of large sizes.

THEOREM 2.25. Supposef = f (u) is independent ofx ∈ Ω and satisfies(f ′
0) with

p < 2∗, (f ′
1), (f2), andf ′(0) < 0. Then there existsR > 0 such that ifΩ contains a ball of

radiusR then(2.1)has at least3 nodal solutionsu1, u2, u3 with nod(u1)= nod(u2)= 2,
2� nod(u3)� 3.

The proof can be found in [18]. This result is in some sense of the singularly perturbed
type; cf. Remark 1.26. It yields 3 nodal solutions of the singularly perturbed problem (1.15)
on any domain. As mentioned in Remark 1.26 there is a huge literature about singularly
perturbed problems, which we cannot present in this chapter.
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2.7. Perturbed symmetric functionals

It is natural to ask whether the solutions continue to exist if an odd function is perturbed,
e.g.,f (x,u)= |u|p−2u+ g(x). This subsection is devoted to semilinear elliptic problems
of the type

{
−�u= |u|p−2u+ h(x) in Ω,

u= 0 on ∂Ω,
(2.6)

whereΩ ⊂ RN is a smooth and bounded domain, 2< p < 2∗ andh ∈ L2(Ω) is fixed.
Solutions of (2.6) are critical points of

Φ(u)= 1

2

∫

Ω

|∇u|2 dx − 1

p

∫

Ω

|u|p dx −
∫

Ω

hudx, u ∈H 1
0 (Ω).

Whenh= 0 andp < 2∗ the corresponding functional

Φ0(u)=
1

2

∫

Ω

|∇u|2 dx − 1

p

∫
|u|p dx, u ∈H 1

0 (Ω),

is odd and has infinitely many critical points. The following result is due to Bahri
and Lions [9] improving earlier work of Bahri and Berestycki [7] and, independently,
Struwe [86].

THEOREM 2.26. If 2< p < (2N − 2)/(N − 2) then, for everyh ∈ L2(Ω), problem(2.6)
has infinitely many solutions.

The proof is based on the idea thatΦ is a kind of perturbation ofΦ0. The symmetric
linking which is based on the Borsuk–Ulam theorem and used in the proof of Theorem 2.24
applies toΦ0 and yields a nonsymmetric linking forΦ. A different approach to perturbed
symmetric functions is due to Bolle; see [27,28]. It is still not known whether (2.6) has
infinitely many solutions for any 2< p < 2∗ and anyh. However, Bahri proved in [6] the
following generic existence result for the full range ofp.

THEOREM 2.27. If 2< p < 2∗ then the set ofh ∈ H−1(Ω) such that problem(2.6) has
infinitely many solutions is a dense residual set inH−1(Ω).

3. Problems on the entire space

In this section we consider the problem

{−�u+ V (x)u= f (x,u), x ∈ RN ,

u(x)→ 0 as |x| → ∞.
(3.1)
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Depending upon the potential functionV (x) we review the existence of signed solutions,
nodal solutions and multiplicity of solutions as well as their qualitative properties in some
cases. Let

Φ :E→ R, Φ(u)= 1

2

∫

RN
|∇u|2 + V (x)u2 dx −

∫

RN
F(x,u)dx

be the functional associated to (3.1). As usual,F(x, t)=
∫ t

0 f (x, s)ds. The nonlinearityf
will always satisfy(f0) and is subcritical, so thatΦ is defined on the space

E =
{
u ∈H 1(RN

)
:
∫

RN
V (x)u2 dx <∞

}

and is of classC1. If V is bounded thenE = H 1(RN ) and the Palais–Smale condition
does not hold. On the contrary, ifV (x)→ ∞ as|x| → ∞ thenΦ does satisfy the Palais–
Smale condition. This compact case is most closely related to the bounded domain case
in terms of the results and methods and will be dealt with in Section 3.1. IfV andf are
radially symmetric it is natural to look for radially symmetric solutions. ConstrainingE to
the spaceErad of radial functionsu= u(|x|) compactness is recovered. We deal with the
symmetric case in Section 3.2. In fact, in both Sections 3.1 and 3.2 weaker conditions than
those just mentioned will be considered.

In the remaining subsections we deal with bounded, nonradial potentials, in particu-
lar with potentials which are periodic in thexi -variables. Sincef is subcritical this case
may be called locally compact, a notion going back to Lions’ seminal work [64]. Locally
the problems have compactness, and the compactness is only lost from the mass going to
infinity. Lions’ concentration–compactness principle is an important tool in dealing with
this and will be used. In Section 3.3 we consider potentials having a potential well whose
steepness is controlled by a parameter. In Section 3.4 we present two results on the ex-
istence of a ground state solution for bounded potentials. In the periodic case, one can
construct bound states having multibumps. The first result of this type is due to Coti Zelati
and Rabinowitz [48] who constructed positive multibump solutions. Here we present the
modified approach from [68] which can also be used to obtain nodal multibump-type so-
lutions and to control the number of nodal domains. So far we always assumed infV > 0.
Finally we discuss the case whereV is periodic and negative somewhere. The periodic-
ity implies that the spectrum of−� + V is purely continuous and consists of a disjoint
union of closed intervals. In Section 3.6 we deal with the case where−�+V has essential
spectrum below 0.

3.1. The compact case

We consider the spaceE = {u ∈H 1(RN ):
∫

RN
V (x)u2 dx <∞} together with the scalar

product

〈u,v〉E =
∫

RN
∇u · ∇v+

∫

RN
V (x)uv.
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In general the embedding fromE into Lp(RN ) is not compact, for example, whenV is
bounded so thatE =H 1(RN ). We present general conditions onV which guarantee that
the embedding is compact.
(V0) V ∈ C(RN ,R) and infRN V (x) > 0.
(V1) There existsr0> 0 such that, for anyM > 0,

lim
|y|→∞

m
({
x ∈ RN : |x − y| � r0,V (x)�M

})
= 0,

wherem denotes the Lebesgue measure inRN .
Without loss of generality we assume infRN V (x)= 1.

LEMMA 3.1. Under (V0) and (V1), the embedding fromE into Lp(RN ) is compact for
2� p < 2∗.

PROOF. Let (un) be bounded inE and assumeun → 0 weakly inE. We have to show that
un → 0 in Lp(RN ) for 2 � p < 2∗. By the interpolation inequality we only need to con-
siderp = 2. The Sobolev embedding theorem impliesun → 0 in L2

loc. Thus it suffices to
show that, for anyε > 0, there isR > 0 such that

∫
BcR(0)

u2
n < ε; hereBcR(0)= RN \BR(0).

Let (yi) be a sequence of points inRN satisfyingRN ⊂⋃∞
i=1Br0(yi) and such that each

point x is contained in at most 2N such ballsBr0(yi). Let AR,M = {x ∈ BcR | V (x)�M}
andBR,M = {x ∈ BcR | V (x) <M}. Then

∫

AR,M

u2
n �

1

M

∫

RN
V (x)u2

n,

and this can be made arbitrarily small by choosingM large. Chooseq such that 2q � 2∗

and letq ′ = q/(q − 1) be the dual exponent. Then for fixedM > 0,

∫

BR,M

u2
n �

∞∑

i=1

∫

BR,M∩Br0(yi )
u2
n

�

∞∑

i=1

(∫

BR,M∩Br0(yi )

(
|un|2q

))1/q(
m
(
BR,M ∩Br0(yi)

))1/q ′

� εR

∞∑

i=1

(∫

BR,M∩Br0(yi )
|un|2q

)1/q

� CεR

∞∑

i=1

∫

Br0(yi )

(
|∇un|2 + u2

n

)

� CεR2N
∫

RN

(
|∇un|2 + |un|2

)
,
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where εR = supyi (m(BR,M ∩ Br0(yi)))1/q
′
. Assumption(V1) states thatεR → 0 as

R→ ∞. Thus we may make this term small by choosingR large. �

Concerning the nonlinearityf we recall the following conditions.
(f0) f :RN × R → R is a Carathéodory function withf (x, t) = o(t) as t → 0. There

existC > 0 andp � 2N/(N − 2) such that|f (x, t)| � C(|t | + |t |p−1) for all x ∈
RN , t ∈ R.

(f1) For everyx ∈ RN , the functionR \ {0} → R, t �→ f (x, t)/|t |, is strictly increasing.
(f2) There existsθ > 2 such that 0< θF(x, t)� f (x, t)t for all x ∈ RN , all t ∈ R.

The first result is concerned with minimizers ofΦ on the Nehari manifold

N =
{
u ∈E \ {0}: Φ ′(u)u= 0

}
.

In fact, we find a least energy positive and a least energy negative solution, that is, we
minimizeΦ on

N± = {u ∈N : ±u� 0}.

THEOREM3.2. If (V0), (V1), (f0)withp < 2∗, (f1) and(f2) hold theninf{Φ(u): u ∈ N±}
is achieved, hence(3.1) has a least energy positive solution and a least energy negative
solution.

PROOF. Using the compact embedding lemma (Lemma 3.1) the proof proceeds as the one
of Theorem 1.23. �

Next we consider the nodal Nehari set

S =
{
u ∈E: u+ ∈N , u− ∈ N

}

=
{
u ∈E: u+ �= 0 �= u−,Φ ′(u)u+ = 0=Φ ′(u)u−}

and find a least energy nodal solution.

THEOREM 3.3. Suppose(V0), (V1), (f0) with p < 2∗, (f1) and(f2) hold. TheninfΦ|S is
achieved by a nodal solution that has exactly two nodal domains.

PROOF. Using the compact embedding Lemma 3.1 the proof proceeds as the one of The-
orem 2.17. �

REMARK 3.4. As commented in Remark 2.18,(f2) can be replaced by the weaker condi-
tion (f3). This is done in [67].

THEOREM 3.5. Assume(V0), (V1), (f0) with p < 2∗, (f1) and (f2). If f is odd in u,
then(3.1)has an unbounded sequence of nodal solutionsuk such that2� nod(uk)� k.

Details of the proofs of these and related results can be found in [12].
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REMARK 3.6. Under the stronger condition that
∫

RN
V (x)−1 dx <∞, a nonlinearity with

a combination of convex and concave terms was considered recently by Liu and Wang
in [69] in which multiplicity of nodal solutions was given.

3.2. The radially symmetric case

We consider the following class of symmetric functions. We fix a decomposition
N =N1 + · · · +Nk with Ni � 2. For x ∈ RN , we write x = (x1, . . . , xk) with xi ∈ RNi

and define

H 1
sym

(
RN
)
=
{
u ∈H 1(RN

)
: u(x)= u

(
|x1|, . . . , |xk|

)}
.

If k = 1 thenH 1
sym(R

N ) consists precisely of the radialH 1-functions.

THEOREM 3.7. The embedding ofH 1
sym(R

N ) intoLp(RN ) is compact for2<p < 2∗.

For the proof we need the following lemma due to Lions [64].

LEMMA 3.8. Let (un) be a bounded sequence inH 1(RN ). Assume that there isr > 0 and
2� q � 2∗ such that

lim sup
n→∞

sup
y∈RN

∫

Br (y)

|un|q dx = 0.

Thenlimn→∞
∫

RN
|un|p dx = 0 for 2<p < 2∗. If q = 2∗, p can be taken as2∗.

Now we give the proof of Theorem 3.7.

PROOF OFTHEOREM 3.7. Let(un) be a bounded sequence inH 1
sym(R

N ) which we may
assume converges weakly to 0 inH 1

sym(R
N ). We want to show that(un) converges to 0

in Lp(RN ). By Lemma 3.8, ifun does not converge to zero inLp(RN ) there arer > 0,
δ > 0 andyn ∈ RN such that

lim inf
n→∞

∫

Br (yn)

|un|p � δ.

Since the embeddingH 1(Ω) →֒ Lp(Ω) is compact for bounded domainsΩ , we have
|yn| → ∞. Up to a subsequence we may assume that there is 1� i � k such that the
ith componentsyn,i ∈ RNi of (yn) go to infinity. Using the radial symmetry inRNi , as
n→ ∞ we find more and more disjoint balls of radiusr on which theLp norm ofun is the
same as

∫
Br (yn)

|un|p, contradicting the fact thatun is bounded inH 1
sym(R

N ) and therefore

in Lp(RN ). �
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(S) V (x) and f (x,u) are radially symmetric in each of the variablesxi ∈ RNi ,
i = 1, . . . , k.

If (S) holds then a critical point ofΦ constrained toH 1
sym(R

N ) is a critical point ofΦ by
the principle of symmetric criticality. Thus, with the compactness Theorem 3.7 available
we easily obtain existence results as in the last section. The proofs are very similar and we
omit them.

THEOREM 3.9. Assume(V0), (f0) with p < 2∗, (f1), (f2) and(S). Then the infimum ofΦ
on N± ∩ H 1

sym(R
N ) is achieved, hence(3.1) has a least energy positive solution and a

least energy negative solution inH 1
sym(R

N ).

THEOREM3.10. Assume(V0), (f0) withp < 2∗, (f1), (f2) and(S). Then(3.1)has a nodal
solution inH 1

sym(R
N ) which has exactly two nodal domains.

THEOREM 3.11. Assume(V0), (f0) with p < 2∗, (f1), (f2) and (S). If f is odd in u,
then (3.1) has an unbounded sequence of nodal solutionsuk ∈ H 1

sym(R
N ) with

2� nod(uk)� k.

REMARK 3.12. If the equation is autonomous then radial solutions have been obtained by
Berestycki and Lions [25]. The autonomous case has been further investigated by many
authors. For more recent results, see the paper by Jeanjean and Tanaka [55] and the ref-
erences therein. Nonradial solutions have been obtained in dimensionsN = 4 or N � 6
by Bartsch and Willem [20] providedf is odd andV andf are radial functions ofx. In
dimensionN = 5 a nonradial solution can be obtained combining the idea from [20] with
the concentration–compactness method; see the paper [71] by Lorca and Ubilla. Whether
or not a nonradial solution exists in dimensionN = 3 is open.

3.3. The steep potential well case

In this section, we consider potentials depending on a parameter that controls the depth of
the potential well. More precisely, we want to find bound states of the equation

(Sλ) −�u+
(
λa(x)+ 1

)
u= f (x,u) in RN .

We require the following assumptions on the potential functionVλ(x)= λa(x)+ 1.
(a1) a :RN → R is continuous,a � 0,Ω := int a−1(0) �= ∅, has smooth boundary and

�Ω = a−1(0).
(a2) There existM0> 0 andr0> 0 such that

lim
|y|→∞

m
({
x ∈ RN : |x − y| � r0, a(x)�M0

})
<∞,

wherem denotes the Lebesgue measure onRN .
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The setΩ in assumption(a1) is the bottom of the potential well. It is allowed thatΩ is
unbounded. It is also allowed thata is bounded. In view of the results and the proofs
from the last section we need to study the compactness of the problem first. On the space
E = {u ∈H 1(RN ):

∫
RN
a(x)u2 dx <∞} we use the norms

‖u‖2
λ =

∫

RN

(
|∇u|2 +

(
λa(x)+ 1

)
u2)dx for λ� 0,

which are equivalent norms onE. We shall occasionally writeEλ for the Hilbert spaceE
equipped with the norm‖ · ‖λ. The functional associated to(Sλ) is given by

Φλ(u) = 1

2

∫

RN

(
|∇u|2 + λ

(
a(x)+ 1

)
u2)dx −

∫

RN
F(x,u)dx

= 1

2
‖u‖2

λ −
∫

RN
F(x,u)dx. (3.2)

If (f0) holds we haveΦλ ∈ C1(Eλ,R) for anyλ � 0. We have the following parameter-
dependent compactness result forΦλ.

PROPOSITION3.13. Suppose(a1), (a2), (f0) and(f2). For anyC0> 0 there existsΛ0> 0
such thatΦλ satisfies the(PS)c-condition for allλ�Λ0 and all c� C0.

Since the proof of Proposition 3.13 is rather technical we just refer the reader to [13,16].
The result should also be compared with Theorem 3.1 in which global compactness is
given.

THEOREM 3.14. Assume(a1), (a2), (f0) with p < 2∗ and(f2). Then forλ large, (Sλ) has
a positive solution and a negative solution.

PROOF. If, in addition,(f1) holds then one obtains the positive and the negative solution
by minimizing on the positive (resp. negative) Nehari manifold as before, using the com-
pactness result from Proposition 3.13. If(f1) does not hold one may apply the mountain
pass theorem instead of minimizing. �

THEOREM 3.15. Assume(a1), (a2), (f0) with p < 2∗, (f1) and (f2). Then forλ large,
(Sλ) has a nodal solution which has exactly two nodal domains.

PROOF. Here we minimize on the nodal Nehari set associated to the problem and ob-
serve that at the minimal level the Palais–Smale condition holds forλ large by Proposi-
tion 3.13. �

Details of the proofs of these two results can be found in [13,14].

THEOREM 3.16. Assume(a1), (a2), (f ′
0) with p < 2∗, (f1) and (f2). If f is odd in u,

then, for any integerk, there isΛk such that forλ � Λk , equation(Sλ) has k pairs of
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nodal solutionsuj , j = 1, . . . , k, such that the number of nodal domains ofuj is bounded
by j + 1.

For the existence of multiple nodal solutions we need to use a combination of a minimax
procedure and invariant sets of the gradient flow as was done in [12]. We defineKλ(u) :=
(−�+ Vλ)−1f (·, u), and consider the flow onE associated to

{
d
dt η

t
λ(u)= −ηtλ(u)+Kλ

(
ηtλ(u)

)
,

η0
λ(u)= u.

We claim that the conesP± = {u ∈ E: ±u� 0} areKλ-attractive in the sense of Defini-
tion 2.6. This is in fact independent ofλ. For anyM ⊂E andε > 0,Mε denotes the closed
ε-neighborhood ofM , i.e.,

Mε :=
{
u ∈E: distλ(u,M)� ε

}
.

LEMMA 3.17. Assume(a1), (a2) and(f0). Then there existsε0> 0 such that

Kλ
((
P±)

ε

)
⊂ int

((
P±)

ε

)
for all 0< ε � ε0, λ� 0,

soP± isKλ-attractive uniformly inλ. Consequently,

ηtλ
((
P±)

ε

)
⊂ int

((
P±)

ε

)
for all t > 0,0< ε � ε0 andλ� 0.

PROOF. We write Vλ(x) = λa(x) + 1. For u ∈ E, we denotev = Kλ(u) and u+ =
max{0, u}, u− = min{0, u}. Note that, for anyu ∈E and 2� p � 2∗,

‖u−‖Lp = inf
w∈P+

‖u−w‖Lp . (3.3)

Since

‖v−‖2
λ = (v, v−)λ =

∫

RN
(∇v · ∇v− + Vλvv−)dx =

∫

RN
f (x,u)v− dx,

the fact thatv+ ∈ P+ andv− v+ = v− implies

distλ
(
v,P+) · ‖v−‖λ � ‖v−‖2

λ �

∫

RN
f (x,u−)v− dx. (3.4)

As a consequence of(f0) there exists aδ > 0 andC1> 0 such that

f (x, s)� (1− δ)s +C1|s|2
∗−2s for s � 0.
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Thus
∫

RN
f (x,u−)v− dx

�

∫

RN

(
(1− δ)u− +C1|u−|2∗−2u−)v− dx

� (1− δ)‖u−‖L2‖v−‖L2 +C1‖u−‖2∗−1
L2∗ ‖v−‖L2∗ . (3.5)

From the Sobolev embedding and (3.3)–(3.5),

distλ
(
v,P+) · ‖v−‖λ

� (1− δ) inf
w∈P+

‖u−w‖L2‖v−‖λ +C2 inf
w∈P+

‖u−w‖2∗−1
L2∗ ‖v−‖λ,

which implies (if‖v−‖λ �= 0)

distλ
(
v,P+) � (1− δ) inf

w∈P+
‖u−w‖L2 +C2 inf

w∈P+
‖u−w‖2∗−1

L2∗

� (1− δ) inf
w∈P+

‖u−w‖λ +C3 inf
w∈P+

‖u−w‖2∗−1
λ

= (1− δ)distλ
(
u,P+)+C3

(
distλ

(
u,P+))2∗−1

.

Therefore, there existsε0> 0 such that if distλ(u,P+)� ε0 then

distλ
(
v,P+)< distλ

(
u,P+). �

The proof of Theorem 3.16 is based on Lusternik–Schnirelmann methods similar to
those used in the proof of Theorem 2.24 and the above compactness result.

REMARK 3.18. Theorem 3.16 still holds when one replaces the potentialλa + 1 by
λa + a0 with a0 ∈ L∞(RN ) and such that−�+ a0 is invertible. In this case 0 is a saddle
point instead of a local minimum of the functional. The invariant sets given in Lemma 3.17
do not work, but one can use the invariant sets constructed in [66] in this case.

3.4. Ground state solutions for bounded potentials

In this section we consider bounded potentialsV which cause some compactness problems.
We shall present two results on the existence of a ground state solution. In order to keep
the presentation simple we only deal with the case of a homogeneous nonlinearity. Thus
we want to find a ground state solutionu ∈E =H 1(RN ) of the equation

−�u+ V (x)u= |u|p−2u, (3.6)

where 2<p < 2∗. We shall first treat a periodic potential and assume
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(V3) V is 1-periodic in each of its variables.
The case whereV is Ti -periodic inxi , i = 1, . . . , k, can be easily reduced to the period 1
case.

THEOREM 3.19. Assume(V0) and(V3). Then(3.6)has a least energy positive solution.

PROOF. We consider the following minimization problem onE =H 1(RN ):

m := inf
u∈M

∫

RN
|∇u|2 + V (x)u2 dx, M =

{
u ∈E: ‖u‖Lp = 1

}
.

The Sobolev inequality impliesm > 0. A minimizer ofm gives a solution of (3.6) by a
simple scaling factor. We show next thatm is achieved. Let(un) be a minimizing sequence
for m. Then up to a subsequenceun → u weakly inE. Since‖un‖Lp = 1, by Lemma 3.8
there isr > 0, δ > 0 and(yn)⊂ RN such that

lim inf
n→∞

∫

Br (yn)

|un|p � δ.

By increasingr we may assume that allyn have integer coordinates. Settingvn(x) =
un(x + yn) we see that(vn) is also a minimizing sequence form becauseV is periodic.
After passing to a subsequence we may assume thatvn → v weakly. It follows from

lim inf
n→∞

∫

Br (0)
|vn|p � δ

thatv �= 0. If ‖v‖Lp = 1 we are done. If‖v‖Lp < 1 we produce a contradiction as follows.
By the Brezis–Lieb lemma we have

1= ‖vn − v‖pLp + ‖v‖pLp + o(1) asn→ ∞.

Seta = ‖v‖pLp so that‖vn − v‖pLp → 1− a asn→ ∞.

m+ o(1) =
∫

RN
|∇vn|2 + V (x)|vn|2

=
∫

RN
|∇v|2 + V (x)|v|2 +

∫

RN

∣∣∇(vn − v)
∣∣2 + V (x)|vn − v|2 + o(1)

� m
(
‖v‖2

Lp + ‖vn − v‖2
Lp

)
+ o(1).

Passing to the limit we getm�m(a2/p + (1− a)2/p), a contradiction. �

Now we consider nonperiodic potentials satisfying
(V4) lim|x|→∞ V (x)= V∞ := supRN V (x) <∞.

THEOREM 3.20. If (V0) and(V4) hold then(3.6)has a least energy positive solution.
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PROOF. We consider again the minimization problem onE =H 1(RN ),

m := inf
u∈M

∫

RN
|∇u|2 + V (x)u2 dx

and compare it with

m∞ := inf
u∈M

∫

RN
|∇u|2 + V∞u2 dx,

whereM = {u ∈ E: ‖u‖Lp = 1} is as before. The Sobolev inequality yieldsm> 0, and it
is easy to see that a minimizer ofm gives a solution of (3.6). IfV (x)≡ V∞ we may use the
last theorem to get the existence of a positive solution. Thus we may assumeV (x) < V∞
somewhere. Then using the minimizer ofm∞ as a test function we obtainm < m∞. We
show next thatm is in fact achieved onM . Let (un) be a minimizing sequence form. Then
up to a subsequenceun → u weakly inE. Since‖un‖Lp = 1, by Lemma 3.8 there exist
r > 0, δ > 0 and(yn)⊂ RN such that

lim inf
n→∞

∫

Br (yn)

|un|p � δ.

We claim that there exists a bounded sequence(yn). If this is not true, we haveu= 0 and
un → 0 inLqloc(R

N ). Then

m+ o(1) =
∫

RN
|∇un|2 + V (x)|un|2 dx

=
∫

RN
|∇un|2 + V∞|un|2 dx +

∫

RN

(
V (x)− V∞

)
|un|2 dx

=
∫

RN
|∇un|2 + V∞|un|2 dx + o(1)

� m∞ + o(1).

Passing to the limit we have a contradiction withm < m∞. Thus we proved that(yn) is
bounded which impliesu �= 0. If ‖u‖Lp = 1 we are finished. If‖u‖Lp < 1 we can produce
a contradiction as in the proof of the last theorem. �

3.5. More on periodic potentials

In this subsection we describe the multibump type solutions for the periodic nonlinear
Schrödinger equation constructed by Coti Zelati and Rabinowitz in [48] and recent gener-
alizations of the results by Liu and Wang in [68],

−�u+ V (x)u= f (x,u). (3.7)

Throughout this section we assume(V3), (f ′
0), (f2) and
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(V′
0) V ∈ C1(RN ,R) and infRN V (x) > 0.
(f6) f ∈ C1(RN × R,R) is 1-periodic in each of itsx-variables.

The periodicity conditions imply that (3.7) isZN -invariant. The weak solutions of (3.7)
correspond to critical points of

Φ(u) := 1

2

∫

RN

(
|∇u|2 + V (x)u2)dx −

∫

RN
F(x,u)dx

in E =H 1(RN ). Define the mountain pass valuec as

c= inf
g∈Γ

sup
t∈[0,1]

Φ
(
g(t)

)
,

where

Γ =
{
g ∈ C

(
[0,1],E

) ∣∣g(0)= 0,Φ
(
g(1)

)
< 0
}
.

In the homogeneous casef (x,u)= |u|p−2u this is just the minimizer ofΦ on the Nehari
manifold. In [48] it was proved that (3.7) has infinitely manyk-bump solutions. In partic-
ular, we have the following theorem.

THEOREM 3.21. Kkc+αkc−α/Z
N is infinite for anyk � 2, provided the following condition is

satisfied:
(∗) there isα > 0 such thatKc+α/ZN is finite.

HereKba denotes the set of critical points ofΦ between the levelsa andb.
In [48,68] it is proved thatKkc+αkc−α/Z

N contains infinitely many nodal solutions. There
one can also find estimates on the number of nodal domains of these multibump type
solutions.

In the following we review the modified approach given by Liu and Wang in [68]. This
modified approach gives the one sign solutions and the nodal solutions in a uniform fash-
ion, and it is easier for obtaining estimates on the number of nodal domains compared with
the original approach by Coti Zelati and Rabinowitz [48].

Fora > 0, thea-neighborhood of a setA ⊂E is defined by

Na(A)=
{
u ∈E: ‖u−A‖< a

}
,

whose closure and boundary are denoted by�Na(A) and∂Na(A), respectively. Forj =
(j1, . . . , jN ) ∈ ZN , we define the translation onRN by

τju(x)= u(x1 + j1, . . . , xN + jN ).

For a finite subsetE1 of E and an integerl � 1, we denote

Tl(E1)=
{
j∑

i=1

τkivi : 1� j � l, vi ∈E1, ki ∈ ZN

}
.
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Consider the positive coneP+ and the negative coneP− in E defined by

P± = {u ∈E: ±u� 0}.

Any u ∈K \ (P+ ∪ P−) will be a nodal solution of (3.7).

LEMMA 3.22. (i)there isν > 0 such that‖u‖ � ν for all u ∈ K \ {0};
(ii) there isc > 0 such thatΦ(u)� c for all u ∈K \ {0};

(iii) for all u ∈ K \ {0} withΦ(u)� b: ‖u‖ � (2θb/(θ − 2))1/2;
(iv) for any b > 0, there isν1 > 0 depending onb such that‖u±‖L2(RN ) � ν1 for all

u ∈K \ (P+ ∪ P−) withΦ(u)� b.

See the proofs in [48] and [68].
Let A :E → E be given byA(u) := (−�+ V )−1[f (·, u(·))] for u ∈ E. Then the gra-

dient ofΦ has the formΦ ′(u) = u − A(u). Note that the set of fixed points ofA is the
same as the set of critical points ofΦ, which isK. By the proof of [48], Proposition 2.1,
Φ ′ :E→E is locally Lipschitz continuous.

Using Lemma 3.17, the behavior of PS sequences in the whole spaceE as well as
in �Na(P±) can be studied.

LEMMA 3.23. Let (um)⊂ E be such thatΦ(um)→ b > 0 andΦ ′(um)→ 0. Then there
is anl ∈ N (depending onb), v1, . . . , vl ∈K \ {0}, a subsequence ofum and corresponding
kim ∈ ZN , i = 1, . . . , l, such that

∥∥∥∥∥um −
l∑

i=1

τkim
vi

∥∥∥∥∥→ 0 asm→ ∞, (3.8)

l∑

i=1

Φ(vi)= b, (3.9)

and fori �= j ,

∣∣kim − kjm
∣∣→ ∞ asm→ ∞. (3.10)

Moreover, there exists ana1 ∈ (0, a0] (depending onb) such that if(um) ⊂ �Na1(P
+)

(Na1(P
−), resp.) thenv1, . . . , vl ∈ (K \ {0})∩ P+ ((K \ {0})∩ P−, resp.).

Fora ∈ [0, a1], we define

Γ ±
a =

{
g ∈ C

(
[0,1], �Na

(
P±)): g(0)= 0 andΦ

(
g(1)

)
< 0
}

and

c±a = inf
g∈Γ ±

a

max
θ∈[0,1]

Φ
(
g(θ)

)
.
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Fora = 0, �Na(P±)= P±. In this case, we denoteΓ ± = Γ ±
0 andc± = c±0 . Then we can

prove thatc±a is independent ofa for a small.

LEMMA 3.24. There existsa2 ∈ (0, a1) such thatc±a = c± for all a ∈ (0, a2].

DenoteKi = K ∩ P i for i ∈ {+,−}. We will also use the notation:(Ki)b = Ki ∩Φb,
(Ki)ba = Ki ∩ Φba andKi(ci) = K(ci) ∩ P i for i ∈ {+,−}. Instead of(∗), we need the
following condition.
(∗)± There isα > 0 such that(K±)c

±+α/ZN is finite.
Choose a representative inE from each equivalent class in(Ki)c

i+α/ZN and denote the
resulting set byF i, i ∈ {+,−}. Let c > 0 be the number from Lemma 3.22 which satisfies
Φ(u) � c for all u ∈ K \ {0}. Denotel± = [(c± + α)/c]. According to [48], Proposi-
tion 2.57,µ(Tl±(F

±))= inf{‖u−w‖: u �= w ∈ Tl±(F
±)}> 0. Using this a deformation

lemma in �Na(P±) can be given. The proof of the deformation lemma is similar to the
proof of [48]. However, we need to construct a descending flow ofΦ which makes�Na(P i)
positively invariant so that the deformation is from�Na(P i) to itself.

Then by using the descending flow, one obtains the following theorem which asserts the
existence of one-bump positive and negative solutions at the mountain pass level. These
one-bump solutions will be used later to construct multibump nodal solutions.

THEOREM 3.25. Let (∗)± be satisfied. Thenc± are critical values ofΦ and there are
critical pointsu± ∈K± such thatΦ(u±)= c±.

REMARK 3.26. This theorem shows the existence of a solution near the mountain pass
level regardless of whether(∗)± is satisfied or not.

Now, by (∗)±, there is anα1 ∈ (0, α) such that

(
Ki
)ci+α1
ci−α1

= Ki
(
ci
)
.

LEMMA 3.27. Let (∗)± be satisfied. Then there exist finite setsA+ ⊂ K+(c+) and
A− ⊂ K−(c−) having the property that for anȳε1 � α1/2, r1 � 1

12µ(Tl±(F
±)) andp ∈ N,

there is anε1 ∈ (0, ε̄1) andg±
1 ∈ Γ ± such that

(i) maxθ∈[0,1]Φ(g±
1 (θ))� c

± + ε1/p;

(ii) if Φ(g±
1 (θ)) > c

± − ε1 theng±
1 (θ) ∈Nr1(A±).

Let A = A+ ∪ A− with A± given in Lemma 3.27. For any fixed integerk � 2 we
fix two positive integersk+ and k− such thatk = k+ + k−. DenoteΛ+ = {1, . . . , k+},
Λ− = {k+ + 1, . . . , k}. Let ji ∈ ZN for i = 1, . . . , k be fixed such thatji �= jm for i �= m
and if vi ∈A+ for i ∈Λ+ andvi ∈A− for i ∈Λ− then

∥∥∥∥∥

k∑

i=1

τjivi

∥∥∥∥∥�
kν

2
and

∣∣∣∣∣Φ
(

k∑

i=1

τjivi

)
−
(
k+c+ + k−c−

)
∣∣∣∣∣<

α

2
.
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Define

M
(
j1, . . . , jk,A, k

+, k−
)

=
{

k∑

i=1

τjivi : vi ∈A+ for i ∈Λ+, vi ∈A− for i ∈Λ−
}

and

bk = k+c+ + k−c−.

The main theorem in [68] reads as follows.

THEOREM 3.28. Let (∗)± be satisfied. Then there is anr0 > 0 such that, for any
r ∈ (0, r0),

Nr
(
M
(
lj1, . . . , ljk,A, k

+, k−
))

∩
(
K
bk+α
bk−α

/
ZN
)
�= ∅

for all but finitely manyl ∈ N.

We sketch the proof of Theorem 3.28. Forθ = (θ1, . . . , θk) ∈ [0,1]k , let 0i = (θ1,

. . . , θi−1,0, θi+1, . . . , θk) and 1i = (θ1, . . . , θi−1,1, θi+1, . . . , θk), 1 � i � k. Let a2 be as
in Lemma 3.24 anda ∈ [0, a2] and define

Γk(a)=
{
G= g1 + · · · + gk: gi satisfies(g1)–(g3),1 � i � k

}
,

where
(g1) gi ∈ C([0,1]k , �Na(P±)) for i ∈Λ±,
(g2) gi(0i)= 0 andΦ(gi(1i)) < 0, 1� i � k,
(g3) there are bounded open setsOi , 1 � i � k, such that�Oi ∩ �Oj = ∅ if i �= j and

suppgi(θ)⊂ Oi for all θ ∈ [0,1]k .

LEMMA 3.29. Let (∗)± be satisfied. Define

bk(a)= inf
G∈Γk(a)

max
θ∈[0,1]k

Φ
(
G(θ)

)
.

Thenbk(a)= bk = k+c+ + k−c− for a ∈ (0, a2].

From here on we argue by contradiction. Thus assume that there are infinitely manyl

such that the conclusion of the theorem is false. The proofs go with the construction of a
specialG, which is chosen as close to the levelbk(a) as possible, the deformation of this
specialG under the gradient flow, modification of the deformedG so that finally we get
a map in the familyΓk(a) satisfying maxΦ(G) < bk , which is a contradiction with the
definition ofbk(a). We refer for the details to [68].

Next we state a result of [48,68] which is used in establishing more detailed nodal prop-
erties of these solutions.
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THEOREM 3.30. In the above theorem, if r is sufficiently small andl sufficiently large, we
may replace ther-neighborhood inE with r-neighborhood inX := C1(RN ).

The proof of this uses some elliptic estimates.

THEOREM3.31. Suppose(∗)± holds. For multibump nodal solutions of(3.7),the number
of nodal domains is bounded by the number of bumps. In particular, the two-bump nodal
solutions have exactly two nodal domains. Moreover, there are infinitely many, geometri-
cally different, two-bump, nodal solutions which have exactly two nodal domains.

The proof of this theorem is a consequence of the following lemma from [68].

LEMMA 3.32. If r is small enough andl is large enough then, for the solutionsu given in
Theorem3.28,the number of nodal domains is bounded above by the number of bumps of
the solutions.

The techniques for the above theorem can be used to establish the nodal property of the
solutions in another two cases. First, we consider (3.7) on a cylinder domainΩ = ω× R

and we writex = (x′, xN ) with x′ = (x1, . . . , xN−1), whereω is a bounded smooth domain
in RN−1. We assume(V0), (f ′

0), (f2), (f3), and(V5) and(f6) are satisfied with the period-
icity only in thexN direction. The space will beE =H 1

0 (Ω). Then we can still define the
mountain pass valuesc± > 0. The problem now isZ invariant.
(∗′)± There isα > 0 such thatKc

±+α/Z is finite.

THEOREM 3.33. Suppose(∗′)± holds. Then, for any integersk � m � 2, (3.7)has in-
finitely many, geometrically different, k-bump, nodal solutions inI kc+αkc−α which have ex-
actlym nodal domains. More precisely, given any positive integersk1, k2, . . . , km such that∑m
i=1 ki = k � 2, there are infinitely many, geometrically different, k-bump, nodal solu-

tions in I kc+αkc−α which have exactlym nodal domainsDi , i = 1, . . . ,m, such thatu|Di is a
ki -bump positive or negative solution.

Another case can be considered is when (3.7) has differentx-dependence in different
directions. We assume(V0), (f ′

0), (f2), (f3) and
(V5) V is periodic inxN and radially symmetric in(x1, . . . , xN−1).
(f7) f ∈ C1(RN × R,R) is periodic inxN and radially symmetric in(x1, . . . , xN−1).

ThenZ acts via translations on thexN -variable, and the problem isZ-invariant. With
x = (x′, xN ) andx′ = (x1, . . . , xN−1), we work with the space

E =
{
u ∈H 1(RN

)
: u
(
x′, xN

)
= u
(∣∣x′∣∣, xN

)
,

∫

RN
V (x)u2 dx <∞

}
,

that is, functions inE are radially symmetric in the firstN−1 variables. We can still define
the mountain pass valuesc± in the spaceE.
(∗′′)± There isα > 0 such thatKc

±+α/Z is finite.
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THEOREM 3.34. Suppose(∗′′)± holds. Then for any integerk � 2, (3.7) has infinitely
many, geometrically different, k-bump nodal solutions inΦkc+αkc−α such that the numbers of
their nodal domains are bounded between[k/2] + 1 andk. In particular, there are nodal
solutions such that the numbers of their nodal domains tend to infinity.

We refer the details of the proofs to [68].

3.6. Strongly indefinite potentials

In this section we consider problem (3.1) whenV andf are periodic in thex-variables
butV is not positive anymore. For periodicV the operator−�+ V has a band spectrum.
More precisely, the spectrum of−�+V onL2(RN ) is purely continuous, bounded below
and consists of a disjoint union of closed intervals. We require:
(V5) V ∈ C(RN ,R) is 1-periodic in each of its variables and the linear operator,

H 2(RN )→ L2(RN ), u �→ −�u+ V (x)u,

is invertible.
By (V5) the operator−� + V (x) is self-adjoint onL2(RN ) and may have continuous
spectrum on the negative real axis with 0 in a spectral gap.

THEOREM 3.35. Suppose(V5) and (f0) with p < 2∗, and (f2) hold. Then problem(3.1)
has a nontrivial solution inH 1(RN ).

Theorem 3.35 is due to Kryszewski and Szulkin [58]. An earlier version requiring a
stronger growth condition onf has been obtained by Troestler and Willem [89]. If 0 is
a left end point of a spectral gap, that is 0∈ σ(−�+V ) and(0, ε)⊂ R \ σ(−�+V ) then
a solution of (3.1) has been found in [11] under additional growth conditions onf . The
solution then does not lie inH 1(RN ) but only inH 2

loc(R
N )∩Lq(RN ) for p � q � 2∗.

THEOREM3.36. Suppose(V5) and(f0) withp < 2∗, and(f2) hold. If in additionf is odd
in u then problem(3.1)has infinitely many geometrically different solutions inH 1(RN ).

Here two solutionsu1, u2 are said to be geometrically different if there does not exist
k ∈ Zn with u2(x) = u1(x + k) for everyx ∈ RN . Also Theorem 3.36 is due to [58] and
has been extended in [11] to the case where 0 is a left end point of a spectral gap.
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Abstract
We study existence of minimizers for problems of the type

inf

{∫

Ω
f
(
x,u(x),Du(x)

)
dx: u ∈ u0 +W1,p

0

(
Ω;RN

)}
, (P)

whereu0 is a given function.
After recalling some basic facts about existence of minimizers when the functionf is

convex (quasiconvex), we turn our attention to the case wheref is not convex (quasiconvex).
We start by presenting the general tool of relaxation, which gives generalized solutions

of (P).
We next discuss some differential inclusions, where we look for solutionsu ∈ u0 +

W
1,∞
0 (Ω;RN ) of

Du(x) ∈E a.e. inΩ,

whereE ⊂ RN×n is a given compact set.
Finally combining the relaxation theorem and the study of differential inclusions, we give

necessary and sufficient conditions for existence of classical minimizers of (P) as well as
several examples.
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1. Introduction

We discuss the existence of minimizers for the problem

inf

{
I (u)=

∫

Ω

f
(
x,u(x),Du(x)

)
dx: u ∈ u0 +W1,p

0

(
Ω;RN

)}
, (P)

where
• Ω ⊂ Rn is a bounded open set, with Lipschitz boundary∂Ω ;
• u :Ω → RN ,

u= u(x)= u(x1, . . . , xn)=
(
u1(x), . . . , uN (x)

)

(if N = 1 or, by abuse of language, ifn= 1, we will say that it isscalarvalued while
if N,n� 2, we will speak of thevectorvalued case);

• Du denotes its Jacobian matrix, i.e.,

Du=
(
∂ui

∂xj

)1�i�N

1�j�n

=




∂u1

∂x1
· · · ∂u1

∂xn
...

...
...

∂uN

∂x1
· · · ∂uN

∂xn


 ∈ RN×n;

• f :Ω × RN × RN×n → R is continuous,f = f (x,u, ξ);
• 1� p � ∞ andW1,p(Ω;RN ) denotes the usual space of Sobolev maps, where

ui,
∂ui

∂xj
∈ Lp(Ω), i = 1, . . . ,N, j = 1, . . . , n;

• u0 ∈W1,p(Ω;RN ) is a given map;
• u ∈ u0 +W1,p

0 (Ω;RN ), meaning thatu ∈W1,p(Ω;RN ) andu = u0 on ∂Ω in the
Sobolev sense.

This problem is the fundamental problem of the calculus of variations and it has received
a considerable attention since the time of Fermat, Newton, Bernoulli, Euler and all along
the 19th and 20th centuries.

The most general way of proving existence of minimizers of (P), meaning to findū ∈
u0 +W1,p

0 (Ω;RN ) so that

I (ū)� I (u)

among all admissibleu ∈ u0 +W1,p
0 (Ω;RN ), is the so-calleddirect methods of the calcu-

lus of variations. These methods rely on some kind of convexity condition of the function
ξ → f (x,u, ξ). There are numerous examples showing that in absence of convexity the
problem (P) has no minimizers. At the moment let us quote three elementary examples
where nonexistence occurs.
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EXAMPLE 1. LetN = n= 1,

f (x,u, ξ)= f (ξ)= e−ξ2

and

inf

{
I (u)=

∫ 1

0
f
(
u′(x)

)
dx: u ∈W1,1

0 (0,1)

}
. (P)

EXAMPLE 2. LetN = n= 1,

f (x,u, ξ)= f (u, ξ)= u4 +
(
ξ2 − 1

)2

and

inf

{
I (u)=

∫ 1

0
f
(
u(x),u′(x)

)
dx: u ∈W1,4

0 (0,1)

}
. (P)

This example is due to Bolza.

EXAMPLE 3. Letn= 2,N = 1,Ω = (0,1)2,

f (x,u, ξ)= f (ξ)= f (ξ1, ξ2)=
(
ξ2

1 − 1
)2 + ξ4

2

and

inf

{
I (u)=

∫

Ω

f
(
Du(x)

)
dx: u ∈W1,4

0 (Ω)

}
. (P)

We now continue this introduction by discussing only the scalar case (i.e., whenN = 1
or n= 1), the general vectorial case will be discussed in the next sections. We moreover,
in order to simplify the presentation, consider the case where there is no dependence on
lower-order terms, i.e.,f (x,u, ξ)= f (ξ).

When dealing with nonconvex problems, thefirst stepis the relaxation theorem, es-
tablished by L.C. Young, Mac Shane, Ekeland and others. This consists in replacing the
problem (P) by the so-called relaxed problem

inf

{
�I (u)=

∫

Ω

Cf
(
Du(x)

)
dx: u ∈ u0 +W1,p

0 (Ω)

}
, (QP)

whereCf is theconvex envelopeof f , namely

Cf = sup{g � f : g convex}.
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Therefore the direct methods, which do not apply to (P), apply to (QP). It can be shown
(cf. Theorem 15) that

inf(P)= inf(QP)

and that minimizers of (P) are necessarily minimizers of (QP), the converse being false. In
the three above examples we have

(i) Cf (ξ)≡ 0, inf(P)= inf(QP)= 0 and anyu ∈W1,1
0 (0,1) is a solution of (QP);

(ii) Cf (u, ξ)= u4 + [ξ2 − 1]2+, inf(P)= inf(QP)= 0 andu≡ 0 is a solution of (QP);
(iii) Cf (ξ)= [ξ2

1 − 1]2+ + ξ4
2 , inf(P)= inf(QP)= 0 andu≡ 0 is a solution of (QP);

where, forx ∈ R,

[x]+ =
{
x if x � 0,

0 if x < 0.

The second stepin proving the existence of minimizers for (P) is to see if among all
solutions of (QP), if any, at least one of them is also a solution of (P). This amounts in
finding ū ∈ u0 +W1,p

0 (Ω) so that

∫

Ω

Cf
(
Dū(x)

)
dx = inf(P)= inf(QP)

and at the same time in solving the first-order differential equation (called, following
Dacorogna and Marcellini [31],implicit partial differential equation)

Cf
(
Dū(x)

)
= f

(
Dū(x)

)
a.e.x ∈Ω.

After this brief and informal introduction, we discuss the organization of the article.
In Section 2 we discuss all the notions of convexity that are involved in the vector valued

case, in particular the so-calledquasiconvexity.
In Section 3 we present the relaxation theorem in the vector valued case, introducing all

the needed generalization of the notion of convex envelope.
In Section 4 we give some existence theorems for implicit differential equations of the

above type.
In Section 5 using the results of the two preceding sections, we discuss necessary and

sufficient conditions for the existence of minimizers for nonconvex problems.
In Section 6 we show how to apply the abstract results to scalar problems; obtaining

sharper theorems in the case of single integrals (i.e.,n= 1).
In Section 7 we present several examples involving vector valued functions (i.e.,

n, N � 2) which are relevant for applications.
The subject is very large and we do not intend to be complete and we refer to the bibli-

ography for more details. Let us quote some of the significant contributions to the subject.
The scalar case (n = 1 orN = 1) has been intensively studied notably by Aubert and

Tahraoui [4–6], Bauman and Phillips [10], Buttazzo, Ferone and Kawohl [13], Celada and
Perrotta [14,15], Cellina [16,17], Cellina and Colombo [18], Cesari [20,21], Cutri [22],
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Dacorogna [26], Ekeland [39], Friesecke [40], Fusco, Marcellini and Ornelas [41],
Giachetti and Schianchi [42], Klötzler [47], Marcellini [50–52], Mascolo [54], Mascolo
and Schianchi [56,57], Monteiro Marques and Ornelas [58], Ornelas [64], Raymond
[67–69], Sychev [75], Tahraoui [76,77], Treu [78] and Zagatti [80].

The vectorial case has been investigated for some special examples notably by Allaire
and Francfort [3], Cellina and Zagatti [19], Dacorogna and Ribeiro [35], Dacorogna and
Tanteri [37], Mascolo and Schianchi [55], Müller and Sverak [61] and Raymond [70].
A more systematic study was achieved by Dacorogna and Marcellini in [27,31,32], as well
as in Dacorogna, Pisante and Ribeiro [34].

We have always considered in the present article the two important restrictions:
• f does not depend on lower-order terms, i.e.,f (x,u, ξ)= f (ξ);
• the boundary datumu0 is affine, i.e., there existsξ0 ∈ RN×n so that

Du0 = ξ0.

In the above-mentioned literature, some authors have considered either of these two
more general cases. The results are then much less general and essentially apply only to
the scalar case.

2. Preliminaries and notations

2.1. The different notions of convexity

We start with the different definitions of convexity that we will use throughout this chapter
and we refer to Dacorogna [26] for more details.

DEFINITION 4. (i) A functionf :RN×n → �R = R ∪ {+∞} is said to berank one convex
if

f
(
λξ + (1− λ)η

)
� λf (ξ)+ (1− λ)f (η)

for everyλ ∈ [0,1], ξ, η ∈ RN×n with rank{ξ − η} � 1.
(ii) A Borel measurable and locally integrable functionf :RN×n → R is said to be

quasiconvexif

f (ξ)�
1

measD

∫

D

f
(
ξ +Dϕ(x)

)
dx

for every bounded domainD ⊂ Rn, for everyξ ∈ RN×n and for everyϕ ∈W1,∞
0 (D;RN ).

(iii) A Borel measurable and locally integrable functionf :RN×n → R is said to be
quasiaffineif f and−f are quasiconvex.

(iv) A function f :RN×n → �R = R ∪ {+∞} is said to bepolyconvexif there exists
g :Rr(n,N) → �R convex, such that

f (ξ)= g
(
T (ξ)

)
,
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whereT :RN×n → Rr(n,N) is such that

T (ξ)= (ξ,adj2ξ, . . . ,adjn∧Nξ).

In the preceding definition, adjsξ stands for the matrix of alls × s minors of the matrix
ξ ∈ RN×n, 2� s � n∧N = min{n,N}, and

τ(n,N)=
n∧N∑

s=1

σ(s),

where

σ(s)=
(
N

s

)(
n

s

)
= N !n!
(s!)2(N − s)!(n− s)! .

REMARK 5. (i) The concepts were introduced by Morrey [59,60], but the terminology is
the one of Ball [7]; note however that Ball calls quasiaffine functions, null Lagrangians.

(ii) These notions are related through the following diagram

f convex �⇒ f polyconvex

�⇒ f quasiconvex �⇒ f rank one convex.

In the scalar case,n= 1 orN = 1, these notions are all equivalent and reduce therefore to
the usual notion of convexity. However in the vectorial case,n,N � 2, these concepts are
all different, meaning that there are counterexamples to all the above implications. The last
counter implication being known, thanks to the celebrated example from Sverak [72], only
whenn� 2 andN � 3; the caseN = 2, n� 2 being still open.

(iii) Note that in the caseN = n= 2, the notion of polyconvexity can be read as fol-
lows:

{
τ(n,N)= τ(2,2)= 5 sinceσ(1)= 4, σ(2)= 1,

T (ξ)= (ξ,detξ).

(iv) Observe that, if we adopt the tensorial notation, the definition of rank one convex-
ity can be read as follows,

ϕ(t)= f (ξ + ta⊗ b)

is convex int for everyξ ∈ RN×n and for everya ∈ RN , b ∈ Rn, where we have denoted
by

a⊗ b=
(
aibα

)1�i�N
1�α�n .

(v) One should also note that in the definition of quasiconvexity if the inequality holds
for a given domainD ⊂ Rn, then it holds for every such domainD.
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(vi) If the functionf :RN×n → R, i.e.,f takes only finite values, is convex or poly-
convex or quasiconvex or rank one convex, then it is continuous and even locally Lipschitz.

(vii) It can be shown that a quasiaffine function is necessary of the form

f (ξ)=
〈
α;T (ξ)

〉
+ β

for some constantsα ∈ Rτ andβ ∈ R and where〈·; ·〉 stands for the scalar product inRτ ;
which in the caseN = n= 2 reads as (α = (α11, α12, α21, α22, α5) ∈ R5)

f (ξ)=
2∑

i,j=1

αij ξij + α5 detξ + β.

(viii) An equivalent characterization of polyconvexity can be given in terms of the sep-
aration theorem (cf. Theorem 1.3 in Dacorogna [26], p. 107). A functionf :RN×n → R is
polyconvex if and only if for everyξ ∈ RN×n there existsλ= λ(ξ) ∈ Rτ(N,n) so that

f (ξ + η)− f (ξ)−
〈
λ;T (ξ + η)− T (ξ)

〉
� 0 for everyη ∈ RN×n. (1)

(ix) When the functionf depends on lower-order terms as in the Introduction, i.e.,
f :Ω × RN × RN×n → R with f = f (x,u, ξ), all the above notions are understood only
with respect to the variableξ, all the other variables being kept fixed. For example in the
case of quasiconvex functions, one should read

f (x0, u0, ξ)�
1

measD

∫

D

f
(
x0, u0, ξ +Dϕ(x)

)
dx

for every bounded domainD ⊂ Rn, for every(x0, u0, ξ) ∈Ω × RN × RN×n and for every
ϕ ∈W1,∞

0 (D;RN ).

The important concept from the point of view of minimization in the calculus of vari-
ations is the notion of quasiconvexity. This condition is equivalent to the fact that the
functional I, defined in the Introduction, is (sequentially) weakly lower semicontinuous
in W1,p(Ω;RN ) meaning that

I (u)� lim inf
ν→∞

I (uν)

for every sequenceuν⇀u in W1,p.

Important examples of quasiconvex functions are the following.
(i) Thequadratic case. LetM be a symmetric matrix inR(N×n)×(N×n) and

f (ξ)= 〈Mξ ; ξ 〉,

whereξ ∈ RN×n and〈·; ·〉 denotes the scalar product inRN×n. Then

f quasiconvex ⇐⇒ f rank one convex.
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(ii) The Alibert–Dacorogna–Marcellini example(cf. [2]). Here we haveN = n = 2
and

f (ξ)= |ξ |2
(
|ξ |2 − 2γ detξ

)
,

where|ξ | stands for the Euclidean norm of the matrix andγ � 0. Then

f is convex ⇐⇒ γ � γc = 2

3

√
2,

f is polyconvex ⇐⇒ γ � γp = 1,

f is quasiconvex ⇐⇒ γ � γq , whereγq > 1,

f is rank one convex ⇐⇒ γ � γr = 2√
3
.

(iii) Let f :RN×n → R, Φ :RN×n → R be quasiaffine andg :R → R be such that

f (ξ)= g
(
Φ(ξ)

)

(in particular ifN = n, one can takeΦ(ξ)= detξ ), then

f polyconvex ⇐⇒ f quasiconvex

⇐⇒ f rank one convex ⇐⇒ g convex.

(iv) Let N = n+ 1 and forξ ∈ R(n+1)×n, denote

adjnξ =
(
detξ̂1,−detξ̂2, . . . , (−1)k+1 detξ̂ k, . . . , (−1)n+2 detξ̂n+1),

whereξ̂ k is then× n matrix obtained fromξ by suppressing thekth line (whenξ =Du,
adjnDu represents, geometrically, the normal to the hypersurface). Letg :Rn+1 → R be
such that

f (ξ)= g(adjnξ)

then

f polyconvex ⇐⇒ f quasiconvex

⇐⇒ f rank one convex ⇐⇒ g convex.

(v) Let 0 � λ1(ξ) � · · · � λn(ξ) denote thesingular valuesof a matrix ξ ∈ Rn×n,
which are defined as the eigenvalues of the matrix(ξξ⊤)1/2. The functions

ξ →
n∑

i=ν
λi(ξ) and ξ →

n∏

i=ν
λi(ξ), ν = 1, . . . , n,
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are respectively convex and polyconvex (note that
∏n
i=1λi(ξ)= |detξ |). In particular, the

functionξ → λn(ξ) is convex and in fact is the operator norm.

2.2. Some function spaces

The following notations will be used throughout.
• For 1� p � ∞, we will let W1,p(Ω;RN ) be the space of mapsu :Ω ⊂ Rn → RN

such that

u ∈ Lp
(
Ω,RN

)
and Du=

(
∂ui

∂xj

)1�i�N

1�j�n

∈ Lp
(
Ω,RN×n).

• For 1� p <∞, W1,p
0 (Ω;RN ) will denote the closure ofC∞

0 (Ω;RN ) with respect
to the‖ · ‖W1,p norm.

• W1,∞
0 (Ω;RN )=W1,∞(Ω;RN )∩W1,1

0 (Ω;RN ).

• Affpiec(�Ω;RN ) will stand for the subset ofW1,∞(Ω;RN ) consisting of piecewise
affine maps.

• C1
piec(

�Ω;RN ) will denote the subset ofW1,∞(Ω;RN ) consisting of piecewise

C1 maps.

2.3. Statement of the problem

We will be concerned with existence of minimizers for the problem

inf

{∫

Ω

f
(
Du(x)

)
dx: u ∈ uξ0 +W1,∞

0

(
Ω;RN

)}
, (P)

where
• Ω ⊂ Rn is a bounded open set with Lipschitz boundary,
• u :Ω → RN and thusDu ∈ RN×n,
• f :RN×n → R is lower semicontinuous, locally bounded and nonnegative,
• ξ0 ∈ RN×n anduξ0 is an affine map such thatDuξ0 = ξ0.

The hypothesisf � 0 can be replaced, with no changes, by

f (ξ)�
〈
α;T (ξ)

〉
+ β for everyξ ∈ RN×n,

for some constantsα ∈ Rτ andβ ∈ R and where〈·; ·〉 stands for the scalar product inRτ .
This hypothesis is made to avoid to have to deal with quasiconvex envelopesQf ≡ −∞.

3. Relaxation theorems

We now present the relaxation theorem, which corresponds to the first step described in the
Introduction. But before that we need to introduce the notions of envelopes correspond-
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ing to the different concepts of convexity that we introduced in the previous section. The
reference book for this part is still Dacorogna [26].

3.1. The different envelopes

We now define

Cf = sup{g � f : g convex},
Pf = sup{g � f : g polyconvex},
Qf = sup{g � f : g quasiconvex},
Rf = sup{g � f : g rank one convex},

they are respectively theconvex, polyconvex, quasiconvex, rank one convex envelopeof f.
In view of the results of the previous section, we have

Cf � Pf �Qf �Rf � f.

As already said, we will always assume, in the sequel, thatf � 0. We then have the
following characterizations of the different envelopes.

THEOREM 6. Letf :RN×n → �R = R ∪ {+∞}.

Part 1. Let for any integers

Λs =
{
λ= (λ1, . . . , λs): λi � 0 and

s∑

i=1

λi = 1

}
,

then

Cf (ξ)= inf

{
Nn+1∑

i=1

tif (ξi): ξ =
Nn+1∑

i=1

tiξi, t ∈ΛNn+1

}
,

Pf (ξ)= inf

{
τ+1∑

i=1

tif (ξi): T (ξ)=
τ+1∑

i=1

tiT (ξi), t ∈Λτ+1

}
.

Part 2. LetR0f = f and define inductively fori an integer,

Ri+1f (ξ) = inf
{
tRif (ξ1)+ (1− t)Rif (ξ2): t ∈ [0,1], ξ = tξ1 + (1− t)ξ2,

rank{ξ1 − ξ2} = 1
}
,
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then

Rf (ξ)= inf
i∈N

Rif (ξ).

THEOREM 7 (Dacorogna formula).If f :RN×n → R is locally bounded and Borel mea-
surable then

Qf (ξ)= inf

{
1

measΩ

∫

Ω

f
(
ξ +Dϕ(x)

)
dx: ϕ ∈W1,∞

0

(
Ω;RN

)}
,

whereΩ ⊂ Rn is a bounded domain. In particular, the infimum is independent of the choice
of the domain.

REMARK 8. (i) The representation formula forCf is standard and follows from
Carathéodory theorem. The inductive way of representingRf was found by Kohn and
Strang [48]. The formulas forPf andQf (and a similar to that of Kohn and Strang
for Rf ) were established by Dacorogna (cf. [26]).

(ii) Using the separation theorems one can establish other formulas forCf andPf,
cf. [26].

3.2. Some examples

We now discuss some examples that will be used in Section 7. We start with the following
theorem established by Dacorogna [26] (cf. also [23] and [24]).

THEOREM 9.

Part 1. Letf :RN×n → R, Φ :RN×n → R be quasiaffine andg :R → R be such that

f (ξ)= g
(
Φ(ξ)

)

(in particular if N = n, one can takeΦ(ξ)= detξ ), then

Pf (ξ)=Qf (ξ)=Rf (ξ)= Cg
(
Φ(ξ)

)
.

Part 2. LetN = n+ 1, f :RN×n → R andg :Rn+1 → R be such that

f (ξ)= g(adjnξ),

then

Pf (ξ)=Qf (ξ)=Rf (ξ)= Cg(adjnξ).
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The next result, established by Dacorogna, Pisante and Ribeiro [34], concerns functions
depending on singular values. We letN = n and we denote byλ1(ξ), . . . , λn(ξ) the sin-
gular values ofξ ∈ Rn×n with 0 � λ1(ξ)� · · · � λn(ξ) (which are the eigenvalues of the
matrix (ξξ⊤)1/2) and byQ the set

Q=
{
x = (x2, . . . , xn−1) ∈ Rn−2: 0� x2 � · · · � xn−1

}

which is the natural set, where to consider(λ2(ξ), . . . , λn−1(ξ)) for ξ ∈ Rn×n.

THEOREM 10. Let g :Q× R → R, g = g(x, s), be a function such thatx → g(x, s) is
continuous and bounded from below for alls ∈ R. Letf :Rn×n → R be defined by

f (ξ)= g
(
λ2(ξ), . . . , λn−1(ξ),detξ

)
,

then

Pf (ξ)=Qf (ξ)=Rf (ξ)= Ch(detξ),

whereh :R → R is given byh(s)= infx∈Q g(x, s).

REMARK 11. We remark that if some dependence onλ1 or λn is allowed, then no simple
and general expression for the envelopes is known; see [34], when there is dependence
on λ1, and Theorem 3.5 by Buttazzo, Dacorogna and Gangbo [12], when there is depen-
dence onλn.

The next result concerns the Saint Venant–Kirchhoff energy function, which is par-
ticularly important in nonlinear elasticity. The function, up to rescaling, is given by,
ν ∈ (0,1/2) being a parameter,

f (ξ)=
∣∣ξξ⊤ − I

∣∣2 + ν

1− 2ν

(
|ξ |2 − n

)2

or in terms of the singular values, 0� λ1(ξ)� · · · � λn(ξ), of ξ ∈ Rn×n,

f (ξ)=
n∑

i=1

(
λ2
i − 1

)2 + ν

1− 2ν

(
n∑

i=1

λ2
i − n

)2

.

Le Dret and Raoult [49] have computed the quasiconvex envelope whenn= 2 orn= 3
and they have shown the following.

THEOREM 12. If n= 2 or n= 3, then

Qf (ξ)= Cf (ξ).
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Whenn= 2 it is given by

Cf (ξ)= Pf (ξ)=Qf (ξ)=Rf (ξ)=





f (ξ) if ξ /∈D1 ∪D2,
1

1−ν
(
λ2

2 − 1
)2

if ξ ∈D2,

0 if ξ ∈D1,

where

D1 =
{
ξ ∈ R2×2: (1− ν)

[
λ1(ξ)

]2 + ν
[
λ2(ξ)

]2
< 1 andλ2(ξ) < 1

}

=
{
ξ ∈ R2×2: λ1(ξ)� λ2(ξ) < 1

}
,

D2 =
{
ξ ∈ R2×2: (1− ν)

[
λ1(ξ)

]2 + ν
[
λ2(ξ)

]2
< 1 andλ2(ξ)� 1

}
.

The last example is related to a problem of optimal design and has been studied by Kohn
and Strang [48].

THEOREM 13. Letn=N = 2 and

f (ξ)=
{

1+ |ξ |2 if ξ �= 0,

0 if ξ = 0.

ThenPf =Qf =Rf and

Qf (ξ)=
{

1+ |ξ |2 if |ξ |2 + 2|detξ | � 1,

2
(
|ξ |2 + 2|detξ |

)1/2 − 2|detξ | if |ξ |2 + 2|detξ |< 1.

REMARK 14. The above result is still valid whenN � 3, it suffices to replace detξ by

adj2ξ ∈ R(
N
2).

3.3. The main theorem

We now turn our attention to the relaxation theorem. We recall our minimization problem

inf

{
I (u)=

∫

Ω

f
(
Du(x)

)
dx: u ∈ u0 +W1,p

0

(
Ω;RN

)}
, (P)

where 1� p � ∞.
We define therelaxed problemassociated to (P) to be

inf

{
�I (u)=

∫

Ω

Qf
(
Du(x)

)
dx: u ∈ u0 +W1,p

0

(
Ω;RN

)}
. (QP)
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THEOREM 15 (Relaxation theorem).Let Ω ⊂ Rn be a bounded open set. Let f :
RN×n → R be Borel measurable and nonnegative satisfying, for 1� p <∞,

0� f (ξ)� α1
(
1+ |ξ |p

)
for everyξ ∈ RN×n, (2)

whereα1> 0 is a constant and forp = ∞ it is assumed thatf is locally bounded.
Let

Qf = sup{g � f : g quasiconvex}

be the quasiconvex envelope off. Then

inf(P)= inf(QP).

More precisely, for everyu ∈ W1,p(Ω;RN ), there exists a sequence{uν}∞ν=1 ⊂ u0 +
W

1,p
0 (Ω;RN ) such that

∫

Ω

f
(
Duν(x)

)
dx→

∫

Ω

Qf
(
Du(x)

)
dx asν→ ∞.

REMARK 16. (i) If we add in the theorem a coercivity condition

α2
(
−1+ |ξ |p

)
� f (ξ)� α1

(
1+ |ξ |p

)
,

whereα2 > 0 andp > 1, we can infer that (QP) has a minimizer and that the sequence
{uν}∞ν=1 further satisfies

uν⇀u inW1,p(Ω;RN
)

asν→ ∞.

(ii) The theorem remains also valid if the functionf depends on lower-order terms,
i.e.,f = f (x,u, ξ). The quasiconvex envelope is then to be understood as the quasiconvex
envelope only with respect to the variableξ, the other variables(x,u) being kept fixed.

PROOF OFTHEOREM 15. We divide the proof into two steps.

Step1. We start with an approximation of the given functionu. Let ε > 0 be arbitrary, we
can then find disjoint open setsΩ1, . . . ,Ωk ⊂Ω, ξ1, . . . , ξk ∈ RN×n, γ independent ofε
andv ∈ u+W1,p

0 (Ω;RN ) such that





meas
[
Ω −⋃ki=1Ωi

]
� ε,

‖u‖W1,p ,‖v‖W1,p � γ, ‖u− v‖W1,1 � ε,

Dv(x)= ξi if x ∈Ωi .
(3)
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By takingε smaller if necessary we can also assume, using the continuity ofQf and the
growth condition onf, that

∫

Ω

∣∣Qf
(
Du(x)

)
−Qf

(
Dv(x)

)∣∣dx � ε, (4)

0�

∫

Ω−⋃ki=1Ωi

[
f
(
Dv(x)

)
−Qf

(
Dv(x)

)]
dx � ε. (5)

Indeed let us discuss the case 1� p <∞, the casep = ∞ being easy. As is well known
(cf. Lemma 2.2 in [26], p. 156) any quasiconvex function is locally Lipschitz continuous
and if it satisfies (2), then there existsβ > 0 such that

∣∣Qf (Du)−Qf (Dv)
∣∣� β

(
1+ |Du|p−1 + |Dv|p−1)|Du−Dv|.

Using the Hölder inequality we obtain
∫

Ω

∣∣Qf (Du)−Qf (Dv)
∣∣dx

� β

[∫

Ω

[(
1+ |Du|p−1 + |Dv|p−1)]p/(p−1)

](p−1)/p[∫

Ω

|Du−Dv|p
]1/p

and (4) follows therefore from (3). The inequality (5) follows from (3) and a classical
property of the integrals (cf. Lemma 1.4 in [26], p. 19).

Step2. Now use Theorem 7 on everyΩi to findϕi ∈W1,∞
0 (Ωi;RN )

1

measΩi

∫

Ωi

f
(
ξi +Dϕi(x)

)
dx

�Qf (ξi)� −ε+ 1

measΩi

∫

Ωi

f
(
ξi +Dϕi(x)

)
dx.

Setting

w(x)=
{
v(x)+ ϕi(x) if x ∈Ωi , i = 1, . . . , k,

v(x) if x ∈Ω −⋃ki=1Ωi ,

we get thatw ∈ u+W1,p
0 (Ω;RN ) and (using (5))

0�

∫
⋃k
i=1Ωi

[
f
(
Dw(x)

)
−Qf

(
Dv(x)

)]
dx � εmeas

[
k⋃

i=1

Ωi

]
,

0�

∫

Ω−⋃ki=1Ωi

[
f
(
Dw(x)

)
−Qf

(
Dv(x)

)]
dx

=
∫

Ω−⋃ki=1Ωi

[
f
(
Dv(x)

)
−Qf

(
Dv(x)

)]
dx � ε.



Nonconvex problems of the calculus of variations and differential inclusions 73

In other words, combining these inequalities, we have proved that

0�

∫

Ω

[
f
(
Dw(x)

)
−Qf

(
Dv(x)

)]
dx � ε(1+ measΩ).

Invoking (4), we find
∣∣∣∣
∫

Ω

[
f
(
Dw(x)

)
−Qf

(
Du(x)

)]
dx

∣∣∣∣� ε(2+ measΩ).

Settingε = 1/ν with ν ∈ N anduν =w, we have indeed obtained the theorem. �

We now discuss the history of this theorem (for precise references see [26]).
In the caseN = n= 1, this result has been proved by L.C. Young and then generalized

by others to the scalar case,N = 1 orn= 1, notably by Berliochi and Lasry, Ekeland, Ioffe
and Tihomirov and Marcellini and Sbordone. Note that in this context

Qf = Cf = f ∗∗,

whereCf is the usual convex envelope off. The problem (QP) can then be rewritten as

inf

{
I ∗∗(u)=

∫

Ω

f ∗∗(Du(x)
)
dx: u ∈ u0 +W1,p

0

(
Ω;RN

)}
. (P∗∗)

The result for the vectorial case (i.e.,N,n > 1, recall also that, in general, we now have
Qf > Cf ) was established by Dacorogna in [25]. Following a different approach it was
later also proved by Acerbi and Fusco [1].

In the present context the equivalence between (QP) and (P∗∗) is not any more valid, one
has in general

inf(P)= inf(QP) > inf
(
P∗∗).

The inequality is, in general, strict as in the simple example whereN = n� 2 andf (ξ)=
(detξ)2.We indeed have

f (ξ)=Qf (ξ)= (detξ)2 and f ∗∗(ξ)≡ 0.

Therefore if detDu0> 0, then, using the Jensen inequality, we have

inf(P) = inf(QP)

� measΩ

(
1

measΩ

∫

Ω

detDu0(x)dx

)2

> 0 = inf
(
P∗∗).

Closely related to this approach is the notion of parametrized or Young measure, that we
do not discuss here.
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4. Implicit partial differential equations

4.1. Introduction

We now discuss the existence of solutions,u ∈W1,∞(Ω;RN ), for the Dirichlet problem
involving differential inclusions of the form

{
Du(x) ∈E a.e. inΩ,

u(x)= ϕ(x), x ∈ ∂Ω,

whereϕ is a given function andE ⊂ RN×n is a given compact set.
To relate this study with what we said in Section 1, one should imagine that

E =
{
ξ ∈ RN×n: Qf (ξ)= f (ξ)

}

and therefore the differential inclusion is equivalent to the implicit partial differential equa-
tion

Qf
(
Du(x)

)
= f

(
Du(x)

)
a.e.x ∈Ω.

In the scalar case (n= 1 orN = 1) a sufficient condition for solving the problem is

Dϕ(x) ∈E ∪ int coE a.e. inΩ,

where int coE stands for the interior of the convex hull ofE. This fact was observed by
several authors, with different proofs and different levels of generality; notably in [11,17,
28,29,31,38,40]. It should be noted that this sufficient condition is also necessary, when
properly reformulated.

When turning to the vectorial case (n,N � 2) the problem becomes considerably harder
and no result with such a degree of elegancy and generality is available. The first general
results were obtained by Dacorogna and Marcellini (see the References, in particular, [31]).
At the same time Müller and Sverak [61] introduced the method of convex integration of
Gromov in this framework, obtaining also similar existence results.

4.2. The different convex hulls

We recall the main notations that we will use throughout the present section and we refer,
if necessary, for more details to Dacorogna and Marcellini [31].

Classically theconvex hullof a given setE is the smallest convex set that containsE
and it is denoted by coE. We will now do the same with the other notions of convexity
that we have seen earlier. This is not as straightforward as it may seem and there is not a
general agreement on the exact definitions. We will not enter in abstract considerations and
we will use as definition of the different hulls a consequence of these abstract definitions.
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NOTATION 17. We let, forE ⊂ RN×n,

�FE =
{
f :RN×n → �R = R ∪ {+∞}: f |E � 0

}
,

FE =
{
f : RN×n → R: f |E � 0

}
.

We then have respectively theconvex, polyconvex, rank one convexand (closure of the)
quasiconvex hulldefined by

coE =
{
ξ ∈ RN×n: f (ξ)� 0 for every convexf ∈ �FE

}
,

PcoE =
{
ξ ∈ RN×n: f (ξ)� 0 for every polyconvexf ∈ �FE

}
,

RcoE =
{
ξ ∈ RN×n: f (ξ)� 0 for every rank one convexf ∈ FE

}
,

QcoE =
{
ξ ∈ RN×n: f (ξ)� 0 for every quasiconvexf ∈FE

}
.

We should point out that by replacing�FE by FE in the definitions of coE and PcoE
we get their closures denoted bycoE andPcoE. However if we do so in the definition of
RcoE we get a larger set than the closure of RcoE.We should also draw the attention that
some authors call the set

{
ξ ∈ RN×n: f (ξ)� 0 for every rank one convexf ∈ �FE

}

the lamination convex hull, while they reserve the name of rank one convex hull to the set

{
ξ ∈ RN×n: f (ξ)� 0 for every rank one convexf ∈ FE

}
.

We think however that our terminology is more consistent with the classical definition of
convex hull.

In general we have, for any setE ⊂ RN×n,

E ⊂ RcoE ⊂ PcoE ⊂ coE,

E ⊂ RcoE ⊂ QcoE ⊂ PcoE ⊂ coE.

4.3. Some examples of convex hulls

We now give several examples that will be used in the applications of Sections 6 and 7. Let
us start with the scalar case.

EXAMPLE 18 (Convex Hamiltonian). LetF :Rn → R be convex and let

E =
{
ξ ∈ Rn: F(ξ)= 0

}
,

then

coE =
{
ξ ∈ Rn: F(ξ)� 0

}
.
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EXAMPLE 19 (Nonconvex Hamiltonian). Consider, forξ ∈ Rn, the nonconvex Hamil-
tonian

F(ξ)=
n∑

i=1

[
(ξi)

2 − 1
]2

and

E =
{
ξ ∈ Rn: F(ξ)= 0

}
,

then

coE = [−1,1]n.

We now turn to some examples in the vectorial case. The following result is due to
Dacorogna and Tanteri (cf. [36] and also [31]), it concerns singular values. We recall that
we denote by 0� λ1(ξ)� · · · � λn(ξ) the singular values of a matrixξ ∈ Rn×n, which are
defined as the eigenvalues of the matrix(ξξ⊤)1/2.

THEOREM 20. Let

E =
{
ξ ∈ Rn×n: λi(ξ)= ai, i = 1, . . . , n

}
,

where0< a1 � · · · � an. The following equalities then hold

coE =
{
ξ ∈ Rn×n:

n∑

i=ν
λi(ξ)�

n∑

i=ν
ai, ν = 1, . . . , n

}
,

PcoE = QcoE = RcoE =
{
ξ ∈ Rn×n:

n∏

i=ν
λi(ξ)�

n∏

i=ν
ai, ν = 1, . . . , n

}
,

int RcoE =
{
ξ ∈ Rn×n:

n∏

i=ν
λi(ξ) <

n∏

i=ν
ai, ν = 1, . . . , n

}
,

whereint RcoE stands for the interior of the rank one convex hull ofE.

This result admits some extensions (it corresponds in the theorem below toα = −β),
cf. Dacorogna and Tanteri [37] and Dacorogna and Ribeiro [35].

THEOREM 21. Letα � β, 0< a2 � · · · � an be constants so that

a2

n∏

i=2

ai � max
{
|α|, |β|

}
.
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Let

E =
{
ξ ∈ Rn×n: detξ ∈ {α,β}, λi(ξ)= ai, i = 2, . . . , n

}
,

then

PcoE = QcoE = RcoE

=
{
ξ ∈ Rn×n: detξ ∈ [α,β],

n∏

i=ν
λi(ξ)�

n∏

i=ν
ai, ν = 2, . . . , n

}
.

In particular if α = β,

PcoE = QcoE = RcoE

=
{
ξ ∈ Rn×n: detξ = α,

n∏

i=ν
λi(ξ)�

n∏

i=ν
ai, ν = 2, . . . , n

}
.

REMARK 22. It is interesting to note some formal analogy between the above result (with
α = β) and some classical theorems of Weyl, Horn and Thompson (see [44], [45], p. 171,
or [53]). Their result states that if we denote, as above, the singular values of a given matrix
ξ ∈ Rn×n by 0� λ1(ξ)� · · · � λn(ξ), and its eigenvalues, which are complex in general,
byµ1(ξ), . . . ,µn(ξ) and if we order them by their modulus (0� |µ1(ξ)| � · · · � |µn(ξ)|)
then the following result holds

n∏

i=ν

∣∣µi(ξ)
∣∣�

n∏

i=ν
λi(ξ), ν = 2, . . . , n,

n∏

i=1

∣∣µi(ξ)
∣∣=

n∏

i=1

λi(ξ),

for any matrixξ ∈ Rn×n.

We will see several other examples in the next subsections.

4.4. An existence theorem

We start with the following definition introduced by Dacorogna and Marcellini [30] (cf.
also [31]), which is the key condition to get existence of solutions.

DEFINITION 23 (Relaxation property). LetE,K ⊂ RN×n. We say thatK has therelax-
ation propertywith respect toE if for every bounded open setΩ ⊂ Rn, for every affine
functionuξ satisfying

Duξ (x)= ξ ∈K,
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there exists a sequenceuν ∈Affpiec(�Ω;RN ),

uν ∈ uξ +W1,∞
0

(
Ω;RN

)
, Duν(x) ∈E ∪K a.e. inΩ,

uν
∗
⇀uξ inW1,∞,

∫

Ω

dist
(
Duν(x);E

)
dx→ 0 asν→ ∞.

REMARK 24. (i) It is interesting to note that in the scalar case (n = 1 or N = 1) then
K = int coE has the relaxation property with respect toE.

(ii) In the vectorial case we have that ifK has the relaxation property with respect toE,
then necessarily

K ⊂ QcoE.

Indeed first recall that the definition of quasiconvexity implies that, for every quasiconvex
f ∈ FE ,

f (ξ)measΩ �

∫

Ω

f
(
Duν(x)

)
dx.

Combining this last result with the fact that{Duν} is uniformly bounded, the fact that any
quasiconvex function is continuous and the last property in the definition of the relaxation
property, we get the inclusionK ⊂ QcoE.

The main theorem is the following one.

THEOREM 25. LetΩ ⊂ Rn be open. Let E,K ⊂ RN×n be such thatE is compact and
K is bounded. Assume thatK has the relaxation property with respect toE. Let ϕ ∈
Affpiec(�Ω;RN ) be such that

Dϕ(x) ∈E ∪K a.e. in Ω.

Then there exists(a dense set of) u ∈ ϕ +W1,∞
0 (Ω;RN ) such that

Du(x) ∈E a.e. in Ω.

REMARK 26. (i) According to Chapter 10 in [31], the boundary datumϕ can be more
general if we make the following extra hypotheses:

• in the scalar case, ifK is open,ϕ can be even taken inW1,∞(Ω;RN ), withDϕ(x) ∈
E ∪K (cf. Corollary 10.11 in [31]);

• in the vectorial case, if the setK is open,ϕ can be taken inC1
piec(

�Ω;RN ) (cf. Corol-
lary 10.15 or Theorem 10.16 in [31]), withDϕ(x) ∈ E ∪K . While if K is open and
convex,ϕ can be taken inW1,∞(Ω;RN ) provided

Dϕ(x) ∈ C a.e. inΩ,

whereC ⊂K is compact (cf. Corollary 10.21 in [31]).
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(ii) In the scalar case (cf. Theorem 29) the hypothesis on the compactness ofE can be
dropped.

(iii) This theorem was first proved by Dacorogna and Marcellini [30] (cf. also Theo-
rem 6.3 in [31]) under the further hypothesis that

E =
{
ξ ∈ RN×n: Fi(ξ)= 0, i = 1,2, . . . , I

}
,

whereFi :RN×n → R, i = 1,2, . . . , I , are quasiconvex. This hypothesis was later removed
by Sychev [74] using the theory of convex integration (see also Müller and Sychev [63]).
Kirchheim in [46] pointed out that using a classical result (Theorem 38) then the proof of
Dacorogna and Marcellini was still valid without the extra hypothesis onE. Kirchheim’s
idea, combined with the proof of [31], was then used by Dacorogna and Pisante [33] and
we will follow this last approach.

PROOF OFTHEOREM 25. We let�V be the closure inL∞(Ω;RN ) of

V =
{
u ∈Affpiec

(�Ω;RN
)
: u= ϕ on ∂Ω andDu(x) ∈E ∪K

}
.

V is nonempty sinceϕ ∈ V . Let, for k ∈ N,

V k = int

{
u ∈ �V :

∫

Ω

dist
(
Du(x);E

)
dx �

1

k

}
,

where the “int” stands for the interior of the set. We claim thatV k, in addition to be open,
is dense in the complete metric space�V . Postponing the proof of the last fact for the end
of the proof, we conclude by Baire category theorem that

∞⋂

k=1

V k ⊂
{
u ∈ �V : dist

(
Du(x),E

)
= 0 a.e. inΩ

}
⊂ �V

is dense, and hence nonempty, in�V . The result then follows sinceE is compact.
We now show thatV k is dense in�V . So letu ∈ �V andε > 0 be arbitrary. We wish to

find v ∈ V k so that

‖u− v‖L∞ � ε.

We recall (cf. Section 4.6) that

ωD(α)= lim
δ→0

sup
v,w∈B∞(α,δ)

‖Dv−Dw‖L1(Ω),

where

B∞(α, δ)=
{
u ∈ �V : ‖u− α‖L∞ < δ

}
.
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• We start by findingα ∈ �V , a point of continuity of the operatorD, so that

‖u− α‖L∞ �
ε

3
.

This is always possible by virtue of Corollary 40. In particular, we have that the os-
cillation ωD(α) of the gradient operator atα is zero.

• We next approximateα ∈ �V by β ∈ V so that

‖β − α‖L∞ �
ε

3
and ωD(β) <

1

2k
.

This is possible since, by Proposition 37, we know that for everyε > 0 the set

ΩεD :=
{
u ∈ �V : ωD(u) < ε

}

is open in�V .
• Finally we use the relaxation property on every piece whereDβ is constant and we

then constructv ∈ V , by patching all the pieces together, such that

‖β − v‖L∞ �
ε

3
, ωD(v) <

1

2k
and

∫

Ω

dist
(
Dv(x);E

)
dx <

1

k
.

Moreover, sinceωD(v) < 1
2k we can findδ = δ(k, v) > 0 so that

‖v−ψ‖L∞ � δ �⇒ ‖Dv−Dψ‖L1 �
1

2k

and hence,

∫

Ω

dist
(
Dψ(x);E

)
dx �

∫

Ω

dist
(
Dv(x);E

)
dx + ‖Dv −Dψ‖L1 <

1

k

for everyψ ∈ B∞(v, δ); which implies thatv ∈ V k.
Combining these three facts we have indeed obtained the desired density result.�

To conclude this subsection we give a sufficient condition that ensures the relaxation
property. In concrete examples this condition is usually much easier to check than the
relaxation property. We start with a definition.

DEFINITION 27 (Approximation property). LetE ⊂ K(E) ⊂ RN×n. The setsE and
K(E) are said to have theapproximation propertyif there exists a family of closed setsEδ
andK(Eδ), δ > 0, such that

(1) Eδ ⊂K(Eδ)⊂ intK(E) for everyδ > 0;
(2) for everyε > 0 there existsδ0 = δ0(ε) > 0 such that dist(η;E)� ε for everyη ∈Eδ

andδ ∈ [0, δ0];
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(3) if η ∈ intK(E), thenη ∈K(Eδ) for everyδ > 0 sufficiently small.

We therefore have the following theorem (cf. Theorem 6.14 in [31], and for a slightly
more flexible one see Theorem 6.15).

THEOREM 28. Let E ⊂ RN×n be compact andRcoE has the approximation property
withK(Eδ)= RcoEδ , thenintRcoE has the relaxation property with respect toE.

4.5. Some examples of existence of solutions

We now give several examples of existence theorems that follow from the abstract ones.
The first one concerns the scalar case, where we can even get sharper results (cf. [11,17,

28,29,31,38,40]).

THEOREM 29. LetΩ ⊂ Rn be a bounded open set andE ⊂ Rn. Letϕ ∈W1,∞(Ω) satisfy

Dϕ(x) ∈E ∪ int coE a.e. x ∈Ω (6)

(whereint coE stands for the interior of the convex hull ofE), then there existsu ∈ ϕ +
W

1,∞
0 (Ω) such that

Du(x) ∈E a.e. x ∈Ω. (7)

REMARK 30. The theorem is in fact much less restrictive than the abstract one, here
we do not need, for example,E to be compact. For a proof we refer to Dacorogna and
Marcellini [31].

We now show that (6) is in fact also a necessary condition, at least whenϕ is affine,
for the general case see Section 2.4 in [31]. For the affine case the result is implicit in the
above-mentioned articles, but we follow here Bandyopadhyay, Barroso, Dacorogna and
Matias [9].

THEOREM 31. Let Ω ⊂ Rn be a bounded open set, E ⊂ Rn, ξ0 ∈ Rn and u ∈ uξ0 +
W

1,∞
0 (Ω) (uξ0 being such thatDuξ0 = ξ0) so that

Du(x) ∈E a.e. x ∈Ω,

then

ξ0 ∈E ∪ int coE.

PROOF. Assume thatξ0 /∈ E, otherwise nothing is to be proved. It is easy to see that, by
the Jensen inequality and sinceDu(x) ∈E,

ξ0 = 1

measΩ

∫

Ω

Du(x)dx ∈ coE.
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Let us show that we cannot haveξ0 ∈ ∂(coE). If we can prove this, we will deduce that
ξ0 ∈ int coE. Since intcoE = int coE (cf. Theorem 6.3 in Rockafellar [71]), we will have
the result.

If ξ0 ∈ ∂(coE), we find from the separation theorem that there existsα ∈ Rn, α �= 0,
such that

〈α; z− ξ0〉 � 0 ∀z ∈ coE.

We therefore have that

〈
α;Du(x)− ξ0

〉
� 0 a.e. x ∈Ω.

Recalling thatu ∈ uξ0 +W1,∞
0 (Ω), we find that

∫

Ω

〈
α;Du(x)− ξ0

〉
dx = 0

which coupled with the above inequality leads to

〈
α;Du(x)− ξ0

〉
= 0 a.e. x ∈Ω.

Applying Lemma 57, we get thatu ≡ uξ0 and henceξ0 ∈ E, a contradiction with the
hypothesis made at the beginning of the proof. Thereforeξ0 /∈ ∂(coE) as claimed and
hence the theorem is proved. �

Theorem 29 applies to the following case.

COROLLARY 32 (Convex Hamiltonian).Let Ω ⊂ Rn be a bounded open set andF :
Rn → R be convex and such thatlim|ξ |→∞ F(ξ)= +∞. Letϕ ∈W1,∞(Ω) be such that

F
(
Dϕ(x)

)
� 0 a.e. x ∈Ω.

Then there existsu ∈ ϕ +W1,∞
0 (Ω) such that

F
(
Du(x)

)
= 0 a.e. x ∈Ω.

The next one deals with the singular values case that we have encountered in Section 4.3.
The next theorem is due to Dacorogna and Ribeiro [35].

THEOREM 33 (Singular values).Let Ω ⊂ Rn be a bounded open set, α < β and 0<
a2 � · · · � an be such that

max
{
|α|, |β|

}
� a2

n∏

i=2

ai .
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Letϕ ∈ C1
piec(

�Ω;Rn) be such that, for almost everyx ∈Ω,

α < detDϕ(x) < β,
n∏

i=ν
λi
(
Dϕ(x)

)
<

n∏

i=ν
ai, ν = 2, . . . , n.

Then there existsu ∈ ϕ +W1,∞
0 (Ω;Rn) so that, for almost everyx ∈Ω,

detDu(x) ∈ {α,β}, λν
(
Du(x)

)
= aν, ν = 2, . . . , n.

REMARK 34. (i) If α = −β < 0 and if we set

a1 = β
[
n∏

i=2

ai

]−1

,

we recover the result of Dacorogna and Marcellini [31], namely that if

n∏

i=ν
λi
(
Dϕ(x)

)
<

n∏

i=ν
ai, ν = 1, . . . , n,

then there existsu ∈ ϕ +W1,∞
0 (Ω;Rn) so that

λν(Du)= aν, ν = 1, . . . , n, a.e. inΩ.

(ii) If α = β �= 0 we can also prove, as in Dacorogna and Tanteri [37], that if

detDϕ(x)= α,
n∏

i=ν
λi
(
Dϕ(x)

)
<

n∏

i=ν
ai, ν = 2, . . . , n,

then there existsu ∈ ϕ +W1,∞
0 (Ω;Rn) so that

λν(Du)= aν, ν = 2, . . . , n, and detDu= α a.e. inΩ.

4.6. Appendix

In this appendix we recall some well-known facts about the so-called functions of first class
in the sense of Baire, with particular interest in their application to the gradient operator.

We start recalling some definitions.

DEFINITION 35. LetX, Y be metric spaces andf :X→ Y . We define theoscillationof f
atx0 ∈X as

ωf (x0)= lim
δ→0

sup
x,y∈BX(x0,δ)

dY
(
f (y), f (x)

)
,
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whereBX(x0, δ) := {x ∈X: dX(x, x0) < δ} is the open ball centered atx0 anddX, dY are
the metric on the spacesX andY , respectively.

DEFINITION 36. A functionf is said to be offirst class(in the sense of Baire) if it can
be represented as the pointwise limit of an everywhere convergent sequence of continuous
functions.

In the next proposition we recall some elementary properties of the oscillation func-
tion ωf .

PROPOSITION37. LetX, Y be metric spaces, andf :X→ Y.

(i) f is continuous atx0 ∈X if and only ifωf (x0)= 0.
(ii) The setΩεf := {x ∈X: ωf (x) < ε} is an open set inX.

Using the notion of oscillation and Proposition 37 we can write the setDf of all points
at which a given functionf is discontinuous as anFσ set as follows

Df =
∞⋃

n=1

{
x ∈X: ωf (x)�

1

n

}
. (8)

We therefore have the following Baire theorem for functions of first class (for a proof
see Theorem 7.3 in Oxtoby [65], Yosida [79], p. 12, or Dacorogna and Pisante [33]).

THEOREM 38. Let X, Y be metric spaces letX be complete andf :X → Y . If f is
a function of first class, thenDf is a set of first category.

REMARK 39. From Theorem 38 and the Baire category theorem follows in particular that
the set of points of continuity of a function of first class from a complete metric spaceX to
any metric spaceY , i.e., the setDcf complement ofDf , is a denseGδ set. Indeed for any
ε > 0, the set

Ωεf :=
{
x ∈X: ωf (x) < ε

}

is open and dense inX.

In the proof of our main theorem we have used Theorem 38 applied to the follow-
ing, quite surprising, special case of function of first class. This result was observed by
Kirchheim [46] for complete sets of Lipschitz functions and the same argument gives in
fact the result for general complete subsetsW1,∞(Ω) functions.

COROLLARY 40. Let Ω ⊂ Rn be a bounded open set and letV ⊂ W1,∞(Ω) be a
nonempty complete space with respect to theL∞ metric. Then the gradient operator
D :V → Lp(Ω;Rn) is a function of first class for any1� p <∞.
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PROOF. Forh �= 0, we let

Dh =
(
Dh1, . . . ,D

h
n

)
:V → Lp

(
Ω;Rn

)

be defined, for everyu ∈ V andx ∈Ω , by

Dhi u(x)=
{
u(x+hei )−u(x)

h
if dist

(
x,Ωc

)
> |h|,

0 elsewhere,

for i = 1, . . . , n, wheree1, . . . , en stand for the vectors from the Euclidean basis.
The claim will follow once we will have proved that for any fixedh the operatorDh is

continuous and that, for any sequenceh→ 0,

lim
h→0

∥∥Dhi u−Diu
∥∥
Lp(Ω)

= 0

for anyi = 1, . . . , n, u ∈ V.
The continuity ofDh follows easily by observing that for everyi = 1, . . . , n, ε > 0 and

u,v ∈ V we have that

∥∥Dhi u−Dhi v
∥∥
Lp(Ω)

�
1

|h|

(∫

Ωh

∣∣u(x)− v(x)+ u(x + hei)− v(x + hei)
∣∣p dx

)1/p

�
2(measΩ)1/p

|h| ‖u− v‖L∞(Ω),

whereΩh = {x ∈Ω: dist(x,Ωc) > |h|}.
For the second claim we start observing that, for anyx ∈Ωh and for anyu ∈ V , we have

∣∣u(x + hei)− u(x)
∣∣� ‖Diu‖L∞(Ω)|h|.

This implies that

∥∥Dhi u
∥∥
L∞(Ω) � ‖Diu‖L∞(Ω) <+∞.

Moreover, by Rademacher theorem, for any sequenceh→ 0,

lim
h→0

Dhi u(x)=Diu(x) a.e.x ∈Ω.

The result follows by Lebesgue dominated convergence theorem. �
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5. Existence of minimizers

5.1. Introduction

We now discuss the existence of minimizers for the problem

inf

{∫

Ω

f
(
Du(x)

)
dx: u ∈ uξ0 +W1,∞

0

(
Ω;RN

)}
, (P)

where Ω ⊂ Rn is a bounded open set with Lipschitz boundary,u :Ω → RN , f :
RN×n → R is lower semicontinuous, locally bounded and nonnegative anduξ0 is a given
affine map (i.e.,Duξ0 = ξ0, whereξ0 ∈ RN×n is a fixed matrix).

If the functionf is quasiconvex, i.e.,

∫

U

f
(
ξ +Dϕ(x)

)
dx � f (ξ)meas(U)

for every bounded domainU ⊂ Rn, ξ ∈ RN×n and ϕ ∈ W1,∞
0 (U ;RN ), then the prob-

lem (P) trivially hasuξ0 as a minimizer. We also recall that in the scalar case (n = 1 or
N = 1), quasiconvexity and ordinary convexity are equivalent.

We now study the case wheref fails to be quasiconvex. The first step in dealing with
such problems is the relaxation theorem (cf. Theorem 15). It has as a direct consequence
(cf. Theorem 41) that (P) has a solutionū ∈ uξ0 +W1,∞

0 (Ω;RN ) if and only if

f
(
Dū(x)

)
=Qf

(
Dū(x)

)
a.e.x ∈Ω,

∫

Ω

Qf
(
Dū(x)

)
dx =Qf (ξ0)measΩ,

whereQf is thequasiconvex envelopeof f , namely

Qf = sup{g � f : g quasiconvex}.

The problem is then to discuss the existence or nonexistence of aū satisfying the two
equations. The two equations are not really of the same nature. The first one is what we
called in Section 4 an implicit partial differential equation. The second one is more geo-
metric in nature and has to do with some “quasiaffinity” of the quasiconvex envelopeQf.

In the present section we will discuss some abstract necessary and sufficient conditions
for the existence of minimizers for (P) and in Sections 6 and 7 we will see several examples.
We will follow in the present section the approach of Dacorogna, Pisante and Ribeiro [34].

5.2. Sufficient conditions

With the help of the relaxation theorem and of Theorem 25, we are now in a position to
discuss some existence results for the problem (P). The following theorem (cf. [27]) is



Nonconvex problems of the calculus of variations and differential inclusions 87

elementary and gives a necessary and sufficient condition for existence of minima. It will
be crucial in several of our arguments.

THEOREM 41. LetΩ, f anduξ0 be as above, in particular, Duξ0 = ξ0. The problem(P)
has a solution if and only if there existsū ∈ uξ0 +W1,∞

0 (Ω;RN ) such that

f
(
Dū(x)

)
=Qf

(
Dū(x)

)
a.e. x ∈Ω, (9)

∫

Ω

Qf
(
Dū(x)

)
dx =Qf (ξ0)measΩ. (10)

PROOF. By the relaxation theorem and sinceuξ0 is affine, we have

inf(P)= inf(QP)=Qf (ξ0)measΩ.

Moreover, since we always havef �Qf and we have a solution of (9) satisfying (10), we
get thatū is a solution of (P). The fact that (9) and (10) are necessary for the existence of
a minimum for (P) follows in the same way. �

The previous theorem explains why the set

K =
{
ξ ∈ RN×n: Qf (ξ) < f (ξ)

}

plays a central role in the existence theorems that follow. In order to ensure (9) we will
have to consider differential inclusions of the form studied in the previous section, namely:
find ū ∈ uξ0 +W1,∞

0 (Ω;RN ) such that

Dū(x) ∈ ∂K a.e.x ∈Ω.

In order to deal with the second condition (10) we will have to impose some hypotheses of
the type “Qf is quasiaffineonK”.

The main abstract theorem is the following one.

THEOREM 42. LetΩ ⊂ Rn be a bounded open set, ξ0 ∈ RN×n, f :RN×n → R, a lower
semicontinuous, locally bounded and nonnegative function and let

K =
{
η ∈ RN×n: Qf (η) < f (η)

}
.

Assume that there existsK0 ⊂K such that
• ξ0 ∈K0,

• K0 is bounded and has the relaxation property with respect to�K0 ∩ ∂K ,
• Qf is quasiaffine on�K0.

Letuξ0(x)= ξ0x. Then the problem

inf

{
I (u)=

∫

Ω

f
(
Du(x)

)
dx: u ∈ uξ0 +W1,∞

0

(
Ω;RN

)}
(P)
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has a solution̄u ∈ uξ0 +W1,∞
0 (Ω;RN ).

REMARK 43. (i) Although this theorem applies only to functionsf that takes only finite
values, it can sometimes be extended to functionsf :RN×n → �R = R ∪ {+∞}.

(ii) The last hypothesis in the theorem means that

∫

Ω

Qf
(
ξ +Dϕ(x)

)
dx =Qf (ξ)measΩ

for everyξ ∈ �K0, everyϕ ∈W1,∞
0 (Ω;RN ) with

ξ +Dϕ(x) ∈ �K0 a.e. inΩ.

PROOF OF THEOREM 41. Sinceξ0 ∈ K0 andK0 is bounded and has the relaxation
property with respect to�K0 ∩ ∂K , we can find, appealing to Theorem 25, a mapū ∈
uξ0 +W1,∞

0 (Ω;RN ) satisfying

Dū ∈ �K0 ∩ ∂K a.e. inΩ,

which means that (9) of Theorem 41 is satisfied. Moreover, sinceQf is quasiaffine on�K0,
we have that (10) of Theorem 41 holds and thus the claim. �

The second hypothesis in the theorem is clearly the most difficult to verify, nevertheless
there are some cases when it is automatically satisfied. For example, ifK is bounded, we
can takeK0 =K.

We will see that, in many applications, the setK turns out to be unbounded and in order
to apply Theorem 42 we need to find some weaker conditions onK that guarantees the
existence of a subsetK0 of K satisfying the requested properties. With this aim in mind
we give the following notation and definition.

NOTATION 44. LetK ⊂ RN×n be open andλ ∈ RN×n.
(i) For ξ ∈K, we denote byLK(ξ, λ) the largest segment of the form[ξ + tλ, ξ + sλ],

t < 0< s, so that(ξ + tλ, ξ + sλ)⊂K.
(ii) If LK(ξ, λ) is bounded, we denote byt−(ξ) < 0 < t+(ξ) the elements so that

LK(ξ, λ)= [ξ + t−λ, ξ + t+λ]. They therefore satisfy

ξ + t±λ ∈ ∂K and ξ + tλ ∈K ∀t ∈ (t−, t+).

(iii) If H ⊂K, we let

LK(H,λ)=
⋃

ξ∈H
LK(ξ, λ).

DEFINITION 45. LetK ⊂ RN×n be open,ξ0 ∈K andλ ∈ RN×n.
(i) We say thatK is bounded atξ0 in the directionλ if LK(ξ0, λ) is bounded.
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(ii) We say thatK is stably bounded atξ0 in the rank-one directionλ = α ⊗ β (with
α ∈ RN andβ ∈ Rn) if there existsε > 0 so thatLK(ξ0 + α ⊗ Bε, λ) is bounded, where
we have denoted by

ξ0 + α⊗Bε =
{
ξ ∈ RN×n: ξ = ξ0 + α⊗ b with |b|< ε

}
.

Clearly a bounded open setK is bounded at every pointξ ∈ K and in any directionλ
and consequently it is also stably bounded.

We now give an example of a globally unbounded set which is bounded in certain direc-
tions.

EXAMPLE 46. LetN = n= 2 and

K =
{
ξ ∈ R2×2: α < detξ < β

}
.

The setK is clearly unbounded.
(i) If ξ0 = I thenK is bounded, and even stably bounded, atξ0, in a direction of rank

one, for example, with

λ=
(

1 0
0 0

)
or λ=

(
0 0
0 1

)
.

(ii) However if ξ0 = 0, thenK is unbounded in any rank one direction, but is bounded
in any rank two direction.

In the following result we deal with setsK that are bounded in a rank-one direction
only. This corollary says, roughly speaking, that ifK is bounded atξ0 in a rank-one direc-
tion λ and this boundedness (in the same direction) is preserved under small perturbations
of ξ0 along rank oneλ-compatible directions, then we can ensure the relaxation property
required in the main existence theorem.

COROLLARY 47. LetΩ ⊂ Rn be a bounded open set, f :RN×n → R a lower semicontin-
uous function, locally bounded and nonnegative and letξ0 ∈K , where

K =
{
ξ ∈ RN×n: Qf (ξ) < f (ξ)

}
.

If there exist a rank-one directionλ ∈ RN×n such that
(i) K is stably bounded atξ0 in the directionλ= α⊗ β,

(ii) Qf is quasiaffine on the set(cf. Definition45)LK(ξ0+α⊗ �Bε, λ), then the problem

inf

{
I (u)=

∫

Ω

f
(
Du(x)

)
dx: u ∈ uξ0 +W1,∞

0

(
Ω;RN

)}
(P)

has a solution̄u ∈ uξ0 +W1,∞
0 (Ω;RN ).
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PROOF. We divide the proof into two steps.

Step1. Assume that|β| = 1, otherwise replace it byβ/|β|, and letβk ∈ Rn, k � n, with
|βk| = 1, be such that

0∈H := int co{β,−β,β3, . . . , βk} ⊂ B1(0)=
{
x ∈ Rn: |x|< 1

}
.

Let then, forε > 0 as in the hypothesis,

K0 := (ξ0 + α⊗ εH)∪
[
∂K ∩LK

(
ξ0 + α⊗ ε �H,λ

)]
.

We therefore have thatξ0 ∈K0 and, by hypothesis, thatK0 is bounded, since

K0 ⊂ �K0 ⊂ LK
(
ξ0 + α⊗ �Bε, λ

)
.

Furthermore we have

�K0 ∩ ∂K = ∂K ∩LK
(
ξ0 + α⊗ ε �H,λ

)
.

In order to deduce the corollary from Theorem 42, we only need to show thatK0 has the
relaxation property with respect to�K0 ∩ ∂K. This will be achieved in the next step.

Step2. We now prove thatK0 has the relaxation property with respect to�K0 ∩ ∂K. Let
ξ ∈K0 and let us find a sequenceuν ∈Affpiec(�Ω;RN ) so that

uν ∈ uξ +W1,∞
0

(
Ω;RN

)
, Duν(x) ∈

(�K0 ∩ ∂K
)
∪K0 a.e. inΩ,

(11)
uν

∗
⇀uξ inW1,∞,

∫

Ω

dist
(
Duν(x); �K0 ∩ ∂K

)
dx→ 0 asν→ ∞.

If ξ ∈ ∂K ∩ LK(ξ0 + α ⊗ ε �H,λ), nothing is to be proved; so we assume thatξ ∈ ξ0 +
α⊗ εH. By hypothesis (i), we can findt−(ξ) < 0< t+(ξ) so that

ξ± := ξ + t±λ ∈ ∂K and ξ + tλ ∈K ∀t ∈ (t−, t+)

and henceξ± ∈ �K0 ∩ ∂K.We moreover have that

ξ = −t−
t+ − t−

ξ+ + t+
t+ − t−

ξ− with ξ± ∈ �K0 ∩ ∂K. (12)

Furthermore, sinceξ ∈ ξ0 + α⊗ εH, we can findγ ∈ εH such that

ξ = ξ0 + α⊗ γ.

The setH being open we have that�Bδ(γ )⊂ εH, for every sufficiently smallδ > 0. More-
over, since for everyδ > 0, we have

0∈ δH = int co{±δβ, δβ3, . . . , δβk}
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and since for every sufficiently smallδ > 0, we have

±δβ ∈ co
{
±(t+ − t−)β

}
⊂ co

{
±(t+ − t−)β, δβ3, . . . , δβk

}
,

we get that

0∈ δH = int co{±δβ, δβ3, . . . , δβk} ⊂ int co
{
±(t+ − t−)β, δβ3, . . . , δβk

}
.

We are therefore in a position to apply Lemma 48 to

a = α, b= (t+ − t−)β, bj = δβj for j = 3, . . . , k, t = −t−
t+ − t−

,

A= ξ+ = ξ + t+
t+ − t−

α⊗ (t+ − t−)β = ξ + (1− t)a⊗ b,

B = ξ− = ξ + t−
t+ − t−

α⊗ (t+ − t−)β = ξ − ta⊗ b,

and finduδ ∈Affpiec(�Ω;RN ), open setsΩ+,Ω− ⊂Ω, such that





∣∣meas(Ω+ ∪Ω−)− measΩ
∣∣� δ,

uδ(x)= uξ (x), x ∈ ∂Ω, and
∣∣uδ(x)− uξ (x)

∣∣� δ, x ∈Ω,
Duδ(x)= ξ± a.e. inΩ±,

Duδ(x) ∈ ξ + {t+α⊗ β, t−α⊗ β,α⊗ δβ3, . . . , α⊗ δβk} a.e. inΩ.

(13)

Sinceξ± ∈ �K0 ∩ ∂K and

ξ + α⊗ δβj ∈ ξ + α⊗ δ �H = ξ0 + α⊗
(
γ + δ �H

)

⊂ ξ0 + α⊗ εH ⊂K0 for j = 3, . . . , k,

we deduce, by choosingδ = 1/ν asν → ∞, from (13), the relaxation property (12). This
achieves the proof of Step 2 and thus of the corollary. �

We finally want to point out that, as a particular case of Corollary 47, we find the exis-
tence theorem (Theorem 3.1) proved by Dacorogna and Marcellini [27].

We have used the following result due to Müller and Sychev [63] and which is a refine-
ment of a classical result.

LEMMA 48 (Approximation lemma).LetΩ ⊂ Rn be a bounded open set. Let t ∈ [0,1]
andA,B ∈ RN×n such that

A−B = a⊗ b
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with a ∈ RN and b ∈ Rn. Let b3, . . . , bk ∈ Rn, k � n, such that0 ∈ int co{b,−b, b3,

. . . , bk}. Letϕ be an affine map such that

Dϕ(x)= ξ0 = tA+ (1− t)B, x ∈ �Ω

(i.e., A = ξ0 + (1 − t)a ⊗ b andB = ξ0 − ta ⊗ b). Then, for everyε > 0, there exists a
piecewise affine mapu and there exist disjoint open setsΩA,ΩB ⊂Ω, such that





|measΩA − tmeasΩ|,
∣∣measΩB − (1− t)measΩ

∣∣� ε,
u(x)= ϕ(x), x ∈ ∂Ω, and

∣∣u(x)− ϕ(x)
∣∣� ε, x ∈Ω,

Du(x)=
{
A in ΩA,

B in ΩB ,

Du(x) ∈ ξ0 +
{
(1− t)a ⊗ b,−ta⊗ b, a⊗ b3, . . . , a⊗ bk

}
a.e. in Ω.

5.3. Necessary conditions

Recall that we are considering the minimization problem

inf

{
I (u)=

∫

Ω

f
(
Du(x)

)
dx: u ∈ uξ0 +W1,∞

0

(
Ω;RN

)}
, (P)

whereΩ is a bounded open set ofRn, uξ0 is affine, i.e.,Duξ0 = ξ0 andf :RN×n → R is
a lower semicontinuous, locally bounded and nonnegative function. In order to avoid the
trivial case we will always assume that

Qf (ξ0) < f (ξ0).

Most nonexistence results for problem (P) follow by showing that the relaxed prob-
lem (QP) has auniquesolution, namelyuξ0, which is by hypothesis not a solution of (P).
This approach was strongly used in Marcellini [51], Dacorogna and Marcellini [27] and
Dacorogna and Pisante [34]; we will follow here [34]. We should point out that we will
give an example (see Proposition 78 in Section 7.5) related to minimal surfaces, where
nonexistence occurs, while the relaxed problem has infinitely many solutions, none of them
being a solution of (P).

The right notion in order to have uniqueness of the relaxed problem is the following
definition.

DEFINITION 49. A quasiconvex functionf :RN×n → R is said to bestrictly quasiconvex
at ξ0 ∈ RN×n, if for some bounded domainU ⊂ Rn the following equality holds

∫

U

f
(
ξ0 +Dϕ(x)

)
dx = f (ξ0)meas(U)

for someϕ ∈W1,∞
0 (U ;RN ), then necessarilyϕ ≡ 0.
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We should observe that as in Remark 5(v) the notion of strict quasiconvexity is indepen-
dent of the choice of the domainU , more precisely we have the following proposition.

PROPOSITION50. If a functionf :RN×n → R is strictly quasiconvex atξ0 ∈ RN×n for
one bounded domainU ⊂ Rn it is so for any such domain.

PROOF. LetV ⊂ Rn be a bounded domain andψ ∈W1,∞
0 (V ;RN ) be such that

∫

V

f
(
ξ0 +Dψ(x)

)
dx = f (ξ0)meas(V ) (14)

and let us conclude that we necessarily haveψ ≡ 0.
Choose firsta > 0 sufficiently large so that

V ⊂Qa = (−a, a)n

and then define

v(x)=
{
ψ(x) if x ∈ V ,

0 if x ∈Qa − V ,

so thatv ∈W1,∞
0 (Qa;RN ).

Let thenx0 ∈U and chooseν sufficiently large so that

x0 + 1

ν
Qa = x0 +

(
−a
ν
,
a

ν

)n
⊂U.

Define next

ϕ(x)=
{

1
ν
v
(
ν(x − x0)

)
if x ∈ x0 + 1

ν
Qa ,

0 if x ∈U −
[
x0 + 1

ν
Qa
]
.

Observe thatϕ ∈W1,∞
0 (U ;RN ) and

∫

U

f
(
ξ0 +Dϕ(x)

)
dx

= f (ξ0)meas

(
U −

[
x0 + 1

ν
Qa

])
+
∫

[x0+ 1
ν
Qa ]
f
(
ξ0 +Dv

(
ν(x − x0)

))
dx

= f (ξ0)
[
meas(U)− meas(Qa)

νn

]
+ 1

νn

∫

Qa

f
(
ξ0 +Dv(y)

)
dy

= f (ξ0)
[
meas(U)− meas(Qa)

νn
+ meas(Qa − V )

νn

]

+ 1

νn

∫

V

f
(
ξ0 +Dψ(y)

)
dy.
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Appealing to (14), we deduce that

∫

U

f
(
ξ0 +Dϕ(x)

)
dx = f (ξ0)meas(U).

Sincef is strictly quasiconvex atξ0 ∈ RN×n for the domainU, we deduce thatϕ ≡ 0,
which in turn implies that

v(y)≡ 0 for everyy ∈Qa .

This finally implies thatψ ≡ 0 as claimed. �

We will see further some sufficient conditions that can ensure strict quasiconvexity, but
let us start with the elementary following nonexistence theorem.

THEOREM 51. Let f :RN×n → R be lower semicontinuous, locally bounded and non-
negative, ξ0 ∈ RN×n withQf (ξ0) < f (ξ0) andQf be strictly quasiconvex atξ0. Then the
relaxed problem(QP)has a unique solution, namelyuξ0, while (P) has no solution.

PROOF. The fact that (QP) has only one solution follows by definition of the strict quasi-
convexity ofQf and Proposition 50. Assume for the sake of contradiction that (P) has
a solution ū ∈ uξ0 + W

1,∞
0 (Ω;RN ). We should have from Theorem 41 that (writing

ū(x)= ξ0x + ϕ(x))

f
(
ξ0 +Dϕ(x)

)
=Qf

(
ξ0 +Dϕ(x)

)
a.e.x ∈Ω,

∫

Ω

Qf
(
ξ0 +Dϕ(x)

)
dx =Qf (ξ0)measΩ.

SinceQf is strictly quasiconvex atξ0, we deduce from the last identity thatϕ ≡ 0. Hence
we have, from the first identity, thatQf (ξ0) = f (ξ0), which is in contradiction with the
hypothesis. �

We now want to give some criteria that can ensure the strict quasiconvexity of a given
function. The first one has been introduced by Dacorogna and Marcellini [27].

DEFINITION 52. A convex functionf :RN×n → R is said to bestrictly convex atξ0 ∈
RN×n in at leastN directionsif there existsα = (αi)1�i�N ∈ RN×n, αi �= 0, for every
i = 1, . . . ,N , such that: if for someη ∈ RN×n the identity

1

2
f (ξ0 + η)+ 1

2
f (ξ0)= f

(
ξ0 + 1

2
η

)

holds, then necessarily

〈
αi;ηi

〉
= 0, i = 1, . . . ,N.



Nonconvex problems of the calculus of variations and differential inclusions 95

In order to understand better the generalization of this notion to polyconvex functions
(cf. Proposition 58), it might be enlightening to state the definition in the following way.

PROPOSITION53. Let f :RN×n → R be a convex function and, for ξ ∈ RN×n, denote
by ∂f (ξ) the subdifferential off at ξ . The two following conditions are then equivalent:

(i) f is strictly convex atξ0 ∈ RN×n in at leastN directions,
(ii) there existsα = (αi)1�i�N ∈ RN×n with αi �= 0 for every i = 1, . . . ,N, so that

whenever

f (ξ0 + η)− f (ξ0)− 〈λ;η〉 = 0

for someη ∈ RN×n and for someλ ∈ ∂f (ξ0), then

〈
αi;ηi

〉
= 0, i = 1, . . . ,N.

PROOF.

Step1. We start with a preliminary observation that if

1

2
f (ξ0 + η)+ 1

2
f (ξ0)= f

(
ξ0 + 1

2
η

)
(15)

then, for everyt ∈ [0,1], we have

tf (ξ0 + η)+ (1− t)f (ξ0)= f (ξ0 + tη). (16)

Let us show this under the assumption thatt > 1/2 (the caset < 1/2 is handled similarly).
We can therefore findα ∈ (0,1) such that

1

2
= αt + (1− α)0 = αt.

From the convexity off and by hypothesis, we obtain

1

2
f (ξ0 + η)+ 1

2
f (ξ0)= f

(
ξ0 + 1

2
η

)
� αf (ξ0 + tη)+ (1− α)f (ξ0).

Assume, for the sake of contradiction, that

f (ξ0 + tη) < tf (ξ0 + η)+ (1− t)f (ξ0).

Combine then this inequality with the previous one to get

1

2
f (ξ0 + η)+ 1

2
f (ξ0) < α

[
tf (ξ0 + η)+ (1− t)f (ξ0)

]
+ (1− α)f (ξ0)

= 1

2
f (ξ0 + η)+ 1

2
f (ξ0)
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which is clearly a contradiction. Therefore the convexity off and the above contradiction
implies (16). This also implies that

f ′(ξ0, η) := lim
t→0+

f (ξ0 + tη)− f (ξ0)
t

= f (ξ0 + η)− f (ξ0).

Applying Theorem 23.4 in Rockafellar [71], combined with the fact that∂f (ξ0) is non-
empty and compact, we get that there existsλ ∈ ∂f (ξ0) so thatf (ξ0 + η)− f (ξ0)= 〈λ;η〉
and hence

f (ξ0 + tη)− f (ξ0)− t〈λ;η〉 = 0 ∀t ∈ [0,1]. (17)

We have therefore proved that (15) implies (17). Since the converse is obviously true,
we conclude that they are equivalent.

Step2. Let us show the equivalence of the two conditions.
(i) ⇒ (ii). We first observe that for anyµ ∈ RN×n we have

1

2
f (ξ0 + η)+ 1

2
f (ξ0)− f

(
ξ0 + 1

2
η

)

= 1

2

[
f (ξ0 + η)− f (ξ0)− 〈µ;η〉

]
−
[
f

(
ξ0 + 1

2
η

)
− f (ξ0)−

1

2
〈µ;η〉

]
.

(18)

Assume that, forλ ∈ ∂f (ξ0), we have

f (ξ0 + η)− f (ξ0)− 〈λ;η〉 = 0.

From (18) applied toµ= λ, from the definition of∂f (ξ0) and from the convexity off, we
have

0 �
1

2
f (ξ0 + η)+ 1

2
f (ξ0)− f

(
ξ0 + 1

2
η

)

= −
[
f

(
ξ0 + 1

2
η

)
− f (ξ0)−

1

2
〈λ;η〉

]
� 0.

Using the above identity, we then are in the framework of (i) and we deduce that〈αi;
ηi〉 = 0, i = 1, . . . ,N, and thus (ii).

(ii) ⇒ (i). Assume now that we have (15), namely

1

2
f (ξ0 + η)+ 1

2
f (ξ0)− f

(
ξ0 + 1

2
η

)
= 0,

which, by Step 1, implies that there existsλ ∈ ∂f (ξ0) so that

f (ξ0 + tη)− f (ξ0)− t〈λ;η〉 = 0 ∀t ∈ [0,1].
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We are therefore, choosingt = 1, in the framework of (ii) and we get〈αi;ηi〉 = 0, i =
1, . . . ,N, as wished. �

Of course any strictly convex function is strictly convex in at leastN directions, but
the above condition is much weaker. For example, in the scalar case,N = 1, it is enough
that the function is not affine in a neighborhood ofξ0, to guarantee the condition (see
Corollary 55).

We now have the following result established by Dacorogna and Marcellini [27].

PROPOSITION54. If a convex functionf :RN×n → R is strictly convex atξ0 ∈ RN×n in
at leastN directions, then it is strictly quasiconvex atξ0.

Theorem 51, combined with the above proposition, gives immediately a sharp result for
the scalar case, namely the following corollary.

COROLLARY 55. Letf :Rn → R be lower semicontinuous, locally bounded and nonneg-
ative, ξ0 ∈ Rn with Cf (ξ0) < f (ξ0) andCf not affine in the neighborhood ofξ0. Then
(P)has no solution.

REMARK 56. In the scalar case this result has been obtained by several authors, in par-
ticular, by Cellina [16], Friesecke [40] and Dacorogna and Marcellini [27]. It also gives
(cf. Theorem 66), combined with the result of the preceding section, that, provided some
appropriate boundedness is assumed, a necessary and sufficient condition for existence of
minima for (P) is thatf be affine on the connected component of{ξ : Cf (ξ) < f (ξ)} that
containsξ0.

Before proceeding with the proof of Proposition 54 we need the following elementary
lemma.

LEMMA 57. LetΩ be a bounded open set ofRn andϕ ∈W1,∞
0 (Ω;RN ) be such that

〈
αi;Dϕi(x)

〉
= 0 a.e. x ∈Ω, i = 1, . . . ,N,

for someαi �= 0, i = 1, . . . ,N , thenϕ ≡ 0.

PROOF. Working component by component we can assume thatN = 1 and therefore we
will drop the indices. So letϕ ∈W1,∞

0 (Ω) satisfy for someα ∈ Rn, α �= 0,

〈
α;Dϕ(x)

〉
= 0 a.e. x ∈Ω.

We then chooseα2, . . . , αn ∈ Rn so that{α,α2, . . . , αn} generate a basis ofRn. Let a > 0
and form an integer,

Qma = (−a, a)m.
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Let x ∈Ω and leta andt be sufficiently small so that

x + τα + τ2α2 + · · · + τnαn ∈Ω
for everyτ ∈ (0, t) and(τ2, . . . , τn) ∈Qn−1

a .

Observe then that ifϕ ∈ C1
0(Ω), then

∫

Qn−1
a

[
ϕ(x + tα+ τ2α2 + · · · + τnαn)− ϕ(x + τ2α2 + · · · + τnαn)

]
dτ2 · · · dτn

=
∫

Qn−1
a

∫ t

0

d

dτ

[
ϕ(x + τα + τ2α2 + · · · + τnαn)

]
dτ dτ2 · · · dτn

=
∫

Qn−1
a

∫ t

0

〈
Dϕ(x + τα + τ2α2 + · · · + τnαn);α

〉
dτ dτ2 · · · dτn.

By a standard regularization procedure the above identity also holds for anyϕ ∈W1,∞
0 (Ω).

Since〈α;Dϕ〉 = 0, we deduce that

∫

Qn−1
a

[
ϕ(x + tα+ τ2α2 + · · · + τnαn)

− ϕ(x + τ2α2 + · · · + τnαn)
]
dτ2 · · · dτn = 0.

Sinceϕ is continuous, we deduce, by dividing by the measure ofQn−1
a and lettinga→ 0,

that, for everyt sufficiently small so thatx + tα ∈Ω,

ϕ(x + tα)= ϕ(x).

Choosingt so that

x + τα ∈Ω ∀τ ∈ [0, t) and x + tα ∈ ∂Ω,

we obtain the claim, namely

ϕ(x)= 0 ∀x ∈Ω. �

PROOF OFPROPOSITION54. Assume that, for a certain bounded domainU ⊂ Rn and for
someϕ ∈W1,∞

0 (U ;RN ), we have

∫

U

f
(
ξ0 +Dϕ(x)

)
dx = f (ξ0)meas(U)

and let us show thatϕ ≡ 0.
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Sincef is convex and the above identity holds, we find

f (ξ0)meas(U) =
∫

U

[
1

2
f (ξ0)+

1

2
f
(
ξ0 +Dϕ(x)

)]
dx

�

∫

U

f

(
ξ0 + 1

2
Dϕ(x)

)
dx

� f (ξ0)meas(U),

which implies that

∫

U

[
1

2
f (ξ0)+

1

2
f
(
ξ0 +Dϕ(x)

)
− f

(
ξ0 + 1

2
Dϕ(x)

)]
dx = 0.

The convexity off implies then that, for almost everyx in U , we have

1

2
f (ξ0)+

1

2
f
(
ξ0 +Dϕ(x)

)
− f

(
ξ0 + 1

2
Dϕ(x)

)
= 0.

The strict convexity in at leastN directions leads to

〈
αi;Dϕi(x)

〉
= 0 a.e. x ∈Ω, i = 1, . . . ,N.

Lemma 57 gives the claim. �

We will now generalize Proposition 54. Since the notations in the next result are in-
volved, we will first write the proposition whenN = n= 2.

PROPOSITION58. Letf :RN×n → R be polyconvex, ξ0 ∈ RN×n andλ= λ(ξ0) ∈ Rτ(N,n)

so that

f (ξ0 + η)− f (ξ0)−
〈
λ;T (ξ0 + η)− T (ξ0)

〉
� 0 for everyη ∈ RN×n.

(i) LetN = n= 2 and assume that there existα1,1, α1,2, α2,2 ∈ R2, α1,1 �= 0,α2,2 �= 0,
β ∈ R, so that if for someη ∈ R2×2 the following equality holds

f (ξ0 + η)− f (ξ0)−
〈
λ;T (ξ0 + η)− T (ξ0)

〉
= 0,

then necessarily

〈
α2,2;η2〉= 0 and

〈
α1,1;η1〉+

〈
α1,2;η2〉+ β detη= 0.

Thenf is strictly quasiconvex atξ0.
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(ii) LetN,n� 2 and assume that there exist, for everyν = 1, . . . ,N,

αν,ν, αν,ν+1, . . . , αν,N ∈ Rn, αν,ν �= 0,

βν,s ∈ R(
n
s), 2� s � n∧ (N − ν + 1),

so that if for someη ∈ RN×n the following equality holds

f (ξ0 + η)− f (ξ0)−
〈
λ;T (ξ0 + η)− T (ξ0)

〉
= 0,

then necessarily

N∑

s=ν

〈
αν,s;ηs

〉
+
n∧(N−ν+1)∑

s=2

〈
βν,s;adjs

(
ην, . . . , ηN

)〉
= 0, ν = 1, . . . ,N.

Thenf is strictly quasiconvex atξ0.

REMARK 59. (i) The existence of aλ as in the hypotheses of the proposition is automati-
cally guaranteed by the polyconvexity off (see (1) in Section 2, it corresponds in the case
of a convex function to an element of∂f (ξ0)).

(ii) We have adopted the convention that ifl > k > 0 are integers, then

k∑

l

= 0.

EXAMPLE 60. LetN = n= 2 and consider the function

f (η)=
(
η2

2

)2 +
(
η1

1 + detη
)2
.

This function is trivially polyconvex and according to the proposition it is also strictly qua-
siconvex atξ0 = 0 (chooseλ= 0∈ R5, α2,2 = (0,1), α1,2 = (0,0), α1,1 = (1,0), β = 1).

PROOF OFPROPOSITION58. We will prove the proposition only in the caseN = n= 2,
the general case being handled similarly.

Assume that, for a certain bounded domainU ⊂ R2 and for someϕ ∈W1,∞
0 (U ;R2),

we have
∫

U

f
(
ξ0 +Dϕ(x)

)
dx = f (ξ0)meas(U)

and let us prove thatϕ ≡ 0. This is equivalent, for everyµ ∈ Rτ(2,2), to

[∫

U

f
(
ξ0 +Dϕ(x)

)
− f (ξ0)−

〈
µ;T

(
ξ0 +Dϕ(x)

)
− T (ξ0)

〉]
dx = 0.
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Choosingµ = λ (λ as in the statement of the proposition) in the previous equation and
using the polyconvexity of the functionf , we get

f
(
ξ0 +Dϕ(x)

)
− f (ξ0)−

〈
λ;T

(
ξ0 +Dϕ(x)

)
− T (ξ0)

〉
= 0 a.e. x ∈Ω.

We hence infer that, for almost everyx ∈Ω , we have

〈
α2,2;Dϕ2〉= 0 and

〈
α1,1;Dϕ1〉+

〈
α1,2;Dϕ2〉+ β detDϕ = 0.

Lemma 57, applied to the first equation, implies thatϕ2 ≡ 0. Using this result in the second
equation we get

〈
α1,1;Dϕ1〉= 0

and hence, appealing once more to the lemma, we have the claim, namelyϕ1 ≡ 0. �

Summarizing the results of Theorem 51, Propositions 54 and 58, we get the following
corollary.

COROLLARY 61. Letf :RN×n → R be lower semicontinuous, locally bounded and non-
negative, ξ0 ∈ RN×n with

Qf (ξ0) < f (ξ0).

If either one of the two following conditions hold
(i) Qf (ξ0)= Cf (ξ0) andCf is strictly convex atξ0 in at leastN directions,

(ii) Qf (ξ0) = Pf (ξ0) and Pf is strictly polyconvex atξ0 (in the sense of Proposi-
tion 58),

then(QP)has a unique solution, namelyuξ0, while (P) has no solution.

PROOF. The proof is almost identical under both hypotheses and so we will establish the
corollary only in the first case. The result will follow from Theorem 51 if we can show that
Qf is strictly convex atξ0. So assume that

∫

Ω

Qf
(
ξ0 +Dϕ(x)

)
dx =Qf (ξ0)measΩ

for someϕ ∈ W1,∞
0 (Ω;RN ) and let us prove thatϕ ≡ 0. Using the Jensen inequality

combined with the hypothesisQf (ξ0)= Cf (ξ0) and the fact thatQf � Cf , we find that
the above identity implies

∫

Ω

Cf
(
ξ0 +Dϕ(x)

)
dx = Cf (ξ0)measΩ.

The hypotheses onCf and Proposition 54 imply thatϕ ≡ 0, as wished. �
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We now conclude this section with a different necessary condition that is based on the
Carathéodory theorem.

Recall first that for any integers, we let

Λs =
{
λ= (λ1, . . . , λs): λi � 0 and

s∑

i=1

λi = 1

}
.

THEOREM 62. If (P)has a solution̄u ∈ uξ0 +W1,∞
0 (Ω;RN ), then there existµ ∈ΛNn+1

andξν ∈ RN×n, |ξν | � ‖ū‖W1,∞, 1� ν �Nn+ 1, such that

Qf (ξ0)�

Nn+1∑

ν=1

µνf (ξν) and ξ0 =
Nn+1∑

ν=1

µνξν .

Moreover, if eithern= 1 or N = 1, the inequality becomes an equality, namely

Cf (ξ0)=
Nn+1∑

ν=1

µνf (ξν) and ξ0 =
Nn+1∑

ν=1

µνξν .

REMARK 63. The theorem is just a curiosity in the vectorial casen,N > 1. However in
the scalar case,n > N = 1, under some extra hypotheses (cf. Theorem 66), one of them
being

ξ0 ∈ int co{ξ1, . . . , ξn+1},

it turns out that the necessary condition is also sufficient. But it is in the caseN � n= 1
that it is particularly interesting since then this condition is also sufficient, cf. Theorem 64.

PROOF OFTHEOREM 62. We decompose the proof into three steps.

Step1. Let ū ∈ uξ0 +W1,∞
0 (Ω;RN ) be a solution of (P). It should therefore satisfy

1

measΩ

∫

Ω

f
(
Dū(x)

)
dx = inf(P)= inf(QP)=Qf (ξ0). (19)

Let r = ‖ū‖W1,∞ and use the fact thatf is locally bounded to findR =R(r) so that

0� f
(
Dū(x)

)
�R a.e.x ∈Ω.

Denote by

Kr =
{
(ξ, y) ∈ RN×n × R: |ξ | � r and|y| �R

}
,

epif =
{
(ξ, y) ∈ RN×n × R: f (ξ)� y

}
,

E = epif ∩Kr .
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Note that sincef is lower semicontinuous then epif is closed and henceE is compact.
Therefore its convex hull coE is also compact.

Observe that, for almost everyx ∈Ω, we have

(
Dū(x), f

(
Dū(x)

))
∈E

and thus by the Jensen inequality and (19) we deduce that

(
ξ0,Qf (ξ0)

)
= 1

measΩ

∫

Ω

(
Dū(x), f

(
Dū(x)

))
dx ∈ coE.

Appealing to the Carathéodory theorem we can findλ ∈ ΛNn+2, (ξi, yi) ∈ E, 1 � i �
Nn+ 2 (in particular,f (ξi)� yi ), such that

Qf (ξ0)=
Nn+2∑

i=1

λiyi �

Nn+2∑

i=1

λif (ξi) and ξ0 =
Nn+2∑

i=1

λiξi .

(Note, in passing, that iff is continuous, we can replace in the above argument epif by

graphf =
{
(x, y) ∈ RN×n × R: f (x)= y

}

obtaining therefore equality instead of inequality in the above statement.)

Step2. To obtain the theorem it therefore remains to show that one can take only(Nn+ 1)
elements. This is a classical procedure in convex analysis. The result is equivalent to show-
ing that there existµi, 1� i �Nn+ 2, such that

{
µi � 0,

∑Nn+2
i=1 µi = 1, at least one of theµi = 0,

∑Nn+2
i=1 µif (ξi)�

∑Nn+2
i=1 λif (ξi), ξ0 =∑Nn+2

i=1 µiξi,
(20)

meaning in fact thatµ ∈ΛNn+1 as wished.
Assume thatλi > 0, 1� i � Nn+ 2, otherwise nothing is to be proved. Observe first

thatξ0 ∈ co{ξ1, . . . , ξNn+2} ⊂ RN×n. Thus it follows from the Carathéodory theorem that
there existν ∈ΛNn+2, with at least one of theνi = 0 (i.e.,ν ∈ΛNn+1), such that

ξ0 =
Nn+2∑

i=1

νiξi .

Assume, without loss of generality, that

Nn+2∑

i=1

νif (ξi) >

Nn+2∑

i=1

λif (ξi); (21)
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otherwise choosingµi = νi we would have immediately (20). Let

J =
{
i ∈ {1, . . . ,Nn+ 2}: λi − νi < 0

}
.

Observe thatJ �= ∅, since otherwiseλi � νi � 0 for everyi and since at least one of the
νi = 0, we would have a contradiction with

∑
νi =

∑
λi = 1 andλi > 0 for everyi. We

then define

γ = min
i∈J

{
λi

νi − λi

}
.

We clearly have thatγ > 0. Finally let

µi = λi + γ (λi − νi), 1� i �Nn+ 2.

We immediately get that

µi � 0,
Nn+2∑

i=1

µi = 1, at least one of theµi = 0. (22)

From (21) we obtain

Nn+2∑

i=1

µif (ξi) =
Nn+2∑

i=1

λif (ξi)+ γ
(
Nn+2∑

i=1

λif (ξi)−
Nn+2∑

i=1

νif (ξi)

)

�

Nn+2∑

i=1

λif (ξi).

The combination of the above with (22) (assuming for the sake of notation thatµNn+2 = 0)
gives immediately

Qf (ξ0)�

Nn+1∑

i=1

µif (ξi) and ξ0 =
Nn+1∑

i=1

µiξi .

Step3. The result for the scalar case follows from the fact thatQf (ξ0)= Cf (ξ0) and from
Theorem 6. �

6. The scalar case

We now see how to apply the above abstract considerations to the case where eithern= 1
orN = 1.We recall that

inf

{
I (u)=

∫

Ω

f
(
Du(x)

)
dx: u ∈ uξ0 +W1,∞

0

(
Ω;RN

)}
. (P)
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We will first treat the more elementary case wheren= 1 and then the caseN = 1.

6.1. The case of single integrals

In this very elementary case we can get much simpler and sharper results.

THEOREM 64. Let f :RN → R be nonnegative, locally bounded and lower semicontinu-
ous. Leta < b, α,β ∈ RN , N � 1, and

inf

{
I (u)=

∫ b

a

f
(
u′(x)

)
dx: u ∈X

}
, (P)

where

X =
{
u ∈W1,∞((a, b);RN

)
: u(a)= α, u(b)= β

}
.

The two following statements are then equivalent:
(i) problem(P) has a minimizer,

(ii) there existλν � 0 with
∑N+1
ν=1 λν = 1, γν ∈ RN , 1� ν �N + 1, such that

Cf

(
β − α
b− a

)
=
N+1∑

ν=1

λνf (γν) and
β − α
b− a =

N+1∑

ν=1

λνγν, (23)

whereCf = sup{g � f : g convex}.
Furthermore, if (23) is satisfied and if

Ip =
[
a + (b− a)

p−1∑

ν=1

λν, a + (b− a)
p∑

ν=1

λν

]
, 1� p �N + 1,

then

ū(x)= γp(x − a)+ (b− a)
p∑

ν=1

λν(γν − γp)+ α, x ∈ Ip, 1� p �N + 1,

is a solution of(P).

REMARK 65. (i) The sufficiency of (23) is implicitly or explicitly proved in the papers
mentioned in the bibliography. The necessity is less known but is also implicit in the liter-
ature. The theorem as stated can be found in Dacorogna [25].
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(ii) Recall that by the Carathéodory theorem (cf. Theorem 6) we always have

Cf

(
β − α
b− a

)
= inf

{
N+1∑

ν=1

λνf (γν):
N+1∑

ν=1

λνγν = β − α
b− a

}
. (24)

Therefore (23) states that a necessary and sufficient condition for existence of solutions
is that the infimum in (24) be attained. Note also that iff is convexor f coercive (in the
sense thatf (ξ)� a|ξ |p+b with p > 1, a > 0) then the infimum in (24) is always attained.

(iii) Therefore if f (x,u, ξ) = f (ξ), counterexamples to existence must be nonconvex
and noncoercive; cf. Example 1, where

inf

{
I (u)=

∫ 1

0
e−(u′(x))2 dx: u ∈W1,∞

0 (0,1)

}
, (P)

i.e.,f (ξ)= e−ξ2
, thenCf (ξ)≡ 0 and therefore, by the relaxation theorem,

inf(P)= inf(QP)= 0.

However it is obvious thatI (u) �= 0 for everyu ∈W1,∞
0 (0,1) and hence the infimum of (P)

is not attained.
(iv) A similar proof to that of Theorem 64 (see, for example, Marcellini [50]) shows

that a sufficient condition to ensure existence of minima to

inf

{
I (u)=

∫ b

a

f
(
x,u′(x)

)
dx: u ∈X

}
(P)

is (23), whereλν andγν are then measurable functions. Of course iff depends explicitly
onu, the example of Bolza (cf. Example 2) shows that the theorem is then false.

PROOF OFTHEOREM 64. It is easy to see that we can reduce our study to the case where

a = 0, b= 1 and α = 0.

Sufficient condition. The sufficiency part is elementary. Let

inf

{
�I (u)=

∫ 1

0
Cf
(
u′(x)

)
dx: u ∈X

}
, (QP)

where now

X =
{
u ∈W1,∞((0,1);RN

)
: u(0)= 0, u(1)= β

}
.

Thenũ(x)= βx is trivially a solution of (QP) and therefore

inf(QP)= Cf (β).
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Let now ū be as in the statement of the theorem. Observe first thatū ∈W1,∞((0,1);RN )

andū(0)= 0, ū(1)= β.We now compute

�I (ū) =
∫ 1

0
f
(
ū′(x)

)
dx =

N+1∑

p=1

∫

Ip

f
(
ū′(x)

)
dx =

N+1∑

p=1

f (γp)measIp

=
N+1∑

p=1

λpf (γp)= Cf (β)= inf(QP)� inf(P).

Necessary condition. This has already been proved in Theorem 62. �

6.2. The case of multiple integrals

We now discuss the casen >N = 1. This is of course a more difficult case than the preced-
ing one and no such simple result as Theorem 64 is available. However, we immediately
have from Sections 5.2 and 5.3 (Theorem 29 and Corollary 55) the theorem stated below.
For some historical comments on this theorem, see the remark following Corollary 55.

But let us first recall the problem and the notation. We have

inf

{
I (u)=

∫

Ω

f
(
Du(x)

)
dx: u ∈ uξ0 +W1,∞

0 (Ω)

}
, (P)

whereΩ is a bounded open set ofRn, uξ0 is affine, i.e.,Duξ0 = ξ0 andf :Rn → R is a
lower semicontinuous, locally bounded and nonnegative function. Let

Cf = sup{g � f : g convex}.

In order to avoid the trivial situation we assume that

Cf (ξ0) < f (ξ0).

We next set

K =
{
ξ ∈ Rn: Cf (ξ) < f (ξ)

}

and we assume that it is connected, otherwise we replace it by its connected component
that containsξ0.

THEOREM 66.
Necessary condition.If (P) has a minimizer, thenCf is affine in a neighborhood ofξ0.
Sufficient condition.If there existsE ⊂ ∂K such thatξ0 ∈ int coE and Cf |E∪{ξ0} is

affine, then(P) has a solution.
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REMARK 67. (i) ByCf |E∪{ξ0} affine we mean that there existα ∈ Rn, β ∈ R such that

Cf (ξ)= 〈α; ξ 〉 + β for everyξ ∈E ∪ {ξ0}.

Usually one proves thatCf is affine on the whole of coE.
(ii) The theorem applies, of course, to the case whereE = ∂K andCf is affine on the

whole ofK (sinceK is open andξ0 ∈K ⊂ int coK). However in many simple examples
such as the one given below, it is not realistic to assume thatE = ∂K.

PROOF OFTHEOREM 66. The necessary part is just Corollary 55. We therefore discuss
only the sufficient part. We use Theorem 29 to findū ∈ uξ0 +W1,∞

0 (Ω) such that

Dū(x) ∈E ⊂ ∂K a.e.x ∈Ω

and hence

f
(
Dū(x)

)
= Cf

(
Dū(x)

)
a.e.x ∈Ω.

Then use the fact thatCf |E∪{ξ0} is affine to deduce that

∫

Ω

Cf
(
Dū(x)

)
dx = Cf (ξ0)measΩ.

The conclusion then follows from Theorem 41. �

We now would like to give two simple examples. The first one generalizes Example 3.

EXAMPLE 68. LetN = 1, n= 2, Ω = (0,1)2, u0 ≡ 0, a � 0 and

f (ξ)=
(
ξ2

1 − 1
)2 +

(
ξ2

2 − a2)2.

We find that

Cf (ξ)=
[
ξ2

1 − 1
]2
+ +

[
ξ2

2 − a2]2
+,

where

[x]+ =
{
x if x � 0,

0 if x < 0.

We therefore have that

K =
{
ξ ∈ R2: ξ2

1 < 1 or ξ2
2 < a

2}

and note that it is unbounded and thatCf is not affine on the whole ofK.
Let us discuss the two different cases.
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Case1: a = 0. This corresponds to Example 3. Then clearlyCf is not affine in the neigh-
borhood ofξ0 = 0, since it is strictly convex in the directione2 = (0,1). Hence (P) has no
solution.

Case2: a > 0. We let

E =
{
ξ ∈ R2: |ξ1| = 1 and|ξ2| = a

}
⊂ ∂K.

Note thatξ0 = 0 ∈ int coE andCf |coE ≡ 0 is affine. Therefore the theorem applies and
we obtain that (P) has a solution.

EXAMPLE 69. We conclude with the following example (cf. Marcellini [51] and
Dacorogna and Marcellini [27]). Letn� 2 and

f (Du)= g
(
|Du|

)
,

whereg :R → R is lower semicontinuous, locally bounded and nonnegative with

g(0)= inf
{
g(t) : t � 0

}
.

It is easy to see thatCf = Cg. Let

S =
{
t � 0: Cg(t) < g(t)

}
,

K =
{
ξ ∈ Rn: Cf (ξ) < f (ξ)

}
=
{
ξ ∈ Rn: |ξ | ∈ S

}
.

Assume thatξ0 ∈K and thatS is connected, otherwise replace it by its connected compo-
nent containing|ξ0|.

We then have to consider two cases.

Case1:Cg is strictly increasing at|ξ0|. Then clearlyCf is not affine in any neighborhood
of ξ0 and hence (P) has no solution.

Case2: Cg is constant onS. Assume thatS is bounded, this can be guaranteed if, for
example,

lim
t→+∞

g(t)

t
= +∞.

So let|ξ0| ∈ S = (α,β) and choose in the sufficient part of the theorem

E =
{
ξ ∈ Rn: |ξ | = β

}

and apply the theorem to find a minimizer for (P).
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7. The vectorial case

We now consider several examples of the form studied in the previous sections, namely

inf

{
I (u)=

∫

Ω

f
(
Du(x)

)
dx: u ∈ uξ0 +W1,∞

0

(
Ω;RN

)}
, (P)

whereΩ is a bounded open set ofRn, uξ0 is affine, i.e.,Duξ0 = ξ0 andf :RN×n → R is a
lower semicontinuous, locally bounded and nonnegative function.

1. We consider in Section 7.1 the case whereN = n and

f (ξ)= g
(
λ2(ξ), . . . , λn−1(ξ),detξ

)
,

where 0� λ1(ξ)� · · · � λn(ξ) are the singular values ofξ ∈ Rn×n.
2. In Section 7.2 we deal with the case

f (ξ)= g
(
Φ(ξ)

)
,

whereΦ :RN×n → R is quasiaffine (so in particular, we can have, whenN = n, Φ(ξ)=
detξ , as in the previous case).

3. We next discuss in Section 7.3 the Saint Venant–Kirchhoff energy functional. Up to
rescaling, the function under consideration is (hereN = n andν ∈ (0,1/2) is a parameter)

f (ξ)=
∣∣ξξ⊤ − I

∣∣2 + ν

1− 2ν

(
|ξ |2 − n

)2

or in terms of the singular values, 0� λ1(ξ)� · · · � λn(ξ), of ξ ∈ Rn×n,

f (ξ)=
n∑

i=1

(
λ2
i − 1

)2 + ν

1− 2ν

(
n∑

i=1

λ2
i − n

)2

.

4. In Section 7.4 we consider a problem of optimal design whereN = n= 2 and

f (ξ)=
{

1+ |ξ |2 if ξ �= 0,

0 if ξ = 0.

5. In Section 7.5 we deal with the minimal surface case, namely whenN = n+ 1 and
f (ξ)= g(adjnξ).

6. Finally in Section 7.6 we discuss the problem of potential wells.
We recall that, throughout Section 7, the setsO(n) andSO(n) will denote respectively

the set oforthogonalandspecial orthogonalmatrices, more presicely,

O(n)=
{
R ∈ Rn×n: RR⊤ = 1

}
,

SO(n)=
{
R ∈O(n): detR = 1

}
.
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7.1. The case of singular values

In this section we letN = n and we denote byλ1(ξ), . . . , λn(ξ) the singular values of
ξ ∈ Rn×n with 0� λ1(ξ)� · · · � λn(ξ) and byQ the set

Q=
{
x = (x2, . . . , xn−1) ∈ Rn−2: 0� x2 � · · · � xn−1

}
,

which is the natural set where to consider(λ2(ξ), . . . , λn−1(ξ)) for ξ ∈ Rn×n.
The functions under consideration are of the form studied in Theorem 10, namely

f (ξ)= g
(
λ2(ξ), . . . , λn−1(ξ),detξ

)
,

and we have

Pf (ξ)=Qf (ξ)=Rf (ξ)= Ch(detξ),

whereh :R → R is given byh(s)= infx∈Q g(x, s).
We next apply the theory of Section 5.2 to get the following existence result established

by Dacorogna, Pisante and Ribeiro [34].

THEOREM 70. Let

f (ξ)= g
(
λ2(ξ), . . . , λn−1(ξ)

)
+ h(detξ),

whereg :Q→ R is nonnegative, continuous and verifies

inf g = g(m2, . . . ,mn−1) with 0<m2 � · · · �mn−1

andh :R → R is a nonnegative, lower semicontinuous and locally bounded function such
that

lim
|t |→+∞

h(t)

|t | = +∞. (25)

Then(P) has a solution.

PROOF. We note that, by Theorem 10,Qf (ξ)= inf g+Ch(detξ). Letting

K =
{
ξ ∈ Rn×n: Qf (ξ) < f (ξ)

}

we see that

K = L1 ∪L2,
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where

L1 =
{
ξ ∈ Rn×n: Ch(detξ) < h(detξ)

}
,

L2 =
{
ξ ∈ Rn×n: Ch(detξ)= h(detξ), inf g < g

(
λ2(ξ), . . . , λn−1(ξ)

)}
.

We now prove the result. Clearly, ifξ0 /∈ K thenuξ0 is a solution of (P), so from now
on we assume thatξ0 ∈K. There are three different cases to consider, one of them will be
treated with Theorem 42 and the two others with Theorem 41.

Case1: ξ0 ∈ L1. We first observe that hypothesis (25) allows us to write

S =
{
t ∈ R: Ch(t) < h(t)

}
=
⋃

j∈N

(αj , βj ),

Ch being affine in each interval(αj , βj ); thusQf is quasiaffine on each connected com-
ponent ofL1 and

L1 =
{
ξ ∈ Rn×n: detξ ∈

⋃

j∈N

(αj , βj )

}
.

Let (αj , βj ) be an interval as above such that detξ0 ∈ (αj , βj ). We get the result applying
Theorem 42 with

K0 =
{
ξ ∈ Rn×n: detξ ∈ (αj , βj ),

n∏

i=ν
λi(ξ) <

n∏

i=ν
mi, ν = 2, . . . , n

}
,

wheremn is chosen sufficiently large so that

mn−1 �mn, (26)
n∏

i=ν
λi(ξ0) <

n∏

i=ν
mi, ν = 2, . . . , n, (27)

max
{
|αj |, |βj |

}
<m2

n∏

i=2

mi . (28)

ClearlyK0 ⊂ L1 ⊂K, moreover, (27) ensures thatξ0 ∈K0 and (28) ensures the relax-
ation property ofK0 with respect to

E =
{
ξ ∈ Rn×n: detξ ∈ {αj , βj }, λν(ξ)=mν, ν = 2, . . . , n

}
⊂ �K0 ∩ ∂K

through Theorems 21 and 28 and the family of sets

Eδ =
{
ξ ∈ Rn×n: detξ ∈ {αj + δ,βj − δ}, λi(ξ)=mi − δ, i = 2, . . . , n

}
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(cf. the proof of Theorem 1.1 of Dacorogna and Ribeiro [35] for details). Consequently
K0 has the relaxation property with respect to�K0 ∩ ∂K.

Case2: ξ0 ∈ L2 anddetξ0 �= 0. We consider in this case the set

K1 =
{
ξ ∈ Rn×n: detξ = detξ0,

n∏

i=ν
λi(ξ) <

n∏

i=ν
mi, ν = 2, . . . , n

}
,

wheremn satisfies the conditions (26) and (27) of the first case (with strict inequality for
the first one:mn > mn−1). It was shown by Dacorogna and Tanteri [37] thatK1 has the
relaxation property with respect to

E =
{
ξ ∈ Rn×n: detξ = detξ0, λν(ξ)=mν, ν = 2, . . . , n

}
,

and moreover, there existsu ∈ uξ0 +W1,∞
0 (Ω,Rn) such thatDu ∈ E a.e. inΩ . Since

Qf = f in E andQf (ξ0)=Qf (Du), we can apply Theorem 41 and get the result.

Case3: ξ0 ∈ L2 and detξ0 = 0. We here just briefly outline the idea and we refer to
Dacorogna, Pisante and Ribeiro [34] for details. Since any matrixξ ∈ Rn×n can be decom-
posed in the formRDQ, whereR,Q ∈ O(n) andD = diag(λ1(ξ), . . . , λn(ξ)) (cf. [45])
we can reduce ourselves to the case ofξ0 = diag(λ1(ξ0), . . . , λn(ξ0)). In particular, as
detξ0 = 0, we haveλ1(ξ0)= 0 and thus the first line ofξ0 equal to zero. Letmn �mn−1
and define

K1 =
{
ξ ∈ Rn×n: ξ1 = 0,

n∏

i=ν
λi(ξ) <

n∏

i=ν
mi, ν = 2, . . . , n

}
,

E =
{
ξ ∈ Rn×n: ξ1 = 0, λi(ξ)=mi, i = 2, . . . , n

}
,

we get thatK1 has the relaxation property with respect toE. If we choosemn suffi-
ciently large such thatξ0 ∈ K1 we can apply Theorem 25 to get the existence ofu ∈
uξ0 +W1,∞

0 (Ω,Rn) such thatDu ∈E. Finally, asQf = f in E andQf (ξ0)=Qf (Du),
applying Theorem 41, we conclude the proof. �

7.2. The case of quasiaffine functions

We next study the minimization problem

inf

{∫

Ω

g
(
Φ
(
Du(x)

))
dx: u ∈ uξ0 +W1,∞

0

(
Ω;RN

)}
, (P)

whereΩ is a bounded open set ofRn,Duξ0 = ξ0 and
• g :R → R is a lower semicontinuous, locally bounded and nonnegative function,
• Φ :RN×n → R is quasiaffine and nonconstant.



114 B. Dacorogna

We recall that in particular we can have, whenN = n, Φ(ξ)= detξ .
The relaxed problem is then

inf

{∫

Ω

Cg
(
Φ
(
Du(x)

))
dx: u ∈ uξ0 +W1,∞

0

(
Ω;RN

)}
, (QP)

whereCg is the convex envelope ofg (heref (ξ) = g(Φ(ξ)) and we getQf = Cg, cf.
Theorem 9).

The existence result is the following theorem.

THEOREM 71. LetΩ ⊂ Rn be a bounded open set with Lipschitz boundary, g :R → R

a nonnegative, lower semicontinuous and locally bounded function such that

lim
|t |→+∞

g(t)

|t | = +∞ (29)

and uξ0(x) = ξ0x, with ξ0 ∈ RN×n. Then there exists̄u ∈ uξ0 +W1,∞
0 (Ω;RN ) solution

of (P).

REMARK 72. This result has first been established by Mascolo and Schianchi [55] and
later by Dacorogna and Marcellini [27] for the case of the determinant. The general case is
due to Cellina and Zagatti [19] and later to Dacorogna and Ribeiro [35]. Here we see that
it can be obtained as a particular case of Theorem 42.

PROOF OFTHEOREM 71. We will here only sketch the proof and we refer for details to
Dacorogna and Ribeiro [35]. We first let

S =
{
t ∈ R: Cg(t) < g(t)

}
.

From the hypothesis ong we can write

S =
⋃

j∈N

(αj , βj )

with Cg affine in each interval(αj , βj ) and thusQf is quasiaffine on each connected
component ofK, where

K =
{
ξ ∈ RN×n: Φ(ξ) ∈ S

}
.

If Φ(ξ0) /∈ S thenuξ0 is a solution of (P). In the other case,Φ(ξ0) ∈ (α,β)⊂ S for some
α andβ, and we apply Theorem 42 with

K0 =
{
ξ ∈ RN×n: Φ(ξ) ∈ (α,β),

∣∣ξ ij
∣∣< cij , i = 1, . . . ,N, j = 1, . . . , n

}
,
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wherecij are constants sufficiently large so thatξ0 ∈K0 and satisfying

inf
{∣∣Φ(ξ)

∣∣:
∣∣ξ ij
∣∣= cij

}
>max

{
|α|, |β|

}
.

This condition allows us to obtain the relaxation property ofK0 with respect to

�K0 ∩ ∂K =
{
ξ ∈ RN×n: Φ(ξ) ∈ {α,β},

∣∣ξ ij
∣∣� cij , i = 1, . . . ,N, j = 1, . . . , n

}
.

The relaxation property is obtained using the approximation property (cf. Definition 27
and Theorem 28) considering the sets, hereδ > 0 is sufficiently small,

Hδ =
{
ξ ∈ RN×n: Φ(ξ) ∈ {α+ δ,β − δ},

∣∣ξ ij
∣∣� cij − δ, i = 1, . . . ,N, j = 1, . . . , n

}
.

This concludes the proof of the theorem. �

The problem under consideration is sufficiently flexible that we could also proceed as
in Dacorogna and Marcellini [27], using Corollary 47. Indeed ifDΦ(ξ0) �= 0 (in the case
Φ(ξ)= detξ this means that rankξ0 � n− 1), we can apply the corollary, since the con-
nected component ofK containingξ0 is bounded, in the neighborhood ofξ0, in a direction
of rank one. We do not discuss the details of this different approach.

7.3. The Saint Venant–Kirchhoff energy

The problem is now of the form

inf

{∫

Ω

f
(
Du(x)

)
dx: u ∈ uξ0 +W1,∞

0

(
Ω;Rn

)}
, (P)

where, upon rescaling, the function under consideration is,ν ∈ (0,1/2) being a parameter,

f (ξ)=
∣∣ξξ⊤ − I

∣∣2 + ν

1− 2ν

(
|ξ |2 − n

)2

or in terms of the singular values, 0� λ1(ξ)� · · · � λn(ξ), of ξ ∈ Rn×n,

f (ξ)=
n∑

i=1

(
λ2
i − 1

)2 + ν

1− 2ν

(
n∑

i=1

λ2
i − n

)2

.

According to Le Dret and Raoult [49] the quasiconvex envelope and the convex envelope
coincide, at least whenn= 2 orn= 3, i.e.,

Qf (ξ)= Cf (ξ).
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In the casen= 2, it is given by

Qf (ξ)=





f (ξ) if ξ /∈D1 ∪D2,
1

1−ν
(
λ2

2 − 1
)2 if ξ ∈D2,

0 if ξ ∈D1,

where

D1 =
{
ξ ∈ R2×2: (1− ν)

[
λ1(ξ)

]2 + ν
[
λ2(ξ)

]2
< 1 andλ2(ξ) < 1

}

=
{
ξ ∈ R2×2: λ1(ξ)� λ2(ξ) < 1

}
,

D2 =
{
ξ ∈ R2×2: (1− ν)

[
λ1(ξ)

]2 + ν
[
λ2(ξ)

]2
< 1 andλ2(ξ)� 1

}
.

The existence theorem is the following one.

THEOREM 73. LetΩ ⊂ R2, f andξ0 be as above.
(i) If ξ0 /∈D2 then(P)has a solution.

(ii) If ξ0 ∈ intD2 then(P) has no solution.

REMARK 74. The nonexistence part has been proved by Dacorogna and Marcellini [27].

PROOF OF THEOREM 73. (i) The case whereξ0 /∈ D1 ∪ D2 corresponds to the trivial
case, whereQf (ξ0)= f (ξ0). So we now assume thatξ0 ∈D1. Note thatQf is quasiaffine
onD1 (in factQf (ξ) ≡ 0). Apply then Theorem 33 (and the remark following it) to get
u ∈ uξ0 +W1,∞

0 (Ω;R2) such that

λ1(Du)= λ2(Du)= 1 a.e. inΩ.

This implies thatQf (Du) = f (Du) = Qf (ξ0) = 0 and hence the claim follows from
Theorem 41.

(ii) It was shown in [27], and we do not discuss here the details, that ifξ0 ∈ intD2 then
the functionQf is strictly quasiconvex atξ0 and therefore (P) has no solution. �

7.4. An optimal design problem

We now consider the case, studied by many authors following the pioneering work of Kohn
and Strang [48], where

inf

{∫

Ω

f
(
Du(x)

)
dx: u ∈ uξ0 +W1,∞

0

(
Ω;R2)

}
, (P)

Ω ⊂ R2 is a bounded open set with Lipschitz boundary,Duξ0 = ξ0 and

f (ξ)=
{

1+ |ξ |2 if ξ �= 0,

0 if ξ = 0.
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It was shown by Kohn and Strang [48] that the quasiconvex envelope is then

Qf (ξ)=
{

1+ |ξ |2 if |ξ |2 + 2|detξ | � 1,

2
(
|ξ |2 + 2|detξ |

)1/2 − 2|detξ | if |ξ |2 + 2|detξ |< 1.

The existence of minimizers for problem (P) was then established by Dacorogna and
Marcellini in [27] and [31]. Later Dacorogna and Tanteri [37] gave a different proof which
is more in the spirit of the present report and we follow here this last approach.

THEOREM 75. LetΩ ⊂ R2, f andξ0 be as above. Then a necessary and sufficient condi-
tion for (P) to have a solution is that one of the following conditions hold:

(i) ξ0 = 0 or |ξ0|2 + 2|detξ0| � 1 (i.e., f (ξ0)=Qf (ξ0)),
(ii) detξ0 �= 0.

PROOF. We do not discuss the details and in particular not the necessary part (see [27] for
details). So we assume that we are in the nontrivial case

detξ0 �= 0 and |ξ0|2 + 2|detξ0|< 1. (30)

We just point out how to define the setK0 of Theorem 42. We have (denoting byR2×2
s the

set of 2× 2 symmetric matrices)

K =
{
ξ ∈ R2×2: |ξ |2 + 2|detξ |< 1

}
\ {0}

K0 =
{
ξ ∈ R2×2

s : detξ > 0 and traceξ ∈ (0,1)
}
,

�K0 ∩ ∂K = {0} ∪
{
ξ ∈ R2×2

s : detξ � 0 and traceξ = 1
}

=
{
ξ ∈ R2×2

s : detξ � 0 and traceξ ∈ {0,1}
}
.

Sincef is invariant under rotations and symmetries and (30) holds, we can assume, without
loss of generality, thatξ0 ∈K0. FurthermoreQf is quasiaffine onK0 (Qf (ξ)= 2 traceξ −
2 detξ ), while it is not so onK . It remains to prove thatK0 has the relaxation property with
respect to�K0 ∩ ∂K; and this is easily established as in [37]. �

7.5. The minimal surface case

Following Dacorogna, Pisante and Ribeiro [34], we now deal with the case whereN =
n+ 1 and

f (ξ)= g(adjnξ).

The minimization problem is then

inf

{∫

Ω

g
(
adjn

(
Du(x)

))
dx: u ∈ uξ0 +W1,∞

0

(
Ω;Rn+1)

}
, (P)
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whereΩ is a bounded open set ofRn,Duξ0 = ξ0 andg :Rn+1 → R is a nonnegative, lower
semicontinuous and locally bounded nonconvex function.

From Theorem 9 we have

Qf (ξ)= Cg(adjnξ).

We next set

S =
{
y ∈ Rn+1: Cg(y) < g(y)

}

and assume, in order to avoid the trivial situation, that adjnξ0 ∈ S.We also assume thatS is
connected, otherwise we replace it by its connected component that contains adjnξ0.

Observe that

K =
{
ξ ∈ R(n+1)×n: Qf (ξ) < f (ξ)

}
=
{
ξ ∈ R(n+1)×n: adjnξ ∈ S

}
.

THEOREM 76. If S is bounded, Cg is affine inS and rankξ0 � n − 1, then (P) has a
solution.

REMARK 77. The fact thatCg be affine inS is not a necessary condition for existence of
minima, as seen in Proposition 78.

PROOF OFTHEOREM76. The result follows if we choose a convenient rank-one direction
λ= α⊗ β ∈ R(n+1)×n satisfying the hypothesis of Corollary 47. We remark that, since we
supposeCg affine in S, Qf is quasiaffine inLK(ξ0 + α ⊗ Bε, λ) (cf. Notation 44 and
Definition 45) independently of the choice ofλ. So we only have to prove thatK is stably
bounded atξ0 in a directionλ= α⊗ β.

Firstly we observe that we can find (cf. Theorem 3.1.1 in [45])P ∈ O(n+1), Q ∈ SO(n)
and 0� λ1 � · · · � λn, so that

ξ0 = PLQ, whereL= (λj δij )1�i�n+1
1�j�n ;

in particular whenn= 2, we have

L=
(
λ1 0
0 λ2
0 0

)
.

Since rankξ0 � n− 1 we have thatλ2> 0.We also note that

adjnξ0 = adjnP · adjnL and adjnL=




0
...

0

(−1)nλ1 · · ·λn


 .
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Without loss of generality we assumeξ0 = L. We then chooseλ = α ⊗ β, whereα =
(1,0, . . . ,0) ∈ Rn+1 andβ = (1,0, . . . ,0) ∈ Rn. We will see thatLK(ξ0 + α ⊗ Bε, λ) is
bounded for someε > 0. Letη ∈ LK(ξ0+α⊗Bε, λ) then we can writeη= ξ0+α⊗γε+ tλ
for someγε ∈ Bε andt ∈ R. By definition ofLK(ξ0 +α⊗Bε, λ) we have adjnη ∈ �S. Since
S is bounded and

|adjnη| =
∣∣λ1 + γ 1

ε + t
∣∣λ2 · · ·λn,

it follows, using the fact that rankξ0 � n−1, that|t | is bounded by a constant depending on
S, ξ0 andε. Consequently|η| � |ξ0| + |α⊗ γε| + |t ||λ| is bounded for any fixed positiveε
and we get the result. �

As already alluded in Section 5.3, we obtain now a result of nonexistence although the
integrand of the relaxed problem is not strictly quasiconvex. We will consider the case
whereN = 3, n= 2 andf :R3×2 → R is given by

f (ξ)= g(adj2ξ),

whereg :R3 → R is defined by

g(ν)=
(
ν2

1 − 4
)2 + ν2

2 + ν2
3.

We therefore getQf (ξ)= Cg(adj2ξ) and

Cg(ν)=
[
ν2

1 − 4
]2
+ + ν2

2 + ν2
3,

where

[x]+ =
{
x if x � 0,

0 if x < 0.

We will choose the boundary datum as follows

uξ0(x)=



u1
ξ0
(x)= α1x1 + α2x2

u2
ξ0
(x)= 0

u3
ξ0
(x)= 0




and hence

Duξ0(x)= ξ0 =
(
α1 α2
0 0
0 0

)
, adj2Duξ0(x)= adj2ξ0 =

(0
0
0

)
.

The problem is then

inf

{
I (u)=

∫

Ω

f
(
Du(x)

)
dx: u ∈ uξ0 +W1,∞

0

(
Ω;R3)

}
. (P)
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Note also thatQf (ξ0)= 0< f (ξ0)= 16.
In terms of the preceding notations we have

S =
{
y ∈ R3: Cg(y) < g(y)

}
=
{
y = (y1, y2, y3) ∈ R3: |y1|< 2

}
,

K =
{
ξ ∈ R3×2: Qf (ξ) < f (ξ)

}
=
{
ξ ∈ R3×2: adj2ξ ∈ S

}

and we observe thatCg is not affine onS, which in turn implies thatQf is not quasiaffine
onK.

The following result shows that the hypothesis of strict quasiconvexity ofQf is not
necessary fornonexistence.

PROPOSITION78. (P)has a solution if and only ifuξ0 ≡ 0. Moreover, Qf is not strictly
quasiconvex at anyξ0 ∈ R3×2 of the form

ξ0 =
(
α1 α2
0 0
0 0

)
.

PROOF.

Step1. We first show that if (P) has a solution thenuξ0 ≡ 0. If u ∈ uξ0 +W1,∞
0 (Ω;R3) is

a solution of (P) we necessarily have, denoting byν(ξ)= adj2ξ ,

∣∣ν1(Du)
∣∣= 2, ν2(Du)= ν3(Du)= 0

since

Qf (Duξ0)= Cg(adj2Duξ0)= Cg(0)= 0.

The three equations read as





∣∣u2
x1
u3
x2

− u2
x2
u3
x1

∣∣= 2,

u1
x1
u3
x2

− u1
x2
u3
x1

= 0,

u1
x1
u2
x2

− u1
x2
u2
x1

= 0.

(31)

Multiplying the second equation of (31) first byu2
x1
, then byu2

x2
, using the third equation

of (31), we get

0= u2
x1
u1
x1
u3
x2

− u2
x1
u1
x2
u3
x1

= u2
x1
u1
x1
u3
x2

− u1
x1
u2
x2
u3
x1

= u1
x1

(
u2
x1
u3
x2

− u2
x2
u3
x1

)
,

0= u2
x2
u1
x1
u3
x2

− u2
x2
u1
x2
u3
x1

= u2
x1
u1
x2
u3
x2

− u2
x2
u1
x2
u3
x1

= u1
x2

(
u2
x1
u3
x2

− u2
x2
u3
x1

)
.

Combining these last equations with the first one of (31), we find

u1
x1

= u1
x2

= 0 a.e.
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We therefore find that any solution of (P) should haveDu1 = 0 a.e. and henceu1 ≡
constant on each connected component ofΩ. Sinceu1 agrees withu1

ξ0
on the boundary

of Ω , we deduce thatu1
ξ0

≡ 0 and thusuξ0 ≡ 0, as claimed.

Step2. We next show that ifuξ0 ≡ 0, then (P) has a solution. It suffices to chooseu1 ≡ 0
and to solve

{∣∣u2
x1
u3
x2

− u2
x2
u3
x1

∣∣= 2 a.e. inΩ,

u2 = u3 = 0 on ∂Ω.

This is possible by virtue of, for example, Corollary 7.30 in [31].

Step3. We finally prove thatQf is not strictly quasiconvex at anyξ0 ∈ R3×2 of the form
given in the statement of the proposition. Indeed, let 0<R1< R2<R and denote byBR
the ball centered at 0 and of radiusR. Chooseλ,µ ∈ C∞(BR) such that

(1) λ= 0 on∂BR andλ≡ 1 onBR2,
(2) µ≡ 0 onBR��BR2, µ≡ 1 onBR1 and

∣∣µ2 +µ(x1µx1 + x2µx2)
∣∣< 2 for everyx ∈ BR.

This last condition (which is a restriction only inBR2�
�BR1) is easily ensured by choosing

appropriatelyR1, R2 andR.
We then chooseu(x)= uξ0(x)+ ϕ(x), where

ϕ1(x)= −λ(x)u1
ξ0
(x), ϕ2(x)= µ(x)x1 and ϕ3(x)= µ(x)x2.

We therefore have thatϕ ∈W1,∞
0 (BR;R3), adj2Du ≡ 0 onBR��BR2, while onBR2 we

have

adj2Du=
(
µ2 +µ(x1µx1 + x2µx2),0,0

)
.

We have thus obtained thatCg(adj2Du)≡ 0 and hence

Qf (ξ0 +Dϕ)≡Qf (ξ0)= 0.

This implies that (QP) has infinitely many solutions. However sinceϕ does not vanish
identically, we deduce thatQf is not strictly quasiconvex at anyξ0 of the given form. �

7.6. The problem of potential wells

The general problem of potential wells has been intensively studied by many authors in
conjunction with crystallographic models involving fine microstructures. The reference
paper on the subject is Ball and James [8]. It has then been studied by many authors in-
cluding Bhattacharya, Firoozye, James and Kohn, Dacorogna and Marcellini, De Simone
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and Dolzmann, Dolzmann and Müller, Ericksen, Firoozye and Kohn, Fonseca and Tartar,
Kinderlehrer and Pedregal, Kohn, Luskin, Müller and Sverak, Pipkin, Sverak, and we refer
to [31] for exact bibliographic references.

In mathematical terms the problem ofpotential wellscan be described as follows. Find
a minimizer of the problem

inf

{∫

Ω

f
(
Du(x)

)
dx: u ∈ uξ0 +W1,∞

0

(
Ω;Rn

)}
, (P)

whereΩ ⊂ Rn is a bounded open set,uξ0 is an affine map withDuξ0 = ξ0 andf :Rn×n →
R+ is such that

f (ξ)= 0 ⇐⇒ ξ ∈E =
m⋃

i=1

SO(n)Ai .

Them wells areSO(n)Ai, 1 � i �m (andSO(n) denotes the set of matricesU such that
U⊤U =UU⊤ = I and detU = 1).

The interesting case is when

ξ0 ∈ intRcoE,

and we have then that

Qf (ξ0)= 0.

Therefore by the relaxation theorem we have

inf(P)= inf(QP)= 0.

The existence of minimizers, sinceQf is affine on RcoE (indeedQf ≡ 0), for (P) is then
reduced to finding a functionu ∈ uξ0 +W1,∞

0 (Ω;Rn) so that

Du(x) ∈E =
m⋃

i=1

SO(n)Ai .

The problem is relatively well understood only in the cases of two wells, i.e.m = 2,
and in dimensionn= 2. It is this case that we briefly discuss now. We therefore have now
A,B ∈ R2×2 with 0< detA< detB and we want to findu ∈ uξ0 +W1,∞

0 (Ω;R2), where
Ω ⊂ R2 is a bounded open set, satisfying

Du(x) ∈ SO(2)A∪ SO(2)B a.e. inΩ.
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The first important result is to identify the set where the gradient of the boundary datum,
ξ0, should lie. This was resolved by Sverak [73] who showed that

RcoE =
{
ξ ∈ R2×2: there exist 0� α �

detB − detξ

detB − detA
,

0� β �
detξ − detA

detB − detA
R,S ∈ SO(2),

so thatξ = αRA+ βSB
}

while the interior is given by the same formulas with strict inequalities in the right-hand
side.

We therefore have the following theorem.

THEOREM 79. LetΩ ⊂ R2 be a bounded open set

ξ0 ∈ intRcoE.

Then there existsu ∈ uξ0 +W1,∞
0 (Ω;R2) such that

Du(x) ∈E = SO(2)A∪ SO(2)B a.e. inΩ

and therefore(P)has a solution.

This result was proved by Müller and Sverak [61] using the so-called method of convex
integration of Gromov [43] and by Dacorogna and Marcellini in [28] and [31] following
the approach presented in Section 4.4, and we refer to [31] for details.

The case where detA= detB > 0 can also be handled (cf. Müller and Sverak [62], see
also Dacorogna and Tanteri [37]), using the representation formula of Sverak [73], namely

RcoE =
{
ξ ∈ R2×2: there existR,S ∈ SO(2), 0� α,β � α + β � 1,

detξ = detA= detB so thatξ = αRA+ βSB
}
.
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1. Introduction

Bifurcation theory provides a bridge between thelinear world and the more complicated
nonlinearworld, and thus plays an important role in the study of various nonlinear prob-
lems. Nonlinear elliptic boundary value problems enjoy many nice properties that allow
the use of a variety of powerful tools in nonlinear functional analysis. In the past three
decades, bifurcation theory has been successfully combined with these tools to yield rather
deep results for elliptic problems. Traditionally bifurcation analysis was based on local lin-
earization techniques, but more and more global analysis is involved in modern bifurcation
theory. A highlight is the global bifurcation theory of Krasnoselskii and Rabinowitz (see
[Kr,Ra]), which is resulted from the use of topological degree theory, general set point
theory and a linearization consideration. The final result, generally known as Rabinowitz’s
global bifurcation theorem (to be recalled later), has played a fundamental role in prov-
ing a great number of existence results for elliptic problems. Making use of the maximum
principle, one can study elliptic problems in the framework of ordered Banach spaces. The
extra order structure greatly strengthens these abstract tools. An excellent presentation of
these techniques up to the late 1970s can be found in Amann’s by now classical review
article [Am].

In this chapter we intend to present some further results for elliptic boundary value
problems, where bifurcation theory plays an important role in the proofs; we will focus on
recent developments, well after [Am]. In Section 2 we discuss a new phenomenon, namely
bifurcation from infinity caused by spatial “degeneracy” in the nonlinearity and determined
by “boundary blow-up solutions”. In Section 3 we combine bifurcation argument and order
structure to study a system of elliptic equations, and demonstrate that, apart from multi-
plicity results, these techniques can be used to discuss the stability and the profiles of the
solutions. In Section 4 we present some recent fine techniques in determining the exact
number of positive solutions of elliptic equations over a ball; in particular, we give the
proof of a long standing conjecture on the perturbed Gelfand equation. In Section 5 we
discuss the usefulness of nodal properties of solutions in global bifurcation theory. Most
of the problems discussed here have an open ending; related problems and open questions
can be found in the remarks at the end of the sections or subsections.

The choice of the topics in this chapter is subjective, and the bibliography is by no
means complete. For clarity and simplicity, we present most of our results for problems
with a specific nonlinearity, with the hope that the interested reader can easily extend them
to more general situations.

We have not tried to make this chapter entirely self-contained. Most of the results pre-
sented here are proved in full, but some of them are only stated, with the proofs referred to
the relevant references. The proofs not given here are either very technical or less relevant
to our main theme here. We assume that the reader is familiar with the standard theory for
second-order linear elliptic equations (see [GT] and [PW]) and standard nonlinear func-
tional analysis (see [De]).

Some classical bifurcation theorems.We recall several classical bifurcation theorems
which form the corner stones for our analysis in this chapter; indeed, they are fundamental
in the development of the modern bifurcation theory in general.
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We first describe Rabinowitz’s global bifurcation theorem. LetE be a Banach space
andR1 denote the set of real numbers. We consider the nonlinear eigenvalue problem

u= λLu+H(λ,u), (λ,u) ∈ R1 ×E, (1.1)

whereL :E → E is a compact linear map,H :R1 × E → E is compact and continuous,
and is o(‖u‖) for u near 0 uniformly on boundedλ intervals. We assume thatH(λ,0)≡ 0,
and therefore we have the curve of trivial solutions{(λ,0): λ ∈ R1}. We are interested in
the existence ofnontrivial solutions(λ,u) ∈ R1 ×E and will denote the closure of the set
of nontrivial solutions of (1.1) byS .

Let r(L) denote the set ofµ ∈ R1 such that there existsv ∈ E \ {0} with v = µLv.
It is well known that the possible bifurcations points for (1.1) with respect to the curve of
trivial solutions lie in the set{(µ,0): µ ∈ r(L)}; moreover, ifµ ∈ r(L) is of odd (algebraic)
multiplicity, then(µ,0) is a bifurcation point, see [Kr].

THEOREM 1.1 (Rabinowitz’s global bifurcation theorem [Ra]).Under the above assump-
tions, if µ ∈ r(L) is of odd(algebraic) multiplicity, thenS possesses a maximal subcontin-
uumSµ such that(µ,0) ∈ Sµ andSµ either

(i) meets infinity inR1 ×E, i.e., Sµ is unbounded, or
(ii) meets(µ̂,0), whereµ̂ ∈ r(L) \ {µ}.

Next we recall two local bifurcation theorems due to Crandall and Rabinowitz
[CR1,CR2]. LetE1,E2 be Banach spaces andJ = (a, b) an open interval inR1. Let
N(L) andR(L) denote the null space and range of a linear mapL between Banach spaces.

THEOREM 1.2 (Bifurcation from a simple eigenvalue [CR1]).Let E1,E2 and J be as
above. Suppose thatU is a neighborhood of0 in E1, λ0 ∈ J andF :J ×U →E2 has the
following properties:

(a) F(λ,0)≡ 0 for λ ∈ J ,
(b) the partial derivativesFλ,Fu andFλu exist and are continuous,
(c) dimN(Fu(λ0,0))= codimR(Fu(λ0,0))= 1,
(d) Fλu(λ0,0)u0 /∈R(Fu(λ0,0)), whereu0 ∈E1 spansN(Fu(λ0,0)).

Let Z be any complement ofspan{u0} in E1. Then there exists an open intervalJ0 con-
taining 0 and continuously differentiable functionsλ :J0 → R1 andψ :J0 → Z such that
λ(0)= λ0,ψ(0)= 0,and ifu(s)= su0 + sψ(s), thenF(λ(s), u(s))= 0.Moreover, the so-
lution set ofF(λ,u)= 0 near(λ0,0) consists precisely of the curves{(λ(s), u(s)): s ∈ J0}
and{(λ,0): λ ∈ J }.

If the equationF(λ,u) = 0 in Theorem 1.2 can be written in the form of (1.1), then
conditions (c) and (d) of Theorem 1.2 become

dimN(λ0L− I )= codimR(λ0L− I )= 1

and

u0 /∈R(λ0L− I ) if N(λ0L− I )= span{u0}.
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If λ0 ∈ r(L) has the above properties, then one says that 1/λ0 is asimple eigenvalueof L.
Therefore Theorem 1.2 is usually known as the theorem of bifurcation from a simple eigen-
value; it provides a much better description of thelocal bifurcation branch.

Both Theorems 1.1 and 1.2 describe the situation that a nontrivial solution branch bi-
furcates from a trivial solution curve. The following theorem describes the situation that
a solution curve “changes direction” in the(λ,u) space. As will be discussed later, this
theorem plays a vital role in obtainingexact multiplicityresults.

THEOREM 1.3 (Turning point theorem [CR2]).LetE1,E2 andJ be as in Theorem1.2.
Suppose thatV is a neighborhood ofv0 in E1, λ0 ∈ J andF :J ×V →E2 is continuously
differentiable and has the following properties:

(a) F(λ0, v0)= 0,
(b) dimN(Fu(λ0, v0))= codimR(Fu(λ0, v0))= 1,
(c) Fλ(λ0, v0) /∈R(Fu(λ0, v0)).

Let Z be any complement ofspan{u0} in E1, whereu0 ∈ E1 spansN(Fu(λ0, v0)). Then
there exists an open intervalJ0 containing0 and continuously differentiable functions
λ :J0 → R1 andτ :J0 →Z such thatλ(0)= λ0, λ′(0)= 0,τ(0)= τ ′(0)= 0,and ifu(s)=
v0 + su0 + τ(s), thenF(λ(s), u(s)) = 0. Moreover, the solution set ofF(λ,u) = 0 near
(λ0, v0) consists precisely of the curve{(λ(s), u(s)): s ∈ J0}. Furthermore, if F is k-times
continuously differentiable(analytic), so areλ(s) andτ(s).

Note that if we can somehow determine the sign ofλ′′(0) in Theorem 1.3, then we
would know in which direction the solution curve is bent near(λ0, v0). For example, if
λ′′(0) < 0, then the solution curve is bent to the left, i.e., for values ofλ less thanλ0. In the
caseλ′′(0)= 0, it is possible that the solution curve does not change direction at(λ0, v0)

but behaves like the curvex = y3 at (0,0) in thexy-plane.

2. Bifurcation from infinity by spatial degeneracy

In this section we use the problem

−�u= λu− b(x)|u|p−1u, u|∂Ω = 0, (2.1)

to demonstrate how bifurcation from infinity can be caused byb(x) vanishing in a subset of
the underlying domainΩ . We call this behavior ofb(x) a degeneracy in (2.1). HereΩ is
a bounded smooth domain inRN , p > 1 andb(x) is a continuous nonnegative function
over �Ω . Positive solutions of problem (2.1) can be regarded as steady-states of a biological
species over the spatial regionΩ , whose growth is governed by adegeneratelogistic law.
Whenb(x) is replaced byb(x) + ε with a small positive constantε, (2.1) describes the
steady-states of a species governed by aclassicallogistic law. We will make use of (2.1)
to study the perturbed problem and reveal that, for smallε, the profile (or pattern) of the
positive solutions for the perturbed problem can be determined rather completely. This is
of interest in population biology; we will also use these results in Section 3.



132 Y. Du

2.1. Bifurcation from infinity and boundary blow-up problems

We consider positive solutions of (2.1); as will become clear soon, for this case, the theory
is rather complete. We note that by the strong maximum principle, a nontrivial nonnegative
solution of (2.1) must be strictly positive insideΩ . We assume that�Ω0 := b−1(0), where
Ω0 is an open connected set whose closure is contained inΩ , and both∂Ω and∂Ω0 are
smooth (say,C2). We denote byλΩ1 andλΩ0

1 the first eigenvalues of−� under Dirichlet
boundary conditions overΩ andΩ0, respectively. In general, we useλD1 (φ) to denote the
first eigenvalue of−�+ φ overD under Dirichlet boundary conditions.

If (2.1) has a positive solution, then we write (2.1) in the form

−�u+
(
b(x)up−1)u= λu

and obtain thatλΩ1 (b(x)u
p−1) = λ. Using the well-known monotonicity properties of

λD1 (φ), we deduce

λΩ1 < λ
Ω
1

(
b(x)up−1)< λΩ0

1

(
b(x)up−1)= λΩ0

1

sinceb(x)= 0 onΩ0. Therefore we have the necessary condition,

λΩ1 < λ< λ
Ω0
1 , (2.2)

for (2.1) to possess a positive solution. We claim that (2.2) is also a sufficient condition
for the existence of a positive solution of (2.1). This can be proved by combining a global
bifurcation argument with an a priori bound result. Indeed, by a standard application of
Rabinowitz’s global bifurcation result, we know that there is a global branch of positive
solutionsΓ := {(λ,u)} bifurcating from the trivial solution curve{(λ,0)} at (λΩ1 ,0). By
the maximum principle and the fact thatλΩ1 is a simple eigenvalue, we conclude that the
second alternative in Theorem 1.1 cannot occur and henceΓ has to be unbounded in the
spaceR1 ×C1(�Ω).

LEMMA 2.1. For any smallδ > 0, there existsC = Cδ > 0 such that any positive solution
of (2.1)with λ� λ

Ω0
1 − δ satisfies‖u‖C1(�Ω) � C.

PROOF. By the standardLp-theory for elliptic equations and the Sobolev embedding the-
orems, we only need to show the bound in theL∞(Ω) norm. Indeed, if we have the bound
for u in L∞(Ω), then the right-hand side of (2.1) has a bound inL∞(Ω). By theLp-theory,
this implies thatu has a bound inW2,q(Ω) for anyq > 1. Then the Sobolev embedding
theorem shows thatu has a bound inC1(�Ω).

From the continuous dependence ofλD1 onD, we can find a small neighborhood ofΩ0,
sayΩσ0 := {x ∈ Ω: d(x,Ω0) < σ }, so thatλΩ

σ
0

1 > λ
Ω0
1 − δ. Let φσ be a positive eigen-

function corresponding toλΩ
σ
0

1 . Then extendφσ |Ωσ/20
to a smooth positive function over�Ω ,

which we denote byφ. Then it is easily checked that there existsM0 > 0 large such that
for anyλ ∈ (λΩ1 , λ

Ω0
1 − δ] and allM �M0,Mφ is an upper solution of (2.1). By the well-

known Serrin’s sweeping principle (see, e.g., Theorem 2.7.1 in [Sa]), we can conclude that
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any positive solution of (2.1) satisfiesu�M0φ in Ω . This proves the a priori bound in the
L∞(Ω) norm, as required. �

By Lemma 2.1 (and its proof), we see that the global branchΓ of positive solu-
tions of (2.1) can become unbounded only through a sequence{(λn, un)} ⊂ Γ satisfying
λn → λ

Ω0
1 and‖un‖∞ → ∞. In particular, we have proved that (2.1) has a positive so-

lution if and only if (2.2) holds. Moreover,(λΩ1 ,0) is a point of bifurcation from 0, and
(λ
Ω0
1 ,∞) is a point of bifurcation from infinity.
Taking advantage of the special nonlinearity in (2.1), we can show that it has a unique

positive solution when (2.2) holds. Indeed, for any fixedλ satisfying (2.2), we can use the
family of upper solutions constructed in the proof of Lemma 2.1 and a standard iteration
technique to conclude that (2.2) has a maximal positive solutionu∗. If u is any other posi-
tive solution to (2.1), then applying the strong maximum principle to the equation satisfied
by u∗ − u we find thatu∗ − u > 0 inΩ . Therefore we have

λ= λΩ1
(
b(x)

(
u∗)p−1)

> λΩ1
(
b(x)up−1)= λ.

This contradiction proves the uniqueness.
For eachλ satisfying (2.2), if we denote the unique positive solution of (2.1) byuλ, then

the global bifurcation branchΓ can be expressed asΓ = {(λ,uλ): λΩ1 < λ < λ
Ω0
1 }. Near

the end point(λΩ1 ,0) of Γ , the local bifurcation theorem, Theorem 1.2, gives a detailed
description of the behavior ofΓ ; here one relies on a linear eigenvalue problem. To better
understandΓ near its other end point(λΩ0

1 ,∞), instead of a linear problem, we need the
following nonlinear boundary blow-up problem

−�u= λu− b(x)up in Ω \ �Ω0, u|∂Ω0 = ∞, u|∂Ω = 0. (2.3)

Here byu|∂Ω0 = ∞, we mean

u(x)→ ∞ whend(x, ∂Ω0)→ 0.

We have the following result (see [DH], Theorem 2.4).

PROPOSITION2.2. For anyλ ∈ R1, problem(2.3)has at least one positive solution. More-
over, it has a maximal positive solution�Uλ and a minimal positive solutionU λ in the sense
that any other positive solutionu satisfiesU λ � u� �Uλ.

REMARK 2.3. If there exist constantsα � 0 andβ2> β1> 0 such that, for allx ∈Ω \ �Ω0
near∂Ω0,

β1
[
d(x, ∂Ω0)

]α
� b(x)� β2

[
d(x, ∂Ω0)

]α
,

then it is proved in [Du6], Theorem 3.2, that (2.3) has a unique positive solution. Whether
the positive solution of (2.3) is unique without any extra condition onb(x) is an open
problem.
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The following result gives a rather complete description ofuλ for λ close toλΩ0
1 .

THEOREM 2.4. Denoteλ0 := λΩ0
1 . Then

(i) uλ → ∞ uniformly on �Ω0 asλ increases toλ0,
(ii) uλ →U λ0

uniformly in any compact subset of�Ω \ �Ω0 asλ increases toλ0.

PROOF. We first observe thatuλ increases asλ increases. This follows from a simple
upper and lower solution consideration, together with the uniqueness ofuλ. Suppose
λΩ1 < λ< λ

′ < λΩ0
1 . Thenuλ′ is an upper solution of (2.1). Ifφ is a positive eigenfunction

corresponding toλΩ1 , then it is easy to see thatεφ < uλ′ and is a lower solution to (2.1) for
all small positiveε. Therefore (2.1) has a positive solutionu satisfyingεφ < u < uλ′ . We
must haveu= uλ as (2.1) has a unique positive solution. Thereforeuλ < uλ′ .

The monotonicity ofuλ in λ implies that if we can prove (i) and (ii) along a sequence
λn → λ0, then the same conclusions hold forλ→ λ0. Let {δn} be a sequence of positive
numbers decreasing to 0 such that

Ωn :=
{
x ∈Ω: d(x,Ω0) < δn

}
⊂⊂Ω ∀n� 1.

Denoteλn = λΩn1 . ThenλΩ1 < λn < λ0 andλn increases toλ0 asn→ ∞. To simplify
notation, we writeun = uλn . The proof below is divided into four steps.

STEP 1. un(x)→ ∞ uniformly in any compact subset ofΩ0.

Let φ0 be the positive eigenfunction corresponding toλ0 = λ
Ω0
1 normalized by

‖φ0‖∞ = 1. LetK be an arbitrarily given compact subset ofΩ0. Define

α0 := inf
x∈Ω0

u1(x), β0 := min
x∈K

φ0(x).

Clearly

α0> 0, β0> 0, un(x)� u1(x)� α0 ∀x ∈Ω0,∀n� 1. (2.4)

Given any large numberM > 0, we can find an open connected setK∗ satisfyingK ⊂
K∗ ⊂⊂Ω0 such that

φ0(x) <
α0β0

2M
∀x ∈ ∂K∗. (2.5)

By a standard interior regularity argument,φn → φ0 uniformly onK∗, whereφn is given
by

−�φn = λnφn, φn|∂Ωn = 0, φn � 0,‖φn‖∞ = 1.
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Thus, by (2.5) and the definition ofβ0, for all largen,

M

β0
φn(x) < α0 ∀x ∈ ∂K∗,

M

β0
φn(x) >

M

2
∀x ∈K. (2.6)

Recall thatb(x) = 0 onK∗. Henceun and(M/β0)φn satisfy the same equation−�u =
λnu. It now follows from (2.4) and (2.6) that(M/β0)φn andun are, respectively, lower and
upper solutions of the problem

−�u= λnu in K∗, u|∂K∗ = α0.

As λn < λ0< λ
K∗
1 , it follows from the maximum principle that, for all largen,

un(x)�
M

β0
φn(x)�

M

2
∀x ∈K ⊂K∗.

SinceM > 0 is arbitrary, this shows limn→∞ un(x) = ∞ uniformly in K . This proves
Step 1.

Since∂Ω0 is C2, it satisfies a uniform interior ball condition: There existsR > 0 such
that for anyx ∈ ∂Ω0, there is a ballBx of radiusR such thatBx ⊂ �Ω0 andBx ∩∂Ω0 = {x}.

STEP 2. Letxn ∈ ∂Ω0 be such that

un(xn)= min
x∈∂Ω0

un(x).

If {un(xn)} is bounded, then we can find a constantσ > 0 and a sequencecn → ∞ such
that

un(x)� un(xn)+ cnψ(x), whenever
R

2
� |x − yn| �R, (2.7)

whereψ(x)= e−σ |x−yn|2 − e−σR2
andyn is the center of the ballBxn .

A simple calculation gives

�ψ + λnψ =
(
4σ 2|x − yn|2 − 2Nσ + λn

)
e−σ |x−yn|2 − λne−σR2

.

We can choose a largeσ > 0 such that

−�ψ(x)� λnψ(x) ∀x ∈ Bxn \BR/2(yn),

whereBR/2(yn)= {x ∈ RN : |x − yn|<R/2}.
Choose a compact setK ⊂⊂ Ω0 such thatK ⊃ ⋃∞

n=1BR/2(yn). By Step 1 and the
assumption that{un(xn)} is bounded, we can find a sequencecn → ∞ such that

un(x)� un(xn)+ cn
(
e−σR2/4 − e−σR2) ∀x ∈ BR/2(yn)⊂K.
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On the other hand, sinceλn < λ0, by the maximum principle,un(x) � un(xn) ∀x ∈ Ω0.
In particular,un(x) � un(xn) on ∂Bxn . Thus we see thatun is an upper solution to the
problem

{
−�u= λnu in Bxn \ �BR/2(yn),
u|∂Bxn = un(xn), u|∂BR/2(yn) = un(xn)+ cn

(
e−σR2/4 − e−σR2)

.
(2.8)

But clearly, un(xn) + cnψ(x) is a lower solution to (2.8). Hence, sinceλn < λ0 <

λ
(Bxn\�BR/2(yn))
1 , by the maximum principle,

un(x)� un(xn)+ cnψ(x), whenever
R

2
� |x − yn| �R,

as required.

STEP 3. limn→∞ un(x)= ∞ uniformly on �Ω0.

By the maximum principle, it suffices to show that

un(xn)= min
x∈∂Ω0

un(x)→ ∞.

We argue indirectly. Suppose that this is not true. Then by passing to a subsequence, we
may assume that{un(xn)} is bounded:un(xn)� C for all n.

Clearlyun is an upper solution to

−�u= λnu− b∗up in Ω \ �Ω0, u|∂Ω0 = un(xn), u|∂Ω = 0, (2.9)

whereb∗ = ‖b‖∞. Since 0 is a lower solution, we see that (2.9) has a positive solution
vn � un. Replacingun(xn) in (2.9) by its upper boundC, we similarly obtain a positive
solutionV of (2.9) satisfyingvn � V onΩ \Ω0. In particular,‖vn‖L∞(Ω\Ω0) is bounded.
Then theLp estimates and the Sobolev embedding theorems imply that{vn} is bounded in
C1(�Ω \Ω0). In particular,|∇vn(xn)| is bounded. Since

un(x)� vn(x) ∀x ∈Ω \Ω0 and un(xn)= vn(xn),

we have

∂un(xn)

∂νn
�
∂vn(xn)

∂νn
� C0

for someC0> 0, whereνn = (yn − xn)/|yn − xn|, andyn is as in Step 2.
On the other hand, by Step 2,

∂un(xn)

∂νn
� cn

∂ψ(xn)

∂νn
= cn

[
2σRe−σR2]→ ∞
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asn→ ∞. This contradiction finishes the proof of Step 3.

STEP 4. For any compact setK ⊂ �Ω \ �Ω0, un → �Uλ0 in C1(K) asn→ ∞.

Here we need the following comparison result.

LEMMA 2.5. Suppose thatD is a bounded domain, α(x) and β(x) are continuous
functions inD with ‖α‖∞ <∞, and β(x) is nonnegative and not identically zero. Let
u1, u2 ∈ C1(D) be positive inD and satisfy, in the weak sense,

Lu1 + α(x)u1 − β(x)g(u1)� 0� Lu2 + α(x)u2 − β(x)g(u2), x ∈D,

and

lim
x→∂D

(u2 − u1)� 0,

whereLu=∑ij [aij (x)uxi ]xj is a uniformly elliptic operator with smooth coefficientsaij ,
and g(u) is continuous and such thatg(u)/u is strictly increasing foru in the range
infD{u1, u2}< u< supD{u1, u2}. Thenu2 � u1 in D.

Lemma 2.5 was proved in [DM], Lemma 2.1, whenu1 andu2 areC2; the same proof
works if they are onlyC1.

Applying Lemma 2.5 we find thatun � un+1 � U λ0
. Hence limn→∞ un(x) = u∞(x)

exists andu∞(x)� U λ0
. It follows thatu∞ satisfies (2.3) withλ= λ0. Here the fact that

u∞ = ∞ on ∂Ω0 follows from un(x) � un+1(x) andun(x)→ ∞ uniformly on ∂Ω0 by
Step 3. SinceU λ0

is the minimal solution, we necessarily haveu∞ =U λ0
.

Using Sobolev embedding theorems andLp estimates, we easily see thatun → U λ0
in

C1(K) asn→ ∞, for any compact setK ⊂ �Ω \ �Ω0. This proves Step 4 and hence finishes
our proof of Theorem 2.4. �

2.2. Perturbation and patterned solutions

If we replaceb(x) by b(x) + ε in (2.1), we will see that its global bifurcation branch
of positive solutionsΓε differs considerably fromΓ , no matter how small is the positive
constantε. In this subsection we examine closely the evolution ofΓε asε decreases to 0.
We will see that some solutions onΓε develop a sharp pattern asε→ 0, others do not. So
we consider the problem

−�u= λu−
[
b(x)+ ε

]
up, u|∂Ω = 0. (2.10)

As is well known, a standard global bifurcation consideration can be applied
to (2.10) to yield an unbounded global branch of positive solutionsΓε := {(λ,u)}, bi-
furcating from the trivial solution curve at(λΩ1 ,0). Moreover, (2.10) can have a positive
solution only ifλ > λΩ1 ; this can be proved by the same trick used to prove (2.2). For any
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givenΛ> 0 and allλ�Λ, we can findM :=MΛ > 0 large such that any constantC �M
is an upper solution of (2.10). Analogous to Lemma 2.1, this gives an a priori bound for all
positive solutions of (2.10) withλ <Λ. ThereforeΓε can only become unbounded through
λ→ ∞. Furthermore, (2.10) has a unique positive solutionuελ for anyλ > λΩ1 , which can
be proved by the same argument used for (2.1). Therefore

Γε =
{(
λ,uελ

)
: λ > λΩ1

}
.

The following result describes howΓε evolves asε→ 0.

THEOREM 2.6. Letuλ anduελ be the unique positive solutions to(2.1)and(2.10),respec-
tively. Then the following hold.

(i) If λΩ1 < λ< λ
Ω0
1 , thenuελ → uλ uniformly on �Ω asε→ 0.

(ii) If λ� λ
Ω0
1 , then

(a) uελ → ∞ uniformly on �Ω0 asε→ 0,
(b) uελ →U λ uniformly on compact subsets of�Ω \ �Ω0 asε→ 0.

PROOF. Recall that by an upper and lower solution consideration and the uniqueness ofuλ,
we deduced thatuλ(x) is increasing inλ. The same consideration can be used to show that
uελ(x) is increasing inλ, decreasing inε, and

uελ(x) < uλ(x) (2.11)

whenever both exist. (One can also apply Lemma 2.5 to prove these properties.)
Suppose nowλΩ1 < λ < λ

Ω0
1 . Then by (2.11), we know that{uελ: ε > 0} is bounded

in L∞(Ω). By elliptic regularity and the Sobolev embedding theorem, we see that{uελ:
ε > 0} is compact inC1(�Ω). Sinceε→ uελ(x) is decreasing, (2.11) implies thatu0

λ(x) :=
limε→0u

ε
λ(x) exists for allx ∈ Ω . The above compactness conclusion then implies that

uελ → u0
λ in C1(�Ω) and furthermore,u0

λ is a positive solution of (2.1). Therefore we must
haveu0

λ = uλ, due to uniqueness. This proves conclusion (i) of the theorem.

We next prove conclusion (ii). So we assume thatλ� λ
Ω0
1 .

Let

mε = min
x∈ �Ω0

uε(x)= uε(xε), xε ∈ �Ω0.

We claim thatmε → ∞ asε→ 0. Clearly this implies part (a). We prove this claim by an
indirect argument and divide the proof into several steps.

STEP 1. If mε �M for some constantM and all ε > 0, thend(xε, ∂Ω0)→ 0.

Sinceλ� λ
Ω0
1 (φ), we must have‖uε‖L∞(Ω) → ∞ asε→ 0, for otherwiseuε increases

to a positive solution of (2.1) withε = 0 asε decreases to 0, contradicting the fact that
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(2.2) is a necessary condition for (2.1) to possess a positive solution. Let us now pick up a
sequenceεn → 0, and definêun = un/‖un‖∞, whereun = uεnλ . We easily see that

−�ûn = λûn −
[
b(x)+ εn

]
‖un‖p−1

∞ û
p
n , ûn|∂Ω = 0.

It follows that

−�ûn � λûn. (2.12)

Therefore
∫

Ω

|∇ûn|2 dx � λ

∫

Ω

û2
n dx � λ|Ω|,

and {ûn} is bounded inW1,2
0 (Ω). This implies that, subject to a subsequence,ûn con-

verges weakly inW1,2
0 (Ω) and strongly inLq(Ω) (for all q > 1) to someû ∈W1,2

0 (Ω).
We claim thatû �≡ 0. Indeed, ifû = 0, then fromûn → 0 in Lq(Ω) for all q > 1 we
deduce(−�)−1ûn → 0 in theC1 norm; in particular,(−�)−1ûn → 0 uniformly inΩ .
From (2.12) we deduce

0� ûn � λ(−�)−1ûn → 0,

contradicting the fact that‖ûn‖∞ = 1. This proves that̂u �≡ 0.
An application of Lemma 2.5 shows thatun is bounded from above byU λ onΩ+ :=

Ω \ �Ω0. From this we easily see thatû ≡ 0 onΩ+. Thus, as∂Ω0 is smooth,û|Ω0 ∈
W

1,2
0 (Ω0).
If ‖un‖∞ = u(xn), xn ∈Ω . Then by Bony’s maximum principle (see [Bo] and [L]), there

exists a sequencẽxk → xn such that limk→∞�un(x̃k) � 0 and hence, from the equation
for un, we obtain

0� λun(xn)−
[
b(xn)+ εn

]
un(xn)

p.

It follows thatεn‖un‖p−1
∞ � λ. Hence we may assume thatεn‖un‖p−1

∞ → ξ for someξ � 0.
Now we multiply the equation for̂un by an arbitraryψ ∈ C∞

0 (Ω0) and integrate
overΩ0, and pass to the limitn→ ∞, to obtain that

∫

Ω0

∇û · ∇ψ dx =
∫

Ω0

(
λû− ξ ûp

)
ψ dx.

That is to say that̂u|Ω0 is a weak solution to

−�u=
(
λ− ξup−1)u, u|∂Ω0 = 0.

By the weak Harnack inequality, we deduceû > 0 inΩ0.
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From the equation for̂un, we see that−�ûn is uniformly bounded on�Ω0. By standard
interiorLp-theory for elliptic equations (see [GT]), we find thatûn is bounded inW2,q(Ω ′)
for anyq > 1 and any compact subdomainΩ ′ of Ω0. By the Sobolev embedding theorem
(see [GT]), we know that subject to a subsequence,ûn → û in C1(�Ω ′). As û > 0 onΩ0,
and‖un‖∞ → ∞, we find thatun(x)→ ∞ uniformly on any compact subset ofΩ0. As
ε→ uελ is monotone,uελ → ∞ uniformly on any compact subset ofΩ0 asε→ 0. Thus we
must haved(xε, ∂Ω0)→ 0 asε→ 0.

STEP 2. If mε <M for someM and allε > 0, then{∂uελ(xε)/∂νε} is bounded from above,
whereνε is a unit vector inRN to be specified later.

It suffices to show that, for any sequenceεn → 0, {∂uεnλ (xεn)/∂νεn} has a subsequence
which is bounded from above. Let us denote

un = uεnλ , xn = xεn and Ωn =
{
x ∈Ω0: d(x, ∂Ω0)� d(xn, ∂Ω0)

}
.

Note that ifxn ∈ ∂Ω0, thenΩn =Ω0, and ifΩn is different fromΩ0, then for largen, it
is close toΩ0 by Step 1. Thus for anyΩ ′ ⊂⊂Ω0,Ω ′ ⊂⊂Ωn for all largen. Clearlyun is
an upper solution to the problem

−�u= λu−
[
b(x)+ 1

]
up in Ω \ �Ωn, u|∂Ω = 0, u|∂Ωn = un(xn), (2.13)

and 0 is a lower solution. Therefore (2.13) has a positive solutionvn satisfying 0� vn � un
in Ω \Ωn. As un(xn)= vn(xn), it follows that

∂un(xn)

∂νn
�
∂vn(xn)

∂νn
,

whereνn is the unit normal vector of∂Ωn at xn pointing inward ofΩn. Thus it suffices to
show that∂vn(xn)/∂νn is bounded.

ClearlyC0 := max{λ1/(p−1),M} is an upper solution to (2.13). By Lemma 2.5, we con-
clude thatvn � C0. This implies that−�vn has anL∞ bound onΩ \Ωn which is inde-
pendent ofn. Since, furthermore,

(1) vn|∂Ωn is a constant which has a bound independent ofn, and
(2) for all largen, ∂Ωn is as smooth asΩ0 with the smoothness not depending onn,

by theLp-theory of elliptic equations up to the boundary (see, e.g., [GT]), we see that, for
anyq > 1, ‖vn‖W2,q (Ω\Ωn) has a bound independent ofn. By Sobolev embeddings and the
uniform smoothness ofΩn, this implies that‖vn‖C1(�Ω\Ωn) has a bound independent ofn.
In particular{|∇vn(xn)|} is bounded, and thus{∂vn(xn)/∂νn} is bounded, as required.

STEP 3. mε → ∞ asε→ 0.

Otherwise we can find a sequenceεn → 0 such thatmεn is bounded. By Step 2,
{∂un(xn)/∂νn} is bounded from above, whereνn is the unit normal vector of∂Ωn at xn
pointing inward ofΩn. Here we follow the notation in Step 2. We show that this is impos-
sible, and hence proving the claim. For all largen, ∂Ωn is as smooth as∂Ω0 and hence it
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satisfies a uniform interior ball condition: There existsR > 0 such that for any largen and
x ∈ ∂Ωn, one can find a closed ballBx of radiusR such thatBx ⊂ �Ωn andBx ∩∂Ωn = {x}.
Let yn denote the center ofBxn and define

ψ(x)= e−σ |x−yn|2 − e−σR2
,

whereσ is a positive number to be specified. We may assume thatεn < 1 for all n. Then,
for any constantc satisfying 1< c < ε−1/p

n andx ∈ Bxn \Bn, whereBn = {x: |x − yn|<
R/2}, we have

�
[
un(xn)+ cψ

]
+ λ
[
un(xn)+ cψ

]
− εn

[
un(xn)+ cψ

]p

� ce−σ |x−yn|2[4σ 2|x − yn|2 − 2Nσ
]
− εncp

[
un(xn)

c
+ψ

]p

� ce−σR2(
σ 2R2 − 2Nσ

)
−
[
un(xn)+ψ

]p

> 0,

if σ , c andn are large enough. We fixσ at such a value.
Choose a compact setK ⊂⊂ Ω0 such thatK ⊃ ⋃∞

n=1B
n. By the proof of Step 1,

un → ∞ onK . Hence we can find a sequencecn → ∞ satisfyingcn � ε
−1/p
n and

un(x)�M + cnψ |∂Bn for all x ∈ ∂Bn ⊂K.

Thus,un is an upper solution to the problem

{−�u= λu− εnup in Bxn \Bn,
u|∂Bxn = un(xn), u|∂Bn = un(xn)+ cnψ |∂Bn .

By our choice ofσ , for all largen, un(xn)+ cnψ is a lower solution to this problem. Using
Lemma 2.5 we deduceun � un(xn)+ cnψ in Bxn \Bn, and it follows that

∂un(xn)

∂νn
� cn

∂ψ(xn)

∂νn
= cn2σRe−σR2 → ∞.

This contradicts the conclusion in Step 2. Thus the claim and hence part (a) in conclu-
sion (ii) of the theorem is proved.

It remains to prove part (b). By the above proved part (a), we see thatun|∂Ω0 → ∞
uniformly asn → ∞. By Lemma 2.5 we deduceun � un+1 � U λ. Thereforeun →
u0 � U λ asn→ ∞. It follows that u0 is a positive solution of (2.3). SinceU λ is the
minimal positive solution, we must haveu0 =U λ. The proof is complete. �
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It was proved in [Du3], Part II, Proposition 2.3, that the minimal positive solutionU λ
varies continuously withλ ∈ R1 in the spaceX := C(Ω+ ∪ ∂Ω), whereΩ+ :=Ω \ �Ω0,
andX has the metric defined by

d(u, v)=
∞∑

n=1

2−ndn(u, v)
1+ dn(u, v)

with

dn(u, v)= ‖u− v‖C(Ωn), Ωn :=
{
x ∈ �Ω+: d(x, ∂Ω0)�

δ

n

}
,

whereδ > 0 is small enough. This implies that

Γ∞ :=
{
(λ,U λ): λ ∈ R1}

is a continuous curve inR1 ×C(Ω+ ∪ ∂Ω). If we define

Ũ λ(x)=
{+∞, x ∈ �Ω0,

U λ(x), x ∈Ω+,

and consider̃Γ∞ = {(λ, Ũ λ): λ ∈ R1} as a continuous bifurcation curve at infinity, then
Theorems 2.4 and 2.6 can be interpreted as follows:

(i) The positive solution curveΓ = {(λ,uλ)} of (2.1) bifurcates from the trivial solu-
tion curveΓ0 = {(λ,0)} at λ = λΩ0 , then joins the bifurcation curve from infinitỹΓ∞ at

λ= λΩ0
1 .

(ii) Asε→ 0, the positive solution curveΓε = {(λ,uελ)} of (2.10)approachesΓ when

λ ∈ (λΩ1 , λ
Ω0
1 ), and it approaches̃Γ∞ whenλ� λ

Ω0
1 .

In order to better understand the profile ofuελ (which is the unique positive solution
of (2.10)), we considerwελ := εp−1uελ. It is easily seen thatwελ is the unique positive solu-
tion of the problem

−�w = λw−
[
1+ ε−1b(x)

]
wp, w|∂Ω = 0. (2.14)

If λ ∈ (λΩ1 , λ
Ω0
1 ), then by Theorem 2.6(i), we see thatwελ → 0 uniformly inΩ asε→ 0.

We now consider the case thatλ > λΩ0
1 . If we denote byθλ the unique positive solution of

−�w = λw−wp, w|∂Ω = 0,

then by Lemma 2.5 we see thatwελ � θλ. Also by Lemma 2.5, we find thatwελ is non-
increasing withε. Thereforew0

λ(x) = limε→0w
ε
λ(x) ∈ [0, θλ(x)] exists. Furthermore, on

any compact subsetK of Ω0, −�wελ = λwελ − (wελ)p has anL∞ bound from above
independent ofε. By the Lp estimates and Sobolev embedding theorem we find that
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wελ converges tow0
λ in C1(K). By Theorem 2.6(ii)(b), we see thatwελ → 0 uniformly

on any compact subset of�Ω \ �Ω0. It follows thatw0
λ = 0 over �Ω \ �Ω0.

Let θ0
λ denote the unique positive solution of

−�w = λw−wp, w|∂Ω0 = 0. (2.15)

By Lemma 2.5 we obtainwελ � θ0
λ . Thereforew0

λ � θ0
λ in Ω0. We show thatw0

λ = θ0
λ

in Ω0. Indeed, from the inequality−�wελ � λwελ � λθλ we deduce that{wελ} is bounded
in W1,2

0 (Ω) and therefore by a compactness argument,wελ →w0
λ weakly inW1,2

0 (Ω) and
strongly inLq(Ω) for any q > 1 (we also use the fact that‖wελ‖∞ is bounded). Since

w0
λ = 0 inΩ+ and∂Ω0 is smooth, we conclude thatw0

λ|Ω0 ∈W1,2
0 (Ω0). It follows easily

thatw0
λ|Ω0 is a week positive solution of (2.15). By standard elliptic regularity,w0

λ is also
a classical positive solution. Butθ0

λ is the unique such solution. Thereforew0
λ = θ0

λ in Ω0.
We now find thatw0

λ is a continuous function in�Ω , and asε→ 0,wελ →w0
λ in Lq(Ω),

and the convergence is uniform on any compact subset of�Ω \ ∂Ω0. We claim that this
convergence is uniform over�Ω . From the above discussions, it is clear that we need only
prove the following conclusion: For any givenδ > 0, there existsσ0> 0 so that

wελ(x) < δ ∀ε ∈ (0, σ0),∀x ∈ Sσ0 :=
{
x ∈Ω: d(x, ∂Ω0) < σ0

}
. (2.16)

DenoteΩσ = {x ∈ Ω: d(x,Ω0) < σ }. Sinceλ > λΩ0
1 , for all smallσ > 0, λ > λΩσ1 .

Therefore the problem

−�w = λw−wp, w|∂Ωσ = 0,

has a unique positive solutionθσλ . If we extendθσλ to be 0 outsideΩσ , then a simple
compactness argument shows thatθσλ → θ0

λ asσ → 0 uniformly inΩ . In particular, we
can findσ1> 0 small so thatλ > λΩσ11 and

θ
σ1
λ (x) <

δ

2
∀x ∈ Sσ1. (2.17)

On the other hand, let̃b(x)� b(x) be a continuous function such thatb̃(x)= 0 onΩσ1

and b̃(x) > 0 on �Ω \ �Ωσ1. Then by what has been proved above, we havew̃ελ → θ
σ1
λ

uniformly onΩσ1/2, wherew̃ελ is the unique positive solution to

−�w = λw−
[
1+ ε−1b̃(x)

]
wp, w|∂Ω = 0.

By Lemma 2.5 we deducewελ � w̃ελ. Chooseσ0 � σ1/2 such that forε < σ0,

w̃ελ � θσ1
λ + δ

2
onΩσ1/2.
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Therefore, by (2.17), forε ∈ (0, σ0) andx ∈ Sσ0 ⊂ Sσ1/2,

wελ � w̃ελ � θσ1
λ + δ

2
< δ,

that is, (2.16) holds. We have thus proved the following theorem.

THEOREM 2.7. Suppose thatλ > λΩ0
1 . Then the unique positive solutionwελ of (2.14)

converges uniformly tow0
λ on �Ω asε→ 0.

Let us observe that Theorem 2.7 gives a clear description of the pattern ofwελ for small
ε > 0: It is close to 0 overΩ \Ω0 and close to a definite positive functionθ0

λ overΩ0.

2.3. Comments and related results

Positive solutions of problem (2.1) seem first considered by Ouyang [Ou], motivated by
some geometric questions. Soon after, the results in [Ou] were extended in several di-
rections by a number of authors. For example, Fraile, Koch-Medina, López-Gómez and
Merino [FKLM] used an upper and lower solution argument to obtain a priori bounds,
which greatly simplified the arguments in [Ou]. The proof of our Lemma 2.1 follows the
approach of [FKLM]. Theorem 2.4 was proved in [DH]. Under some extra conditions
on b(x) near∂Ω0, similar results were proved in [GGLS]. More references can be found
in [DH]. Theorem 2.6 is taken from [Du3], Part II, and Theorem 2.7 from [DL].

The restriction thatΩ0 is connected can be relaxed to the situation that it has finitely
many components, each with smooth boundary; the techniques here can be easily adapted
to deal with this case. Related results can be found, for example, in [Lop2] and [DL].

If �Ω0 is not contained inΩ , then some of the techniques here collapse, though it is
expected that similar results hold. The case that∂Ω0 ∩ ∂Ω �= ∅ was discussed in [DG].

For the existence and uniqueness of positive solutions of (2.1), the smoothness condi-
tion onb(x) andΩ0 can be greatly relaxed, see [dP] and [Da8]. How to extend Theorems
2.4 and 2.6 to these situations remains to be investigated, though partial results were ob-
tained in [dP].

We now come back to (2.1). By Theorem 2.4, we know that the branch of positive
solutions bifurcating from the trivial solution atλ = λΩ1 blows up asλ approachesλΩ0

1 .
If λΩk denotes thekth eigenvalue of−� under Dirichlet boundary conditions, and we

defineλΩ0
k similarly, then by Rabinowitz’s global bifurcation theorem, a global branch of

nontrivial solutionsΓk of (2.1) bifurcates from the trivial solution branch atλ = λΩk if

λΩk is of odd algebraic multiplicity. IfΓk is unbounded, then must it blow up atλ= λΩ0
k ?

From Section 2.1, we know that this is the case whenk = 1. In [DO] several special cases
were considered where bifurcation branches starting fromλΩk (k > 1) indeed blow up at
λ= λΩ0

k . Whether this is true in general remains open. Nevertheless, we have the following
result (see [DO]), which shows that the set{λΩ0

k : k � 1} contains all the possibleλ values
where bifurcation from infinity can occur.
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THEOREM 2.8. Given any large positive constantΛ and open neighborhoodV of the
finite set

M =
{
λ
Ω0
k : λΩ0

k �Λ,k � 1
}
,

we can find a constantC depending onΛ andV such that any solution(λ,u) of (2.1)with
λ�Λ andλ /∈ V satisfies

‖u‖L∞ � C.

PROOF. We argue indirectly. Suppose that we can find a sequence of solutions{(λn, un)}
of (2.1) such thatλn �Λ,λn /∈ V , and‖un‖L∞ → ∞. Clearly we have

∫

Ω

|∇un|dx � λn

∫

Ω

u2
n dx.

It follows that λn � λΩ1 . Therefore, by passing to a subsequence, we may assume that
λn → λ̂ andλ̂ ∈ [λΩ1 ,Λ] \ V .

CLAIM 1. {un} is uniformly bounded on any compact subset ofΩ+ :=Ω \ �Ω0.

To prove Claim 1, we letK be an arbitrary compact subset ofΩ+. By our assumption
on b, for some small neighborhoodU of K , there existsτ > 0 such thatb(x) � τ onU .
Denote byVλ the unique positive solution of

−�u= λu− τup, u|∂U = ∞,

whose existence and uniqueness is well known (see [MV]). Chooseλ∗ such thatλ∗ > λn
for all n � 1. We want to show thatun � Vλ∗ onK . Otherwise, we can find somen � 1
and a domainU0 ⊂⊂U such thatun > Vλ∗ in U0 andun = Vλ∗ on ∂U0. Hence onU0, we
have

−�un = λnun − b(x)upn

and

−�Vλ∗ � λ∗Vλ∗ − b(x)V pλ∗ .

An application of Lemma 2.5 onU0 yieldsun � Vλ∗ onU0, a contradiction.
Similarly, we find−un � Vλ∗ onU . Therefore

|un| � Vλ∗ ∀x ∈U,

and Claim 1 follows.
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CLAIM 2. λ̂ ∈M .

Clearly this contradicts the fact thatλ̂ /∈ V . Therefore our proof is complete once Claim 2
is proved. Denotinĝun = un/‖un‖L∞ we find that

∫

Ω

|∇ûn|2 dx � λn

∫

Ω

û2
n dx �Λ|Ω|.

Thus {ûn} is a bounded sequence inW1,2
0 (Ω). It follows that, subject to a subsequence,

ûn converges to somêu weakly inW1,2
0 (Ω) and strongly inL2(Ω). As ûn hasL∞ norm 1,

we find thatûn → û in Lq(Ω) for anyq > 1. By Claim 1, we see that̂u≡ 0 overΩ+. Since
∂Ω0 is smooth, it is well known that this impliesv0 := û|Ω0 ∈W1,2

0 (Ω0).
We show next thatv0 �≡ 0. Otherwise,û ≡ 0 overΩ and hencêun → 0 in Lq for all

q > 1. By Kato’s inequality (see [Kato]), we have, in the weak sense,

−�|ûn| � − ûn

|ûn|
�ûn � λn|ûn| �Λ|ûn|.

Therefore

0� |ûn| �Λ(−�)−1|ûn|.

By standard elliptic regularity we find(−�)−1|ûn| → 0 uniformly inΩ . It follows that
‖ûn‖L∞ → 0 asn→ ∞. But this contradicts the fact that‖ûn‖L∞ = 1. Hence we have
proved thatv0 �≡ 0.

We now multiply the equation satisfied byûn by an arbitraryφ ∈ C∞
0 (Ω0), integrate by

parts and find

∫

Ω0

∇ûn · ∇φ dx =
∫

Ω0

λnûnφ dx.

Lettingn→ ∞ we obtain

∫

Ω0

∇v0 · ∇φ dx =
∫

Ω0

λ̂v0φ dx.

This implies thatv0 ∈W1,2
0 (Ω0) solves

−�v = λ̂v, v|∂Ω0 = 0, (2.18)

in the weak sense. Standard elliptic regularity shows thatv0 is also a classical solution
of (2.18). As we have already proved thatv0 �≡ 0, we must havêλ= λΩ0

k for somek � 1.
Thusλ̂ ∈M . This proves Claim 2 and hence concludes the proof of Theorem 2.8.�
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3. Bifurcation and monotonicity: A heterogeneous competition system

Bifurcation and monotonicity have been combined to produce many nice results in nonlin-
ear analysis, and a collection of these techniques and results may be found in [Am]. In this
section we present some new applications.

It is in general not easy to capture the influence of heterogeneous spatial environment
on population models. Traditionally population models were considered in homogeneous
spatial environment, and hence all the coefficients appearing in the models are chosen
to be positive constants. To include spatial variations of the environment, these constant
coefficients should be replaced by positive functions of the space variablex. However, the
mathematical techniques developed to study these models are ironically either not sensitive
to this change, in which case the effects of heterogeneous spatial environment are difficult
to observe in the mathematical analysis, or the techniques are too sensitive to this change
and become inapplicable when the constant coefficients are replaced by functions.

In this section we use a competition model to demonstrate that bifurcation techniques
are useful in capturing these spatial effects. Here we combine the bifurcation arguments
with a certain monotonicity property of the system. A key in this approach is the following
observation:The behavior of the model is very sensitive to certain coefficient functions be-
coming small in part of the underlying spatial region. To make our ideas more transparent,
we consider the following simplified steady-state competition system





−�u= λu−
[
b(x)+ ε

]
u2 − cuv,

−�v = µv− v2 − duv,
u|∂Ω = v|∂Ω = 0.

(3.1)

HereΩ is a bounded smooth domain inRN (N � 2) andλ,µ, c, d are constants, with
c > 0, d > 0. The functionb(x) is as in (2.1). We will see that whenε is small, the profiles
of certainstablepositive solutions of (3.1) are determined by the behavior ofb(x). Our
approach makes use of the facts that the global bifurcation branches for (3.1) withε = 0
differs considerably to that for (3.1) with anyε > 0. By carefully following the changes of
the global bifurcation branches of (3.1) asε shrinks to 0, we will be able to obtain a rather
detailed global picture of the solution branches and to describe the patterns of the stable
solutions. The techniques here can be used to study systems much more general than (3.1).
We refer to [Du3,Du4] for discussions of the background.

3.1. Global bifurcation

We will fix ε > 0 and apply a global bifurcation analysis to (3.1), usingµ as a bifurcation
parameter. We are only interested in nonnegative solutions. Firstly let us observe some
preliminary results. Clearly(u, v) = (0,0) is always a solution to (3.1), which is called
the trivial solution. If(u,0) �= (0,0) is a nonnegative solution of (3.1), thenu is a positive
solution of (2.10) withp = 2, namely

−�u= λu−
[
b(x)+ ε

]
u2, u|∂Ω = 0. (3.2)
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It is well known that (3.2) has a unique positive solution whenλ > λΩ1 , and there is no
positive solution whenλ� λΩ1 . Forλ > λΩ1 , we denote the unique positive solution of (3.2)
by φελ, and when theε dependence is not emphasized, we will simply denote it byφλ.

If (0, v) �= (0,0) is a nonnegative solution of (3.1), thenv is a positive solution of

−�v = µv− v2, v|∂Ω = 0. (3.3)

Similarly to (3.2), there is a unique positive solutionθµ to (3.3) whenµ > λΩ1 , and no
positive solution exists ifµ� λΩ1 . The solutions(φλ,0) and(0, θµ) are called semitrivial
solutions of (3.1).

We next discuss the positive solutions of (3.1), where both componentsu and v are
positive inΩ . (By the strong maximum principle, if(u, v) solves (3.1) andu �, �≡ 0,
v �, �≡ 0, thenu > 0, v > 0 in Ω .) Suppose that (3.1) has a positive solution. Then from
the first equation we obtain

λ= λΩ1
([
b(x)+ ε

]
u+ cv

)
> λΩ1 (0)= λΩ1 .

Similarly, from the second equation we deduceµ> λΩ1 . Therefore the following is a nec-
essary condition for (3.1) to possess a positive solution:

λ > λΩ1 , µ > λΩ1 . (3.4)

So from now on we fixλ > λΩ1 . We also assume thatε, c and d are fixed;µ will be
considered as our bifurcation parameter.

We now obtain some rough estimates for positive solutions of (3.1). Let(u, v) be a pos-
itive solution of (3.1). Thenu is a lower solution of (3.2). Hence we can apply Lemma 2.5
to deduce thatu� φλ. Similarly, v � θµ. Using the above estimate foru we deduce

−�v+ dφλv � µv− v2,

and by Lemma 2.5,v � vµ, wherevµ is the unique positive solution of

−�v+ dφλv = µv− v2, v|∂Ω = 0,

provided thatµ > λΩ1 (dφλ). We now show that there existŝµ > 0 large enough so that
(3.1) has no positive solution whenµ> µ̂. Indeed, we have

λ= λΩ1
([
b(x)+ ε

]
u+ cv

)
� λΩ1 (cvµ). (3.5)

Sincevµ → ∞ asµ→ ∞ uniformly on any compact subsets ofΩ , we can show that
λΩ1 (cvµ)→ ∞ asµ→ ∞. Hence (3.5) implies thatµ� µ̂ for some largêµ.

To summarize, we have the following result.
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THEOREM 3.1. Supposeλ > λΩ1 andε, c, d are fixed positive constants. Then there exists
µ̂ > 0 such that if(3.1)has a positive solution(u, v), then

λΩ1 <µ< µ̂, u� φλ, v � θµ � θµ̂.

We now transform (3.1) into an abstract equation and apply bifurcation and monotonicity
arguments to study its positive solution set. ChooseM > 0 large enough such that for
µ ∈ [0,1+ µ̂] and 0� u� ξ := 1+ ‖φλ‖∞, 0� v � η := 1+ ‖θµ̂‖∞,

g(u, v) :=Mu+ λu−
[
b(x)+ ε

]
u2 − cuv

is strictly increasing inu, and

h(µ,u, v) :=Mv +µv− v2 − duv

is strictly increasing inv. Then define

A(µ,u, v)= (−�+M)−1(g(u, v),h(µ,u, v)
)
, (u, v) ∈E0,µ ∈ R1,

whereE0 := {(u, v) ∈ C1(�Ω)×C1(�Ω): u|∂Ω = v|∂Ω = 0}.
ClearlyP0 := {(u, v) ∈E0: u� 0, v � 0} is a cone inE0. It introduces a partial ordering

in E0:

(u1, v1)�P0 (u2, v2) if and only if (u2 − u1, v2 − v1) ∈ P0.

Denote

J := [0,1+ µ̂], A0 :=
{
(u, v) ∈E0: 0� u < ξ,0� v < η in Ω

}
.

It is easily seen, by the positivity of(−� +M)−1, that for fixedµ ∈ J , A(µ,u, v) is
increasing overA0 in the order�P0, namely

(u1, v1), (u2, v2) ∈ A0, (u1, v1)�P0 (u2, v2) implies

A(µ,u1, v1)�P0 A(µ,u2, v2).

Moreover, for fixed(u, v) ∈ A0, A(µ,u, v) is increasing inµ:

µ1 � µ2 implies A(µ1, u, v)�P0 A(µ2, u, v).

If we use (u1, v1) ≪P0 (u2, v2) to mean (u2 − u1, v2 − v1) ∈ intP0 and use(u1,

v1) <P0 (u2, v2) to mean (u2 − u1, v2 − v1) ∈ P0 \ {(0,0)}, then for µ ∈ J and
(u1, v1), (u2, v2) ∈ A0,

A(µ,u1, v1)≪P0 A(µ,u2, v2) if (u1, v1) <P0 (u2, v2) (3.6)
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and for(u, v) ∈ A0 with v �≡ 0,

µ1<µ2 implies A(µ1, u, v) <P0 A(µ2, u, v). (3.7)

By theLp-theory and Sobolev embedding theorems we know thatA :R1 ×E0 →E0 is
completely continuous, and is continuously Frechet differentiable (in fact, it is analytic).
Clearly(u, v) solves (3.1) if and only if it is a solution to

(u, v)=A(µ,u, v). (3.8)

In the spaceR1 × E0, (3.8) has the trivial solution curveΓ0 := {(µ,0,0): µ ∈ R1}, the
semitrivial solution curveΓ1 := {(µ,φλ,0): µ ∈ R1} and the semitrivial solution curve
Γ2 := {(µ,0, θµ): µ> λΩ1 }.

It is well known (see [BB2]) that we can apply the local bifurcation result, Theorem 1.2,
alongΓ1 to find a unique valueµ0 := λΩ1 (dφλ) so that a branch of positive solutions
of (3.8) bifurcates fromΓ1 at (µ0,ψλ,0) ∈ Γ1. Moreover, a variant of Rabinowitz’s global
bifurcation theorem (see [BB2], Theorem 3.2) can be used to show that this local branch
can be continued globally, and by making use of the strong maximum principle and The-
orem 3.1, it can be concluded that this global branch of positive solutionsΓ must join
the semitrivial solution branchΓ2. One can apply Theorem 1.2 alongΓ2 to find that
(µ0,0, θµ0) is the only point onΓ2 where positive solutions bifurcate fromΓ2, where
µ0> λΩ1 is uniquely determined by

λ= λΩ1 (cθµ0). (3.9)

ThereforeΓ joinsΓ2 at the point(µ0,0, θµ0).
Clearly the above global bifurcation analysis implies the following existence result.

THEOREM 3.2. For anyµ betweenµ0 andµ0, (3.1)has a positive solution.

We will demonstrate that by making use of the monotonicity property of the operatorA,
much more can be obtained. We will mainly follow the approach of [DB], though the
presentation here is slightly different. Let us define

Λ :=
{
µ ∈ R1: (3.1) has a positive solution

}
, µ∗ = infΛ, µ∗ = supΛ.

By Theorems 3.1 and 3.2, clearly

λΩ1 � µ∗ � min
{
µ0,µ

0}, max
{
µ0,µ

0}� µ∗ � µ̂. (3.10)

Though it is highly unclear whether the positive solution branchΓ contains all the pos-
sible positive solutions of (3.1), we will show that

µ∗ = inf
{
µ ∈ R1: (µ,u, v) ∈ Γ

}
,

µ∗ = sup
{
µ ∈ R1: (µ,u, v) ∈ Γ

}
.

(3.11)
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To prove this and related facts, we need the following lemmas.

LEMMA 3.3. Suppose thatµ∗ < µ0. Then for everyµ ∈ (µ∗,µ0), (3.1) has a maximal
positive solution(uµ, vµ), in the sense that any positive solution(u, v) of (3.1) satisfies
(u, v)�P0 (u

µ, vµ).

PROOF. Let µ ∈ (µ∗,µ0) be fixed. Thenλ = λΩ1 (cθµ0) > λΩ1 (cθµ), and hence the prob-
lem

−�u= λu−
[
b(x)+ ε

]
u2 − cθµu, u|∂Ω = 0

has a unique positive solutionu0. If we denotev0 := θµ, then it is easily checked that

A(µ,u0, v0) <P0 (u0, v0).

By the definition ofµ∗, there exists̃µ ∈ [µ∗,µ) such that (3.1) withµ= µ̃ has a positive
solution(ũ, ṽ). By Theorem 3.1 we havẽv � θµ̃ < θµ in Ω , and hence

−�ũ > λũ−
[
b(x)+ ε

]
ũ2 − cθµũ.

We now apply Lemma 2.5 and conclude thatũ� u0 in Ω . Therefore(ũ, ṽ) <P0 (u0, v0).
Clearly we also haveA(µ, ũ, ṽ) >P0 (ũ, ṽ). If we define

(un, vn) :=A(µ,un−1, vn−1), n= 1,2, . . . ,

we easily deduce that

(ũ, ṽ)�P0 (un, vn)�P0 (un−1, vn−1)�P0 (u0, v0), n= 2,3, . . . . (3.12)

A standard compactness argument shows that(un, vn)→ (uµ, vµ) in E0 and(uµ, vµ) =
A(µ,uµ, vµ). By (3.12), we know that(uµ, vµ) is a positive solution of (3.1). We claim
that it is the maximal positive solution. Indeed, if(u, v) is any positive solution of (3.1),
then by Theorem 3.1,v � θµ and hence

−�u� λu−
[
b(x)+ ε

]
u2 − cθµu.

By Lemma 2.5, this implies thatu� u0. Therefore(u, v)�P0 (u0, v0). It follows from this
inequality and the monotonicity ofA that(u, v)�P0 (un, vn) for all n� 0. Thus(u, v)�P0

(uµ, vµ). �

LEMMA 3.4. If µ∗ > µ0, then for everyµ ∈ (µ0,µ
∗), (3.1)has a minimal positive solu-

tion (uµ, vµ).

PROOF. Letµ ∈ (µ0,µ
∗). Thenµ> λΩ1 (dφλ) and hence the problem

−�v = µv− v2 − dφλv, v|∂Ω = 0,
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has a unique positive solutionv0. Denoteu0 = φλ. Then(u0, v0) satisfiesA(µ,u0, v0)�P0

(u0, v0). Chooseµ̃ ∈ (µ,µ∗] such that (3.1) withµ= µ̃ has a positive solution(ũ, ṽ). Then
it is easily checked that

A(µ, ũ, ṽ) <P0 (ũ, ṽ), (ũ, ṽ)�P0 (u0, v0).

Define

(un, vn) :=A(µ,un−1, vn−1), n= 1,2, . . . .

Then we have

(u0, v0)�P0 (u1, v1)�P0 · · · �P0 (un, vn)�P0 · · · �P0 (ũ, ṽ).

Therefore(un, vn) converges to a positive solution(uµ, vµ) of (3.1). Moreover, if(u, v) is
any positive solution of (3.1), then(u, v)�P0 (u0, v0) and hence(u, v)�P0 (un, vn) for all
n� 1. It follows that(u, v)�P0 (uµ, vµ). �

THEOREM 3.5. The identities in(3.11)are true. Moreover,
(i) if µ∗ <µ0, then(µ,uµ, vµ) ∈ Γ for all µ ∈ (µ∗,µ0),

(ii) if µ∗ >µ0, then(µ,uµ, vµ) ∈ Γ for all µ ∈ (µ0,µ
∗).

PROOF. Clearlyµ0 � inf{µ: (µ,u, v) ∈ Γ } andµ0 � sup{µ: (µ,u, v) ∈ Γ }. Therefore
we have nothing to prove ifµ∗ = µ0 andµ∗ = µ0.

Supposeµ∗ <µ0. Let us define, forµ ∈ (µ∗,µ0),

∆µ := [µ,∞)×
[(
uµ, vµ

)
,∞
)
,

where

[(
uµ, vµ

)
,∞
)
:=
{
(u, v) ∈E0: (u, v)�P0

(
uµ, vµ

)}
.

SinceΓ connects(µ0,0, θµ0) ∈ int∆µ and (µ0, φλ,0) /∈ ∆µ, it follows from the con-
nectedness ofΓ thatΓ ∩ ∂∆µ �= ∅. Let (µ̃, ũ, ṽ) ∈ Γ ∩ ∂∆µ. We claim that(µ̃, ũ, ṽ) =
(µ,uµ, vµ). Clearly

∂∆µ =
[
{µ} ×

[(
uµ, vµ

)
,∞
)]

∪
[
[µ,∞)× ∂

[(
uµ, vµ

)
,∞
)]
.

If µ̃ = µ, then since(uµ, vµ) is the maximal positive solution of (3.1), we necessarily
have(ũ, ṽ) �P0 (u

µ, vµ). On the other hand, we have(ũ, ṽ) ∈ [(uµ, vµ),∞). Therefore
(ũ, ṽ)= (uµ, vµ). We show next that̃µ>µ is impossible. Indeed, if̃µ>µ, then we must
have(ũ, ṽ) ∈ ∂[(uµ, vµ),∞), i.e.,

(ũ, ṽ)�P0

(
uµ, vµ

)
, (ũ, ṽ) �≫P0

(
uµ, vµ

)
.
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By the monotonicity properties of the operatorA, we have

(ũ, ṽ)=A(µ̃, ũ, ṽ) >P0 A(µ, ũ, ṽ)�P0 A
(
µ,uµ, vµ

)
=
(
uµ, vµ

)
.

Now from (ũ, ṽ) >P0 (u
µ, vµ), we further obtainA(µ, ũ, ṽ) ≫P0 A(µ,u

µ, vµ) and
hence(ũ, ṽ)≫P0 (u

µ, vµ). Therefore(µ̃, ũ, ṽ) ∈ int∆µ, contradicting the assumption that
(µ̃, ũ, ṽ) ∈ ∂∆µ. This proves assertion (i).

The proof for (ii) is similar, where we use

∆µ = (−∞,µ] ×
(
−∞, (uµ, vµ)

]

with

(
−∞, (uµ, vµ)

]
:=
{
(u, v) ∈E0: (u, v)�P0 (uµ, vµ)

}
,

and the fact thatΓ ∩ ∂∆µ = {(µ,uµ, vµ)}. We omit the details.
Clearly, (3.11) is a consequence of (i) and (ii). �

THEOREM 3.6. (i) If µ∗ < min{µ0,µ
0}, then (3.1) has a maximal positive solution

(uµ∗ , vµ∗) for µ = µ∗ and it has at least two positive solutions for each
µ ∈ (µ∗,min{µ0,µ

0}). Moreover, all these solutions can be chosen fromΓ .
(ii) If µ∗ > max{µ0,µ

0}, then (3.1) has a minimal positive solution forµ = µ∗ and
it has at least two positive solutions for eachµ ∈ (max{µ0,µ

0},µ∗). Moreover, all these
solutions can be chosen fromΓ .

PROOF. Supposeµ∗ <min{µ0,µ
0}. Let {µn} ⊂ (µ∗,µ0) be a decreasing sequence con-

verging toµ∗. By Theorem 3.5, (3.1) withµ = µn has a maximal positive solution
(un, vn) := (uµn , vµn). Using the estimates in Theorem 3.1 and a compactness argument
we easily see that, subject to a subsequence,(un, vn)→ (u∗, v∗) in E0, and(u∗, v∗) is a
nonnegative solution of (3.1) withµ = µ∗. Sinceµn is decreasing, by the monotonicity
property ofA we easily deduce that(un, vn)≫P0 (un+1, vn+1). Thereforeu∗ � un > 0
in Ω . We claim thatv∗ �≡ 0 inΩ . Indeed, ifv∗ ≡ 0, then from the equation forun in (3.1)
we easily deduce thatun → φλ in E0, and henceu∗ = φλ. But then from the equation
for vn we deduce

µn = λΩ1 (vn + dun)→ λΩ1 (dφλ)= µ0,

a contradiction to our assumption thatµn → µ∗. Therefore(u∗, v∗) is a positive solution
of (3.1) withµ= µ∗.

If (u, v) is any positive solution of (3.1) withµ = µ∗, then by making use of the
monotonicity property ofA we deduce(u, v)≪P0 (un, vn) for all n � 1. It follows that
(u, v)�P0 (u∗, v∗). Therefore(u∗, v∗) is the maximal solution. The proof of Theorem 3.5
shows that(µ∗, u∗, v∗) ∈ Γ .

To show that (3.1) has at least two positive solutions forµ ∈ (µ∗,min{µ0,µ
0}), we

use the following simple result from general point set theory, whose proof can be found
in [DB].
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LEMMA 3.7. Suppose thatX is a Banach space,C is a connected set inX andO an open
set inX such that∂O ∩C consists of a single point. ThenC \O is a connected set.

Now for fixed µ ∈ (µ∗,min{µ0,µ
0}), we takeC = Γ andO = int∆µ̃, where µ̃ ∈

(µ∗,µ). By the proof of Theorem 3.5, we know that∂∆µ̃ ∩ Γ = {(µ̃, uµ̃, vµ̃)}. Hence by
Lemma 3.7, the setΓ \ int∆µ̃ is connected. Since(µ∗, u∗, v∗) ∈ Γ \∆µ̃ and(µ0, φλ,0) ∈
�Γ \ ∆µ̃, by the connectedness ofΓ \ ∆µ̃ and the fact thatµ ∈ (µ∗,µ0), we can find a
point (µ,u, v) ∈ Γ \ ∆µ̃. Hence(u, v) is a positive solution of (3.1). Sincẽµ < µ, we
have(µ,uµ, vµ) ∈ int∆µ̃. Therefore(u, v) and (uµ, vµ) are different positive solutions
of (3.1), and both(µ,u, v) and(µ,uµ, vµ) belong toΓ . This proves (i).

The proof of (ii) is parallel and we omit the details. �

REMARK 3.8. By the connectedness ofΓ , if µ∗ < µ∗, then for anyµ ∈ (µ∗,µ∗),
(3.1) has a positive solution onΓ . We will show in Section 3.3 thatµ∗ > max{µ0,µ

0}
if ε > 0 is small enough.

3.2. Stability analysis

Suppose that(u0, v0) is a positive solution of (3.1). We want to know whether it is stable
when considered as a steady-state of the corresponding parabolic problem





ut −�u= λu−
[
b(x)+ ε

]
u2 − cuv, x ∈Ω, t > 0,

vt −�v = µv− v2 − duv, x ∈Ω, t > 0,

u= v = 0, x ∈ ∂Ω, t > 0.

(3.13)

THEOREM 3.9. Suppose that(u0, v0) is a positive solution of(3.1), and there exists
(h, k) ∈ P0 \ {(0,0)} andσ ∈ R1 such that





−�h= λh− 2
[
b(x)+ ε

]
u0h− cv0h− cu0k + σh,

−�k = µk− 2v0k− du0k − dv0h+ σk,
h|∂Ω = k|∂Ω = 0.

(3.14)

Then(u0, v0) is asymptotically stable inE0 if σ > 0, and it is unstable ifσ < 0.

PROOF. Sinceu0 > 0 andv0 > 0 in Ω , we easily see from (3.14) thath �≡ 0 andk �≡ 0.
Moreover, from the first equation in (3.14), we obtain−�h � C(x)h in Ω for some
C ∈ C(�Ω). Therefore by the maximum principle and Hopf boundary lemma, we deduce
h < 0 inΩ and∂νh > 0 on∂Ω . We similarly deducek > 0 inΩ and∂µk < 0 on∂Ω . This
implies that(h, k) ∈ intP0.
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For δ ∈ R1 let us denoteuδ := u0 + δh, vδ := v0 + δk. Then a simple calculation gives





−�uδ = λuδ −
[
b(x)+ ε

]
u2
δ − cuδvδ

+
(
σ + δ

[
b(x)+ δ

]
+ cδk

)
δh,

−�vδ = µvδ − v2
δ − duδvδ + (σ + δ + dδh)δk,

uδ|∂Ω = vδ|∂Ω = 0.

(3.15)

Due to (3.15) we can findδ0 = δ0(σ ) > 0 small enough so that, ifσ > 0, then for all
δ ∈ (0, δ0],





−�uδ < λuδ −
[
b(x)+ ε

]
u2
δ − cuδvδ,

−�vδ >µvδ − v2
δ − duδvδ,

uδ|∂Ω = vδ|∂Ω = 0,

and for allδ ∈ [−δ0,0),




−�uδ > λuδ −
[
b(x)+ ε

]
u2
δ − cuδvδ,

−�vδ <µvδ − v2
δ − duδvδ,

uδ|∂Ω = vδ|∂Ω = 0.

Hence(uδ0, vδ0) is an upper solution of (3.1) and(u−δ0, v−δ0) is a lower solution of (3.1).
It is well known (see [Sm]) that the semiflow generated by the solution of (3.13) pre-

serves the order�P0, and by the theory of monotone dynamical systems (see [Ma] or
[Hir]), the following hold:

(i) the unique solution(u(x, t), v(x, t)) of (3.13) with initial data(u−δ0, v−δ0) in-
creases in the order�P0 ast increases;

(ii) the unique solution(ū(x, t), v̄(x, t)) of (3.13) with initial data(uδ0, vδ0) decreases
in the order�P0 ast increases;

(iii) (u−δ0, v−δ0)�P0

(
u(·, t), v(·, t)

)
�P0

(
ū(·, t), v̄(·, t)

)
�P0 (uδ0, vδ0) ∀t > 0;

(iv) (u(x), v(x)) = limt→∞(u(x, t), v(x, t)) and (ū(x), v̄(x)) = limt→∞(ū(x, t),
v̄(x, t)) exist and they are solutions of (3.1).
Therefore we have

(u−δ0, v−δ0)�P0 (u, v )�P0 (ū, v̄)�P0 (uδ0, vδ0).

Define

δ∗ = inf
{
δ ∈ [0, δ0]: (u, v )�P0 (u−δ, v−δ)

}
.

Then 0� δ∗ � δ0. If δ∗ > 0, then

(u, v )=A(µ,u, v )�P0 A(µ,u−δ∗ , v−δ∗)≫P0 (u−δ∗ , v−δ∗).



156 Y. Du

Therefore for allδ < δ∗ but close toδ∗, we also have(u, v ) �P0 (u−δ, v−δ), contradict-
ing the definition ofδ∗. This proves that(u, v )�P0 (u0, v0). Similarly we can show that
(ū, v̄)�P0 (u0, v0). Therefore we must have

(
u(x), v(x)

)
=
(
ū(x), v̄(x)

)
=
(
u0(x), v0(x)

)
.

By the order preserving property of (3.13), we deduce that any solution(u(x, t), v(x, t))

of (3.13) with initial data taken from

[
(u−δ0, v−δ0), (uδ0, vδ0)

]

:=
{
(u, v) ∈E0: (u−δ0, v−δ0)�P0 (u, v)�P0 (uδ0, vδ0)

}

satisfies

(
u(·, t), v(·, t)

)
�P0

(
u(·, t), v(·, t)

)
�P0

(
ū(·, t), v̄(·, t)

)
∀t > 0.

It follows that (u(x, t), v(x, t))→ (u0(x), v0(x)) as t → ∞. By standard regularity for
parabolic equations this convergence can be taken in the norm ofE0. This proves the as-
ymptotic stability of(u0, v0) inE0, since[(u−δ0, v−δ0), (uδ0, vδ0)] is an open neighborhood
of (u0, v0) due to(h, k) ∈ intP0.

If σ < 0, then for all smallδ > 0, (uδ, vδ) is a lower solution of (3.1). It follows that the
unique solution(u, v) of (3.13) with initial date(uδ, vδ) increases in�P0 ast increases. By
a simple comparison argument one sees that(u, v) stays bounded in theL∞ norm for all
t > 0. Hence by the theory of monotone dynamical systems(u, v) converges to a steady-
state of (3.13) ast → ∞, say(u∗, v∗). Clearly(u∗, v∗)�P0 (uδ, vδ)≫P0 (u0, v0). We can
show that(u∗, v∗) >P0 (uδ0, vδ0) by a sweeping argument. Indeed, if we define

δ∗ := sup
{
η ∈ [δ, δ0]: (u∗, v∗)�P0 (uη, vη)

}
,

then by the monotonicity property ofA and the continuous dependence onδ of the (strict)
lower solutions(uδ, vδ), we easily deduce thatδ∗ = δ0 and(u∗, v∗) >P0 (uδ0, vδ0). There-
fore (u∗, v∗) /∈ [(u−δ0, v−δ0), (uδ0, vδ0)]. This implies that(u0, v0) is unstable. �

We now relate (3.14) to the spectral radiusr(L) of the linear operatorL :E0 → E0,
whereL denotes the Frechet derivative ofA(µ,u, v) with respect to(u, v) at (u0, v0),
namely

L :=D(u,v)A(µ,u0, v0).

THEOREM 3.10. Let (u0, v0) be a positive solution of(3.1). Then(3.14)has a solution
(h, k) ∈ P0 \ {(0,0)} with σ > 0 if r(L) < 1; it has a solution(h, k) ∈ P0 \ {(0,0)} with
σ < 0 if r(L) > 1.

In the proof of Theorem 3.10, we will need the following version of the well-known
Krein–Rutman theorem (see [De], Theorem 19.3, and [Am], Theorem 3.2).



Bifurcation and related topics 157

THEOREM 3.11. Suppose thatX is a Banach space with a positive coneP which has
nonempty interior, andB is a compact linear operator inX, which is strongly positive:
B(P \ {0}) ⊂ intP . Thenr(B) > 0 and there exists a uniquex0 ∈ intP such thatBx0 =
r(B)x0,‖x0‖ = 1; there existsφ ∈ X∗ such thatφ(x) > 0 for x ∈ P \ {0} and B∗φ =
r(B)φ. HenceBx − r(B)x /∈ P \ {0} for anyx ∈X.

PROOF OFTHEOREM 3.10. It is easily checked thatL is compact and strongly positive
in E0. Therefore we can apply Theorem 3.11 to find(h0, k0) ∈ intP0 such thatL(h0, k0)=
r(L)(h0, k0). Supposer(L) < 1 and define, forσ � 0,

Lσ (h, k)= L(h, k)+ σ(−�+M)−1(h, k).

ThenLσ is compact and strongly positive inE0. Hence, by Theorem 3.11,r(Lσ ) > 0 and
there exists a unique(hσ , kσ ) ∈ intP0 such that

Lσ (hσ , kσ )= r(Lσ )(hσ , kσ ),
∥∥(hσ , kσ )

∥∥
E0

= 1.

By the uniqueness of(hσ , kσ ) and a standard compactness argument, we easily see that
r(Lσ ) varies continuously withσ . We also have

σ−1r(Lσ )= r
(
σ−1L+ (−�+M)−1)→ r

(
(−�+M)−1)> 0 asσ → ∞.

Thereforer(Lσ ) > 1 for all largeσ . Sincer(L0)= r(L) < 1, there existsσ0> 0 such that
r(Lσ0)= 1, i.e.,Lσ0(hσ0, kσ0)= (hσ0, kσ0). It is easily seen that this implies that(hσ0, kσ0)

solves (3.14) withσ = σ0.
Suppose nowr(L) > 1. We then consider, forσ � 1, the family of operators

Lσ (h, k) := (−�+ σM)−1

×
(
gu(u0, v0)h+ gv(u0, v0)k,hu(u0, v0)h+ hv(u0, v0)k

)
.

We easily see thatLσ is a compact and strongly positive operator inE0, and hence by
Theorem 3.11, there exists a unique(hσ , kσ ) ∈ intP0 such that

Lσ
(
hσ , kσ

)
= r
(
Lσ
)(
hσ , kσ

)
,
∥∥(hσ , kσ

)∥∥
E0

= 1.

As before, by the uniqueness of(hσ , kσ ) and a standard compactness argument, we easily
see thatr(Lσ ) varies continuously withσ . We claim thatr(Lσ )→ 0 asσ → ∞. Indeed,
if we writeLσ (hσ , kσ )= r(Lσ )(hσ , kσ ) in its differential equation form, we obtain





−�hσ + σMhσ = r
(
Lσ
)−1[

gu(u0, v0)h
σ + gv(u0, v0)k

σ
]
,

−�kσ + σMkσ = r
(
Lσ
)−1[

hu(u0, v0)h
σ + hv(u0, v0)k

σ
]
,

hσ
∣∣
∂Ω

= kσ
∣∣
∂Ω

= 0.
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Therefore there exists a large constantC > 0 such that

∫

Ω

(∣∣∇hσ
∣∣2 + σM

∣∣hσ
∣∣2)dx � r

(
Lσ
)−1
C

∫

Ω

(∣∣hσ
∣∣2 +

∣∣kσ
∣∣2)dx,

∫

Ω

(∣∣∇kσ
∣∣2 + σM

∣∣kσ
∣∣2)dx � r

(
Lσ
)−1
C

∫

Ω

(∣∣hσ
∣∣2 +

∣∣kσ
∣∣2)dx.

It follows that

r
(
Lσ
)
�

2C

M
σ−1 → 0 asσ → ∞.

Sincer(L1) = r(L) > 1, we can findσ 0 > 1 such thatr(Lσ
0
) = 1 and henceLσ

0
(hσ

0
,

kσ
0
)= (hσ0

, kσ
0
). Writing this in the form of differential equations, we find that(hσ

0
, kσ

0
)

solves (3.14) withσ = (1− σ 0)M < 0. �

We now discuss the stability of the maximal positive solutions(uµ, vµ) and the minimal
positive solutions(uµ, vµ) of (3.1). Supposeµ∗ <µ0, and forµ ∈ (µ∗,µ0), denote

Lµ :=D(u,v)A
(
µ,uµ, vµ

)
, O∗ :=

{
µ ∈

(
µ∗,µ0): r

(
Lµ
)
< 1
}
.

By Theorems 3.9 and 3.10, we know that(uµ, vµ) is asymptotically stable whenµ ∈O∗.
Furthermore, by the implicity function theorem,O∗ is an open set and(uµ, vµ) varies
continuously withµ for µ ∈O∗. The following result shows that the measure ofO∗ is the
same as that of the interval(µ∗,µ0).

THEOREM 3.12. The set(µ∗,µ0) \O∗ has measure zero inR1.

PROOF. We use ideas from [Du1], Section 3. To simplify notation, we denotew(µ) :=
(uµ, vµ). From the monotonicity ofA, we easily deduce thatw(µ1)≪P0 w(µ2) when
µ1<µ2. Moreover,w(µ) is right-continuous inµ. Indeed, supposeµn decreases toµ; by
a compactness consideration we find that subject to a subsequence,w(µn)→ w in E0 and
w =A(µ,w). Sincew(µ)≪P0 w(µn), we deducew(µ)�P0 w. But w(µ) is the maximal
solution and hence we necessarily havew = w(µ). This implies that limµ′→µ+0 w(µ′)=
w(µ). We divide the rest of the proof into several steps.

STEP 1. If w(µ) is discontinuous at̂µ ∈ (µ∗,µ0), thenw(µ̂−) := limµ→µ̂−0 w(µ) exists
andA(µ̂,w(µ̂−))= w(µ̂−)≪P0 w(µ̂).

Let {µn} ⊂ (µ∗,µ0) be an arbitrary sequence increasing toµ̂. Then

uµn(x)� uµn+1(x)� uµ̂(x), vµn(x)� vµn+1(x)� vµ̂(x).

Therefore(û(x), v̂(x)) := limn→∞(uµn(x), vµn(x)) exists and the limit is independent of
the choice of{µn}. A simple compactness argument shows thatw(µn) → ŵ := (û, v̂)
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in E0. Clearly we haveŵ = A(µ̂, ŵ). We must haveŵ �= w(µ̂) for otherwisew(µ)
would be continuous at̂µ. Sincew(µ̂) is the maximal positive solution, we must have
ŵ<P0 w(µ̂). By the monotonicity ofA we deducêw ≪P0 w(µ̂). This proves Step 1.

STEP 2. O∗ has the following alternative expression:

O∗ =
{
µ ∈

(
µ∗,µ0): lim

µ′→µ−0

‖w(µ)− w(µ′)‖
µ−µ′ <+∞

}
.

If µ̂ ∈O∗, then by the implicity function theorem, we know thatµ→ w(µ) is C1 nearµ̂
and hence

lim
µ→µ̂

‖w(µ̂)− w(µ)‖
µ̂−µ =

∥∥Dµw(µ̂)
∥∥<+∞.

Conversely, suppose that, for some sequenceµn increasing toµ̂, we have‖w(µ̂) −
w(µn)‖/(µ̂ − µn)→ β ∈ [0,+∞). Then by Step 1, we know thatw(µ) must be con-
tinuous atµ̂. Denotezn := (w(µ̂)− w(µn))/‖w(µ̂)− w(µn)‖. We obtain

zn = A(µ̂,w(µ̂))−A(µn,w(µn))
‖w(µ̂)− w(µn)‖

= µ̂−µn
‖w(µ̂)− w(µn)‖

(
DµA

(
µ̂,w(µ̂)

)
+ o(1)

)
+Lµ̂zn + o(1).

Sincez0 :=DµA(µ̂,w(µ̂)) >P0 0, the above identities imply thatβ > 0 and

zn = β−1z0 +Lµ̂zn + o(1).

From this and the compactness ofLµ̂, it follows that, subject to a subsequence,zn → ẑ
in E0, andẑ= β−1z0 +Lµ̂ẑ. Sincezn >P0 0 and‖zn‖ = 1, we havêz>P0 0. If r(Lµ̂)� 1,
then we deduce

Lµ̂(−ẑ)− r
(
Lµ̂
)
(−ẑ)�P0 ẑ−Lµ̂ẑ= β−1z0>P0 0,

a contradiction to the last conclusion of Theorem 3.11. Therefore we must haver(Lµ̂) < 1.
This proves Step 2.

STEP 3. If w(µ) is continuous at̂µ ∈ (µ∗,µ0) and limµ→µ̂−0(w(µ̂)− w(µ))/(µ̂−µ)=
+∞, then there existsα(µ) > 0 such that

w(µ̂)− w(µ)
µ̂−µ � α(µ)w0, lim

µ→µ̂−0
α(µ)= +∞, (3.16)

wherew0 ∈ intP0 is the unique solution toLµ̂w0 = r(Lµ̂)w0,‖w0‖ = 1.
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Definez(µ) := (w(µ̂)− w(µ))/‖w(µ̂)− w(µ)‖. Then forµ→ µ̂− 0, we have

z(µ) = A(µ̂,w(µ̂))−A(µ,w(µ))
‖w(µ̂)− w(µ)‖

= µ̂−µ
‖w(µ̂)− w(µ)‖

(
DµA

(
µ̂,w(µ̂)

)
+ o(1)

)
+Lµ̂z(µ)+ o(1)

= Lµ̂z(µ)+ o(1).

From this and a compactness argument and the uniqueness ofw0 we easily deduce that
z(µ) → w0 as µ → µ̂. Since w0 ≫P0 0, we find that for allµ < µ̂ but close toµ̂,
z(µ)�P0 (1/2)w0 and hence

w(µ̂)− w(µ)
µ̂−µ � α(µ)w0,

where

α(µ)= 1

2

‖w(µ̂)− w(µ)‖
µ̂−µ → +∞ asµ→ µ̂− 0.

This proves Step 3.

STEP 4. The set(µ∗,µ0) \O∗ has measure0 in R1.

Let l be a nontrivial positive functional onE0, i.e., l ∈ P ∗
0 \ {0}, whereP ∗

0 := {e ∈
E∗

0: e(w) � 0 for w ∈ P0}. Definef : (µ∗,µ0)→ R1 by f (µ) = l(w(µ)). Thenf (µ) is
increasing and hence has finite derivatives almost everywhere in(µ∗,µ0).

If µ̂ ∈ (µ∗,µ0) \ O∗, then by the conclusions in Steps 1–3,w(µ) is either dis-
continuous atµ̂, or it is continuous atµ̂ but (3.16) holds. In either case we deduce
(f (µ̂)− f (µ))/(µ̂−µ)→ +∞ asµ→ µ̂− 0. Therefore(µ∗,µ0) \O∗ must have mea-
sure 0. �

Let us now consider the stability ofw(µ) := (uµ, vµ) for µ ∈ [µ∗,µ0) \O∗. We have
the following result.

THEOREM 3.13. Let µ̂ ∈ (µ∗,µ0) \O∗. Then the following hold:
(i) If w(µ) is continuous at̂µ, thenw(µ̂) is asymptotically stable.

(ii) If w(µ) is discontinuous at̂µ, thenw(µ̂) is unstable.
(iii) If w(µ) is discontinuous at̂µ, thenw(µ̂−) := limµ→µ̂−0 w(µ) is asymptotically

stable.

PROOF. We first claim thatr(Lµ̂)= 1, whereLµ̂ :=DwA(µ̂,w(µ̂)). Indeed, we can find
µn ∈ O∗ decreasing tôµ. It follows by the right-continuity ofw(µ) on µ that r(Lµ̂) =
limn→∞ r(Lµn)� 1. Sinceµ̂ /∈O∗, we must haver(Lµ̂)= 1. This proves our claim.
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We can now easily check that all the conditions in Theorem 1.3 are satisfied by
F(µ,w) := w −A(µ,w) with (λ0, v0)= (µ̂,w(µ̂)). For example, the condition

Fµ
(
µ̂,w(µ̂)

)
/∈R
(
Fw
(
µ̂,w(µ̂)

))

follows from the last conclusion in Theorem 3.11, sinceFµ(µ̂,w(µ̂)) = −(0, vµ̂) ∈
(−P0) \ {(0,0)} andFw(µ̂,w(µ̂)) = I − Lµ̂. Hence the solutions ofw − A(µ,w) = 0
near(µ̂,w(µ̂)) form a smooth curve

(µ,w)=
(
µ(s),w(µ̂)+ sw0 + τ(s)

)
, s ∈ [−s0, s0], s0> 0,

with µ(0) = µ̂,µ′(0) = 0, τ (0) = τ ′(0) = 0, andw0 ≫P0 0 satisfiesLµ̂w0 = w0. Since
A is analytic, so areµ(s) andτ(s). We cannot haveµ(s)≡ 0 since by the right-continuity
of w(µ),

(
µ,w(µ)

)
→
(
µ̂,w(µ̂)

)
asµ→ µ̂+ 0. (3.17)

Therefore there exists some integerk � 2 such thatµ′(0) = · · · = µ(k−1)(0) = 0 and
µ(k)(0) �= 0. We claim thatµ(k)(0) > 0, for if µ(k)(0) < 0 andk is even, thenµ(s)� µ̂ for
all small |s|, and henceF(µ,w)= 0 has no solution near(µ̂,w(µ̂)) with µ > µ̂, contra-
dicting (3.17); ifµ(k)(0) < 0 andk is odd, then fors < 0 close to 0, we haveµ(s) > µ̂ and
ws := w(µ̂)+ sw0 + τ(s)≪P0 w(µ̂), which implies that forµ> µ̂ but close toµ̂, the only
solution(µ,w) of F(µ,w)= 0 close tow(µ̂) satisfiesw ≪P0 w(µ̂), contradicting (3.17)
and the fact thatw(µ)≫P0 w(µ̂) for µ> µ̂. Therefore we always haveµ(k)(0) > 0.

If k is odd, thenµ(s) crosseŝµ ass increases across 0. We show thatw(µ) is continuous
at µ̂. Otherwise by Step 1 in the proof of Theorem 3.12,w(µ)→ w(µ̂−)≪P0 w(µ̂) as
µ→ µ̂− 0. This implies thatw(µ(s))≪P0 ws for all s < 0 close to 0, contradicting the
fact thatw(µ(s)) is the maximal positive solution. This proves the continuity ofw(µ) at µ̂.

We may assume thats0 has been chosen small enough such thatµ(s) < µ̂ for s ∈
[−s0,0), µ(s) > µ̂ for s ∈ (0, s0], and

ws ≪P0 w(µ̂) for s ∈ [−s0,0), ws ≫P0 w(µ̂) for s ∈ (0, s0]. (3.18)

By the monotonicity ofA, we have

ws =A
(
µ(s),ws

)
<P0 A(µ̂,ws) for s ∈ [−s0,0),

ws =A
(
µ(s),ws

)
>P0 A(µ̂,ws) for s ∈ (0, s0].

Therefore{ws : s ∈ [−s0,0)} is a continuum of strict lower solutions of (3.1) withµ= µ̂,
and {ws : s ∈ (0, s0]} is a continuum of strict upper solutions of (3.1) withµ = µ̂. Now
the argument in the proof of Theorem 3.9 can be repeated, withws, s ∈ [−s0, s0] replacing
(uδ, vδ), δ ∈ [−δ0, δ0], to conclude thatw(µ̂) is asymptotically stable.

If k is even, thenµ(s) � µ̂ for |s| small and hence there is no solution(µ,w) close
to (µ̂,w(µ̂)) with µ < µ̂. Thereforew(µ) has to be discontinuous atµ̂. As before we
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may assume thats0 is small enough such that (3.18) holds andµ(s) > µ̂ for all s ∈
[−s0, s0] \ {0}. Then

ws =A
(
µ(s),ws

)
>P0 A(µ̂,ws) for s ∈ [−s0,0),

and hence{ws : s ∈ [−s0,0)} is a continuum of strict upper solutions of (3.1) withµ= µ̂.
By an analogous consideration as in the proof of Theorem 3.9, we find that the unique
solution of (3.13) withµ= µ̂ and with initial dataws decreases in the order�P0 ast in-
creases, and it converges to a steady-state of (3.13) ast → ∞, sayw∗. Sincew∗ �P0 ws ,
it follows by a sweeping argument thatw∗ �P0 w−s0. This implies thatw(µ̂) is unstable.

It remains to show conclusion (iii). So we assume thatw(µ) is discontinuous at̂µ.
Let µn ∈ O∗ be a sequence increasing toµ̂ and denoteL := DwA(µ̂,w(µ̂−)). Since
w(µn)→ w(µ̂−) and r(Lµn) < 1, we deducer(L) = limn→∞ r(Lµn) � 1. If r(L) < 1,
then the asymptotic stability ofw(µ̂−) follows from Theorem 3.10. Suppose nextr(L)= 1.
Then we can again apply Theorem 1.3 to conclude that the solutions ofw =A(µ,w) near
(µ̂,w(µ̂−)) form an analytic curve:

(µ,w)=
(
µ(s),w(µ̂−)+ sw0 + τ(s)

)
, s ∈ [−s0, s0], s0> 0,

with µ(0)= µ̂,µ′(0)= 0, τ (0)= τ ′(0)= 0, andw0 ≫P0 0 satisfiesLw0 = w0. Since

w(µ)→ w(µ̂−) asµ→ µ̂− 0, (3.19)

we must haveµ(s) �≡ 0, and hence there existsk � 2 such thatµ′(0)= · · · = µ(k−1)(0)= 0
and µ(k)(0) �= 0. We claim thatk is odd andµ(k)(0) > 0. Indeed, if k is even and
µ(k)(0) > 0, thenµ(s) � µ̂ for |s| small. This implies thatw = A(µ,w) has no solu-
tion close to(µ̂,w(µ̂−)) with µ < µ̂, contradicting (3.19). Ifk is either odd or even,
but µ(k)(0) < 0, then fors > 0 small,µ(s) < µ̂ and ws := w(µ̂−) + sw0 + τ(s) ≫P0

w(µ̂−)≫P0 w(µ(s)), contradicting the fact thatw(µ(s)) is the maximal solution of (3.1)
with µ = µ(s). This proves our claim. Now the asymptotic stability ofw(µ̂−) can be
proved as before, since (3.1) withµ = µ̂ has a continuum of strict lower solutions
{ws : s ∈ [−s0,0)}, and a continuum of strict upper solutions{ws : s ∈ (0, s0]}. �

REMARK 3.14. By standard regularity theory for parabolic equations, a steady-state
(u0, v0) of (3.13) is asymptotically stable inE0 implies that it is asymptotically stable
in L∞(Ω)2. Under a slightly different definition for “asymptotically stable” solutions, the
result of Theorem 3.13 was proved in [Da6] by a combination of fixed point index and
local bifurcation argument. See also [Da7] for related results.

We have parallel stability results for the minimal positive solutions(uµ, vµ). More pre-
cisely, suppose thatµ∗ >µ0 and forµ ∈ (µ0,µ

∗) denote

Lµ :=D(u,v)A(µ,uµ, vµ), O∗ :=
{
µ ∈

(
µ0,µ

∗): r(Lµ) < 1
}
.

THEOREM 3.15. The set(µ0,µ
∗) \O∗ has measure zero inR1.
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THEOREM 3.16. z(µ) := (uµ, vµ) is left continuous in (µ0,µ
∗). Moreover, for

µ̂ ∈ (µ0,µ
∗) \O∗, the following hold.

(i) If z(µ) is continuous at̂µ, thenz(µ̂) is asymptotically stable.
(ii) If z(µ) is discontinuous at̂µ, thenz(µ̂) is unstable.

(iii) If z(µ) is discontinuous at̂µ, thenz(µ̂+) := limµ→µ̂+0 z(µ) is an asymptotically
stable positive solution of(3.1).

Theorems 3.15 and 3.16 can be proved by analogous arguments to those used in the
proofs of Theorems 3.12 and 3.13. We omit the details.

REMARK 3.17. If (uµ∗ , vµ∗) exists, i.e., (3.1) has a maximal positive solution with
µ = µ∗, then by the proof of Theorem 3.13, we easily see that it is unstable. Similarly,
if (uµ∗ , vµ∗) exists, it is unstable.

3.3. Stable patterns

We show that the global bifurcation branch of (3.1) discussed in Section 3.1 can be better
described ifε is small. Moreover, we will show that, asε→ 0,µ∗ → ∞ and the minimal
positive solution(uµ, vµ) develops a sharp pattern determined byb(x). A key ingredient
in our analysis here is the following degenerate model, that is, (3.1) withε = 0





−�u= λu− b(x)u2 − cuv,
−�v = µv− v2 − duv,
u|∂Ω = v|∂Ω = 0.

(3.20)

We will regard (3.20) as a limiting problem for (3.1) with smallε. In a sense, our strategy
here is similar to that of Section 2.2, where the perturbed problem (2.10) was studied by
making use of the limiting problem (2.1); here we study the perturbed system (3.1) by its
limiting problem (3.20). We will mainly follow [Du4].

We firstly apply a global bifurcation analysis to (3.20). The following a priori estimate
is crucial to our analysis; we refer to [Du4], Theorem 2.1, for its proof, which is quite
involved and uses some ideas in Section 2.

THEOREM 3.18. Given real numbersλ andM , there existsC = C(λ,M) > 0 such that
any positive solution(u, v) of (3.20)withµ�M satisfies

‖u‖L∞(Ω) + ‖v‖L∞(Ω) � C.

Let us observe that (3.20) behaves similarly to (3.1) ifλΩ1 < λ< λ
Ω0
1 . Indeed, we have a

trivial solution branchΓ 0
0 := {(µ,0,0): µ ∈ R1}, two semitrivial solution branchesΓ 0

1 :=
{(µ,uλ,0): µ ∈ R1} andΓ 0

2 := {(µ,0, θµ): µ > λΩ1 }, whereuλ is the unique positive
solution of (2.1) withp = 2. Moreover, we can apply the local and global bifurcation
analysis of [BB2] as in Section 3.1 to conclude that there exists a global bifurcation branch
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of positive solutions of (3.20), denoted byΓ 0, which bifurcates fromΓ 0
1 at (µ̃0, uλ,0)

and joinsΓ 0
2 at (µ0,0, θµ0), whereµ̃0 = λΩ1 (duλ) andµ0 is given by (3.9). We now

find that all our discussions in the rest of Section 3.1 and in Section 3.2 can be applied
to (3.20) and yield the same results. Therefore we may conclude that whenλΩ1 < λ< λ

Ω0
1 ,

(3.20) and (3.1) behave similarly. It is also easily seen that they behave similarly when
λ� λΩ1 .

We will show next that, when

λ� λ
Ω0
1 , (3.21)

essential differences arise between (3.1) and (3.20).We henceforth assume that
(3.21) holds. The first difference is that the semitrivial solution branchΓ 0

1 disappears,
thoughΓ 0

0 andΓ 0
2 are unchanged. We can still apply a local and global bifurcation analy-

sis to (3.20): A local bifurcation analysis alongΓ 0
2 shows that a branch of positive so-

lutionsΓ 0 bifurcates fromΓ 0
2 at (µ0,0, θµ0) ∈ Γ 0

2 ; by Theorem 3.18 and Rabinowitz’s
global bifurcation theorem and the strong maximum principle, we find thatΓ 0 is un-
bounded throughµ becoming unbounded. Moreover, if (3.20) has a positive solution
(u, v), thenµ= λΩ1 (v+du) > λΩ1 . ThereforeΓ 0 becomes unbounded throughµ→ +∞.
Γ 0 can be further described by making use of the monotonicity property of (3.20) as
in Sections 3.1 and 3.2, and we collect these results in the following theorem (see
[Du3] and [Du4] for a detailed proof ).

THEOREM 3.19. Supposeλ� λ
Ω0
1 (0). Then:

(i) (Existence and nonexistence.)There exists̃µ∗ � µ0 such that(3.20)has no posi-
tive solution forµ< µ̃∗, and it has at least one positive solution forµ> µ̃∗.

(ii) (Multiplicity and stability.) If µ̃∗ <µ0, then(3.20)has at least two positive solu-
tions forµ ∈ (µ̃∗,µ0), and at least one positive solution forµ= µ̃∗. Moreover, at
least one positive solution is asymptotically stable forµ ∈ (µ̃∗,µ0).

(iii) (Continuum.) All the positive solutions of(3.20)stated in(i) and(ii) above can be
chosen from the unbounded positive solution branchΓ 0 which joins the semitrivial
solution(µ0,0, θµ0) and∞.

REMARK 3.20. If d > 0 is small, thenµ̃∗ < µ0; see [Du3], Theorem 3.6, for some esti-
mates ofµ̃∗.

We now come back to (3.1). To emphasize the dependence onε, we denote the global
positive solution branch of (3.1) byΓ ε, instead ofΓ used in Section 3.1. Let us observe
that the trivial solution branchΓ0 and the semitrivial solution branchΓ2 = {(µ,0, θµ)} are
independent ofε, as isµ0 given by (3.9); butΓ1 is ε-dependent and we henceforth denote
it by Γ ε1 = {(µ,φελ,0)}. Similarly, we replaceµ∗ andµ∗ byµ∗(ε) andµ∗(ε), respectively.
We also replaceµ0 by µ0(ε), which, we recall, is given byµ0(ε) := λΩ1 (dφελ). As ε→ 0,
the behavior ofφελ is described by Theorem 2.6. We now consider the behavior ofµ0(ε)

(see [Du3] and [Du4] for a proof ).
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PROPOSITION 3.21. As ε → 0, µ0(ε) = λΩ1 (dφελ)→ λ
Ω+
1 (dU λ), which is finite. Here

Ω+ :=Ω \ �Ω0, U λ is the minimal positive solution of(2.3)with p = 2, andλΩ+
1 (dU λ) is

defined by

λ
Ω+
1 (dU λ) := lim

n→∞
λ
Ω+
1

(
min{n,dU λ}

)
.

Next we study the changes inµ∗(ε) andµ∗(ε) asε→ 0.

PROPOSITION3.22. The functionsε → µ∗(ε) and ε → µ∗(ε) are both nonincreasing.
Moreover, limε→0µ

∗(ε)= ∞ and limε→0µ∗(ε)= µ̂∗ � µ̃∗, whereµ̃∗ is defined in Theo-
rem3.19.

PROOF. We first show thatε→ µ∗(ε) is nonincreasing. Ifµ∗(ε)≡ max{µ0,µ0(ε)}, then,
sinceµ0(ε) = λΩ1 (dφελ) is nonincreasing withε, there is nothing to prove. Ifµ∗(ε) >
max{µ0,µ0(ε)} for someε = ε0 > 0, then by Theorem 3.6, (3.1) withε = ε0 andµ =
µ∗(ε0) has a positive solution(u0, v0). Let ε1 ∈ (0, ε0]. Then

−�u0 � λu0 −
(
b(x)+ ε1

)
u2

0 − cu0v0.

Hence(u0, v0) is an upper solution to (3.1) withε = ε1. Sinceµ= µ∗(ε0) > µ0(ε0), if we
chooseε1 close enough toε0, thenµ>µ0(ε1) and hence the problem

−�v = µv− v2 − dφε1λ v, v|∂Ω = 0,

has a unique positive solutionvε1. It is easily checked that(φε1λ , vε1) is a lower solution
to (3.1) withε = ε1. Moreover, it is easily seen thatφε1λ � φ

ε0
λ � u0 andvε1 � v0. Thus,

by standard upper and lower solution argument for competition models, (3.1) withε = ε1
has a positive solution(u, v) satisfyingu0 � u� uε1 andvε1 � v � v0. By the definition
of µ∗(ε), we must haveµ∗(ε1)� µ= µ∗(ε0). Thusε→ µ∗(ε) is always nonincreasing.

The fact thatε→ µ∗(ε) is nonincreasing can be proved by a similar argument.
Next we prove thatµ∗(ε)→ ∞ asε→ 0. We view (3.1) as a perturbation of (3.20) and

use a degree argument. Given anyµ̃ >max{λΩ+
1 (dU ), µ̃∗}, by Theorem 3.18, we can find

a constantC > 0 such that any positive solution(u, v) of (3.20) withµ ∈ [0, µ̃] satisfies
‖u‖∞ � C. Note also that we always havev � θµ � θµ̃. We now recall the definition of
A(µ,u, v) in Section 3.1. By enlargingξ, η andM there, and replacinĝµ there byµ̃ if
µ̃ > µ̂, we find that the properties ofA are retained for all smallε � 0. To emphasize the
dependence onε, we denoteA(µ,u, v) byAεµ(u, v).

To use a fixed point index argument, it is convenient to work in the spaceE := C(�Ω)×
C(�Ω) with the natural positive coneP := {(u, v) ∈ E: u � 0, v � 0}. If we defineA :=
{(u, v) ∈ E: 0 � u < ξ,0 � v < η}, then it is easily checked thatAεµ :A → P and is
completely continuous for all smallε � 0 andµ ∈ [0, µ̃]. Let us now consider the fixed
point index, indexP (A0

µ,A). WhenλΩ1 <µ< µ̃∗, the only nonnegative solutions of (3.20)
are(u, v) = (0,0) and(u, v) = (0, θµ), both are linearly unstable solutions of (3.20). By
Dancer’s fixed point index formula [Da2], for suchµ,

indexP
(
A0
µ, (0,0)

)
= indexP

(
A0
µ, (0, θµ)

)
= 0.
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Therefore,

indexP
(
A0
µ,A

)
= indexP

(
A0
µ, (0,0)

)
+ indexP

(
A0
µ, (0, θµ)

)
= 0.

As A0
µ has no fixed point on∂PA (the relative boundary ofA with respect toP ) for any

µ ∈ [0, µ̃], by the continuity property of the fixed point index (see [Am]), indexP (A
0
µ,A)

is independent ofµ ∈ [0, µ̃] and is thus identically zero.
Consider nowµ ∈ (µ0, µ̃]. For suchµ, the trivial solution(0,0) of (3.20) is linearly

unstable and hence has fixed point index 0, but the semitrivial solution(0, θµ) is linearly
stable, and therefore it has fixed point index 1. It follows that we can find small neighbor-
hoodsN0 of (0,0) andN1 of (0, θµ̃) such that

indexP
(
A0
µ̃,A \ (N0 ∪N1)

)

= indexP
(
A0
µ̃,A

)
− indexP

(
A0
µ̃, (0,0)

)
− indexP

(
A0
µ̃, (0, θµ̃)

)

= 0− 0− 1= −1.

It follows from the continuity property of the fixed point index that, for all sufficiently
smallε > 0, indexP (Aεµ̃,A \ (N0 ∪N1)) is well defined and equals indexP (A0

µ̃
,A \ (N0 ∪

N1))= −1. ThusAε
µ̃

has a fixed point(u, v) in A \ (N0 ∪N1), i.e., (3.20) has a positive
solution withµ = µ̃ for all small ε > 0. In particular,µ∗(ε) � µ̃. As µ̃ is arbitrary, this
impliesµ∗(ε)→ ∞ asε→ 0.

Let us now prove that limε→0µ∗(ε) � µ̃∗. Sinceµ∗(ε) is nonincreasing withε and
µ∗(ε) � µ0, µ̂∗ := limε→0µ∗(ε) exists. If µ̂∗ > µ̃∗, then sinceµ̂∗ � µ0, we must have
µ∗ <µ0. By Theorem 3.19, (3.20) withµ= µ̃∗ has a positive solution(u0, v0). It is easily
checked that(u0, v0) is a lower solution to (3.1) withµ = µ̃∗ for any ε > 0. Moreover,
sinceµ̃∗ <µ0, λ= λΩ1 (cθµ0) > λΩ1 (cθµ̃∗), and thus, the problem

−�u= λu−
(
b(x)+ ε

)
u2 − cθµ̃∗u, u|∂Ω = 0,

has a unique positive solutionu∗. Clearly (u∗, θµ̃∗) is an upper solution of (3.1) with
µ = µ̃∗, andv0 � θµ̃∗ , u0 � u∗. Thus, (3.1) withµ = µ̃∗ has a positive solution, and
henceµ∗(ε) � µ̃∗. But this impliesµ̂∗ � µ̃∗, a contradiction. Therefore, we must have
µ̂∗ � µ̃∗, as required. �

By Propositions 3.21 and 3.22, we find that, for smallε > 0, µ0(ε) < µ
∗(ε), and for

fixedµ> λΩ+
1 (dU λ), µ ∈ (µ0(ε),µ

∗(ε)) holds for all smallε > 0. Therefore, (3.1) has a
minimal positive solution(uεµ, v

ε
µ). We are interested in the profile of(uεµ, v

ε
µ) asε→ 0.

To simplify notation, we will denote this minimal solution by(uε, vε) when its dependence
onµ is not emphasized. For technical reasons, in the following theorems we requireµ >

λ
Ω+
1 (d�Uλ), where�Uλ is the maximal positive solution of (2.3) withp = 2. Under some

mild conditions onb(x), �Uλ =U λ, see Remark 2.3.

THEOREM 3.23. Suppose thatλ > λΩ0
1 andµ > λΩ+

1 (d�Uλ). Then the following conclu-
sions hold:
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(i) (uε, vε)→ (∞,0) uniformly on �Ω0,
(ii) �Uµ � lim ε→0u

ε, limε→0u
ε � U µ,V µ � lim ε→0v

ε, limε→0v
ε � �Vµ, where the

limits are uniform on any compact subset of�Ω \ �Ω0, (U µ,V µ) and (�Uµ, �Vµ) are re-
spectively the minimal and maximal positive solutions of the boundary blow-up problem





−�u= λu− b(x)u2 − cuv, x ∈Ω+,

−�v = µv− v2 − duv, x ∈Ω+,

u|∂Ω = v|∂Ω = 0, u|∂Ω0 = ∞, v|∂Ω0 = 0.

(3.22)

Moreover, for any positive sequence{εn} that converges to0, {(uεn , vεn)} has a subse-
quence that converges, uniformly on any compact subset of�Ω \ �Ω0, to a positive solution
of (3.22).

We omit the rather involved proof of Theorem 3.23 here, and refer the interested reader
to [Du4]. Let us note that for smallε > 0, the above result shows that(uε, vε) exhibits
a sharp pattern over the underlying domainΩ : uε is large overΩ0 and is positive and
of order 1 overΩ+; vε is small overΩ0, and it is positive and of order 1 overΩ+. Our
next result demonstrates that an intuitively clearer pattern is given by a rescaled version
of (uε, vε), namely(ũε, vε) := (εuε, vε). It is easily checked that(ũε, vε) is a minimal
positive solution of the following competition model





−�u= λu−
[
ε−1b(x)+ 1

]
u2 − cuv,

−�v = µv− v2 − ε−1duv,

u|∂Ω = v|∂Ω = 0.

(3.23)

Clearly(ũε, vε) has the same stability properties as(uε, vε) in (3.1) when regarded as a
steady-state of the corresponding parabolic problem of (3.23).

THEOREM3.24. Suppose thatλ > λΩ0
1 andµ> λΩ+

1 (d�Uλ). Then the following are true:
(i) (ũε, vε)→ (θ̃λ,0) uniformly on �Ω0, where, θ̃λ is the unique positive solution of

−�u= λu− u2 in Ω0, u|∂Ω0 = 0.

(ii) For any positive sequenceεn → 0, {(ũεn , vεn)} has a subsequence that converges to
(0,V ) uniformly on �Ω \ �Ω0, whereV ∈ C(�Ω \ �Ω0) and is the second component of some
positive solution(U,V ) of (3.22).

Again we refer the proof of Theorem 3.24 to [Du4]. The above two theorems give us a
rather detailed description of the spatial pattern of the minimal positive solution(uεµ, v

ε
µ)

with smallε > 0. By Theorem 3.16, this solution is asymptotically stable exactly when its
dependence onµ is continuous atµ, which is the case for almost allµ. If its dependence
onµ is discontinuous at somêµ, then

(
ûε, v̂ε

)
:= lim

µ→µ̂+0

(
uεµ, v

ε
µ

)
(3.24)
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Fig. 1. Bifurcation diagram for (3.1) and (3.20).

is a positive solution of (3.1) withµ= µ̂, and it is asymptotically stable. Equation (3.24)
implies that, for fixed smallε > 0, (ûε, v̂ε) has the spatial pattern similar to(uεµ, v

ε
µ) with

µ> µ̂ but close toµ̂.
The bifurcation diagram (Figure 1) describes a possible scenario of the global bifurcation

branches for (3.1) and (3.20) withλ� λ
Ω0
1 .

3.4. Remarks

1. If Ω0 is not connected but consists of finitely many components, then our results in
Sections 3.1 and 3.2 are not affected, and the results in Section 3.3 can also be extended to
this case, see [Du4] for details.

2. The strategy employed here for the competition model (3.1) has been used to study
certain predator–prey models; see [DD2] and [DHs] for details, and [Du5] for a survey.
Since the predator–prey models do not have any kind of monotonicity property, the tech-
niques there are very different from here.

3. It is an interesting problem to see what new features arise if we have at least two
nonconstant coefficients in (3.1) that are close to zero in certain parts of the domain.

4. Our method works as well if (3.1) has the following more general form





−div
(
d1(x)u

)
= λa1(x)u−

[
b(x)+ ε

]
u2 − c(x)uv,

−div
(
d2(x)v

)
= µa2(x)v − e(x)v2 − d(x)uv,

Bu|∂Ω = Bv|∂Ω = 0,

(3.25)
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where the coefficient functions are positive exceptb(x) which is allowed to vanish on part
of the domain, and the boundary operatorB is either Dirichlet, or Neumann or Robin type.

5. In a series of recent papers, Hutson–Lou–Mischaikow–Polacik studied various per-
turbations of the special competition model





ut −µ�u= α(x)u− u2 − uv, (x, t) ∈Ω × (0,∞),
vt −µ�v = α(x)v − v2 − uv, (x, t) ∈Ω × (0,∞),
uν = vν = 0, (x, t) ∈ ∂Ω × (0,∞),

and obtained interesting results revealing some fundamental effects of heterogeneous en-
vironment on the competition model. We refer to [HLM,HLMP] and [HMP] for details.
Further related results can be found in [AC,CC,CCH,Lop1,LS].

6. Several general approaches have been developed in the past two decades to
study (3.25). For example, the method of monotone iterations and order preserving op-
erators was developed and used by Pao [Pao], Koman and Leung [KL] and many others;
the method of global bifurcation was introduced by Blat and Brown [BB1,BB2]; and the
fixed point index approach was developed by Dancer [Da3,Da4]. These methods were
applied to (3.25) with constant coefficients, but they work as well with nonconstant coef-
ficients to yield similar results. Therefore it is difficult to rely on these methods alone to
reveal the effects of heterogeneous environment on (3.25).

7. The spatial behavior of positive solutions of the two species competition model has
received extensive studies even in the constant coefficient case, i.e., when the spatial envi-
ronment is homogeneous. In [KW], it was shown that, if the spatial domainΩ is convex,
then problem (3.25) with constant coefficients and Neumann boundary conditions has no
stable positive steady-state that depends onx, i.e., all its stable positive steady-states are
constant solutions. On the other hand, in [MM], spatially variable stable positive steady-
state solutions were constructed for certain nonconvexΩ (see also [KY]). In [DD1], it
was proved that in the strong competition case, positive steady-states of (3.25) with con-
stant coefficients tend to segregate overΩ , i.e.,uv is close to 0 withu close to max{w,0}
andv close to max{−w,0}, wherew is a sign-changing solution of a scalar elliptic equa-
tion deduced from this competition system. In [LN2,LN1], the competition model with
self-diffusion and cross-diffusion was closely examined and the existence and asymptotic
profile of space dependent positive steady-states were obtained when certain parameters
are large; see also [Mi] and [MK] for earlier result.

8. It is more realistic to assume that the coefficients in the competition model are also
dependent on time, for example, they are periodic in time as well as a function of the space
variablex. The general case was systematically discussed in [He]. It would be interesting
to see whether the results of Sections 3.1–3.3 here can be extended to this case.

4. Bifurcation and exact multiplicity: The perturbed Gelfand equation

Exact multiplicity of solutions to nonlinear equations is in general very difficult to obtain.
In most nonlinear elliptic problems, the number of solutions is not only affected by the
nonlinearity in the equation, it also depends on the geometry of the underlying domain
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(see [Da5]). When the underlying domain is a ball, then for many classes of nonlineari-
ties, it is possible to use a bifurcation approach to find the exact number of positive so-
lutions (see, e.g., [OS1,OS2]). A key point is that, by the well-known result of Gidas, Ni
and Nirenberg [GNN], under homogeneous Dirichlet boundary conditions, any positive
solution on the ball is radially symmetric; this reduces the PDE problem to an ODE one
and makes the exact multiplicity problem reachable. We will demonstrate this approach
through the perturbed Gelfand equation, where a perturbation argument is also needed. We
mainly follow [DLo2] and [Du2].

The perturbed Gelfand equation arises in the mathematical modelling of thermal reaction
processes (see [BE], Section 1.3), which is of the following form:

−�u= λeu/(1+εu) in Ω, u|∂Ω = 0, (4.1)

whereΩ is a bounded smooth domain inRN , λ is a positive constant known as the Frank–
Kamenetskii parameter,ε > 0 is a small parameter representing the reciprocal activation
energy andu stands for the dimensionless temperature.

If ε = 0, problem (4.1) reduces to the well-known Gelfand equation

−�u= λeu in Ω, u|∂Ω = 0. (4.2)

If we let v = ε2u andµ= λε2e1/ε, then (4.1) becomes

−�v = µe−1/(ε+v) in Ω, v|∂Ω = 0, (4.3)

which has the limiting equation

−�v = µe−1/v in Ω, v|∂Ω = 0. (4.4)

We will make use of both (4.2) and (4.3) to obtain a good understanding of (4.1) for small
ε > 0.

If ε � 1/4, then it is easily checked that the right-hand side of (4.1) is an increasing con-
cave function ofu, and it follows easily that (4.1) has a unique positive solution for every
λ > 0; see [BIS] and [CS]. For a generalε > 0, it is known that (4.1) has a unique positive
solution for 0< λ≪ 1 andλ≫ 1; and for 0< ε≪ 1, it is known that there exists a non-
empty bounded open intervalΛ⊂ (0,∞) such that forλ ∈Λ, (4.1) has at least three dis-
tinct positive solutionsu1(x)� u2(x)� u3(x); see [BIS,CS,Sh,Wie1] and [Wie2]. These
results suggest that whenε > 0 is small, the global bifurcation branch{(λ,u)} of (4.1) is
roughly S-shaped. If the space dimension is one, then it is proved by the method of quadra-
tures that this bifurcation branch is a continuous curve and is exactly S-shaped whenε > 0
is sufficiently small [HM], and it was further shown that this is true when 0< ε < 1/4.4967
in [W1], and when 0< ε < 1/4.35 in [KLi].

It had been conjectured that the global bifurcation curve of (4.1) is exactly S-shaped
when the space dimension is two andΩ is a ball. (This kind of result is useful in under-
standing the profiles of the solutions to the full exothermic reaction–diffusion system; see
[MS] for details.) Parter [Pa] considered this case for the equivalent problem (4.3), and
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gave estimates of four positive valuesµ
1
(ε) < µ̄1(ε) < µ2

(ε) < µ̄2(ε) such that (4.3) has
a unique positive solution ifµ ∈ (0,µ

1
(ε)] ∪ [µ̄2(ε),+∞) and it has at least three posi-

tive solutions ifµ ∈ [µ̄1(ε),µ2
(ε)]. By using (4.2) as a limiting problem for (4.1), Dancer

[Da1] proved, among other things, that for any small positiveλ0 > 0, one can find an
ε0> 0 small such that ifε ∈ (0, ε0), then there is a constantλ2(ε) > 0 such that (4.1) has
exactly three positive solutions ifλ ∈ (λ0, λ2(ε)); it has exactly two positive solutions if
λ= λ2(ε); and there is a unique positive solution ifλ > λ2(ε). This leaves the conjecture
unsolved only for the smallλ-range, 0< λ < λ0. This gap was finally filled in [DLo2],
where apart from (4.2), the limiting equation (4.4) was also used; we will give a proof of
this result further based on (4.4) only.

As will become clear later, when the space dimensionN is greater than two, the global
solution curve of (4.1) needs not be S-shaped for smallε > 0; it is more complicated when
3�N � 9, and (4.2) will play an important role in understanding this.

4.1. The limiting equations

WhenΩ is the unit ball, the number of positive solutions to (4.2) was completely described
in the well-known paper of Joseph and Lundgren [JL] based on a phase plane method. Their
results are summarized in the following proposition.

PROPOSITION 4.1. Suppose thatΩ is the unit ball in RN . Then there exists a finite
valueλ∗ depending onN , such that(4.2)has

(i) no positive solution whenλ > λ∗ (1�N � 9),
(ii) exactly one positive solution whenλ= λ∗ (1 �N � 9),
(iii) exactly two positive solutions when0< λ< λ∗ (N = 1,2),
(iv) an infinite number of positive solutions whenλ= 2(N − 2) (3 �N � 9),
(v) a finite but large number of solutions when|λ−2(N−2)| �= 0 is small(3 �N � 9),
(vi) a unique positive solution when0< λ < 2(N − 2), and no positive solution for

λ� 2(N − 2) (N � 10).

Moreover, the solution set{(λ,u)} is a smooth curve which can be illustrated in Figure 2.

Fig. 2. Bifurcation diagrams for the Gelfand equation (4.2) over the unit ball.
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We now consider the other limiting equation (4.4). We will use a bifurcation argument
to show that ifΩ is a ball of any dimension, the positive solution curve{(µ, v)} is exactly
“⊂”-shaped. This is in sharp contrast to the Gelfand equation (4.2), whose positive solution
set changes structure as the dimension of the underlying domain changes. For definiteness,
we assume thatΩ is the unit ballB := {x ∈ RN : |x|< 1}. For convenience of notation, we
also denote

f (v)= f0(v)= e−1/v, fε(v)= e1/(ε+v). (4.5)

The following lemma, with a difficult and technical proof, is crucial.

LEMMA 4.2. SupposeΩ = B. If u is a degenerate positive solution of(4.4), that is, the
linearized problem

−�φ = µf ′(u)φ, φ|∂B = 0,

has a nontrivial solutionφ, thenφ does not change sign inB.

PROOF. By [GNN], u is radially symmetric:u(x) = u(r), r = |x|; moreover,u′(r) < 0
on (0,1]. By Proposition 3.3 of [LN],φ is also radially symmetric,φ(x)= φ(r). Hence

φ′′ + N − 1

r
φ′ +µf ′(u)φ = 0 in [0,1], φ′(0)= 0, φ(1)= 0.

By the Harnack inequality (or a well-known uniqueness result for the above singular
second-order ordinary differential equation),φ(0) �= 0. We may assumeφ(0) > 0.

Direct calculations give

f ′(u)= u−2e−1/u > 0 ∀u > 0,

f ′′(u)= u−4e−1/u(1− 2u).

Hence

f ′′(u) > 0 for u ∈ (0,1/2), f ′′(u) < 0 for u ∈ (1/2,∞).

One easily sees

K(u)= uf ′(u)
f (u)

= 1

u

is a decreasing function ofu on (0,∞). We divide our following discussion into two cases:

(i) u(0)� 1 and (ii)u(0) > 1.
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Consider case(i) first. Let

v(r)= rur (r)+ ξu(r),

whereξ is a positive constant to be specified later. Then

−�v−µf ′(u)v = µ
[
2f (u)− ξ

(
f ′(u)u− f (u)

)]

= µf (u)
[
2− ξ

(
K(u)− 1

)]
. (4.6)

Define

h(r)= − ru
′(r)
u(r)

, r ∈ [0,1).

Clearly h(0) = 0 andh(1) = +∞. We show in the following thath′(r) > 0 in (0,1).
Indeed,

h′(r)= ru2
r + (N − 2)uru+µrf (u)u

u2
= 2H(r)+µrQ(u(r))

u2
, (4.7)

where

H(r)= ru2
r + (N − 2)uru

2
+µrF

(
u(r)

)
,

F (u)=
∫ u

0
f (s)ds, Q(u)= uf (u)− 2F(u).

Here and in what follows,ur is sometimes used foru′ to avoid notation likeu′2.
If N = 1,2, then it follows from the first equality in (4.7) thath′(r) > 0 in (0,1). There-

fore, we need only considerN > 2. A simple calculation gives

[
rN−1H(r)

]′ = µrN−1G
(
u(r)

)
with G(u)=NF(u)− N − 2

2
f (u)u.

Clearly,G(0)= 0 and

G′(u) = N + 2

2
f (u)− N − 2

2
f ′(u)u

= u−1e−1/u (N + 2)u− (N − 2)

2
.

It follows that

G′(u) < 0 on [0, γ ), G′(u) > 0 on (γ,∞),
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whereγ = (N − 2)/(N + 2). Therefore, we have eitherG(u) < 0 on(0,∞) orG(u) < 0
on (0, γ0) andG(u) > 0 on(γ0,∞) for someγ0> γ . We show that actually only the latter
alternative can occur. Indeed, ifG(u(r))� 0 for all r ∈ [0,1], then

0<
u2
r (1)

2
=H(1)=

∫ 1

0
µrN−1G

(
u(r)

)
dr � 0.

This contradiction showsγ0 exists, and moreover,

u(0) > γ0 (4.8)

wheneverN > 2 andu is a positive solution of (4.4) withΩ = B.
Let t be uniquely determined byu(t)= γ0. We have

[
rN−1H(r)

]′ = µrN−1G
(
u(r)

)
> 0 ∀r ∈ (0, t),

which impliesH(r) > 0 for r ∈ (0, t]. Moreover, forr ∈ (t,1],G(u(r)) < 0 and therefore

rN−1H(r) = H(1)−
∫ 1

r

µrN−1G
(
u(r)

)
dr

� H(1)= u2
r (1)

2
> 0.

Thus we always haveH(r) > 0 on(0,1].
SinceQ(0)= 0 and

Q′(u)= uf ′(u)− f (u)= f (u)
[
K(u)− 1

]
� 0 ∀u ∈ [0,1),

we haveQ(u)� 0 on[0,1) and hence, by (4.7),h′(r) > 0 on(0,1), as required.
Denote

µ(r)= 2

K(u(r))− 1
.

Thenµ(r) is strictly decreasing forr ∈ (0,1], and by (4.6),

−�v−µf ′(u)v = g(r), g(r)= µf (u)
[
K(u)− 1

][
µ(r)− ξ

]
.

With these preparations, we are now ready to show thatφ does not change sign inB in
case (i). We argue indirectly. Supposeφ(r) has a zero in(0,1). Then we can find 0< t1 �
t2< 1 such that

φ(t1)= 0, φ(r) > 0 ∀r ∈ [0, t1),
φ(t2)= 0, φ(r) �= 0 ∀r ∈ (t2,1).
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Now we chooseξ = h(t1) in v = rur + ξu, and have two subcases to consider

(a)µ(t1)� ξ and (b)µ(t1) < ξ.

We have

v(r)= rur + h(t1)u= u
[
h(t1)− h(r)

]
> v(t1)= 0 ∀r ∈ [0, t1),

v(r) < 0 ∀r ∈ (t1,1).
(4.9)

In subcase (a), we easily seeg(r) > 0 on (0, t1), and hence, usingv(t1)= 0, we arrive
at the following contradiction

0<
∫ t1

0
g(r)φ(r)rN−1 dr =

∫

Bt1

[
−�v−µf ′(u)v

]
φ =

∫

∂Bt1

vφr = 0, (4.10)

where we useBr = {x ∈ RN : |x| � r}.
In subcase (b), we may assumeφ(r) > 0 on (t2,1) for otherwise we can replaceφ

by −φ. Moreover, one easily seesg(r) < 0 on[t1,1]. Then by (4.9) andφ′(t2) > 0> φ′(1),
we also arrive at a contradiction

0>
∫ 1

t2

g(r)φ(r)rN−1 dr

=
∫

B\Bt2

[
−�v−µf ′(u)v

]
φ

=
∫

∂Bt2

−vφr +
∫

∂B

vφr > 0. (4.11)

This proves the lemma for case (i).

Next we consider case(ii) whereu(0) > 1. We can find 0< r1< r2< 1 uniquely deter-
mined by

u(r1)= 1, u(r2)= 1/4.

We first showφ(r) �= 0 on (0, r1]. To this end, we choosew(r) = u(r)− 1/4 as a test
function. Clearly

−�w−µf ′(u)w = µq(u), q(u)= f (u)− f ′(u)(u− 1/4).

We have

q ′(u)= (1/4− u)f ′′(u),
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which is positive on(0,1/4), negative on(1/4,1/2) and positive on(1/2,∞). Since
q(0)= 1/4f ′(0)= 0, it follows

q(u)� q(1/2)= f (1/2)− 1/4f ′(1/2)= 0 ∀u > 0.

Hence

−�w−µf ′(u)w = µq(u)� 0 onB.

If φ(r) has a zero in(0, r1], then we can findt ∈ (0, r1] such thatφ(r) > 0 on[0, t) and
φ(t)= 0. Usingw(t)= u(t)− 1/4> u(r2)− 1/4= 0, we deduce

0�

∫ t

0
µq
(
u(r)

)
φ(r)rN−1 dr =

∫

Bt

[
−�w−µf ′(u)w

]
φ =

∫

∂Bt

wφr < 0.

This contradiction finishes our proof forφ(r) �= 0 on[0, r1].
Next we supposeφ(r) changes sign in(0,1) and deduce a contradiction. Sinceφ(r) �= 0

in [0, r1], we can findr1< t1 � t2< 1 such that

φ(t1)= 0, φ(r) > 0 ∀r ∈ [0, t1),
φ(t2)= 0, φ(r) �= 0 ∀r ∈ (t2,1).

We now definev(r), h(r), µ(r) andg(r) as in case (i), and chooseξ = h(t1) in the
definition ofv(r). Sinceu(r)� 1 on[r1,1], our arguments in case (i) give

h′(r) > 0 on (r1,1).

Hence

v(r)= u
[
h(t1)− h(r)

]
> v(t1)= 0 ∀r ∈ [r1, t1), v(r) < 0 ∀r ∈ (t1,1].

If µ(t1)� ξ , then sinceµ(r) is strictly decreasing on(0,1) andK(u(r)) < 1 on[0, r1),
K(u(r)) > 1 on(r1,1], we have

g(r)= µf (u)
[
K(u)− 1

][
µ(r)− ξ

]
> 0 ∀r ∈ (r1, t1)

and

g(r)= µf (u)
[
2− ξ

(
K(u)− 1

)]
> 0 ∀r ∈ [0, r1].

Thusg(r) > 0 on[0, t1). Now we can deduce the same contradiction (4.10) as in case (i).
If µ(t1) < ξ , then

g(r)= µf (u)
[
K(u)− 1

][
µ(r)− ξ

]
< 0 ∀r ∈ (t1,1],
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and we arrive at the contradiction (4.11) as in case (i). This finishes the proof of
Lemma 4.2. �

Using Lemma 4.2 and the turning point theorem of Crandall and Rabinowitz
[CR1,CR2], Theorem 1.3, we can prove the following result.

LEMMA 4.3. Suppose thatu0 is a degenerate positive solution of(4.4) withΩ = B and
µ= µ0. Then all the positive solutions(µ,u) of (4.4) that are near(µ0, u0) in R1 ×C(�B)
lie on a smooth curve represented by

(µ,u)=
(
µ0 + τ(s), u0 + sφ0 + z(s)

)
with |s| small,

where z(0) = z′(0) = 0, τ (0) = τ ′(0) = 0 and φ0 is a positive eigenfunction given in
Lemma4.2.Moreover, τ ′′(0) > 0.

PROOF. SetX = C2,α
0 (�B), Y = Cα(�B) andF(µ,u)=�u+ µf (u). It is easy to see that

F is a smooth mapping fromR1 ×X to Y . The partial derivativeFu at (µ0, u0) is given
by Fu(µ0, u0)φ = �φ + µ0f

′(u0)φ. By Lemma 4.2 we know thatN(Fu(µ0, u0)) is of
one dimension: in fact,N(Fu(µ0, u0)) = span{φ0}. Moreover, codimFu(µ0, u0) = 1 by
the Fredholm alternative. Also

Fµ(µ0, u0)= f (u0) /∈R
(
Fu(µ0, u0)

)

since
∫
B
f (u0)φ0> 0. Therefore we can use Theorem 1.3 to conclude the following:

Near the degenerate solution(µ0, u0) in R1 ×X, the solutions of(4.4) form a smooth
curve

(
µ(s),u(s)

)
=
(
µ0 + τ(s), u0 + sφ0 + z(s)

)
, (4.12)

where s → (τ (s), z(s)) ∈ R1 × Z is a smooth function nears = 0 with τ(0) =
τ ′(0)= 0, z(0)= z′(0)= 0, whereZ is a complement ofspan{φ0} in X.

By a standard elliptic regularity consideration, we know that any solution of (4.4) near
(µ0, u0) in R1 × C(�B) is also close to(µ0, u0) in R1 × X. Therefore all the positive
solutions of (4.4) near(µ0, u0) in R1 ×C(�B) are contained in the smooth curve (4.12).

We now substitute the expression (4.12) for the solutions into equation (4.4), differenti-
ate the equation with respect tos twice ats = 0, multiply the resulting identity byφ and
integrate it overB to obtain

τ ′′(0)= −µ0

∫ 1
0 f

′′(u0)φ
3
0r
N−1 dr

∫ 1
0 f (u0)φ0rN−1 dr

. (4.13)

It remains to show thatτ ′′(0) > 0. Let use define

ξ(r)= µ0r
N−1[f (u0)φ

′
0 − f ′(u0)φ0u

′
0

]
.
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One easily checks that

ξ ′(r)= −µ0r
N−1f ′′(u0)φ0

(
u′

0

)2
, ξ(0)= ξ(1)= 0. (4.14)

It follows that

∫ 1

0
f ′′(u0)φ0

(
u′

0

)2
rN−1 dr = 0.

We claim thatf ′′(u0(r)) changes sign exactly once in(0,1). Otherwise we necessarily
haveu0(0)� 1/2 andf ′′(u0(r)) > 0 in (0,1). By the first part of (4.14), this implies that
ξ ′(r) < 0 in (0,1), and henceξ(0) > ξ(1), contradicting the second part of (4.14). This
proves our claim. Let us assume thatf ′′(u0(r)) changes sign exactly once in(0,1) at
r = r̄ .

Next we show that−u′
0 and φ0 intersect exactly once in(0,1). Since−u′

0(0) = 0,
−u′

0(1) > 0, φ0(0) > 0 andφ0(1) = 0, −u′
0 andφ0 intersect at least once in(0,1). If

they intersect at least twice, we may assume that there exist 0< r1 < r2 < 1 such that
(φ0 +u′

0)(r1)= (φ0 +u′
0)(r2)= 0, and(φ0 +u′

0)(r) < 0 for r ∈ (r1, r2). This in particular
implies that(φ0 + u′

0)
′(r1)� 0 and(φ0 + u′

0)
′(r2)� 0. By the equations ofφ0 andu′

0, it is
easy to check that the following identity holds:

[
rN−1u′

0φ
′
0 − rN−1φ0u

′′
0

]′ = −(N − 1)rN−2u′
0φ0. (4.15)

Integrating (4.15) fromr1 to r2, and using(φ0 + u′
0)(r1)= (φ0 + u′

0)(r2)= 0, we obtain

rN−1
2 u′

0(r2)
(
φ0 + u′

0

)′
(r2)− rN−1

1 u′
0(r1)

(
φ0 + u′

0

)′
(r1)

= −
∫ r2

r1

(N − 1)rN−2u′
0φ0 dr. (4.16)

However, the right-hand side of (4.16) is positive sinceu′
0< 0 andφ0> 0, while the left-

hand side of (4.16) is nonpositive due to the facts summarized ahead of (4.15). This contra-
diction shows that−u′

0 andφ0 intersect exactly once in (0, 1). By replacingφ0 by η0φ0 for
some suitable positiveη0 if necessary, we may assume that−u′

0 andφ0 intersect exactly
at r = r̄ , wheref ′′(u0(r)) changes sign. It now follows that

f ′′(u0)φ
2
0 < f

′′(u0)u
′2
0 in (0, r̄)∪ (r̄,1).

Hence

∫ 1

0
f ′′(u0)φ

3
0r
N−1 dr <

∫ 1

0
f ′′(u0)φ0

(
u′

0

)2
rN−1 dr = 0.

Since
∫ 1

0 f (u0)φ0r
N−1 dr > 0, the fact thatτ ′′(0) > 0 now follows from (4.13). �

Before proving our main result for (4.4), we need one more preparation.
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LEMMA 4.4. Supposeg ∈ C1(R1) andB is the unit ball inRN ,N � 1.Then for any given
c > 0, the problem

−�u= λg(u), u|∂B = 0,

can have at most one solution(λ,u) satisfyingλ > 0, u� 0 andu(0)= c.

PROOF. Suppose that(λ0, u0) is such a solution. It suffices to show that any other such
solution (λ,u) must coincide with(λ0, u0). By Gidas, Ni and Nirenberg [GNN], both
u andu0 are radially symmetric. It is readily checked thatv(r)= u((λ0/λ)

1/2r) satisfies

(
rN−1v′)′ + λ0r

N−1g(v)= 0, v(0)= c, v′(0)= 0.

Sinceu0 satisfies the above equation with the same initial values, by uniqueness of so-
lutions to the above initial value problem (see, for example, [NN], Proposition 2.35), we
deducev = u0. In particular,v(r) > 0 for r ∈ [0,1) andv(1)= 0. This implies thatλ= λ0

and henceu= v = u0. This finishes the proof. �

We are now ready to prove the main result of this subsection.

THEOREM 4.5. SupposeΩ = B. Then there existsµ0> 0 such that(4.4)has no positive
solution forµ < µ0, has exactly one positive solution forµ = µ0 and exactly two pos-
itive solutions forµ > µ0. Moreover, the positive solution set{(µ, v)} of (4.4) forms a
“⊂” -shaped smooth curve in the spaceR1 × C(�B). Furthermore, if we denote the upper
and lower branches by

{(
µ,vµ

)
: µ0 � µ<∞

}
and

{
(µ, vµ): µ0 � µ<∞

}
,

respectively, thenµ→ vµ(x) is strictly increasing for any fixed|x| < 1, µ→ vµ(0) is
strictly decreasing, and

lim
µ→∞

vµ(x)= ∞ ∀|x|< 1,

lim
µ→∞

vµ(0)= ξ, ξ = 0 if N = 1,2 and ξ > 0 if N > 2.

PROOF. We first show that forµ large, (4.4) has at least one positive solution. Letφ ∈
C∞

0 (B) satisfy φ � 0 and maxB φ = 1. Let v be the unique solution of�v + φ = 0,
v|∂B = 0; let v̄ be the unique solution of�v+µ= 0, v|∂B = 0. It is easy to check that for
all largeµ, v̄ � v and they are upper and lower solutions to (4.4), respectively. Therefore
there existsµ1> 0 such that (4.4) has at least one positive solution provided thatµ� µ1.
Now we can set

µ0 = inf
{
µ> 0: (4.4) has a positive solution

}
.
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We claim thatµ0> 0. If not, there existsµi → 0 andvi such that�vi +µie−1/vi = 0. Set
ṽi = vi/‖vi‖∞. Then

�ṽi +µi
e−1/vi

vi
ṽi = 0, ṽi |∂B = 0.

As e−1/vi/vi is uniformly bounded, by standard elliptic regularity,‖ṽi‖W2,p → 0. The
Sobolev embedding theorem implies thatṽi → 0 uniformly. However, this is impossible as
‖ṽi‖∞ = 1. This contradiction implies thatµ0> 0.

Again by standard elliptic regularity, we can further show that (4.4) withµ = µ0 has
at least one positive solution, and we choose one of them and denote it asv0. We claim
that v0 must be a degenerate solution. If not, then by the implicit function theorem we
can show that forµ less than but close toµ0, (4.4) has at least one positive solution, and
this contradicts the definition ofµ0. Sincev0 is degenerate, our Lemma 4.3 implies that the
solutions near(µ0, v0) form a smooth curve which turns to the right in the(µ, v) space. We
may denote the upper and lower branches byvµ andvµ respectively, wherevµ(0) > vµ(0).
As long as(µ, vµ) and(µ, vµ) are nondegenerate, the implicit function theorem ensures
that we can continue to extend these two branches in the direction of increasingµ, and
we still denote the extensions asvµ andvµ. This process of continuation towards larger
values ofµ for both branches may be stopped at some finiteµ∗ by one of the following
three possibilities:

(i) ‖vµn‖∞ or ‖vµn‖∞ goes to infinity for someµn → µ∗ − 0;
(ii) ‖vµn‖∞ or ‖vµn‖∞ goes to 0 for someµn → µ∗ − 0 (note that by the Harnack

inequality,vµ andvµ can only lose positivity through vanishing on the entire domain);
(iii) vµ

∗
or vµ∗ is a degenerate solution.

However, (i) cannot occur sincevµn andvµn are uniformly bounded byLp estimates
and Sobolev embedding theorem; (ii) cannot occur either as otherwise, denotingvn = vµn
or vµn ,

0= λB1
(

−µn
e−1/vn

vn

)
→ λB1 > 0.

Finally, (iii) cannot occur. This is because, if, say,(µ, vµ) becomes degenerate atµ= µ∗,
then Lemma 4.3 tells us that all the solutions near(µ∗, vµ

∗
) must lie to the right-hand

side of it, which is a contradiction. Therefore we can always extend these two branches of
solutions toµ= ∞.

By Lemma 4.4, we see thatµ→ vµ(0) andµ→ vµ(0) must be strictly monotone and
vµ(0) > v0(0) > vµ(0) for anyµ ∈ (µ0,∞). Hence

lim
µ→∞

vµ(0)= ξ ∈
[
0, v0(0)

)
, lim

µ→∞
vµ(0)= η ∈

(
v0(0),∞

]
.

Let us first show thatη = ∞. In fact we show a little more than that. Let us denote
wµ = Dµvµ. By Lemma 4.3, we find that forµ > µ0 but close toµ0, wµ > 0 in B.
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Defineµ∗ := sup{µ > µ0: wµ′ > 0 in B for all µ′ ∈ (µ0,µ)}. We show thatµ∗ = ∞.
Differentiate the equation forvµ with respect toµ, we find that

−�wµ = µf ′(vµ
)
wµ + f

(
vµ
)
>µf ′(vµ

)
wµ ∀x ∈ B, wµ|∂B = 0.

Thereforewµ �, �≡ 0 for µ ∈ (µ0,µ
∗] and by applying the strong maximum principle

to the above differential inequality withµ = µ∗, we deducewµ∗ > 0 in B, w′
µ∗(1) < 0.

Sinceµ→ wµ is continuous in theC2(�B) norm, the above conclusion forwµ∗ implies
thatwµ > 0 in B for all µ > µ∗ but close toµ∗, a contradiction to the definition ofµ∗.
Thereforewµ > 0 in B for all µ > µ0. This implies thatµ→ vµ(r) is strictly increasing
andvµ(r) > v0(r). It follows that

vµ(r)= (−�)−1[µe−1/vµ]� µ

µ0
(−�)−1[µ0e−1/v0

]
= µ

µ0
v0(r)→ ∞

asµ→ ∞, for anyr ∈ [0,1).
We next show thatξ > 0 whenN > 2 andξ = 0 whenN = 1,2. By Lemma 4.4, this

would imply that all the positive solutions of (4.4) are contained in these two solution
branches if we can show that there is no positive solution of (4.4) satisfyingu(0)� ξ when
ξ > 0.

Let us note that whenN > 2, ξ > 0 is a consequence of (4.8) in the proof of Lemma 4.2.
WhenN = 2, we argue indirectly. Suppose thatξ > 0. Consider the initial value problem

(
rz′
)′ = −re−1/z, z(0)= ξ, z′(0)= 0.

It is easily seen thatz′(r) < 0 for r ∈ (0, r0) as long asz is positive on(0, r0). If z remains
positive on[0,∞), thenz(x)= z(|x|)= z(r) satisfies�z= −e−1/z < 0 onR2 and hence
is a bounded subharmonic function onR2. It is well known that in such a case,z≡ const.
Clearly this is impossible. Hencez has a first zeror0> 0: z(r) > 0 in [0, r0) andz(r0)= 0.
By continuous dependence of the solutions on the initial values, forµ∗ large, the unique
solutionz∗ of the initial value problem

(
rz′
)′ = −re−1/z, z(0)= vµ∗(0), z′(0)= 0,

has a first zeror∗ close tor0. But thenv∗(r)= z∗(r∗r) is a solution of (4.4) withv∗(0)=
vµ∗(0) but µ = (r∗)2 → r2

0 �= µ∗ asµ∗ → ∞. This contradicts Lemma 4.4. Hence we
must haveξ = 0.

WhenN = 1, the proof is similar but simpler. The initial value problem now is changed
to

z′′ = −ze−1/z, z(0)= ξ, z′(0)= 0,

and the existence of a first zero ofz follows from z′′ < 0 on[0,∞).
Finally we show that ifξ > 0, then (4.4) has no positive solution withu(0) � ξ . In

fact, if there is such a solution, then the argument we used above can be repeated to show
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that there is a second smooth curve{(µ, ũ)} of positive solutions which is “⊂”-shaped
and for (µ, ṽ) on its upper branch,̃v(0)→ ∞ asµ→ ∞. But this implies that for any
large numberC > 0, there are at least two solutionsvµ and ṽ with vµ(0) = ṽ(0) = C,
contradicting Lemma 4.4. The proof of Theorem 4.5 is complete. �

4.2. The perturbed Gelfand equation in dimensions 1 and 2

We will show that whenΩ = B in dimensions 1 and 2, the positive solutions of the
perturbed Gelfand equation are completely determined by (4.4). We use the equivalent
form (4.3), namely

−�u= µe−1/(ε+u) in B, u|∂B = 0, (4.17)

whereB = {x ∈ RN : |x|< 1}, N = 1,2.
Let us first observe the following simple relationship between (4.17) and (4.4).
If (µ, v) is a positive solution of (4.4) withΩ = B, andv(0) > ε, then we can find a

uniquea ∈ (0,1) such thatv(a)= ε. Define

u(x)= v(ax)− ε, x ∈ B.

Clearly

−�u= a2µf (u+ ε), u|∂B = 0.

That is,(a2µ,u) is a positive solution of (4.17). In dimensions 1 and 2, sinceξ = 0 in
Theorem 4.5, we find that for anyε > 0, we can obtain a positive solution of (4.17) from
a positive solution of (4.4) through the above process. Moreover, by Lemma 4.4, we easily
see that all the positive solutions of (4.17) can be obtained in this way. Therefore, the
positive solutions of (4.17) are completely determined by (4.4).

The following result, forN = 1,2, is the counterpart of Lemma 4.2, but we will see in
Remark 4.9 that this result is not true when 3�N � 9. This indicates that, in this kind of
conclusions, the nonlinearity and the space dimension play a very subtle role.

LEMMA 4.6. If u is a degenerate positive solution of(4.17)andφ is a nontrivial solution
to

−�φ = µf ′
ε(u)φ, φ|∂B = 0,

thenφ does not change sign inB.

PROOF. Before starting the proof, let us remark that our proof only requiresε � 0. There-
fore, it is a simplification of the proof of Lemma 4.2 for the caseN = 1,2.
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By Gidas, Ni and Nirenberg [GNN],u is radially symmetric:u(x) = u(r), r = |x|;
moreover,u′(r) < 0 on (0,1]. By Proposition 3.3 of [LN],φ is also radially symmetric,
φ(x)= φ(r). Hence

φ′′ + N − 1

r
φ′ +µf ′

ε(u)φ = 0 in [0,1], φ′(0)= 0, φ(1)= 0.

We may assumeφ(0) > 0.
We make use of the test function

v(r)= ru′(r)+ ξ

instead of the usualv = ru′ + ξu as used in the proof of Lemma 4.2, whereξ is a posi-
tive constant to be specified later. This choice of test function seems crucial. By a direct
calculation,

v′′ + N − 1

r
v′ +µf ′

ε(u)v = µ
[
ξf ′
ε(u)− 2fε(u)

]
≡G(r),

[
rN−1(v′φ − vφ′)]′ =G(r)rN−1φ, (4.18)

where

G(r)= µfε(u)g(r), g(r)= ξ

(u+ ε)2 − 2.

Clearly,g(r) is strictly increasing inr .
Now we supposeφ(r) changes sign in(0,1), and want to deduce a contradiction from

this. Let r0 ∈ (0,1) be the first zero ofφ(r): φ(r0) = 0 andφ(r) > 0 for r ∈ [0, r0). We
chooseξ = −r0u′(r0) in v = ru′ + ξ . Since

v′ = −rµfε(u)+ (2−N)u′ < 0 ∀r ∈ (0,1],

we havev(r) > v(r0)= 0 on[0, r0) andv(r) < 0 on(r0,1].
We divide our considerations below into two cases:

(i) g(r0)� 0 and (ii)g(r0) > 0.

In case (i), usingg(r) < g(r0)� 0 on [0, r0), we obtain the following contradiction by
integrating (4.18) from 0 tor0:

0>
∫ r0

0
G(r)rN−1φ dr =

[
rN−1(v′φ − vφ′)]∣∣r0

0 = 0.

In case (ii), we consider the last zero ofφ(r) beforer = 1: r0 � r0 < 1, φ(r0) = 0,
φ(r) �= 0 for r ∈ (r0,1). We may assume thatφ(r) > 0 on (r0,1) (otherwise change the
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sign ofφ). Thenφ′(r0) > 0> φ′(1). Now usingg(r) > 0 andv(r)� 0 on[r0,1], we again
deduce a contradiction:

0<
∫ 1

r0
G(r)rN−1φ(r)dr =

[
rN−1(v′φ − vφ′)]∣∣1

r0
� 0.

The proof is complete. �

Using Lemma 4.6, we obtain a variant of Lemma 4.3, whose obvious proof we omit.

LEMMA 4.7. Suppose thatu0 is a degenerate positive solution of(4.17) with µ = µ0.
Then all positive solutions(µ,u) of (4.17) that are near(µ0, u0) in R × C(�B) lie on a
smooth curve represented by

(µ,u)=
(
µ0 + τ(s), u0 + sφ + z(s)

)
with s small,

where z(0) = z′(0) = 0, τ (0) = τ ′(0) = 0 and φ is the positive eigenfunction given in
Lemma4.6.Moreover,

τ ′′(0)= −µ0

∫
B
f ′′
ε (u0)φ

3 dx∫
B
fε(u0)φ dx

. (4.19)

We are now ready to prove the main result of this subsection.

THEOREM 4.8. For all sufficiently smallε > 0, the positive solution curve{(µ,u)}
of (4.17) is exactly S-shaped. There existλ∗

ε and Λ∗
ε satisfying limε→0λ

∗
ε = µ0,

limε→0Λ
∗
ε = ∞, such that(4.17)has

(i) a unique positive solution forµ ∈ (0, λ∗
ε)∪ (Λ∗

ε ,∞);
(ii) exactly two positive solutions forµ= λ∗

ε andµ=Λ∗
ε ;

(iii) exactly three positive solutions forµ ∈ (λ∗
ε ,Λ

∗
ε).

PROOF. By Theorem 4.5, the positive solution curve of (4.4) withΩ = B is “⊂”-shaped
with exactly one turning point at(µ0, v0), wherev0 = vµ0 = vµ0. Denoteξ0 = v0(0). Then
for anyε ∈ (0, ξ0), we can find a uniqueµε ∈ (µ0,∞) such that

vµε (0)= ε.

By Theorem 4.5, we see thatµε increases asε decreases andµε → ∞ asε→ 0.
For anyµ ∈ [µ0,µε), we can find a uniqueaµ = aµ(ε) ∈ (0,1) such that

vµ(aµ)= ε.

Clearly,

lim
ε→0

aµ(ε)= 1 for fixedµ� µ0,

lim
µ→µε−0

aµ(ε)= 0 for fixedε ∈ (0, ξ0).
(4.20)
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Now we define

ηµ = (aµ)2µ, uµ(x)= vµ(aµx)− ε, x ∈ B,

and find that

Γε =
{
(ηµ, uµ): µ0 � µ<µε

}

gives a piece of smooth solution curve to (4.17). Moreover,Γε connects(ηµ0, uµ0) and
(0,0) (whenµ→ µε − 0).

On the other hand, due toε ∈ (0, ξ0), for anyµ� µ0, we can find a uniqueaµ = aµ(ε) ∈
(0,1) satisfyingvµ(aµ)= ε, and define

ηµ =
(
aµ
)2
µ, uµ(x)= vµ

(
aµx

)
− ε, x ∈ B,

we obtain another piece of smooth solution curve of (4.17)

Γ ε =
{(
ηµ, uµ

)
: µ0 � µ<∞

}
.

By Theorem 4.5,µ→ aµ is strictly increasing and

lim
µ→∞

aµ = 1. (4.21)

Thereforeµ→ ηµ is strictly increasing and{(µ,u(0)): (µ,u) ∈ Γ ε} is a monotone curve
in R2 that connects(ηµ0, uµ0(0)) to (∞,∞). Since

(
ηµ0, uµ0

)
= (ηµ0, uµ0),

we find that

Γ (ε)= Γ ε ∪ Γε

gives a piecewise smooth (in fact smooth) curve for (4.17) connecting(0,0) and(∞,∞).
By Lemma 4.4, we know it contains all the positive solutions of (4.17). We are going to
find out the shape of this curve.

Recall that

f ′′(u) > 0 for u ∈ (0,1/2) and f ′′(u) < 0 for u ∈ (1/2,∞).

We fix someξ1 ∈ (0,1/2) and suppose

ε < ε1 � 1/2− ξ1.

Then clearlyf ′′(u+ ε) > 0 for u ∈ (0, ξ1).
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Now we chooseλξ1 >µ0 such that

vµ(0) < ξ1 whenµ� λξ1.

By shrinkingε1 we may assume thatλξ1 < µε for all ε ∈ (0, ε1). We can now divideΓε
into two parts

Γ 1
ε =

{
(ηµ, vµ): λξ1 � µ<µε

}
and Γ 2

ε =
{
(ηµ, vµ): µ0 � µ� λξ1

}
.

We first analyze the shape ofΓ 1
ε . Define

Λ∗
ε = sup

µ∈[λξ1,µε)
ηµ.

By (4.20), one easily sees that there existsε2 ∈ (0, ε1] such that whenε ∈ (0, ε2),

Λ∗
ε is achieved at someµ∗ ∈ (λξ1,µε) and lim

ε→0
Λ∗
ε = ∞.

By the implicit function theorem,(ηµ∗ , uµ∗)must be a degenerate solution of (4.17). Then
by Lemma 4.7, (4.19) and our choice ofξ1, the solutions of (4.17) near(ηµ∗ , vµ∗) form a
smooth curve that has a turn to the left. Therefore, we have an upper branch and a lower
branch of positive solutions starting from this point, and both branches can be continued
towards smaller values ofµ. The lower branch can be continued to reach(0,0), because
(a) we cannot meet a degenerate solution in the way of continuation due to Lemma 4.7 and
u(0) < ξ1 onΓ 1

ε , and (b) the branch goes alongΓ 1
ε . For the same reason, the upper branch

can be continued till it reaches(ηλξ1 , uλξ1 ). This implies thatΓ 1
ε is exactly “⊃”-shaped.

Next we analyze the shape ofΓ 2
ε . It is more convenient for our discussion if we consider

a bigger piece of solution curve

Γ 3
ε = Γ 2

ε ∪
{(
ηµ, uµ

)
: µ0 � µ� λξ1

}
,

which contains part ofΓ ε. We observe that any(µ,u) ∈ Γ 3
ε satisfies

λ∗
ε � µ� λξ1, uλξ1

(0)− ε � ‖u‖∞ = u(0)� uλξ1 (0)− ε, (4.22)

where

λ∗
ε = inf

{
µ: (µ,u) ∈ Γ 3

ε

}
.

Sinceηµ is increasing inµ, λ∗
ε is achieved at someηµ′ , µ′ ∈ [µ0, λξ1). Therefore(λ∗

ε , uµ′)

must be a degenerate solution of (4.17). Clearly

λ∗
ε � ηµ0 =

(
aµ0(ε)

)2
µ0<µ0.
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On the other hand, it is easy to see thataµ(ε)→ 1 asε→ 0 uniformly forµ ∈ [µ0, λξ1].
Hence

lim
ε→0

λ∗
ε = lim

ε→0
min
{(
aµ(ε)

)2
µ: µ0 � µ� λξ1

}
= µ0.

We know from the above thatΓ 3
ε contains at least one degenerate solution(λ∗

ε , uµ′). If
we can show that there existsε3 ∈ (0, ε2) such that wheneverε ∈ (0, ε3), any degenerate
solution onΓ 3

ε must makeτ ′′(0) > 0 in (4.19) of Lemma 4.7, then a continuation argument
much as before showsΓ 3

ε contains exactly one degenerate solution atµ= λ∗
ε and the curve

makes a turn to the right at this point. HenceΓ 3
ε must be smooth and “⊂”-shaped. This

tells us that the entire solution curveΓ (ε) is exactly S-shaped with two turning points at
µ= λ∗

ε andµ=Λ∗
ε , respectively. Clearly, this would finish the proof of Theorem 4.8.

It remains to show that there existsε3 ∈ (0, ε2) such that any degenerate solution onΓ 3
ε

must makeτ ′′(0) > 0 in (4.19) of Lemma 4.7 as long asε ∈ (0, ε3). We argue indirectly.
Suppose for someεk → 0, we can find degenerate solutions(µk, uk) ∈ Γ 3

εk
such that

τ ′′
k (0)= −µk

∫
B
f ′′(uk + εk)φ3

k dx∫
B
f (uk + εk)φk dx

� 0,

whereφk is the positive eigenfunction given in Lemma 4.7 when(µ,u) = (µk, uk). We
may assume that‖φk‖∞ = 1.

By (4.22), we may assume thatµk → µ0 ∈ [µ0, λξ1]. Equation (4.22) also implies that
‖f (uk + εk)‖∞ is uniformly bounded. Therefore, by the equation foruk and a standard
regularity and compactness argument,{uk} has a convergent subsequence inC1. We may
assumeuk → u0 in C1. Moreover, from

−�φk = µkf ′(uk + εk
)
φk, φk|∂B = 0,

we can use a similar regularity and compactness argument to obtain aC1 convergent sub-
sequence ofφk . We may assumeφk → φ0. Then we easily deduce

−�u0 = µ0f
(
u0), u0

∣∣
∂B

= 0, u0 � 0, u0 �= 0,

and

−�φ0 = µ0f ′(u0)φ0, φ|∂B = 0, φ0 � 0,
∥∥φ0
∥∥

∞ = 1.

This is to say(µ0, u0) is a degenerate positive solution of (4.4) andφ0 is the corresponding
positive eigenfunction. By Theorem 4.5, (4.4) has a unique degenerate positive solution
which is(µ0, u0), and by Lemma 4.3 and (4.13),

τ ′′(0)= −µ0

∫
B
f ′′(u0)φ

3 dx∫
B
f (u0)φ dx

> 0.
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Fig. 3. Bifurcation diagram for (4.17) with smallε > 0.

Therefore, we must haveµk → µ0, u
k → u0 andφ0 = φ (note that the positive eigenfunc-

tion is unique if it is normalized). Hence we have

0� τ ′′
k (0)= −µk

∫
B
f ′′(uk + εk)φ3

k dx∫
B
f (uk + ε)φk dx

→ −µ0

∫
B
f ′′(u0)φ

3 dx∫
B
f (u0)φ dx

> 0.

This contradiction finishes our proof. �

Theorem 4.8 is illustrated by the bifurcation diagram in Figure 3.

4.3. The perturbed Gelfand equation in higher dimensions

In this subsection, we consider the perturbed Gelfand equation with space dimension
N � 3. For suchN , by Theorem 4.5, any positive solution(µ, v) of (4.4) withΩ = B
satisfies

v(0) > ξ > 0, whereξ = lim
λ→∞

vµ(0).

We can still use the transformationu(x) = v(ax) − ε, wherev(a) = ε, to obtain a posi-
tive solution(a2µ,u) of (4.3) withΩ = B from a positive solution(µ, v) of (4.4). More
precisely, we can define

Γ (ε)= Γ ε ∪ Γε, Γ ε =
{(
ηµ, uµ

)
: µ0 � µ<∞

}
,

Γε =
{(
ηµ, uµ

)
: µ0 � µ<∞

}
,

as in Section 4.2, except that nowηµ anduµ can be defined for allµ � µ0, sinceξ > 0
(we assume thatε < ξ ).
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However, unlike in the caseN = 1 and 2, the solution curveΓ (ε) does not give all
the positive solutions of (4.3) withΩ = B, since any(µ,u) ∈ Γ (ε) satisfiesu(0) >
ξ − ε, and it is well known (and can be easily shown) that for any fixedε > 0, the entire
positive solution branch{(µ,u)} of (4.3) withΩ = B has the point(0,0) on its boundary:
it approaches(0,0) asµ→ 0. Let us note that this implies thatηµ remains bounded for
µ ∈ [µ0,∞). To better understand the entire positive solution branch for (4.3) withΩ = B,
we need the help from the Gelfand equation (4.2) and some general bifurcation results; we
will follow the approach in [Da1] and [Du2].

We first recall some abstract results. Suppose that
(H1) X andY are real Banach spaces andF :R2 ×X→ Y is aCk-map(k � 2) which

sends(ε, λ, x) ∈ R2 ×X to F(ε,λ, x) ∈ Y ;
(H2) Σ is a component of the set of solutions(λ, x) of F(0, λ, x) = 0 andΣ0 is a

connected compact subset ofΣ ;
(H3) For any(λ, x) ∈Σ0, Fx(0, λ, x) :X→ Y is a Fredholm operator of index 0, and

the mapping

B(µ,h) := Fλ(0, λ, x)+ Fx(0, λ, x) :R1 ×X→ Y

is onto; in other words, for any(λ, x) ∈Σ0, either
(i) Fx(0, λ, x) :X→ Y has a continuous inverse, or
(ii) dimN(Fx(0, λ, x)) = codimR(Fx(0, λ, x)) = 1 and Fλ(0, λ, x) /∈

R(Fx(0, λ, x)).
We want to know howΣ0 is perturbed to give a solution setΣε of F(ε,λ, x)= 0 when

ε is small. We start with a local analysis. Suppose(λ0, x0) ∈ Σ0. Then either case (i) or
case (ii) in (H3) happens. If case (i) happens, then it follows from the implicit function
theorem that there exist a neighborhoodV of x0 in X and a small numberδ > 0 such that

F−1(0)∩
(
(−δ, δ)× (λ0 − δ,λ0 + δ)× V

)

=
{(
ε,λ, x(λ, ε)

)
: |ε|, |λ− λ0|< δ

}
, (4.23)

where(ε, λ)→ x(ε,λ) isCk , andx(0, λ0)= x0.
If case (ii) happens, then by Theorem 1.3 and its proof (see [CR2]), there exist a small

neighborhoodW of (λ0, x0) and a smallδ > 0 such that

F−1(0)∩
(
(−δ, δ)×W

)
=
{(
ε,λ(s, ε), x(s, ε)

)
: s, ε ∈ (−δ, δ)

}
, (4.24)

whereλ(s, ε) andx(s, ε) areCk with λ(0,0) = λ0, λs(0,0) = 0, x(s, ε) = x0 + su0 +
z(s, ε), τ(0,0) = τs(0,0) = 0. Hereu0 spansN(Fx(0, λ0, x0)) and z(s, ε) belongs to a
complementZ of span{u0} in X.

SinceΣ0 is compact, by a finite covering argument, we find from the above discussion
thatΣ0 is aCk curve and for any smallε, the solutions ofF(ε,λ, x) = 0 nearΣ0 form
aCk curveΣε; see [Da1], Theorem 2, and [DLo1], Proposition A.2, for more details. If
we changeCk to “analytic” in (H1), then we can do the same in all the conclusions in the
above discussions.
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Let us now see how the above discussions can be applied to (4.3). SetX = C2,α
0 (�B),

Y = Cα(�B) andF(ε,µ,u) = �u + µfε(u). Then from the proofs of Lemma 4.3 and
Theorem 4.5 we know that the conditions (H1)–(H3) are satisfied for positiveλ and ε
if we chooseΣ0 to be any connected compact part of the global positive solution curve
{(µ,u)} of (4.3) withΩ = B. Moreover, if we chooseΣ0 to contain the unique turning
point (µ0, u0), then due to Lemma 4.3, (4.23) and (4.24), we find that for all smallε > 0,
Σε contains exactly one turning point(µε, uε). Moreover, it is easily seen that the upper
branch inΣε contains part ofΓ ε defined through the transformation at the beginning of
this subsection. As in Section 4.3, we easily see from Theorem 4.5 thatηµ is a strictly
increasing function. Thus this upper branch can be parameterized byµ and gives a unique
positive solution for each fixedµ > µε. The lower branch can also be continued, and in
fact, it can be continued till it reaches(0,0); however, the shape of the lower branch is
much more difficult to control. Let us note that if we have chosenΣ0 to be a rather large
piece of the “⊂”-shaped positive solution curve of (4.4) (withΩ = B), thenΣε with small
ε > 0 is a large piece of “⊂”-shaped positive solution curve of (4.3) (withΩ = B); hence
the shape of its lower branch is controlled till a very largeµ. Let us denote the union ofΣε
and its well-controlled continued entire upper branch byΓ ∗

ε . Then we know thatΓ ∗
ε is

exactly “⊂”-shaped, its upper branch is unbounded and approaches(∞,∞), and its lower
branch contains points with large but finiteµ.

In order to better understand the rest of the global positive solution curve of (4.3), we
now use the equivalent form (4.1), which can be viewed as a perturbation of the Gelfand
equation (4.2). We should note that the curveΓ ∗

ε for (4.3) is now transformed to a posi-
tive solution curveΓ̃ ∗

ε := {(λ,u): λ = µ/(ε2e1/ε), u = v/ε2, (µ, v) ∈ Γ ∗
ε } for (4.1) with

Ω = B, its upper branch is still unbounded, but any(λ,u) belonging to its lower branch
hasλ small (sinceλ = µ/(ε2e1/ε) andε is small). Let us also note that any(λ,u) ∈ Γ̃ ∗

ε

satisfiesu(0) > (ξ − ε)/ε2 → ∞ asε→ 0.
We illustrateΓ ∗

ε andΓ̃ ∗
ε in Figure 4.

Let us consider the Gelfand equation (4.2) withΩ = B in more detail. When 3�N � 9,
we know from Proposition 4.1 and Figure 2 that its positive solution curve has infinitely

Fig. 4. Bifurcation diagrams for (4.1) and (4.3) withΩ = B and smallε > 0.
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many turning points. Let us denote them byTk, k = 1,2, . . . , where theTk ’s are ordered so
that when we go fromT0 := (0,0) along the solution curve we meetT1 first, thenT2, T3,
etc. It is known (see [Da1] and [NS], Section 2) that if(λ,u) lies on the open arc fromTk
to Tk+1, thenu is nondegenerate; and if(λ,u)= Tk with k � 1, thenu is degenerate and
the nontrivial solutionφ to

−�φ = λeuφ, φ|∂B = 0,

is radially symmetric,φ(x)= φ(r); moreover,φ(r) changes sign over[0,1) exactlyk− 1
times, and is unique up to a scalar multiple, and

∫

B

euφ3 dx �= 0. (4.25)

These facts imply that if we takeX = C
2,α
0 (�B), Y = Cα(�B) and F(ε,λ,u) = �u +

λeu/(1+εu), then the conditions(H1)–(H3) are satisfied withλ, ε > 0. Moreover, case (ii)
in (H3) occurs exactly when(λ,u) ∈ {Tk: k � 1}. By (4.24) and (4.25), we deduce that
τss(0,0) �= 0 when(λ,u) = Tk , k � 1. Hence we can apply the above abstract results to
conclude the following:

LetΣ0 be a connected compact part of the positive solution curve{(λ,u)} of (4.2)with
Ω = B, and suppose thatΣ0 contains the turning pointsT1, . . . , Tk . Then for all small
ε > 0, the positive solution curve of(4.1)withΩ = B has a partΣε, which is close toΣ0

and contains exactlyk turning pointsT ε1 , . . . , T
ε
k , whereT εi → Ti as ε → 0, for each

i = 1, . . . , k.
Close toT0 = (0,0), we can apply the implicity function theorem to (4.1) to conclude

that there is a unique positive solution for eachλ > 0 small. Therefore we can extendΣε
towards(0,0) so thatT0 is an end point ofΣε, provided thatΣ0 has been chosen properly.

REMARK 4.9. It is easy to show that, atTi , 2� i � k, the linearized problem of (4.1) (with
Ω = B and smallε > 0) has a radially symmetric nontrivial solutionφ which changes sign
exactlyi − 1 times over[0,1). Hence Lemma 4.6 does not hold when 3�N � 9.

If N � 10, then it is known (see [Da1]) that the positive solution curve of (4.2) with
Ω = B contains no turning point and all the positive solutions are nondegenerate. There-
fore a similar consideration to the above yields the following conclusion:

Given any connected compact partΣ0 of the positive solution curve{(λ,u)} of (4.2)
with Ω = B, for all small ε > 0, the positive solution curve of(4.1) with Ω = B has
a part Σε, which is close toΣ0 and contains no turning points. Moreover, Σε can be
extended to reach(0,0) and the extendedΣε still does not contain any turning point.

Combined withΓ̃ε, we can now illustrate the well-understood parts of the positive solu-
tion curve of (4.1) in Figure 5.

The missing part of the positive solution curve for (4.1) can be further described by
using the bifurcation curveS0 := {(λ,u′(1))} of (4.2) withΩ = B; this curve is completely
understood in [JL], and Dancer [Da1] usedS0 to show that the missing part is roughly the
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Fig. 5. Bifurcation diagrams for (4.1) withΩ = B and smallε > 0.

bottom part in Figure 5 reflected about the horizontal line passing through the top point
of the bottom part. However, on this reflected part, the exact number of turning points is
not known. We refer to [Da1], Figure 1, and [Du2], Figure 4, for bifurcation diagrams
illustrating the entire positive solution curve.

4.4. Further remarks and related results

The above results for the perturbed Gelfand equation (4.1) withΩ = B can be extended to
the following more general problem

−�u= λ(1+ εu)meu/(1+εu), u|∂B = 0, (4.26)

where 0�m< 1; see [Du2] for details. The casem� 1 was also discussed in [Du2], and
the shape of the global positive solution curve for this case is very different. Equation (4.26)
arises from combustion theory.

In catalysis theory, there is an equation closely related to (4.1); under some simple
changes of variables, it reduces essentially to

−�u= λ(1− εu)peu/(1+εu), u|∂B = 0, (4.27)

wherep is a nonnegative integer (see, e.g., Aris [Ar], Vol. 1, Chapter 4). Let us note that
whenp = 0, (4.27) reduces to the perturbed Gelfand equation (4.1), and whenε = 0,
(4.27) reduces to the Gelfand equation (4.2).

For (4.27), it has been conjectured that for any nonnegative integerp, the positive solu-
tion set{(λ,u)} is S-shaped providedε > 0 is small and the dimensionN = 1 or 2. The
conjecture was proved to be true forN = 1 by Hastings and McLeod [HM]. ForN = 2
andp > 0, the conjecture is proved in [Da1] except for a smallλ-range (with values close
to 0); the higher-dimension case was also considered in [Da1].
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In a series of papers, Korman, Li, Ouyang and Shi developed various useful techniques
for proving exact multiplicity results for positive solutions to equations of the form

−�u= λf (u), u|∂B = 0,

with several classes of nonlinearities; see [OS1,OS2] and the references therein. Our argu-
ments in Section 4.1 basically follow their strategy. See also [Tang] for a more recent result
along this line.

The abstract results discussed and used in Section 4.3 was further developed by Shi [S].

5. Nodal properties and global bifurcation

To a large extent, the approach in the previous section relies on the analysis of nodal prop-
erties of the solutions. In this section, we discuss some other aspects of the nodal properties
and their applications in bifurcation theory.

Due to the uniqueness of initial value problems in ODEs, it is well known that the nodal
properties of the solutions to a Sturm–Liouville problem for a second-order ordinary dif-
ferential equation do not change when one moves along a global bifurcation branch of the
solutions. This fact can be used to show that global bifurcation branches bifurcating from
different eigenvalues do not meet each other and hence yielding multiple existence results;
see [Ra], Theorem 2.3. This idea has been extended to elliptic partial differential equations
over various two-dimensional domains with certain symmetries, in particular rectangles,
by Kielhofer and his collaborators; see [K], Section III.6. In this section we look at two
examples where nodal properties of solutions are used for systems of elliptic equations;
here we consider radial solutions over circular domains. Let us note that, even for one-
dimensional domains (i.e., intervals), the analysis of the nodal properties for systems is not
trivial. It is an interesting problem to see how the techniques in [K] for equations over two-
dimensional domains such as rectangles can be extended to systems (see [HK] for some
efforts in this direction). Likewise, the techniques of our Section 4 may have applications
to radial solutions for elliptic systems.

Our first example examines a competition system and is taken from Nakashima [N]; our
second example studies a predator–prey system and follows Dancer, López-Gómez and
Ortega [DLO].

5.1. Global bifurcation of the competition system

We consider the competition system with constant coefficients and Neumann boundary
conditions





−�u= λu(α − u− βv),
−�v = λv(γ − v − δu),
∂νu|∂Ω = ∂νv|∂Ω = 0,

(5.1)
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whereΩ is either a ball or an annulus:�Ω = {x ∈ RN : R0 � |x| � R1}, 0 � R0 < R1,
N � 1. We assume throughout this subsection that the positive coefficients satisfy

δ−1<
α

γ
< β. (5.2)

This implies that for anyλ > 0, the two semitrivial solutions(α,0) and(0, γ ) are linearly
stable, and (5.1) has a unique constant positive solution

(
u∗, v∗)=

(
βγ − α
βδ − 1

,
αδ− γ
βδ − 1

)
,

which is linearly unstable. We are interested in the existence of other positive solutions
of (5.1). We will make use of the nodal properties of radially symmetric positive solutions
and global bifurcation theory to address this problem.

LEMMA 5.1. Suppose that(u(x), v(x)) = (u(r), v(r)) is a radial, nonconstant positive
solution of (5.1), and v′(r) � 0 for r ∈ (r∗, r∗) ⊂ (R0,R1), andu′(r∗), u′(r∗) � 0. Then
u′(r) < 0 in (r∗, r∗).

Similarly, if v′(r)� 0 for r ∈ (r∗, r∗)⊂ (R0,R1), andu′(r∗), u′(r∗)� 0.Thenu′(r) > 0
in (r∗, r∗).

Note that the roles ofu andv in this lemma can be interchanged.

PROOF OFLEMMA 5.1. We only consider the first case; the proof for the second is paral-
lel. Denotef (u, v)= λ(α − u− βv) andg(u, v)= λ(γ − v− δu). We have





u′′ + N−1
r
u′ + uf (u, v)= 0,

v′′ + N−1
r
v′ + vg(u, v)= 0,

u′(R0)= u′(R1)= v′(R0)= v′(R1)= 0.

(5.3)

Let φ(r)= u′(r)/u(r). We easily find

φ′ + φ2 + N − 1

r
φ + f (u, v)= 0.

Differentiating this identity we obtain

φ′′ +
(

2φ + N − 1

r

)
φ′ +

(
ufu(u, v)−

N − 1

r2

)
φ + fv(u, v)v′ = 0.

Sincefu(u, v) < 0, fv(u, v) < 0 andv′ � 0 in (r∗, r∗), we find that, forr ∈ (r∗, r∗),

c(r) := ufu(u, v)−
N − 1

r2
< 0
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and

φ′′ +
(

2φ + N − 1

r

)
φ′ + c(r)φ � 0.

Sinceφ(r)= u′(r)/u(r)� 0 for r ∈ {r∗, r∗}, by the strong maximum principle (see [PW],
p. 6, Theorem 3), we deduce eitherφ ≡ 0 or φ < 0 in (r∗, r∗). Clearly, to complete the
proof of the lemma, it suffices to show thatφ ≡ 0 on (r∗, r∗) cannot happen. Arguing in-
directly, we assume thatφ ≡ 0 on (r∗, r∗). Thenu′ ≡ 0 on (r∗, r∗) and by differentiating
the equation foru in (5.3), we deduceufv(u, v)v′ ≡ 0 on(r∗, r∗). This implies thatv′ ≡ 0
on (r∗, r∗). By the uniqueness of initial value problems for the ordinary differential equa-
tions ofu′ andv′ we deduce thatu′ = v′ ≡ 0 on (R0,R1), and hence(u, v) is a constant
solution, contradicting our assumption. The proof is complete. �

We are now ready to give a good description of the nodal properties of the radial solu-
tions to (5.1).

THEOREM 5.2. Suppose that(u(x), v(x))= (u(r), v(r)) is a radial, nonconstant positive
solution of (5.1).Then the following hold:

(i) u′(r) andv′(r) have the same number of zeros in(R0,R1), and the number is finite.
(ii) If R0 = s0< s1< · · ·< sm =R1 andR0 = t0< t1< · · ·< tm =R1 are the zeros of

u′ andv′, respectively, then for all possiblek,

sk−1< tk < sk+1, tk−1< sk < tk+1.

(iii) The sign ofu′ in (sk, sk+1) is opposite to that ofv′ in (tk, tk+1), and u′′(sk) �= 0,
v′′(tk) �= 0.

PROOF. For the sake of clarity, we divide the proof into several steps. We assume that
f (u, v) andg(u, v) are as defined in the proof of Lemma 5.1.

STEP 1. The number of zeros ofu′ in (R0,R1) is finite, and the same holds forv′.

We only prove the conclusion foru′. Suppose for contradiction thatu′ has infi-
nitely many zeros in(R0,R1). Then we can find a limiting point of the zeros, say
r0 ∈ [R0,R1]. It follows thatu′(r0)= u′′(r0)= 0. From the equation foru we deduce that
f (u(r0), v(r0))= 0. (This is true even ifr0 = 0.) We now considerv′(r0). If v′(r0) �= 0,
then by continuity there exists a small intervalI having r0 as an end point such that
v′(r) �= 0 in I and I contains a sequence of zeros ofu′ converging tor0, say {rk}. We
now apply Lemma 5.1 to the interval with end pointsr0 andr1 and find thatu′ does not
vanish and has the opposite sign tov′ in this interval; this is a contradiction since infinitely
manyrk ’s belong to this interval.

If v′(r0) = 0 but v′′(r0) �= 0, then we can find a small intervalI as above and deduce
the same contradiction. The only case left now isv′(r0) = v′′(r0) = 0. In such a case,
from the equation forv we obtaing(u(r0), v(r0)) = 0. Therefore, if we denote(ξ, η) =
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(u(r0), v(r0)), then(u, v) ≡ (ξ, η) is a solution to the differential equations in (5.3) with
initial conditions (u(r0), v(r0)) = (ξ, η), (u′(r0), v′(r0)) = (0,0). By uniqueness of this
initial value problem (including the possible singular caser0 = 0 andN > 1), we deduce
that(u, v)≡ (ξ, η) in (R0,R1), a contradiction to our assumption. This finishes our proof
of Step 1.

STEP 2. If r1 < r2 < r3 are three consecutive zeros ofu′, then u′(r) changes sign as
r crossesr2; similarly, if r1< r2< r3 are three consecutive zeros ofv′, thenv′(r) changes
sign asr crossesr2.

Again we only prove the first conclusion; the proof for the second is parallel. Suppose
thatu′(r) does not change sign atr2. We assume for definiteness thatu′(r) > 0 on both
(r1, r2) and (r2, r3). We claim that there existss1 ∈ (r1, r2) such thatv′(s1) < 0. Other-
wise, we can apply Lemma 5.1 over(r1, r2) to deduceu′ < 0 in (r1, r2). Similarly there
existss3 ∈ (r2, r3) such thatv′(s3) < 0. We now claim that there existss2 ∈ (s1, s3) such
that v′(s2) > 0; otherwise, we can apply Lemma 5.1 over(s1, s3) to deduceu′ > 0 over
(s1, s3), contradicting the assumption thatu′(r2) = 0. Let (s∗, s∗) be the largest interval
containings2 in (s1, s3) such thatv′ > 0 in (s∗, s∗) andv′(s∗)= v′(s∗)= 0. We now apply
Lemma 5.1 over(s∗, s∗), whereu′ � 0, and deduce thatv′ < 0 in (s∗, s∗). This contradic-
tion shows thatu′(r) changes sign atr2. This proves Step 2.

STEP 3. If R0 = s0< s1< · · ·< sm = R1 andR0 = t0< t1< · · ·< tn = R1 are the zeros
of u′ andv′, respectively, thenm= n and for all possiblek,

sk−1< tk < sk+1, tk−1< sk < tk+1,

and the sign ofu′ in (sk, sk+1) is opposite to that ofv′ in (tk, tk+1).

For definiteness, we assume thatu′(r) > 0 over(s0, s1). We show thatv′(r) < 0 over
(t0, t1). Suppose for contradiction thatv′(r) > 0 in (t0, t1). If s1 � t1, then we apply
Lemma 5.1 over(s0, s1) and deduce the contradiction thatu′(r) < 0 in (s0, s1). If s1> t1,
then applying Lemma 5.1 over(t0, t1) we obtainv′(r) < 0 over(t0, t1), again a contradic-
tion. Therefore we must havev′ < 0 over(t0, t1). By Step 2 we now have

(−1)ku′(r) > 0 ∀r ∈ (sk, sk+1), (−1)lv′(r) < 0 ∀r ∈ (tl, tl+1). (5.4)

We must haves1 < t2 for if s1 � t2 then we can apply Lemma 5.1 over(t1, t2) to de-
ducev′ < 0 on (t1, t2). We can similarly prove thats2 < t3; for otherwise we can apply
Lemma 5.1 over(t2, t3) ⊂ (s1, s2) to deducev′ > 0 in (t2, t3). Continuing in this fash-
ion, we can show thatsk < tk+1 for all possiblek, namelyk = 1,2, . . . ,min{m,n− 1}. If
n > m, we already have a contradiction when we takek =m: R1 = sm < tm+1. Hence we
must haven�m.

In a similar fashion, we can show thattk < sk+1 for k = 1,2, . . . ,min{n,m − 1} and
m� n. Therefore we must havem= n. This finishes the proof of Step 3.
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STEP 4. u′′(sk) �= 0, v′′(tk) �= 0 for k = 0,1, . . . ,m.

We will show thatu′′(sk) �= 0; the proof forv′′(tk) �= 0 is similar. For definiteness, we
assume that (5.4) holds. As in the proof of Lemma 5.1, we have, forφ = u′/u,

φ′′ +
(

2φ + N − 1

r

)
φ′ +

(
ufu(u, v)−

N − 1

r2

)
φ = −fv(u, v)v′. (5.5)

If sk = s0 =R0, we find from (5.5) and (5.4) that

φ′′ +
(

2φ + N − 1

r

)
φ′ +

(
ufu(u, v)−

N − 1

r2

)
φ < 0 ∀r ∈ (R0, t1).

Sinceφ(r) > 0 in (R0, s1) and(2φ + (N − 1)/r)+ (r −R0)(ufu(u, v)− (N − 1)/r2) is
always bounded from below (even ifR0 = 0), we can apply Theorem 4 on page 7 of [PW]
to conclude thatφ′(R0) > 0, which impliesu′′(R0) > 0. If sk = sm = R1, the proof is
similar.

Next we consider the case thatsk ∈ (R0,R1). For definiteness we assume thatu′ > 0 in
(sk, sk+1). If tk = sk , then the proof is similar to the case thatsk =R0. Suppose nowtk �= sk .
If tk > sk , then by what is proved in Steps 2 and 3 we must havev′ > 0 in (tk−1, sk], and
we obtain from (5.5) that

φ′′ +
(

2φ + N − 1

r

)
φ′ +

(
ufu(u, v)−

N − 1

r2

)
φ > 0 ∀r ∈ (tk−1, sk).

Sinceφ < 0 in (sk−1, sk), we can apply [PW], page 7, Theorem 4, on some(sk − ε, sk) to
obtainφ′(sk) > 0 and henceu′′(sk) > 0. If tk < sk , thenv′ < 0 in [sk, tk+1) and

φ′′ +
(

2φ + N − 1

r

)
φ′ +

(
ufu(u, v)−

N − 1

r2

)
φ < 0 ∀r ∈ [sk, tk+1).

Sinceφ > 0 in (sk, sk+1), we obtain from [PW] thatφ′(sk) > 0 and henceu′′(sk) > 0. This
finishes the proof for Step 4 and hence completes the proof of Theorem 5.2. �

Following [N] we say a function pair(u, v) ∈ C2([R0,R1])2 has modem if u′(R0) =
u′(R1) = 0, v′(R0) = v′(R1) = 0 and(u′, v′) has the properties (i)–(iii) in Theorem 5.2;
we denote

Sm :=
{
(u, v) ∈ C2([R0,R1]

)2: (u, v) has modem
}
.

Clearly eachSm, m = 1,2, . . . , is an open set inC2([R0,R1]). We will use a global
bifurcation argument to show that for anym � 1, (5.1) has a radial positive solution
(u, v) ∈ Sm, provided thatλ is large enough.

Let us now regardα,β, γ, δ as fixed positive parameters satisfying (5.2) and regardλ as
a bifurcation parameter. Clearly(λ,u∗, v∗) solves (5.1) for anyλ. We will call this solution
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thetrivial solution, and look for nontrivial positive solutions. We will restrict to the class of
radial solutions and use a bifurcation approach. The linearized eigenvalue problem of (5.1)
at (u∗, v∗) in the class of radial functions is given by





φ′′ + (N − 1)r−1φ′ − λ
(
u∗φ + βu∗ψ

)
= −µφ,

ψ ′′ + (N − 1)r−1ψ ′ − λ
(
δv∗φ + v∗ψ

)
= −µψ,

φ′(Ri)=ψ ′(Ri)= 0, i = 0,1.

(5.6)

Denote

A=
(

−u∗ −βu∗

−δv∗ −v∗

)
.

Due to (5.2), it is easily seen thatA has a positive eigenvalueκ+ and a negative eigen-
valueκ−. Therefore there exists a matrixP such that

P−1AP =
(
κ− 0

0 κ+

)
, whereP =

(
p−

1 p+
1

p−
2 p+

2

)
.

Define
(
Φ

Ψ

)
= P−1

(
φ

ψ

)
;

then (5.6) becomes





Φ ′′ + (N − 1)r−1Φ ′ + λκ−Φ = −µΦ,
Ψ ′′ + (N − 1)r−1Ψ ′ + λκ+Ψ = −µΨ,
Φ ′(Ri)= Ψ ′(Ri)= 0, i = 0,1.

(5.7)

The eigenvalues of (5.7) are easily found to beµ−
n ,µ

+
n , n= 0,1, . . . , where

µ±
n = µ0

n − λκ±,

and 0= µ0
0<µ

0
1<µ

0
2< · · · are the eigenvalues of the problem

−φ′′ − (N − 1)r−1φ′ = µφ, φ′(R0)= φ′(R1)= 0. (5.8)

Hence, zero is an eigenvalue of (5.7) exactly when

λ= λ±
n := µ0

n

κ± , n= 0,1,2, . . . ,

with the corresponding eigenfunction(Φn,0) for λ−
n , and(0,Φn) for λ+

n , whereΦn is the
nth eigenfunction of (5.8). It is well known thatΦ ′

n has exactlyn− 1 zeros in(R0,R1).
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Returning to (5.6), we find that zero is an eigenvalue of (5.6) exactly whenλ = λ±
n , n =

0,1,2, . . . , and the corresponding eigenfunctions are given by

(
φ±
n ,ψ

±
n

)
=
(
p±

1 Φn,p
±
2 Φn

)
,

wherep±
1 ,p

±
2 come fromP and by a simple analysis one finds thatp+

1 p
+
2 < 0,p−

1 p
−
2 < 0.

Therefore(φ±
n ,ψ

±
n ) ∈ Sn+1.

The above discussions enable us to apply both Theorems 1.1 and 1.2 to a suitable abstract
version of (5.1) in the space of radial functions to conclude the following theorem.

THEOREM 5.3. Let S denote the closure of the radial nonconstant positive solutions
(λ,u, v) of (5.1) in the spaceR1 × C2([R0,R1])2. Then for eachn � 1, S contains a
maximal subcontinuumSn such that

(i) Sn meets(λ+
n , u

∗, v∗);
(ii) Sn either is unbounded or meets(λ̂, u∗, v∗) for someλ̂ ∈ {λ±

m: m = 0,1,2, . . . } \
{λ+
n };
(iii) in a small neighborhoodO±

n of (λ±
n , u

∗, v∗) in R1 ×C2([R0,R1])2, all the radial
solutions of(5.1) lie on a smooth curve(λ(s), u(s), v(s)), |s|< s0, where

λ(s)= λ±
n + o(s),

(
u(s), v(s)

)
=
(
u∗, v∗)+ s

(
φ±
n ,ψ

±
n

)
= o(s).

Let us analyzeSn in more detail. By a well-known result of Conway, Hoff and Smoller
[CHS], there existsλ0> 0 small enough such that forλ ∈ (0, λ0], (5.1) has only constant
nonnegative solutions. We may assume thatλ0 ∈ (0, λ+

1 ).
We claim that any(λ,u, v) ∈ Sn \ {(λ+

n , u
∗, v∗)} satisfiesλ > λ0, (u, v) ∈ Sn+1 and

u(r) > 0, v(r) > 0 in [R0,R1]. In other words,

(
Sn \

{(
λ+
n , u

∗, v∗)})

⊂∆n :=
{
(λ,u, v): λ > λ0, (u, v) ∈ Sn+1, u > 0, v > 0

}
. (5.9)

Otherwise, by the connectedness ofSn and conclusions (i) and (iii) in Theorem 5.3, there
exists some(λ∗, u∗, v∗) ∈ (Sn \ {(λ+

n , u
∗, v∗)}) ∩ ∂∆n. Hence(u∗, v∗) is a nonnegative

solution of (5.1) withλ= λ∗. If it is not a positive solution, then by the strong maximum
principle, (u, v) has at least one component identically zero. This implies that(u, v) ∈
{(0,0), (α,0), (0, γ )}. As bifurcation to positive solutions from these solutions is possible
only atλ= 0 (due to (5.2)), we find this is a contradiction. Therefore(u∗, v∗) has to be a
positive solution.

If (u∗, v∗)= (u∗, v∗), then we can find(λk, uk, vk) ∈∆n that converges to(λ∗, u∗, v∗)
in R1 × C2([R0,R1])2. By conclusion (iii) in Theorem 5.3, this is possible only if
λ∗ = λ±

n . Sinceλ∗ � λ0 > 0 andλ−
n < 0, λ∗ = λ−

n is impossible. Since(λ∗, u∗, v∗) ∈
(Sn \{(λ+

n , u
∗, v∗)}), λ∗ = λ+

n is also impossible. Therefore(u∗, v∗)must be a nonconstant
positive solution of (5.1), and by the definition ofλ0, we know thatλ∗ > λ0. Moreover, by
Theorem 5.2,(u∗, v∗) ∈ Sm+1 for somem � 0. Since(u∗, v∗) can be approached in the
C2 norm by functions inSn+1, we necessarily havem= n. But then(λ∗, u∗, v∗) belongs
to the interior of∆n. This contradiction proves that (5.9) is true.
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By (5.9) and conclusion (iii) in Theorem 5.3, we know that the second alternative in (ii)
of Theorem 5.3 never occurs. HenceSn is unbounded. A simple comparison argument
shows that every nonnegative solution of (5.1) satisfiesu � α andv � γ . Therefore by
standard elliptic estimate we know thatu andv have boundedC2 norms as long asλ > 0
stays bounded. This implies thatSn can become unbounded only throughλ → ∞. To
summarize, we have the following theorem.

THEOREM 5.4. For eachn � 1, (λ,u, v) ∈ Sn \ {(λ+
n , u

∗, v∗)} implies that(u, v) is a
nonconstant positive radial solution of(5.1); moreover, (u, v) belongs toSn+1, and the
projection ofSn on R1 contains(λ+

n ,∞), and is contained in(λ0,∞) with someλ0> 0.
Hence for eachλ > λ+

m, (5.1)has at leastm nonconstant positive radial solutions.

REMARK 5.5. 1. The conclusion of Theorem 5.4 can be strengthened. In fact, eachSn
can be decomposed into two unbounded subbranchesS+

n andS−
n satisfyingS+

n ∩ S−
n =

{(λ+
n , u

∗, v∗)}. Hence (5.1) has at least 2m nonconstant positive solutions forλ > λ+
m.

2. By considering the linearization of (5.1) at(u∗, v∗) in the spaceC2(�Ω), one easily
sees that the linearized eigenvalue problem has eigenvalues corresponding to nonradially
symmetric eigenfunctions. This fact can be used to construct examples where (5.1) has
many nonradial positive solutions bifurcating from(u∗, v∗).

3. For largeβ and δ, one can also use the method in [DD1] to construct nonradially
symmetric positive solutions for (5.1).

4. It is unclear whether
⋃∞
n=1Sn contains “all” the radial nonconstant positive solutions

of (5.1) (withλ > 0).
5. In Kan-on [Ka], it is shown that ifα = γ andβ = δ in (5.1), and if the space dimen-

sion is one, then eachSn is exactly “⊂”-shaped, and
⋃∞
n=1Sn contains “all” the noncon-

stant positive solutions of (5.1) (withλ > 0).
6. If Ω is a ball (in general, if it is a convex set), then any nonconstant positive solution

of (5.1) is unstable; see [KW].

5.2. Uniqueness results for the predator–prey system

We consider the Lotka–Volterra predator–prey system with constant coefficients and ho-
mogeneous Dirichlet boundary conditions





−�u= λu− u2 − cuv,
−�v = µv− v2 + duv,
u|∂Ω = v|∂Ω = 0,

(5.10)

whereΩ is a bounded smooth domain inRN . It has long been conjectured that (5.10)
has at most one positive solution, but the conjecture remains open except when the space
dimension is one, namely whenΩ is an interval.

In contrast, the existence problem for (5.10) is completely understood. In the following
discussion, we will use some notations of Section 3. Ifλ > λΩ1 , then(θλ,0) solves (5.10).
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Similarly, (0, θµ) solves (5.10) whenµ > λΩ1 . Suppose that(u0, v0) is a positive solution
to (5.10). Then from the equation foru0 we obtain

λ= λΩ1 (u0 + cv0) > λ
Ω
1 .

Similarly, from the equation forv0 it follows

µ= λΩ1 (v0 − du0).

A simple comparison argument shows thatu0 � θλ andv0 � θµ; here we use the conven-
tion thatθµ = 0 if µ� λΩ1 . Therefore

µ� λΩ1 (v0 − dθλ) > λΩ1 (−dθλ) := µ0.

Similarly,

λ� λΩ1 (u0 + cθµ) > λΩ1 (cθµ).

Supposeλ > λΩ1 and letµ0> λΩ1 be uniquely determined by

λ= λΩ1 (cθµ0).

We find from the above discussions that a necessary condition for (5.10) to possess a posi-
tive solution is that

λ > λΩ1 , µ0<µ<µ
0. (5.11)

We show next that (5.11) is also sufficient for (5.10) to have a positive solution. To
this end, we fix the positive coefficientsλ, c, d and regardµ as a bifurcation parame-
ter. Under (5.11), we can apply the local and global bifurcation analysis much as for the
competition model in Section 3.1, to conclude that there is a global bifurcation branch
Σ = {(µ,u, v)} of positive solutions to (5.10), which bifurcates from the semitrivial branch
{(µ, θλ,0)} at(µ0, θλ,0), and joins the other semitrivial branch{(µ,0, θµ)} at(µ0,0, θµ0).
Therefore, for anyµ ∈ (µ0,µ

0), (5.10) has at least one positive solution(u, v) such that
(µ,u, v) ∈Σ .

In the following, we will make use of the nodal properties of certain differential systems
to show that ifΩ is an annulus,

Ω =
{
x ∈ RN : R1< |x|<R2

}
, 0<R1<R2, (5.12)

then the global bifurcation branchΣ consists of radially symmetric positive solutions only,
and it is a smooth curve, and for eachµ ∈ (µ0,µ

0), there is exactly one positive solution
(u, v) of (5.10) such that(µ,u, v) ∈Σ .

Suppose that (5.12) holds. Let us first observe that, by uniqueness,θλ and θµ are ra-
dially symmetric, and if we apply the local and global bifurcation analysis in the space
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of radially symmetric functions, we obtain a global branch of radially symmetric posi-
tive solutions of (5.10), which we denote byΣr , andΣr connects the semitrivial solution
branches at(µ0, θλ,0) and(µ0,0, θµ0), respectively. We will show thatΣ = Σr . We do
this by considering the linearization of (5.10) at an arbitrary radially symmetric positive
solution(u0(x), v0(x))= (u0(r), v0(r))





−�φ = (λ− 2u0 − cv0)φ − cu0ψ,

−�ψ = (µ− 2v0 + du0)ψ + dv0φ,

φ|∂Ω =ψ |∂Ω = 0.

(5.13)

THEOREM 5.6. Suppose that(5.12) holds and(φ,ψ) ∈ C2(�Ω)2 solves(5.13). Then
(φ,ψ)= (0,0).

PROOF. We assume thatN � 2; the caseN = 1 can be proved by similar arguments and is
simpler. Arguing indirectly, we assume that (5.13) has a solution(φ,ψ) �= (0,0). We are
looking for a contradiction.

STEP 1. Reduction to ODE systems by harmonic polynomials.

We first use harmonic polynomials to reduce (5.13) to a sequence of ODE systems. (This
is not needed ifN = 1.)

Let Hn denote the space of homogeneous and harmonic polynomials of degreen in
N variables. It is well known that the restriction of these polynomials to the unit sphere
SN−1 are the eigenfunctions of the Laplace–Beltrami operator�SN−1 corresponding to
the eigenvalueλn = −n(n+N − 2), n= 0,1,2, . . . . Moreover, the following orthogonal
decomposition holds

L2(SN−1)=
⊕

n�0

Hn. (5.14)

GivenPn ∈Hn define

f (r)=
∫

SN−1
φ(rξ)Pn(ξ)dσ(ξ), g(r)=

∫

SN−1
ψ(rξ)Pn(ξ)dσ(ξ).

Then (f, g) ∈ C2([R1,R2])2, andf (R1) = f (R2) = 0, g(R1) = g(R2) = 0. Moreover,
since the Laplace operator inRN can be expressed as

�=�r + r−2�SN−1,

where

r = |x|, �r = r1−N∂r
(
rN−1∂r

)
,
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if we multiply the differential equations in (5.13) byPn(ξ) and integrate onSN−1, it results





−�rf + n(n+N − 2)r−2f

= (λ− 2u0 − cv0)f − cu0g, r ∈ (R1,R2),

−�rg + n(n+N − 2)r−2g

= (µ− 2v0 + du0)g + dv0f, r ∈ (R1,R2),

f (Ri)= g(Ri)= 0, i = 1,2.

(5.15)

STEP 2. There exists somePn ∈ Hn, n � 0, such that problem(5.15) has a solution
(f, g) �= (0,0).

Otherwise, for allPn ∈ Hn, n � 0, (5.15) has only the solution(0,0). Hence for each
r ∈ (R1,R2), φ(rξ) is orthogonal inL2(SN−1) to everyHn, n� 0. It follows from (5.14)
thatφ(rξ)= 0. Henceφ ≡ 0 inΩ . Similarlyψ ≡ 0. But this contradicts our assumption.

STEP 3. The zeros off andg in [R1,R2] are isolated.

We only prove the conclusion forf ; that forg is similar. Suppose for contradiction that
r0 ∈ [R1,R2] is an accumulating point of zeros off in [R1,R2]. Then we easily see that
f (r0) = f ′(r0) = 0. If g(r0) = g′(r0) = 0, then we deduce(f, g) ≡ (0,0) by uniqueness
of the initial value problem for (5.15). Hence eitherg(r0) �= 0 org′(r0) �= 0. Therefore we
can find an open intervalI ⊂ [R1,R2] with r0 as an end point and a sequence of zeros{rk}
of f such that{rk} ⊂ I, rk → r0 andg(r) �= 0 for all r ∈ I . From the equation foru0 we
find λΩ1 (−λ+ u0 + cv0)= 0. It follows that

λΩ1
(
−λ+ 2u0 + cv0 + n(n+N − 2)r−2)> 0.

If we denoteΩ1 = {x ∈ Ω: |x| ∈ I1}, where I1 denotes the interval with end points
r0 andr1, we obtain

λ
Ω1
1

(
−λ+ 2u0 + cv0 + n(n+N − 2)r−2)

> λΩ1
(
−λ+ 2u0 + cv0 + n(n+N − 2)r−2)> 0.

This implies that the strong maximum principle is satisfied by the operator

L1 :=
(
−�− λ+ 2u0 + cv0 + n(n+N − 2)r−2)

overΩ1: L1u� 0 inΩ1 andu� 0 on∂Ω1 imply u > 0 oru≡ 0 inΩ1.
If we identify f (r) with f (|x|), then from (5.15) we obtainL1f = −cu0g and

f |∂Ω1 = 0. Therefore by the strong maximum principle we have eitherf ≡ 0 in Ω1 or
f does not vanish and has the opposite sign tog in Ω1. If f is identically 0 then by (5.15)
we must haveg identically zero overΩ1 and hence by uniqueness of the initial value prob-
lem for (5.15) we deduce(f, g) = (0,0) overΩ ; a contradiction. Iff does not vanish
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in Ω1, then we arrive a contradiction with the fact thatI1 contains infinitely many zeros
of f (r). Therefore the zeros off in [R1,R2] must be isolated.

STEP4. LetR1< ξ1< · · ·< ξp =R2 be the finite sequence of zeros off wheref changes
sign, and assume thatf � 0 in (R1, ξ1). Then

(−1)jg(ξj ) > 0, j = 1, . . . , p. (5.16)

Before starting the proof for Step 4, let us note that we do not lose generality by as-
sumingf � 0 in (R1, ξ1); we may change(f, g) to (−f,−g) otherwise. Note also that
(−1)pg(ξp) > 0 is a contradiction to the fact thatg(R2)= 0. Therefore this step finishes
the proof of the theorem.

We now prove Step 4 by an induction argument. Forj = 1, suppose for contradiction
that g(ξ1) � 0. DenoteΩ0 = {x ∈Ω: R1 < |x| < ξ1}. From the equation forv0 we find
thatλΩ1 (−µ+ v0 + du0)= 0. Hence

λ
Ω0
1

(
−µ+ 2v0 + du0 + n(n+N − 2)r−2)

> λΩ1
(
−µ+ 2v0 + du0 + n(n+N − 2)r−2)> 0.

It follows that the strong maximum principle holds overΩ0 for the operator

L2 :=
(
−�−µ+ 2v0 + du0 + n(n+N − 2)r−2).

It now follows fromL2g = dv0f � 0 inΩ0 andg|∂Ω0 � 0 thatg > 0 inΩ0; note that by
Step 3,g cannot be identically 0 inΩ0.

Similarly we find that the strong maximum principle holds overΩ0 for the operatorL1
used in the proof of Step 3. It then follows fromL1f = −cu0g < 0 inΩ0 andf |∂Ω0 = 0
thatf < 0 inΩ0. This contradiction proves (5.16) forj = 1.

Suppose (5.16) holds for somei � 1. If i is odd, theng(ξi) < 0 andf � 0 in (ξi, ξi+1).
Suppose for contradiction thatg(xi+1) � 0. DenoteΩi = {x ∈ Ω: ξ1 < |x| < ξi+1}. By
the same reasoning as before, the strong maximum principle is satisfied byL1 andL2
overΩi . We haveL2g = dv0f � 0 in Ωi , andg|∂Ωi � 0. Henceg < 0 in Ωi . It follows
thatL1f = −cu0g > 0 in Ωi , f |∂Ωi = 0; hencef > 0 in Ωi . This contradiction shows
that we must haveg(ξi+1) > 0. If i is even, the proof is similar. Therefore (5.16) holds for
all 1� j � p. The proof is complete. �

We are now ready to prove the following result.

THEOREM 5.7. Suppose that(5.12)holds. ThenΣ =Σr . Moreover,Σ is a smooth curve
which can be parameterized byµ ∈ (µ0,µ

0), andΣ contains all the radially symmetric
positive solutions of(5.10).Therefore for eachµ ∈ (µ0,µ

0), (5.10)has a unique radially
symmetric positive solution.

PROOF. By the local bifurcation analysis near(µ0, θλ,0) and(µ0,0, θµ0), Σ andΣr co-
incide and consist of smooth curves near these points. Away from these two points, by
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Theorem 5.6, we can apply the implicit function theorem to conclude thatΣr is a smooth
curve which can be parameterized byµ.

Suppose for contradiction thatΣ �= Σr . Since they agree near(µ0, θλ,0) and
(µ0,0, θµ0), we can find some(µ,u, v) ∈ Σr which can be approached by a sequence
(µk, uk, vk) ∈Σ \Σr . But this is impossible since near(µ,u, v), due to Theorem 5.6, we
can apply the implicit function theorem to conclude that all the solutions to (5.10) form a
smooth curve parameterized byµ, which necessarily agrees withΣr . This provesΣ =Σr .

Suppose now(µ̂, û, v̂) is an arbitrary radially symmetric positive solution of (5.10). By
Theorem 5.6 we can apply the implicity function theorem in the space of radially symmet-
ric functions to conclude that, near(µ̂, û, v̂), all the radially symmetric positive solutions
of (5.10) form a smooth curve parameterized byµ. LetΣ ′ denotes a maximal such curve
and defineµ∗ = {µ: (µ,u, v) ∈ Σ ′}. By (5.11), we necessarily haveµ∗ ∈ [µ0,µ

0). If
µ∗ > µ0, then we can easily deduce that there exists some(µ∗, u∗, v∗) ∈Σ ′, and we can
apply the implicit function theorem to continue the curveΣ ′ to µ< µ∗, contradicting the
definition ofµ∗. Hence we must haveµ∗ = µ0. We now can use the equations in (5.10)
to easily show that(µ0, θλ,0) is an accumulating point ofΣ ′. By the local bifurcation
analysis near(µ0, θλ,0), we see thatΣ ′ agrees withΣr near this point. NowΣ ′ =Σr can
be proved in the same way as we proveΣ =Σr . �

REMARK 5.8. 1. In Theorems 5.6 and 5.7, the restriction that the coefficients in (5.10)
are constants is not necessary; they can be radially symmetric functions. Moreover, these
results remain true ifΩ is a ball. See [DLO] for details.

2. In the one-dimensional case, the method of using nodal properties of the solutions
to (5.13) to prove Theorem 5.6 and hence the uniqueness of positive solutions to (5.10)
seems first used by López-Gómez and Pardo [LP1]. This method can be extended to similar
problems with general homogeneous boundary conditions, see [LP2]. In [Hs], a related
method was used to discuss a problem with homogeneous Neumann and inhomogeneous
Dirichlet boundary conditions.

3. Whether the unique radially symmetric positive solution of (5.10) is linearly stable is
an open problem. Theorem 5.6 rules out the possibility of symmetry breaking bifurcation,
but it does not rule out the possibility of Hopf bifurcation alongΣr . In [Y], by a local
bifurcation analysis, it was shown that the positive solutions are linearly stable near the
semitrivial solutions.

4. If we replace the Dirichlet boundary conditions in (5.10) by Neumann boundary con-
ditions, then it is known that the positive constant solution is a global attractor of the corre-
sponding parabolic system with any positive initial data; this can be proved by a Lyapunov
function argument and relies on the assumption that the coefficients are constants, but it
works for an arbitraryΩ ; see [dMR].
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1. Introduction

Our attention in this monograph is focused into the problem of ascertaining the asymptotic
behavior of the solutions of





∂u
∂t

−�u= λu− a(x)f (x,u)u in Ω × (0,∞),
u= 0 on ∂Ω × (0,∞),
u(·,0)= u0> 0 inΩ,

(1.1)

whereΩ is a bounded domain ofRN ,N � 1, with smooth boundary∂Ω , e.g., of classC3,
λ ∈ R, anda � 0, a �= 0, is a function of classCµ(�Ω), for someµ ∈ (0,1], satisfying the
following hypotheses:

(Aa) The set

Ω− :=
{
x ∈Ω: −a(x) < 0

}

is a subdomain ofΩ with �Ω− ⊂Ω , whose boundary,∂Ω−, is of classC3, and the
open set

Ω0 :=Ω \ �Ω−

consists of two components,Ω0,i , i ∈ {1,2}, such that

�Ω0,1 ∩ �Ω0,2 = ∅, �Ω0,2 ⊂Ω,

and

σ1 := σ [−�,Ω0,1]< σ2 := σ [−�,Ω0,2]. (1.2)

Throughout this paper, given a regular subdomainD of Ω andV ∈ C(�D), we denote by
σ [−� + V,D] the principal eigenvalue of−� + V in D under homogeneous Dirich-
let boundary conditions. Figure 1 represents a typical situation where assumption (Aa) is
fulfilled. In Figure 1 we have denoted

Γ = ∂Ω, Γ1 = ∂Ω0,1 \ Γ, Γ2 := ∂Ω0,2, ∂Ω− = Γ1 ∪ Γ2.

Thanks to Faber–Krahn inequality, (1.2) is reached ifΩ0,2 has a sufficiently small
Lebesgue measure (e.g., [43], Section 5 and [10], Section 10). Actually, one might think
of (1.2) as a sort of hierarchical ordering size between the componentsΩ0,1 andΩ0,2 es-
tablishing thatΩ0,1 is larger thanΩ0,2, though one should take into account thatσ [−�;D]
can depend on certain hidden geometrical properties ofD. Setting

σ0 := σ [−�,Ω],
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Fig. 1. Nodal configuration induced bya(x).

it is apparent, from (1.2) and the monotonicity of the principal eigenvalue with respect to
the domain, that

σ0< σ1< σ2. (1.3)

As for the functionf (x,u), we suppose the following:
(Af ) f ∈ Cµ,1+µ(�Ω × [0,∞)) satisfies

f (x,0)= 0 and ∂uf (x,u) > 0 for all x ∈ �Ω andu > 0.

(Ag) There existsg ∈ C1+µ([0,∞)) such that

g(0)= 0, g(u) > 0 and g′(u) > 0 for all u > 0, lim
u↑∞

g(u)= ∞,

where “′ ” denotes d
du , and

f (·, u)� g(u) if u� 0.

Note that (Af ), (Ag) imply

lim
u↑∞

f (x,u)= ∞ uniformly in x ∈ �Ω.

Subsequently, we assume (Af ), (Ag), and for every constantΛ > 0 and compact set
K⊂Ω− we consider the auxiliary function

hK,Λ(u) := aL,Kg(u)u−Λu, u ∈ [0,∞), (1.4)
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where

aL,K = min
K
a > 0.

Under assumption (Ag), it is apparent thathK,Λ has a unique positive zero. Let denote
it by uK,Λ. The following assumption is crucial to get uniform a priori estimates for the
solution of (1.1) withinΩ−:

(Ah) For every pair(K,Λ) andu > uK,Λ

I (u) :=
∫ ∞

u

[∫ s

u

hK,Λ(z)dz

]−1/2

ds <∞ (1.5)

and

lim
u↑∞

I (u) := 0. (1.6)

Assumption (Ah) holds if

g(u)= ηup−1, u� 0,

for someη > 0 andp > 1. Indeed, in such case,

hK,Λ(u) := aL,Kg(u)u−Λu= aL,Kηup −Λu, u� 0,

and hence,

uK,Λ =
(

Λ

aL,Kη

)1/(p−1)

.

Thus, for eachs > u > uK,Λ,

∫ s

u

hK,Λ(z)dz =
∫ s

u

(
aL,Kηz

p −Λz
)
dz

= aL,Kη

p+ 1

(
sp+1 − up+1)− Λ

2

(
s2 − u2)

and therefore, by performing the change of variables = uθ , we find that

I (u) =
∫ ∞

u

[
aL,Kη

p+ 1

(
sp+1 − up+1)− Λ

2

(
s2 − u2)

]−1/2

ds

=
∫ ∞

1

[
aL,Kηu

p−1

p+ 1

(
θp+1 − 1

)
− Λ

2

(
θ2 − 1

)]−1/2

dθ

<∞, (1.7)
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since the functionR(θ) defined by

R(θ) := aL,Kηu
p−1

p+ 1

(
θp+1 − 1

)
− Λ

2

(
θ2 − 1

)
, θ � 0,

satisfies

R(1)= 0, R′(1)= aL,Kηup−1 −Λ> aL,Kηup−1
K,Λ −Λ= 0

and

lim
θ↑∞

R(θ)

θp+1
= aL,Kηu

p−1

p+ 1
> 0.

Moreover, it is easy to see that (1.7) implies (1.6). Therefore, (Ah) holds true for this choice
of g.

In Ecology, (1.1) models the evolution of the distribution of a single speciesu(x, t) ran-
domly dispersed in the inhabiting areaΩ , whereλ represents the intrinsic growth rate of
u anda(x) measures the crowding effects of the population inΩ−. InΩ0, u is allowed to
enjoy exponential growth according to the Malthus law. In our setting, the inhabiting area
Ω is fully surrounded by completely hostile regions, because of the homogeneous Dirich-
let boundary conditions on∂Ω . The functionu0 ∈ C(�Ω), u0 > 0, represents the initial
population distribution. Consequently, (1.1) can be viewed as a sort of intermediate proto-
type model linking the Malthus and the Verhulst laws of population dynamics within the
same inhabiting region. Indeed, iff (x,u) = u, Ω− =Ω anda(x) > 0 for eachx ∈ ∂Ω ,
then (1.1) provides us with the classical spatial logistic equation, while it provides us with
the classical spatial Malthus equation ifΩ− = ∅. Our main goal in this work is ascer-
taining the interplay between these two angular laws of population dynamics when they
arise simultaneously in a heterogeneous environment of the type illustrated in Figure 1.
Although in the classical cases whenΩ− ∈ {∅,Ω} the dynamics of (1.1) is governed by
the nonnegative steady-states of (1.1), i.e., by the nonnegative solutions of

{−�u= λu− af (·, u)u in Ω,

u= 0 on ∂Ω,
(1.8)

in our general setting a new class ofnonclassical nondistributional generalized steady-
statesmust be incorporated to the mathematical analysis of the problem in order to describe
the asymptotic profiles of the population as time passes by. Namely, themetasolutions.
Roughly spoken, the metasolutions of (1.1) are the extensions by infinity of theexplosive
solutions, or large solutions, of

−�u= λu− af (·, u)u (1.9)

in D ∈ {Ω \ �Ω0,1,Ω−}. From the biological point of view, the main results of this paper
can be shortly summarized as follows:
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• The inhabiting regionΩ cannot support the speciesu if λ� σ0.
• The speciesu grows according to the Verhulst law ifσ0< λ< σ1.
• The speciesu grows according to the Malthus law in�Ω0,1, while it is governed by the

Verhulst law inΩ \ �Ω0,1 if σ1 � λ < σ2.
• The speciesu grows according to the Verhulst law inΩ−, while it exhibits Malthusian

growth inΩ \ �Ω− if λ� σ2.
Consequently, the nature of the evolution of a single randomly distributed spatial species
in a heterogeneous environment might suffer drastic changes according to the size of its
intrinsic growth rate, evolving from extinction and logistic growth up to exhibit a genuine
exponential growth within the most favorable regions, as in such cases most of the individ-
uals of the population tend to abandon the most hostile areas for colonizing thefavorable
regionswhere natural resources are almost unlimited. A most detailed discussion, once
stated the main mathematical results of this monograph, will be carried out in Section 2.

Besides the huge intrinsic interest of analyzing (1.1), as a result of the wide variety of its
applications in the applied sciences and engineering, analyzing (1.1) is imperative as well
from the point of view that it is a cell model for designing more sophisticated – so, more
realistic – multispecies interacting models. Actually, it has been recently shown that the as-
ymptotic profiles of the solutions of (1.1) also provide us with the dynamics of the positive
solutions of large classes of superlinear indefinite problems, wherea(x) changes of sign
(cf. Section 8). Therefore, the theory of metasolutions developed in this monograph should
be a milestone to generate a great variety of new mathematical results in analyzing the
effects of spatial heterogeneities in Chemistry, Biology, Ecology, Economy and Physics,
so tremendously facilitating the understanding of the role of spatial heterogeneities in the
formation and diversity of the Universe.

Throughout this paper, given a subdomainD ⊂ Ω and a functionu ∈ C(�D), it is said
that u > 0 if u � 0 andu �= 0. Accordingly, givenu,v ∈ C(�D), it is said thatu > v if
u − v > 0. Also, givenu ∈ C1(�D), it is said thatu≫ 0 if u(x) > 0 for eachx ∈ D and
∂u
∂nx
(x) < 0 for eachx ∈ ∂D ∩ u−1(0), wherenx stands for the outward unit normal ofD

atx ∈ ∂D. Accordingly, givenu,v ∈ C1(�D), it is said thatu≫ v if u− v≫ 0.
Under our regularity assumptions, (1.1) possesses a unique smooth classical solution

u(x, t) := u[λ,Ω](x, t;u0)

globally defined in time since

−af (·, u)u� 0.

Moreover, by the parabolic maximum principle,u(·, t)≫ 0 for eacht > 0, sinceu0 > 0.
The main goal of this work is ascertaining the behavior of the population distribution as
time passes by, i.e., characterizing the limit

L := lim
t↑∞

u(·, t), (1.10)

if it exists, according to the several ranges of values where the intrinsic growth rateλ varies.
In terms ofL, the main results of this paper can be listed as follows:
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• L= 0 if λ� σ0.
• 0<L<∞ if σ0< λ< σ1.
• L= ∞ in �Ω0,1 \ ∂Ω and 0<L<∞ in Ω \ �Ω0,1 if σ1 � λ < σ2.
• L= ∞ in Ω \Ω− and 0<L<∞ in Ω− if λ� σ2.

This monograph is distributed as follows. In Section 2 we state the main results and dis-
cuss their biological meaning. In Section 3 we collect the characterization of the strong
maximum principle found by López-Gómez and Molina-Meyer in [53] and characterize
the dynamics of a class of general parabolic problems related to (1.1). These results are
crucial in the subsequent mathematical analysis. In Section 4 we give some preliminary
results that will be necessary to prove the results of Section 2, among them count some
classical problems of logistic type and some substantial improvements of the classical uni-
form a priori bounds of Keller [38] and Osserman [61]. In Sections 5–7 we will prove
the results of Section 2. Finally, in Section 8 we describe the genesis and evolution of the
mathematical theory of metasolutions and discuss some further, very recent, applications
to porous media and indefinite superlinear problems.

Throughout this paper, given two real Banach spacesX andY and a linear continuous
operator betweenX andY , sayL, N [L] andR[L] will stand for the null space – kernel –
and the range – image – ofL.

2. The main results

Throughout this section we will assume thata(x) satisfies (Aa) and thatf satisfies (Af ),
(Ag) and (Ah), though some of the results might be valid under much weaker assumptions.
Then, any weak solution of (1.9) in a smooth subdomainD ⊂Ω must live inC2+µ(D).
The solution of (1.1) satisfies

u ∈ C2+µ,1+µ
2
(�Ω × (0,∞)

)
.

Throughout this paper, given a smooth subdomainD ⊂Ω andM ∈ [0,∞], we consider
the family of elliptic boundary value problems

{−�u= λu− a(x)f (x,u)u in D,

u=M on ∂D.
(2.1)

Any weak solutionu of (2.1) must satisfyu ∈ C2+µ(�D) if 0 �M <∞, while, in case
M = ∞, a functionu ∈ C2+µ(D) is said to be a solution of (2.1) if it satisfies the differen-
tial equation inD and

lim
x∈D

dist(x,∂D)↓0

u(x)= ∞. (2.2)

Throughout this paper, such solutions are calledlarge solutions– or explosive solutions–
of (1.9) inD (cf. [6,57] and the references therein).

The following result characterizes the existence of large solutions of (1.9) inΩ−. These
solutions will provide us with the limiting profiles of the solutions of (1.1) whenλ� σ2.
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THEOREM 2.1. SupposeM = ∞ andD =Ω−. Then, for eachλ ∈ R, (2.1)possesses a
minimal and a maximal positive solution, denoted byLmin

[λ,Ω−] andLmax
[λ,Ω−], respectively –

in the sense that any other positive solutionL of (2.1)must satisfy

Lmin
[λ,Ω−] � L� Lmax

[λ,Ω−]. (2.3)

The following result characterizes the existence of large solutions of (1.9) inΩ \ �Ω0,1.
These solutions will provide us with the dynamics of (1.1) for the rangeσ1 � λ < σ2.

THEOREM 2.2. SupposeM = ∞ and

D =Ω \ �Ω0,1 =Ω− ∪ �Ω0,2.

Then(2.1) possesses a positive solution if and only ifλ < σ2. Moreover, for eachλ < σ2,
(2.1) has a minimal and a maximal solution, denoted byLmin

[λ,Ω\ �Ω0,1]
andLmax

[λ,Ω\ �Ω0,1]
, re-

spectively – in the sense that any other solutionL of (2.1)must satisfy

Lmin
[λ,Ω\ �Ω0,1] � L� Lmax

[λ,Ω\ �Ω0,1]. (2.4)

Moreover, there exists a large solution of equation

−�u= σ2u− af (·, u)u

in Ω−, sayL[σ2,Ω−], such that

lim
λ↑σ2

Lmin
[λ,Ω\ �Ω0,1] =

{
∞ in �Ω0,2,

L[σ2,Ω−] in Ω−.
(2.5)

The following result characterizes the existence of positive solutions of (1.8), which
equals (2.1) ifM = 0 andD = Ω . These solutions will provide us with the dynamics
of (1.1) within the rangeσ0< λ< σ1.

THEOREM 2.3. Problem(1.8)has a positive solution if and only if

σ0< λ< σ1.

Moreover, it is unique, if it exists, and if we denote it byθ[λ,Ω], then

lim
λ↓σ0

θ[λ,Ω] = 0 in C
(�Ω
)
, (2.6)

and

lim
λ↑σ1

θ[λ,Ω] =
{

∞ in �Ω0,1 \ ∂Ω,

Lmin
[σ1,Ω\ �Ω0,1]

in Ω \ �Ω0,1.
(2.7)
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Furthermore, the map

(σ0, σ1)
θ−→ C

(�Ω
)
,

(2.8)
λ �→ θ(λ) := θ[λ,Ω]

is point-wise increasing and of classC1.

The following result provides us with the dynamics of (1.1).

THEOREM 2.4. Letu(x, t) := u[λ,Ω](x, t;u0) denote the unique solution of(1.1).Then
(a) limt↑∞ u(·, t)= 0 in C(�Ω) if λ� σ0.
(b) limt↑∞ u(·, t)= θ[λ,Ω] in C(�Ω) if σ0< λ< σ1.
(c) In caseσ1 � λ < σ2, the following assertions are true:

(i) lim t↑∞ u(·, t)= ∞ uniformly in compact subsets of�Ω0,1 \ ∂Ω .
(ii) In Ω \ �Ω0,1 the following estimate is satisfied

Lmin
[λ,Ω\ �Ω0,1] � lim inf

t↑∞
u(·, t)� lim sup

t↑∞
u(·, t)�Lmax

[λ,Ω\ �Ω0,1].

(iii) If, in addition, u0 is a subsolution of(1.9) in Ω , then

lim
t↑∞

u(·, t)= Lmin
[λ,Ω\ �Ω0,1] in Ω \ �Ω0,1.

(d) In caseλ� σ2, the following assertions are true:
(i) lim t↑∞ u(·, t)= ∞ uniformly in compact subsets ofΩ \Ω−.

(ii) In Ω− the following estimate is satisfied

Lmin
[λ,Ω−] � lim inf

t↑∞
u(·, t)� lim sup

t↑∞
u(·, t)� Lmax

[λ,Ω−].

(iii) If, in addition, u0 is a subsolution of(1.9) in Ω , then

lim
t↑∞

u(·, t)= Lmin
[λ,Ω−] in Ω−.

The statements of Theorem 2.4(c) and (d) can be substantially shortened by introducing
the following concept.

DEFINITION 2.5. SupposeM = ∞ andD ∈ {Ω \ �Ω0,1,Ω−}. Then, a functionM :Ω →
[0,∞] is said to be a metasolution of (1.9) supported inD if there exists a large solution
L of (1.9) inD for which

M =
{∞ in Ω \D,

L in D.
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The metasolutionM is said to be the minimal (resp. maximal) metasolution of (1.9) in
D if L is the minimal (resp. maximal) large solution inD. The minimal and the maximal
metasolution of (1.9) inD are throughout denoted byMmin

[λ,D] andMmax
[λ,D], respectively.

Using Definition 2.5, Theorem 2.4(c) shows that, ifσ1 � λ < σ2,

Mmin
[λ,Ω\ �Ω0,1] � lim inf

t↑∞
u(·, t)� lim sup

t↑∞
u(·, t)� Mmax

[λ,Ω\ �Ω0,1] in Ω,

and actually,

lim
t↑∞

u(·, t)= Mmin
[λ,Ω\ �Ω0,1] in Ω

if, in addition,u0 is a subsolution of (1.9) inΩ .
Similarly, thanks to Theorem 2.4(d), for anyλ� σ2 we have that

Mmin
[λ,Ω−] � lim inf

t↑∞
u(·, t)� lim sup

t↑∞
u(·, t)� Mmax

[λ,Ω−] in Ω.

Moreover,

lim
t↑∞

u(·, t)= Mmin
[λ,Ω−] in Ω

if, in addition,u0 is a subsolution of (1.9) inΩ .
As a result from these features, the dynamics of (1.1) is governed by the maximal clas-

sical nonnegative solution of (1.9) ifλ < σ1, by the metasolutions of (1.9) supported in
Ω \ �Ω0,1 if σ1 � λ < σ2, and by the metasolutions of (1.9) supported inΩ− if λ� σ2.

The following results provide us with some sufficient conditions for the uniqueness of
the metasolution of (1.9) supported inD ∈ {Ω \ �Ω0,1,Ω−}.

THEOREM 2.6. Suppose

f (x,u)= up−1, (x,u) ∈ �Ω × [0,∞), (2.9)

for somep > 1, and there exist

β ∈ C
(
Γ1; (0,∞)

)
and γ ∈ C

(
Γ1; (0,∞)

)

such that

lim
x→x1
x∈Ω−

a(x)

β(x1)[dist(x,Γ1)]γ (x1)
= 1 uniformly inx1 ∈ Γ1. (2.10)

Then, for eachλ < σ2,

Lmin
[λ,Ω\ �Ω0,1] = Lmax

[λ,Ω\ �Ω0,1], (2.11)
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i.e., (1.9)possesses a unique large solution inΩ \ �Ω0,1. Therefore, (1.9)possesses a unique
metasolution supported inΩ \ �Ω0,1, subsequently denoted byM[λ,Ω\ �Ω0,1], and, due to
Theorem2.4(c),M[λ,Ω\ �Ω0,1] is a global attractor for the solutions of(1.1) if σ1 � λ < σ2.

THEOREM 2.7. Suppose(2.9)and there exist

β ∈ C
(
∂Ω−; (0,∞)

)
and γ ∈ C

(
∂Ω−; (0,∞)

)

such that

lim
x→x1
x∈Ω−

a(x)

β(x1)[dist(x,Γ1)]γ (x1)
= 1 uniformly inx1 ∈ ∂Ω−. (2.12)

Then, for eachλ ∈ R,

Lmin
[λ,Ω−] = Lmax

[λ,Ω−], (2.13)

i.e., (1.9)possesses a unique large solution inΩ−. Consequently, (1.9)possesses a unique
metasolution supported inΩ−, subsequently denoted byM[λ,Ω−], and, due to Theo-
rem2.4(d),M[λ,Ω−] is a global attractor for the solutions of(1.1) if λ� σ2.

The next result shows the continuity and monotonicity inλ of the metasolutions of (1.9)
supported inD ∈ {Ω \ �Ω0,1,Ω−} under the assumptions of Theorem 2.7, though the result
remains valid assuming the uniqueness of the metasolution for every value of the parameter
where it exists.

THEOREM 2.8. Under the assumptions of Theorem2.7,each of the maps

(−∞, σ2)

M
Ω\ �Ω0,1
−→ C

(
Ω; (0,∞]

)
,

(2.14)
λ �→ MΩ\ �Ω0,1

(λ) := M[λ,Ω\ �Ω0,1]

and

R
MΩ−−→ C

(
Ω; (0,∞]

)
,

(2.15)
λ �→ MΩ−(λ) := M[λ,Ω−]

is continuous and point-wise increasing. Moreover,

lim
λ↑σ1

θ(λ)= MΩ\ �Ω0,1
(σ1) and lim

λ↑σ2
MΩ\ �Ω0,1

(λ)= MΩ−(σ2), (2.16)

whereθ is the solution map defined in(2.8).
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Fig. 2. The dynamics of (1.1). Classical solutions and metasolutions.

In Figure 2 we have represented the dynamics of (1.1) under the assumptions of Theo-
rem 2.7. Most precisely, we have drown the diagram of classical solutions and significant
metasolutions of (1.9) together with their respective attracting properties. We are plotting
the parameterλ versus the value of the generalized solution,u(x), at some pointx ∈Ω−,
where all these generalized solutions are finite, so that the diagram cannot exhibit anybi-
furcation from infinity. The diagram shows four different kind of solutions. Theλ-axis rep-
resentsu= 0, which, according to Theorem 2.4(a), is a global attractor ifλ� σ0, while it
is linearly unstable for anyλ > σ0. Then, we have represented the positive solutionθ[λ,Ω],
which bifurcates fromu= 0 atλ= σ0 and it is point-wise increasing forλ ∈ (σ0, σ1) un-
til it reaches the metasolutionM[σ1,Ω\ �Ω0,1] at λ= σ1. Due to Theorem 2.4(b),θ[λ,Ω] is a
global attractor of (1.1) for eachλ ∈ (σ0, σ1). Then, we have represented the curve

λ→ M[λ,Ω\ �Ω0,1](x),

which, according to Theorem 2.8, is continuous and increasing in its definition interval
(−∞, σ2). Thanks to Theorem 2.4(c),M[λ,Ω\ �Ω0,1] is a global attractor for the solutions
of (1.1) if λ ∈ [σ1, σ2), and, due to Theorem 2.2, it approximates the metasolutionM[σ2,Ω−]
asλ ↑ σ2. As for anyλ < σ1 the dynamics of (1.1) is described by the classical nonnegative
steady states of (1.1), in such range the metasolutionM[λ,Ω\ �Ω0,1] must be unstable from
below. Consequently, the valueλ= σ1 provides us with the critical value of the parameter
where the attractive character of the metasolution supported inΩ \ �Ω0,1 changes. Finally,
Figure 2 shows the curve

λ→ M[λ,Ω−](x),

which, according to Theorem 2.8, is continuous and increasing inR. Thanks to Theo-
rem 2.4,M[λ,Ω−] is a global attractor for the solutions of (1.1) ifλ� σ2, while it is unstable
from below ifλ < σ2. So,λ= σ2 is the critical value of the parameter where the attractive
character ofM[λ,Ω−] changes. Figure 3 shows the corresponding asymptotic profiles of the
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Fig. 3. The limiting profiles of the solutions of (1.1).

solutions of (1.1) according to the range of variation of the parameterλ. Although for a
general nonlinearityf (x,u) satisfying (Af ), (Ag) and (Ah) our theory does not guarantees
the uniqueness of the metasolution, due to Theorem 2.4, Figure 2 still provides us with the
dynamics of (1.1) whenu0 is a subsolution of (1.9), though in this case one should think
of the minimal metasolution curves, which might exhibit a number of jumps as a result of
the eventual nonuniqueness of the metasolutions. Nevertheless, though we could not prove
it yet, we conjecture that the metasolutions supported inΩ \ �Ω0,1 andΩ− must be unique
for a generala(x) satisfying (Aa) andf (x,u), not necessarily of the special form (2.9).

Theorem 2.4 is of fundamental interest from the point of view of the applications of the
abstract mathematical theory developed here to population dynamics as it provides us with
the simultaneous effects of incorporating both Malthus and Verhulst laws within the same
natural environment, which should be extremely realistic from the point of view of appli-
cations to real world models. Rather naturally, the density of the species should be severely
limited in the regions where natural resources are drastically limited, though it might be
certainly unlimited within the regions where natural resources are sufficiently abundant to
maintain a huge population. A mechanism explaining why agriculture facilitated the emer-
gence of human groups whose size gradually increased during the last 10 thousands years –
nothing at the human evolution scale – until originating the extremely densely populated
areas that we inhabit today. Simultaneously, in unfavorable areas, where agriculture was
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not possible, or simply extremely difficult, like in the rain forest areas, the level of human
population has been controlled almost at the original levels.

As a consequence from Theorem 2.4, if the intrinsic growth rate of the species, measured
byλ, is below the thresholdσ0, then the inhabiting area cannot support the speciesu, which
is driven to extinction. Whenλ ∈ (σ0, σ1), then the inhabiting area is able to maintain the
speciesu around the critical levelθ[λ,Ω], independently of the size of the initial popula-
tion u0. So,Ω cannot maintain an arbitrarily large population. Therefore, (1.1) exhibits a
genuine logistic behavior ifλ < σ1.

Quite surprisingly from the mathematical point of view – for a reason to be explained
in Section 8 – in the intervalλ ∈ [σ1, σ2) the population must be limited in the region
Ω \ �Ω0,1, while, as an effect from dispersion to the less hostile regionΩ0,1, the population
can grow arbitrarily withinΩ0,1. Thus, (1.1) exhibits a sort of logistic growth inΩ \ �Ω0,1
and a genuine exponential growth inΩ0,1 if λ ∈ [σ1, σ2). Indeed, thanks to the parabolic
maximum principle,

u1 := u[λ,Ω](·,1;u0)≫ 0

and, for eacht � 0,

u[λ,Ω](·, t + 1;u0)= u[λ,Ω](·, t;u1) > u[λ,Ω0,1](·, t;u1), (2.17)

whereu[λ,Ω0,1](x, t;u1) stands for the solution of the linear problem





∂u
∂t

−�u= λu in Ω0,1 × (0,∞),
u= 0 on ∂Ω0,1 × (0,∞),
u(·,0)= u1 in Ω0,1,

(2.18)

which is given by

u[λ,Ω0,1](x, t;u1)= et (λ+�)u1. (2.19)

Now, supposeλ > σ1 and denote byϕ0,1 the principal eigenfunction associated with
σ [−�,Ω0,1]. Then, sinceu1 ≫ 0, there existsα > 0 such that

u1> αϕ0,1

and hence, it follows from (2.17) and (2.19) that

u[λ,Ω](·, t + 1;u0) > αet (λ+�)ϕ0,1 = αe(λ−σ1)tϕ0,1,

which shows the exponential growth of the population withinΩ0,1.
Similarly, whenλ > σ2 the population must be controlled withinΩ−, as a result of the

limitation of the natural resources available there in, though the individual of the species
can disperse to the most favorable areasΩ0,1 andΩ0,2, where the population density can
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be arbitrarily large; actually growing at the respective rates et (λ−σ1) and et (λ−σ2). Conse-
quently, the principal eigenvaluesσ1 andσ2 might be though as sort of measuring parame-
ters of the quality of each of therefuge patchesof the environment.

3. Some general pivotal results

The following characterization of the strong maximum principle goes back to [53] and [43]
(cf. [48] for an extremely sharp version of the theorem).

THEOREM 3.1. SupposeD is an open subdomain ofRN , N � 1, with smooth boundary
andV ∈ Cµ(�D). Then, the following assertions are equivalent.

(a) σ [−�+ V,D]> 0.
(b) There exists a functionh ∈ C2(D)∩ C(�D) such thath > 0 in D,

(−�+ V )h� 0 in D,

and eitherh|∂D > 0, or (−�+V )h > 0 in D – such a functionh is called a positive strict
supersolution of−�+ V in D under Dirichlet boundary conditions.

(c) The operator−�+ V satisfies the strong maximum principle inD, i.e., for every
f ∈ Cµ(�D), g ∈ C2+µ(∂D), such thatf � 0, g � 0, (f, g) �= (0,0), and anyu ∈ C2+µ(�D)
satisfying

{
(−�+ V )u= f in D,

u= g on ∂D,

one has thatu≫ 0 in D.

Throughout the remaining part of this section we supposef ∈ Cµ,µ(�Ω × [0,∞)) and
consider a smooth subdomainD of Ω such that

D ∩Ω− �= ∅. (3.1)

As an immediate consequence from the abstract theory developed by Amann in [1] and [2],
the following result holds.

THEOREM 3.2. Supposeg ∈ C2+µ(∂D) and

{−�u= λu− af (·, u)u in D,

u= g on ∂D
(3.2)

possesses a subsolutionu ∈ C2+µ(�D) and a supersolution̄u ∈ C2+µ(�D) such thatu� ū.
Then(3.2)possesses a solutionu ∈ C2+µ(�D) such that

u� u� ū.

Moreover, (3.2)has a minimal and a maximal solution in[u, ū].
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Note that ifu (resp.ū) is a strict subsolution (resp. supersolution) of (3.2), then any
solutionu of the problem in[u, ū] must satisfyu < u� ū (resp.u� u < ū).

As an easy consequence from Theorem 3.2, the following result holds.

THEOREM 3.3. Supposeu, ū ∈ C2+µ(D), satisfy

−�u� λu− af (·, u )u and −�ū� λū− af (·, ū)ū in D,

lim
dist(x,∂D)↓0

u(x)= ∞ and lim
dist(x,∂D)↓0

ū(x)= ∞,

and

u� ū in D.

Then, the singular boundary value problem,

{−�u= λu− af (·, u)u in D,

u= ∞ on ∂D,
(3.3)

possesses a solutionu ∈ C2+µ(D) such thatu� u� ū.

PROOF. For each sufficiently largen� 1, sayn� n0, we consider

Dn :=
{
x ∈D: dist(x, ∂D) >

1

n

}
.

The integern0 � 1 must be chosen so that∂Dn inherits the regularity of∂D. Thanks to
Theorem 3.2, for eachn� n0, the problem

{−�u= λu− af (·, u)u in Dn,

u= u+ū
2 on ∂Dn

possesses a solutionun ∈ C2+µ(�Dn) such that

u|Dn � un � ū|Dn in Dn.

Thanks to these estimates, there exists a subsequence{unm}m�1 of {un}n�n0 such that

lim
m→∞

‖unm − u0‖C2+µ(�Dn0)
= 0

for some solutionu0 ∈ C2+µ(�Dn0) of

{−�u= λu− af (·, u)u in Dn0,

u= u+ū
2 on ∂Dn0.
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Now, consider the new sequence{unm |Dn0+1}m�1. The previous argument also shows the
existence of a subsequence of{unm |Dn0+1}m�1, labeled again bynm, such that, for some

u1 ∈ C2+µ(�Dn0+1),

lim
m→∞

‖unm − u1‖C2+µ(�Dn0+1)
= 0.

Necessarily,u1|Dn0
= u0. Repeating this procedure infinitely many times, the point-wise

limit of the diagonal sequence provides us with a solution of (3.3) satisfying all require-
ments. �

The following result collects some important properties that are going to be used
throughout the remaining of this work.

LEMMA 3.4. Supposef satisfies(Af ), g ∈ C2+µ(∂D), g � 0, and ū ∈ C2+µ(�D), ū > 0,
is a supersolution of(3.2). Then, ū≫ 0, i.e., ū(x) > 0 for eachx ∈ D and ∂ū

∂nx
(x) < 0

for eachx ∈ ū−1(0) ∩ ∂D, wherenx stands for the outward unit normal atx ∈ ∂D. In
particular, any positive solutionu of (3.2)satisfiesu≫ 0. Moreover,

σ
[
−�− λ+ af (·, ū),D

]
� 0.

Actually, if g = 0 and ū is a solution of(3.2),then

λ= σ
[
−�+ af (·, ū),D

]
. (3.4)

Furthermore, for eachκ > 1, κū also provides us with a supersolution of(3.2).

PROOF. Sinceū|∂D � 0 and

(
−�− λ+ af (·, ū)

)
ū� 0 inD,

ū > 0 provides us with a positive supersolution of−�− λ+ af (·, ū) in D under Dirichlet
boundary conditions, and two different situations can occur.

If either g > 0 on ∂D, or g = 0 on ∂D but ū is a positive strict supersolution of
−�− λ+ af (·, ū) in D under Dirichlet boundary conditions, then it follows from Theo-
rem 3.1 that

σ
[
−�− λ+ af (·, ū),D

]
> 0 (3.5)

andū≫ 0.
If g = 0 on ∂D and ū is not a strict supersolution of−� − λ + af (·, ū) in D, then

ū provides us with a positive eigenfunction associated with the principal eigenvalue

σ
[
−�− λ+ af (·, ū),D

]
= 0 (3.6)
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and hence, by Krein–Rutman theorem,u≫ 0. Note that in such casēu is a solution of (3.2)
and that (3.4) holds from (3.6).

Now, pickκ > 1. Then,

κū|∂D � ū|∂D � g,

and, inD, we have that

−�(κū)� λκū− af (·, ū)κū� λκū− af (·, κū)κū,

since, by (Af ),

f (·, κū) > f (·, ū),

which concludes the proof. �

The following theorem will extraordinarily simplify the mathematical analysis of the
next sections.

THEOREM 3.5. Supposef satisfies(Af ), g ∈ C2+µ(∂D), g � 0, λ > σ [−�,D] if g = 0,
and (3.2) possesses a supersolutionū > 0. Then, (3.2) has a unique positive solution.
Moreover, if we denote it byθ[λ,D,g], then for any positive subsolution(resp. supersolution)
u (resp. ū) of (3.2),one has thatu � θ[λ,D,g] (resp. θ[λ,D,g] � ū). Furthermore, for each
u0> 0,

lim
t↑∞

∥∥u[λ,D,g](·, t;u0)− θ[λ,D,g]
∥∥
C(�D) = 0, (3.7)

whereu[λ,D,g](x, t;u0) stands for the unique solution of the parabolic problem





∂u
∂t

−�u= λu− af (·, u)u in D× (0,∞),
u= g on ∂D × (0,∞),
u(·,0)= u0 in D.

(3.8)

Suppose(Af ), (3.2) has a supersolution̄u > 0, g = 0 and λ � σ [−�,D]. Then, (3.2)
cannot admit a positive subsolution and

lim
t↑∞

∥∥u[λ,D,g](·, t;u0)
∥∥
C(�D) = 0. (3.9)

PROOF. In caseg > 0, u := 0 provides us with a strict subsolution of (3.2), and hence,
(0, ū) provides us with an ordered sub–supersolution pair. Thus, thanks to Theorem 3.2,
(3.2) possesses a solution 0< u� u. Due to Lemma 3.4,u≫ 0.

Supposeg = 0 andλ > σ [−�,D]. Let ϕ ≫ 0 denote any principal eigenfunction as-
sociated withσ [−�,D]. Then, for each sufficiently smallε > 0, the functionu := εϕ
provides us with a positive strict subsolution of (3.2). Indeed,εϕ|∂D = 0 and, inD,

−�(εϕ)= εσ [−�,D]ϕ < λεϕ − af (·, εϕ)εϕ
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for sufficiently smallε > 0, sinceσ [−�,D]< λ and

lim
ε↓0

∥∥af (·, εϕ)
∥∥
C(�D) = 0.

Fix one of these values ofε. Due to Lemma 3.4,u≫ 0 andκū is a supersolution of (3.2)
for everyκ > 1. Pick a sufficiently largeκ > 1 so that

εϕ < κū.

Then, (εϕ, κū) provides us with an ordered sub–supersolution pair of (3.2) and hence,
thanks to Theorem 3.2, (3.2) possesses a solutionu such that

εϕ < u� κū.

Note that, due to Lemma 3.4,u≫ 0.
To show the uniqueness of the positive solution of (3.2) we proceed by contradiction.

Suppose (3.2) has two different positive solutionsu1 �= u2. The previous analysis shows
that there existε > 0, κ > 1, and a strict subsolution

u ∈ {0, εϕ}

such that

u <min{u1, u2}<max{u1, u2} � κū.

Let u∗ andu∗ denote the minimal and the maximal positive solutions of (3.2) in[u,κū].
Necessarily,

u < u∗ � min{u1, u2}<max{u1, u2} � u∗ � κū

and therefore, (3.2) possesses two ordered positive solutions,u∗ < u∗. Setting

w := u∗ − u∗ > 0,

the following linear boundary value problem is satisfied

{
(−�− λ+ V )w = 0 inD,

w = 0 on ∂D,
(3.10)

whereV is the potential defined by

V := a
∫ 1

0

∂f

∂u

(
·, tu∗ + (1− t)u∗

)(
tu∗ + (1− t)u∗

)
dt

+ a
∫ 1

0
f
(
·, tu∗ + (1− t)u∗

)
dt. (3.11)
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By Lemma 3.4,u∗ ≫ 0 andu∗ ≫ 0. Hence, it follows from (Af ) and (3.1) that

V > a

∫ 1

0
f
(
·, tu∗ + (1− t)u∗

)
dt � af (·, u∗),

sinceu∗ > u∗. In particular, by the monotonicity of the principal eigenvalue with respect
to the potential, we find that

σ [−�− λ+ V,D]> σ
[
−�− λ+ af (·, u∗),D

]
. (3.12)

Thus, thanks to (3.4), (3.12) gives

σ [−�− λ+ V,D]> 0.

As the principal eigenvalue is dominant, we conclude from (3.10) thatw = 0, which con-
tradictsw > 0. This contradiction concludes the proof of the uniqueness of the positive
solution. Subsequently, we denote byθ[λ,D,g] the unique positive solution of (3.2).

Supposeu > 0 is a subsolution of (3.2). Then, sinceū≫ 0, for sufficiently largeκ > 1,
we have thatu < κū and hence, by Theorem 3.2, (3.2) has a positive solution in[u,κū].
By the uniqueness,u� θ[λ,D,g] � κū and, in particular,

u� θ[λ,D,g].

Supposeū > 0 is a supersolution of (3.2). By Lemma 3.4,ū≫ 0. If g > 0, then,u = 0
provides us with a strict subsolution of (3.2) and, due to Theorem 3.2, (3.2) has a positive
solutionu in [0, ū]. By the uniqueness,

θ[λ,D,g] � ū. (3.13)

Similarly, if g = 0, then, for sufficiently smallε > 0, u := εϕ provides us with a strict
subsolution of (3.2). Thus, ifε is chosen so thatεϕ < ū, by Theorem 3.2, (3.2) has a
positive solutionu in [εϕ, ū]. Therefore, by the uniqueness, (3.13) as well holds.

Now, we will prove (3.7). First, we suppose that

g = 0 and λ > σ [−�,D].

Sinceu0> 0, by the parabolic maximum principle, for eacht > 0 we have that

u[λ,D,g](·, t;u0)≫ 0.

Now, pick a sufficiently smallε > 0 and a sufficiently largeκ > 1 so that(εϕ, κū) be an
ordered sub–supersolution pair of (3.2) for which

εϕ < u[λ,D,g](·,1;u0) < κū.
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Note thatκ > 1 can be chosen so that

κū > θ[λ,D,g],

and hence, by the uniqueness of the positive solution,κū must be a positive strict super-
solution. Now, thanks again to the parabolic maximum principle, for eacht > 0 we have
that

u[λ,D,g](·, t; εϕ) � u[λ,D,g]
(
·, t;u[λ,D,g](·,1;u0)

)

= u[λ,D,g](·, t + 1;u0)

� u[λ,D,g](·, t;κū). (3.14)

Moreover, sinceεϕ is a strict subsolution, ast grows,u[λ,D,g](·, t; εϕ) increases approxi-
mating the minimal positive solution of (3.2) in[εϕ, κū], while, sinceκū is a strict super-
solution,u[λ,D,g](·, t;κū) decreases approximating the maximal positive solution of (3.2)
in [εϕ, κū] (cf. [65]). As θ[λ,D,g] is the unique positive solution of (3.2), passing to the
limit as t ↑ ∞ in (3.14) gives

lim
t↑∞

u[λ,D,g](·, t;u0)= θ[λ,D,g] in C
(�D
)
,

so concluding the proof of the theorem in this case.
Now, supposeg > 0 and pick a sufficiently largeκ > 1 for which

κū > θ[λ,D,g] and 0< u[λ,D,g](·,1;u0) < κū.

Then, arguing as above, we find that

u[λ,D,g](·, t;0) � u[λ,D,g]
(
·, t;u[λ,D,g](·,1;u0)

)

= u[λ,D,g](·, t + 1;u0)

� u[λ,D,g](·, t;κū), (3.15)

and similarly, (3.7) follows by passing to the limit ast ↑ ∞ in (3.15).
Finally, suppose

g = 0 and λ� σ [−�,D]. (3.16)

We claim that (3.2) cannot admit a positive subsolution; in particular, it cannot admit a
positive solution. To prove this feature we proceed by contradiction. So, suppose (3.2)
possesses a positive subsolutionu > 0. Sinceū≫ 0, there existsκ > 1 such thatu < κū
and therefore, due to Theorem 3.2, (3.2) possesses a positive solutionu. Moreover, thanks
to Lemma 3.4, we haveu≫ 0 and

λ= σ
[
−�+ af (·, u),D

]
.
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Sinceu≫ 0, it follows from (Af ) and (3.1) thataf (·, u) > 0 inD and hence, thanks to the
monotonicity of the principal eigenvalue with respect to the potential,

λ= σ
[
−�+ af (·, u),D

]
> σ [−�,D],

which contradicts (3.16). Therefore, (3.2) cannot admit a positive subsolution in such case.
In order to show that, under (3.16), condition (3.9) is satisfied, we considerκ > 1 such that

0< u[λ,D,g](·,1;u0) < κū.

Then, for eacht > 0, we have that

0< u[λ,D,g](·, t + 1;u0) < u[λ,D,g](·, t;κū). (3.17)

As κū is a supersolution of (3.2),u[λ,D,g](·, t;κū) decreases approximating ast ↑ ∞ the
maximal nonnegative solution of (3.2) in[0, κū], which is the zero solution. Therefore,
passing to the limit ast ↑ ∞ in (3.17) shows (3.9) and completes the proof. �

Actually, the following strong comparison result is satisfied.

LEMMA 3.6. Supposef satisfies(Af ), g ∈ C2+µ(∂D), g � 0, λ > σ [−�,D] if g = 0,
and (3.2) possesses a supersolutionū > 0. Then, for any positive strict subsolution(resp.
supersolution) u (resp. ū) of (3.2),one has thatu≪ θ[λ,D,g] (resp. θ[λ,D,g] ≪ ū), where
θ[λ,D,g] is the unique positive solution of(3.2).

PROOF. Supposeu > 0 is a strict subsolution of (3.2). Then, due to Theorem 3.5,
u� θ[λ,D,g], and therefore,

u < θ[λ,D,g],

sinceu cannot be a solution. Consequently,

w := θ[λ,D,g] − u > 0. (3.18)

Now, adapting the uniqueness argument of the proof of Theorem 3.5, it readily follows that

{
(−�− λ+ V )w = 0 inD,

w � 0 on ∂D,
(3.19)

whereV is the potential defined by

V := a
∫ 1

0

∂f

∂u

(
·, tθ[λ,D,g] + (1− t)u

)(
tθ[λ,D,g] + (1− t)u

)
dt

+ a
∫ 1

0
f
(
·, tθ[λ,D,g] + (1− t)u

)
dt.
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Now, we have to distinguish between two different situations. Ifw|∂D > 0, thenw > 0
provides us with a positive strict supersolution of−�− λ+ V in D under homogeneous
Dirichlet boundary conditions. Thus, due to Theorem 3.1,w ≫ 0 in D, and therefore
u≪ θ[λ,D,g]. Now, supposew|∂D = 0. Then,w > 0 is a principal eigenfunction associ-
ated with

σ [−�− λ+ V,D] = 0

and, due to Krein–Rutman theorem,w≫ 0, which concludes the proof. �

4. The classical logistic equation. A priori bounds inΩ−

In this section we analyze the dynamics of





∂u
∂t

−�u= λu− a(x)f (x,u)u in D× (0,∞),
u=M on ∂D × (0,∞),
u(·,0)= u0> 0 inD,

(4.1)

whereM ∈ [0,∞) is a constant,D is a smooth subdomain ofΩ such that

D ⊂Ω−, (4.2)

andf satisfies (Af ) and (Ag). The main result establishes that the dynamics of (4.1) is
governed by its maximal nonnegative steady-state, which is the maximal nonnegative so-
lution of

{−�u= λu− a(x)f (x,u)u in D,

u=M on ∂D.
(4.3)

Actually, for eachM > 0, (4.3) possesses a unique positive solution which is a global
attractor for the solutions of (4.1). Throughout the rest of this paper it will be denoted by
θ[λ,D,M]. It turns out that this solution satisfies

lim
M↓0

θ[λ,D,M] = 0 if λ� σ [−�,D],

while

θ[λ,D,0] := lim
M↓0

θ[λ,D,M] if λ > σ [−�,D],

provides us with the unique positive solution of (4.3) forM = 0. So, there is a continuous
transition between both dynamics asM perturbs from zero.

The analysis of (4.1) in case�D ⊂ Ω− is much easier than the analysis of the general
case when (4.2) is satisfied, wherea might partially, or totally, vanish on∂D, as a result of
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the fact that sufficiently large positive constants provide us with supersolutions if�D ⊂Ω−,
while no positive constant can be a supersolution ifa vanishes on∂D andλ > 0. Thus,
in the first two sections we will focus our attention into the simplest case when�D ⊂Ω−.
Then, in Section 4.3, we will assume that, in addition,f satisfies (Ah) in order to refine the
classical a priori bounds of Keller [38] and Osserman [61]. These bounds will allow us to
obtain the existence of a minimal and a maximal positive solution for the singular problem

{−�u= λu− a(x)f (x,u)u in D,

u= ∞ on ∂D.
(4.4)

As a consequence from these bounds, it will be apparent that

θ[λ,D,∞] := lim
M↑∞

θ[λ,D,M]

provides us with the minimal positive solution of (4.4). Finally, in Section 4.4, these results
will be used to study the general case when condition (4.2) is satisfied. The following
consequence from Lemma 3.4 will be very useful.

LEMMA 4.1. Supposeu ∈ C2+µ(�D), u > 0, is a solution of(4.3) for someM ∈ [0,∞).
Thenu≫ 0. Moreover,

λ= σ
[
−�+ af (·, u),D

]
(4.5)

if M = 0. In caseM = ∞, any solutionu ∈ C2+µ(D), u > 0, must satisfyu(x) > 0 for all
x ∈D.

PROOF. The fact thatu≫ 0 for any positive solution of (4.3) withM ∈ [0,∞) is a conse-
quence from Lemma 3.4, and (4.5) is a consequence from (3.4).

Now, supposeM = ∞. Then, u provides us with a positive supersolution of
−�− λ+ af (·, u) in any subdomain of the formDn := {x ∈D: dist(x, ∂D) > 1/n}, for
sufficiently largen, and hence, thanks again to Lemma 3.4,u≫ 0 inDn, which concludes
the proof. �

4.1. The classical logistic equation:M = 0 and �D ⊂Ω−

The following result provides us with the existence and the uniqueness of the positive
solution to (4.3) in this case. Note that

aL,D := min
�D
a > 0. (4.6)

THEOREM 4.2. Suppose�D ⊂ Ω−, M = 0, and f satisfies(Af ) and (Ag). Then, (4.3)
possesses a positive solution if and only ifλ > σ [−�,D]. Moreover, it is unique, and
strongly positive, if it exists. Furthermore, if we denote it byθ[λ,D,0] andu[λ,D,0](x, t;u0)

stands for the unique solution of(4.1),then
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(a) limt↑∞ u[λ,D,0](·, t;u0)= 0 in C(�D) if λ� σ [−�,D];
(b) limt↑∞ u[λ,D,0](·, t;u0)= θ[λ,D,0] in C(�D) if λ > σ [−�,D].

PROOF. It is a direct consequence from Theorem 3.5, since sufficiently large positive con-
stants provide us with positive supersolutions of (4.3), by (Ag). �

The following result establishes that the set of positive solutions of (4.3) consists of a
differentiable curve emanating fromu = 0 at the value of the parameterλ = σ [−�,D],
where the attractive character of the steady stateu= 0, as a solution of (4.1), is lost.

PROPOSITION4.3. Suppose�D ⊂ Ω−, M = 0, and f satisfies(Af ) and (Ag). Then the
solution map

(
σ [−�,D],∞

) θ−→ C
(�D
)
,

(4.7)
λ �→ θ(λ) := θ[λ,D,0]

is of classC1 and point-wise increasing. Actually,

θ(λ)≫ θ(µ) if λ > µ> σ [−�,D].

Moreover, θ(λ) bifurcates from(λ,u)= (λ,0) at λ= σ [−�,D], i.e.,

lim
λ↓σ [−�,D]

θ(λ)= 0. (4.8)

PROOF. The solutions of (4.3) are the zeros of the nonlinear operator

F :R × C0
(�D
)
→ C0

(�D
)

defined by

F(λ,u) := u− (−�)−1[λu− af (·, u)u
]
,

where(−�)−1 stands for the resolvent operator of−� inD under homogeneous Dirichlet
boundary conditions. The operatorF is of classC1 and, by elliptic regularity,F(λ, ·) is a
nonlinear compact perturbation of the identity for eachλ ∈ R. Moreover,

F(λ,0)= 0, λ ∈ R,

and, for each(λ,u) ∈ R × C0(�D),

DuF(λ,0)u= u− (−�)−1(λu).

Thus,DuF(λ,0) is a Fredholm analytic pencil of index zero whose spectrum consists of
the eigenvalues of−�. In particular,

N
[
DuF

(
σ [−�,D],0

)]
= span[ϕ],
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whereϕ≫ 0 is any principal eigenfunction ofσ [−�,D]. We claim that

DλDuF
(
σ [−�,D],0

)
ϕ /∈R

[
DuF

(
σ [−�,D],0

)]
. (4.9)

Consequently, the transversality condition of Crandall and Rabinowitz [19] holds true. To
prove (4.9) we proceed by contradiction assuming that

DλDuF
(
σ [−�,D],0

)
ϕ = −(−�)−1ϕ ∈R

[
DuF

(
σ [−�,D],0

)]
.

Then there existsu ∈ C0(�D) such that

u− (−�)−1(σ [−�,D]u
)
= −(−�)−1ϕ.

By elliptic regularity,u ∈ C
2+µ
0 (�D) and

(
−�− σ [−�,D]

)
u= −ϕ.

Multiplying this equation byϕ, integrating inD and applying the formula of integration by
parts gives

∫
D
ϕ2 = 0, which is impossible. This contradiction shows the validity of (4.9)

and therefore, by the main theorem of [19],(λ,u)= (σ [−�,D],0) is a bifurcation point
from (λ,u)= (λ,0) to a smooth curve of positive solutions of (4.3). By the uniqueness of
the positive solution, as a result from Theorem 4.2, (4.8) holds true.

Subsequently we suppose that(λ,u) = (λ0, u0) is a positive solution of (4.3). Then
F(λ0, u0)= 0 and, by Lemma 4.1,u0 ≫ 0 and

λ0 = σ
[
−�+ af (·, u0),D

]
. (4.10)

Differentiating with respect tou we have that, for eachu ∈ C0(�D),

DuF(λ0, u0)u= u− (−�)−1
[
λ0u− a ∂f

∂u
(·, u0)u0u− af (·, u0)u

]
.

In particular,DuF(λ0, u0) is a Fredholm operator of index zero. Moreover, it is a linear
topological isomorphism, since it is inyective. Indeed, if there existsu ∈ C0(�D) for which

u− (−�)−1
[
λ0u− a ∂f

∂u
(·, u0)u0u− af (·, u0)u

]
= 0,

then, by elliptic regularity,u ∈ C
2+µ
0 (�D) and

(
−�− λ0 + a ∂f

∂u
(·, u0)u0 + af (·, u0)

)
u= 0 inD. (4.11)
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On the other hand, thanks to (4.10) and (Af ), we have that

σ

[
−�− λ0 + a ∂f

∂u
(·, u0)u0 + af (·, u0),D

]

> σ
[
−�− λ0 + af (·, u0),D

]
= 0.

Consequently, it follows from (4.11) thatu = 0. Therefore,DuF(λ0, u0) is a linear topo-
logical isomorphism, and the uniqueness of the positive solution, as a consequence from
Theorem 4.2, combined with the implicit function theorem shows the regularity of the
mapθ defined by (4.7). Finally, differentiating the identity

F
(
λ, θ(λ)

)
= 0, λ > σ [−�,D],

with respect toλ gives

Dλθ = (−�)−1
(
θ + λDλθ − a ∂f

∂u
(·, θ)θDλθ − af (·, θ)Dλθ

)

or equivalently,

(
−�− λ+ a ∂f

∂u
(·, θ)θ + af (·, θ)

)
Dλθ = θ.

As θ ≫ 0 and for eachλ > σ [−�,D],

σ

[
−�− λ+ a ∂f

∂u
(·, θ)θ + af (·, θ),D

]
> 0,

it follows from Theorem 3.1 that

Dλθ(λ)=
(

−�− λ+ a ∂f
∂u

(
·, θ(λ)

)
θ(λ)+ af

(
·, θ(λ)

))−1

θ(λ)≫ 0,

which concludes the proof. �

Note that ifλ > µ > σ [−�,D], thenθ[µ,D,0] is a strict subsolution of (4.3) and there-
fore, the relationθ[µ,D,0] ≪ θ[λ,D,0] also follows from Lemma 3.6.

In Figure 4 we have illustrated the results from Theorem 4.2 and Proposition 4.3. For a
given valuex ∈D, we have represented the curve

λ �→ θ[λ,D,0](x).

It bifurcates from the horizontal axis at the value of the parameterλ = σ [−�,D] and it
increases for all further values ofλ. The direction of the arrows indicate the flow of (4.1).
According to Theorem 4.2, as time grows to infinityu[λ,D,0](x, t;u0) decays to zero if
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Fig. 4. The dynamics of (4.1) in case�D ⊂Ω− andM = 0.

λ� σ [−�,D], whereas it approximatesθ[λ,D,0](x) if λ > σ [−�,D]. It should be noted
that the trivial steady-stateu= 0 of (4.1) is linearly stable ifλ� σ [−�,D], while it is lin-
early unstable ifλ > σ [−�,D]. Hence, the stability lost byu= 0 asλ crossesσ [−�,D]
is gained by the positive solutionθ[λ,D,0] bifurcating fromu= 0 atσ [−�,D], in complete
agreement with theexchange stability principleof Crandall and Rabinowitz [20].

4.2. The caseM > 0 and �D ⊂Ω−

In this case, as an immediate consequence from Theorem 3.5, the next result holds true,
because sufficiently large positive constants are supersolutions of (4.3).

THEOREM 4.4. Suppose�D ⊂Ω−,M > 0, andf satisfies(Af ) and (Ag). Then, for each
λ ∈ R, (4.3)possesses a unique positive solution. Moreover, it is unique and strongly posi-
tive if it exists, and if we denote it byθ[λ,D,M] andu[λ,D,M](x, t;u0) stands for the unique
solution of (4.1),then

lim
t↑∞

u[λ,D,M](·, t;u0)= θ[λ,D,M] in C
(�D
)
. (4.12)

Further, thanks to Lemma 3.6, the following comparison result holds true.

LEMMA 4.5. Suppose�D ⊂Ω−, M > 0, andf satisfies(Af ) and (Ag). Let u > 0 (resp.
ū > 0) be a strict subsolution(resp. supersolution) of (4.3).Then

u≪ θ[λ,D,M] (resp. θ[λ,D,M] ≪ ū).
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Consequently, the estimates

0<M1 �M2<∞, −∞< λ1 � λ2<∞, M2 −M1 + λ2 − λ1> 0

imply

θ[λ1,D,M1] ≪ θ[λ2,D,M2].

Moreover, for eachλ > σ [−�,D] andM > 0,

θ[λ,D,0] ≪ θ[λ,D,M].

As a consequence from Lemma 4.5, the point-wise limit

θ[λ,D,∞] := lim
M↑∞

θ[λ,D,M] in D (4.13)

is well defined, though, without any further assumptions onf , it might be everywhere
infinity. In the next section we shall see that (4.13) provides us with the minimal positive
solution of (4.4) if, in addition,f condition (Ah). Actually, (Ah) is not only sufficient but
also necessary for that, though this issue is outside the scope of this work.

The next result shows thestructural stabilityof model (4.1) under perturbations of the
parameterM ∈ [0,∞).

PROPOSITION4.6. Suppose�D ⊂Ω− andf satisfies(Af ), (Ag). Then

lim
M↓0

θ[λ,D,M] =
{

0 if λ� σ [−�,D],
θ[λ,D,0] if λ > σ [−�,D].

PROOF. As a consequence from Lemma 4.5, the point-wise limit

Θ0 := lim
M↓0

θ[λ,D,M]

is well defined. Moreover, by the Schauder theory (e.g., [33]), it is easy to see thatΘ0 pro-
vides us with a classical solution of (4.3) forM = 0. Necessarily,Θ0 � 0. Thus, thanks
to Theorem 4.2,Θ0 = 0 if λ� σ [−�,D], while, in caseλ > σ [−�,D], it follows from
Lemma 4.5 thatΘ0 � θ[λ,D,0] and therefore, by the uniqueness of the positive solution,
Θ0 = θ[λ,D,0], which concludes the proof. �

Thanks to Proposition 4.6, the curve of maximal nonnegative solutions of (4.3) for
M = 0 perturbs into the curve of positive solutions of (4.3) whenM > 0 separates away
fromM = 0. In Figure 5 we have fixedM > 0 and represented the curve

λ �→ θ[λ,D,M](x)

for a genericx ∈ D, as well as the flow of (4.1). AsM ↓ 0 the curve approximates 0
if λ � σ [−�,D], andθ[λ,D,0](x) if λ > σ [−�,D]. Figure 5 should be compared with
Figure 4; the dashed lines represent the nonnegative solutions of (4.3) withM = 0.
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Fig. 5. The dynamics of (4.1) in case�D ⊂Ω− andM > 0.

4.3. The radial caseM = ∞ andD = BR(x0) with �D ⊂Ω−

Subsequently, givenx0 ∈ RN andR > 0,BR(x0) stands for the open ball

BR(x0) :=
{
x ∈ RN : |x − x0|<R

}
.

The main result of this section is the following proposition.

PROPOSITION 4.7. Pick λ ∈ R, x0 ∈ Ω− and R > 0 such that�D ⊂ Ω−, whereD :=
BR(x0), and supposef satisfies(Af ) and (Ag). Consider the auxiliary function

H(u) := aL,Dg(u)u− λu, u ∈ [0,∞), (4.14)

whereaL,D is given by(4.6),and letuλ denote the unique positive zero ofH(u). Suppose,
in addition, that

I (u) :=
∫ ∞

u

[∫ s

u

H(z)dz

]−1/2

ds <∞ for eachu > uλ, (4.15)

and

lim
u↑∞

I (u)= 0. (4.16)

Then, the point-wise limit(4.13)is finite inD, and it provides us with the minimal positive
solution of (4.4).

PROOF. Thanks to Theorem 4.4, for eachM > 0, (4.3) has a unique positive solution,
which has been already denoted byθ[λ,D,M]. By (Ag), θ[λ,D,M] provides us with a positive
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subsolution of the auxiliary problem

{−�u= −H(u) in D = BR(x0),

u=M on ∂D.
(4.17)

Thanks again to Theorem 4.4, (4.17) possesses a unique positive solution. Let denote
it ΘM . By Lemma 4.5, we have

θ[λ,D,M] �ΘM for eachM > 0, (4.18)

and

ΘM1 ≪ΘM2 if 0 <M1<M2.

Thus, the point-wise limit

Θ∞ := lim
M↑∞

ΘM (4.19)

is well defined inD. Consequently, due to (4.18), in order to prove that the point-wise limit
(4.13) is finite inD it suffices to show thatΘ∞ is finite inD.

Since (4.17) is invariant by rotations,ΘM must be radially symmetric for eachM > 0.
Hence,

ΘM(x)= ΨM(r), r := |x − x0|, x ∈D,

whereΨM is the unique positive solution of

{
ψ ′′(r)+ N−1

r
ψ ′(r)=H

(
ψ(r)

)
, 0< r < R,

ψ ′(0)= 0, ψ(R)=M.
(4.20)

Indeed, the functionψ := 0 is a subsolution of (4.20) and̄ψ := C is a supersolution
of (4.20) for each sufficiently largeC > M . Thus, (4.20) has a positive solution, since
ψ < ψ̄ ; necessarily unique, because otherwise we would contradict the uniqueness of the
positive solution of (4.17). Throughout the remaining of the proof, without lost of general-
ity, we may assume that

M >uλ.

For this choice, asu := uλ is a positive strict subsolution of (4.17), we find from Lemma 4.5
that

uλ <ΘM(x)= ΨM(r) for eachx ∈ �D (4.21)

and, consequently,

H
(
ΨM(r)

)
> 0 for eachr ∈ [0,R], (4.22)
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sinceH(z) > 0 for eachz > uλ. Also, for eachz > uλ,

H ′(z) = aL,Dg(z)+ aL,Dzg′(z)− λ
> aL,Dg(uλ)− λ+ aL,Dzg′(z)

= aL,Dzg′(z) > 0

sinceH(uλ)= 0. Thus,H is increasing in(uλ,∞).
Now, multiplying theψ -differential equation byrN−1 and rearranging terms gives

(
rN−1Ψ ′

M(r)
)′ = rN−1H

(
ΨM(r)

)
, 0< r < R. (4.23)

Hence, integrating (4.23) in(0, r), yields to

Ψ ′
M(r)= r1−N

∫ r

0
sN−1H

(
ΨM(s)

)
ds > 0, r ∈ (0,R), (4.24)

where we have used (4.22), which, in particular, shows thatr �→ ΨM(r) is increasing, as
well asr �→H(ΨM(r)). Thus, it follows from (4.24) that

Ψ ′
M(r)� r

1−NH
(
ΨM(r)

) ∫ r

0
sN−1 ds = r

N
H
(
ΨM(r)

)
, 0< r < R. (4.25)

Now, note that (4.25) gives

H
(
ΨM(r)

)
= Ψ ′′

M(r)+
N − 1

r
Ψ ′
M(r)� Ψ

′′
M(r)+

N − 1

N
H
(
ΨM(r)

)

and hence,

Ψ ′′
M(r)�

ΨM(r)

N
, 0< r < R.

Similarly, sinceΨ ′
M � 0, we find that

Ψ ′′
M(r)�H

(
ΨM(r)

)

and therefore,

H
(
ΨM(r)

)
� Ψ ′′

M(r)�
ΨM(r)

N
, 0< r < R. (4.26)

We now multiply (4.26) byΨ ′
M(r) an integrate in(0, r) to obtain

2
∫ ΨM (r)

ΨM (0)
H(z)dz�

[
Ψ ′
M(r)

]2
�

2

N

∫ ΨM (r)

ΨM (0)
H(z)dz, 0< r < R. (4.27)
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Thus, taking the square root of the reciprocal of (4.27), multiplying byΨ ′
M and integrating

the resulting expression in(r,R) shows that

1√
2

∫ M

ΨM (r)

[∫ u

ΨM (0)
H

]−1/2

du�R − r �

√
N

2

∫ M

ΨM (r)

[∫ u

ΨM (0)
H

]−1/2

du

(4.28)

for eachr ∈ [0,R).
Now pick r ∈ [0,R). Then, for eachM > uλ, we have thatΨM(r)� ΨM(0) and hence,

for eachu > ΨM(r),

∫ u

ΨM (0)
H �

∫ u

ΨM (r)

H.

Thus, it follows from the second inequality of (4.28) that

0<R − r �

√
N

2

∫ M

ΨM (r)

[∫ u

ΨM (r)

H

]−1/2

du

<

√
N

2

∫ ∞

ΨM (r)

[∫ u

ΨM (r)

H

]−1/2

du

=
√
N

2
I
(
ΨM(r)

)
<∞

because of (4.15). Therefore, due to (4.16), we find that

lim
M↑∞

ΨM(r) <∞. (4.29)

This shows thatΘ∞ in finite inD. Actually, setting

Ψ∞(r) := lim
M↑∞

ΨM(r), r ∈ [0,R),

the monotone limit defined through (4.19) is given by

Θ∞(x)= Ψ∞
(
|x − x0|

)
, x ∈D.

Moreover, by the continuous dependence with respect to the initial values,Ψ∞(r) must be
the unique solution of the Cauchy problem

{
ψ ′′(r)+ N−1

r
ψ ′(r)=H

(
ψ(r)

)
, 0< r < R,

ψ(0)= Ψ∞(0), ψ ′(0)= 0,
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and

lim
r↑R
Ψ∞(r)= ∞.

Consequently,Θ∞ is a radially symmetric positive solution of

{−�u= −H(u) in D = BR(x0),

u= ∞ on ∂D.
(4.30)

Actually,Θ∞ provides us with the minimal positive solution of (4.30), as it will become
apparent later.

SinceΘ∞ is finite in D, it follows from (4.18) and (4.19) that the functionθ[λ,D,∞]
defined through (4.13) is finite inD. Now, pick ε ∈ (0,R/2). Then, thanks to (4.18), for
eachM > 0,

θ[λ,D,M] �Θ∞ in BR−ε(x0)

and hence, by Shauder’s estimates, there is a constantC(ε) > 0 such that

‖θ[λ,D,M]‖C2+µ(�BR−2ε(x0))
� C(ε) for eachM > 0.

Thus, combining the compactness of(−�)−1 with the uniqueness of the point-wise
limit (4.13), we find thatθ[λ,D,∞] ∈ C2+µ(BR−2ε(x0)) must be a solution of (1.9) in
BR−2ε(x0) and that

lim
M↑∞

‖θ[λ,D,M] − θ[λ,D,∞]‖C(�BR−2ε(x0))
= 0.

As this holds true for any sufficiently smallε > 0, θ[λ,D,∞] must solve (4.4). Actually, it
is the minimal positive solution of (4.4). In particular,Θ∞ is the minimal positive solution
of (4.30). Indeed, letL be any positive solution of (4.4). Then, for eachM > 0, there exists
a constantC >M and a sufficiently largen ∈ N such that

θ[λ,D,M] � C � L in D \B
R− 1

n
(x0). (4.31)

Thanks to Lemma 4.5, (4.31) implies

θ[λ,D,M] � θ[λ,Dn,C] �L in Dn := B
R− 1

n
(x0)

and, consequently, for eachM > 0,

θ[λ,D,M] � L in D. (4.32)

Finally, passing to the limit asM ↑ ∞ in (4.32) we find that

θ[λ,D,∞] � L,



246 J. López-Gómez

which shows the minimality ofθ[λ,D,∞] and concludes the proof. �

4.4. The caseM = ∞ andD ⊂Ω− with �D ⊂Ω−

As a consequence from Proposition 4.7 the following result is satisfied for a general domain
D such that�D ⊂Ω−.

PROPOSITION4.8. Suppose�D ⊂Ω− andf satisfies(Af ), (Ag) and(Ah). Then, for each
λ ∈ R, the point-wise limit(4.13)is finite inD and it provides us with the minimal positive
solution of the singular problem(4.4). Moreover, for any positive solutionu ∈ C2(D) ∩
C(�D) of (1.9) in D one has that

u� θ[λ,D,∞] in D. (4.33)

PROOF. Pickx0 ∈D andR > 0 such that�BR(x0)⊂D, and set, for eachM > 0,

αM := max
∂BR(x0)

θ[λ,D,M].

Then, thanks to Lemma 4.5, for eachM > 0 we have that

θ[λ,D,M] ≪ θ[λ,BR(x0),αM+1] in BR(x0),

and hence, by Proposition 4.7,

θ[λ,D,M] ≪ θ[λ,BR(x0),∞] <∞ in BR(x0).

Therefore, passing to the limit asM ↑ ∞, shows that

θ[λ,D,∞] � θ[λ,BR(x0),∞] <∞ in BR(x0). (4.34)

As (4.34) holds true in a small ball around each pointx0 ∈D, θ[λ,D,∞] must be finite inD.
Moreover, for each compact subsetK ⊂D there exists a constantC(K) > 0 such that, for
eachM > 0,

θ[λ,D,M] � C(K) in K.

From these a priori estimates, adapting the last steps of the proof of Proposition 4.7, it is
easy to see thatθ[λ,D,∞] ∈ C2+µ(D) must be the minimal positive solution of the singular
problem (4.4).

To prove (4.33), letu ∈ C2(D)∩ C(�D) be a positive solution of (1.9) and set

α := max
∂D
u.
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Then, for eachM >α,

u <M = θ[λ,D,M] in ∂D,

and hence, thanks to Lemma 4.5, we find that

u≪ θ[λ,D,M] � θ[λ,D,∞] in D,

which concludes the proof. �

4.5. The general caseM ∈ (0,∞] andD ⊂Ω−

The next result extends Theorem 4.4 to cover the general case whenD ⊂Ω−. Note that,
in this case,a(x) might vanish on some piece of∂D.

THEOREM 4.9. SupposeD ⊂ Ω−, M > 0, and f satisfies(Af ), (Ag) and (Ah). Then,
(4.3) possesses a unique positive solution for eachλ ∈ R. Moreover, it is strongly posi-
tive and, if we denote it byθ[λ,D,M], then the unique solution of(4.1),u[λ,D,M](x, t;u0),
satisfies(4.12).

PROOF. Subsequently, for each sufficiently largen ∈ N, sayn� n0, we consider the sub-
domain ofD defined by

Dn :=
{
x ∈D: dist(x, ∂D) >

1

n

}
. (4.35)

Then, for eachn� n0,

�Dn ⊂Dn+1 ⊂D ⊂Ω−, aL,Dn := min
�Dn
a > 0 (4.36)

and

D =
∞⋃

n=n0

Dn. (4.37)

Due to (4.36), Theorem 4.4 guarantees thatθ[λ,Dn,M] is well defined; recall thatθ[λ,Dn,M]
stands for the unique positive solution of

{−�u= λu− af (·, u)u in Dn,

u=M on ∂Dn.

Also, thanks to Proposition 4.8, for eachn� n0, the point-wise limit

θ[λ,Dn,∞] := lim
M↑∞

θ[λ,Dn,M]
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Fig. 6. The positive solutions of (4.38) for largeM .

is finite and it provides us with the minimal positive solution of the singular problem

{−�u= λu− af (·, u)u in Dn,

u= ∞ on∂Dn.

Moreover, for eachn� n0 andm� 1 (see Figure 6),

θ[λ,Dn+m,M] ≪ θ[λ,Dn+m,∞] ≪ θ[λ,Dn,∞] in Dn. (4.38)

In particular, due to (4.37), for each compact subsetK ⊂ D there exists a constant
C(K) > 0 and an integernK ∈ N such that, for eachM > 0 andn� nK ,

θ[λ,Dn,M] � C(K) in K. (4.39)

From (4.39), a diagonal argument combined with the compactness of(−�)−1, shows the
existence of a positive solution of (4.3), denoted byθ[λ,D,M]. As the positive solution
θ[λ,D,M] itself provides us with a positive supersolution of (4.3), the remaining assertions
of the theorem follow as direct consequences from Theorem 3.5. �

Also, thanks to Lemma 3.6, the following counterpart of Lemma 4.5 holds true.

LEMMA 4.10. SupposeD ⊂Ω−,M > 0, andf satisfies(Af ), (Ag) and (Ah). Letu > 0
(resp. ū > 0) be a strict subsolution(resp. supersolution) of (4.3).Then

u≪ θ[λ,D,M] (resp. θ[λ,D,M] ≪ ū).

Consequently, the estimates

0<M1 �M2<∞, −∞< λ1 � λ2<∞, M2 −M1 + λ2 − λ1> 0
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imply

θ[λ1,D,M1] ≪ θ[λ2,D,M2].

Now, we can give the main existence result of positive solutions for the singular prob-
lem (4.4) in caseD ⊂ Ω−. It should be noted that Theorem 2.1 is a direct consequence
from it by making the choiceD =Ω−.

THEOREM 4.11. SupposeD ⊂Ω− andf satisfies(Af ), (Ag) and (Ah). Then(4.4)pos-
sesses a minimal an a maximal positive solution, denoted byLmin

[λ,D] andLmax
[λ,D], respec-

tively, i.e., any other positive solutionL of (4.4)satisfies

Lmin
[λ,D] � L� Lmax

[λ,D].

Moreover,

Lmin
[λ,D] = θ[λ,D,∞] := lim

M↑∞
θ[λ,D,M] (4.40)

and

Lmax
[λ,D] = lim

n↑∞
θ[λ,Dn,∞] = lim

n↑∞
Lmin

[λ,Dn], (4.41)

whereDn, n� 1, is the subdomain ofD defined by(4.35).

PROOF. Thanks to Lemma 4.10, the point-wise limit (4.40) is well defined. Now, we shall
see that it is finite. Pickx0 ∈D andR > 0 such that

�BR(x0)⊂D ⊂Ω−

and set

αM := max
∂BR(x0)

θ[λ,D,M], M > 0.

Thanks to Lemma 4.10,

θ[λ,D,M] ≪ θ[λ,BR(x0),αM+1] in BR(x0)

and therefore, for eachM > 0,

θ[λ,D,M] ≪ θ[λ,BR(x0),∞] in BR(x0).

As this argument is valid for anyx0 ∈D and, thanks to Proposition 4.7, the point-wise limit
θ[λ,BR(x0),∞] is finite in BR(x0), for each compact subsetK ⊂ D there exists a constant
C(K) > 0 such that, for eachM > 0,

θ[λ,D,M] � C(K) in K.
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This shows that the point-wise limit (4.40) is finite inD. Further, combining the
monotonicity of the involved sequences with the compactness of(−�)−1, it is easy to
see thatθ[λ,D,∞] ∈ C2+µ(D) provides us with a positive solution of (4.4). Actually, it is the
minimal positive solution. Indeed, letL be any positive solution of (4.4). Then, for each
M > 0, there exists a constantC > 0 and a sufficiently largen ∈ N such that

θ[λ,D,M] � C �L in D \Dn. (4.42)

Also, thanks to Lemma 4.5, (4.42) implies

θ[λ,D,M] � θ[λ,Dn,C] � L in Dn

and therefore,

θ[λ,D,M] � L in D. (4.43)

Consequently, passing to the limit asM ↑ ∞ in (4.43) we find that

θ[λ,D,∞] � L

which shows the minimality ofθ[λ,D,∞] as a positive solution of the singular problem (4.4).
Similarly, thanks to (4.38) and (4.39), the point-wise limit (4.41) is well defined inD

and it provides us with a positive solution of (4.4). To show its maximality, supposeL is
any positive solution of (4.4). Then, for eachn � n0, there existsM > 0 such thatL|Dn
provides us with a positive subsolution of (4.3), and therefore, thanks to Lemma 4.5,

L� θ[λ,Dn,M] � θ[λ,Dn,∞] in Dn.

Consequently, passing to the limit asn ↑ ∞ gives

L� Lmax
[λ,D],

which concludes the proof. �

In Figure 7 we have sketched the construction ofLmin
[λ,D] andLmax

[λ,D] carried out in the
proof of Theorem 4.11. Although we conjecture that, under the general assumptions of this
section,

Lmin
[λ,D] = Lmax

[λ,D],

i.e., the positive solution of (4.4) is unique, we could not get a proof of this fact, except –
essentially – in the case described by Theorem 2.7.
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Fig. 7. The construction ofLmax
[λ,D] andLmin

[λ,D].

5. Proofs of Theorems 2.1–2.3

Theorem 2.1 is a direct consequence from Theorem 4.11. Actually, thanks to Theo-
rem 4.11, for eachλ ∈ R the following relation is satisfied

Lmin
[λ,Ω−] = lim

M↑∞
θ[λ,Ω−,M], (5.1)

whereθ[λ,Ω−,M] stands for the unique positive solution of (2.1) withD =Ω−. Moreover,

Lmax
[λ,Ω−] = lim

n↑∞
Lmin

[λ,Ωn−], (5.2)

where, for any sufficiently largen ∈ N,

Ωn− :=
{
x ∈Ω−: dist(x, ∂Ω−) >

1

n

}
.

Now, we shall begin the proof of Theorem 2.3. First, we will characterize the existence of
positive solutions of

{−�u= λu− af (·, u)u in Ω,

u= 0 on ∂Ω.
(5.3)

Supposeu is a positive solution of (5.3). Then, thanks to Lemma 3.4,u≫ 0 and

λ= σ
[
−�+ af (·, u),Ω

]
. (5.4)
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In particular,af (·, u) > 0 inΩ , and hence, by the monotonicity of the principal eigenvalue
with respect to the potential, (5.4) implies

λ= σ
[
−�+ af (·, u),Ω

]
> σ [−�,Ω] = σ0.

Also, by the monotonicity of the principal eigenvalue with respect to the domain, it is
apparent that

λ= σ
[
−�+ af (·, u),Ω

]
< σ

[
−�+ af (·, u),Ω0,1

]
= σ [−�,Ω0,1] = σ1

sincea = 0 inΩ0,1. Therefore, condition

σ0< λ< σ1 (5.5)

is necessary for the existence of a positive solution of (5.3). Note that

σ0 = σ [−�,Ω]< σ [−�,Ω0,1] = σ1

by the monotonicity of the principal eigenvalue with respect to the domain.
Now, we will show that (5.5) is not only necessary but also sufficient for the existence of

a positive solution of (5.3). Suppose (5.5). Then, due to Theorem 3.5, to show the existence
of a positive solution it suffices to construct a positive supersolution of (5.3). Actually,
thanks to Theorem 3.5, the existence of the positive supersolution itself entails its own
uniqueness. It should be noted that, thanks to Theorem 3.5, (5.3) cannot admit a positive
supersolution ifλ � σ1. To construct the supersolution we proceed as follows. For each
j ∈ {1,2} and sufficiently smallδ > 0 consider the openδ-neighborhoods

Ωδ,j :=
{
x ∈Ω: dist(x,Ω0,j ) < δ

}
,

which have been represented in Figure 8. Note thatΩδ,1 consists ofΩ0,1, Γ1 and the set
of pointsx ∈Ω− such that dist(x,Γ1) < δ. Similarly,Ωδ,2 consists of�Ω0,2 and the set of
pointsx ∈ Ω− such that dist(x,Γ2) < δ. By the continuous dependence of the principal
eigenvalues with respect to the domain (e.g., [43], Theorem 4.2), we have that

lim
δ↓0
σ [−�,Ωδ,j ] = σ [−�,Ω0,j ] = σj , j ∈ {1,2}.

Thus, by the monotonicity of the principal eigenvalues with respect to the domains, it is
apparent that, for each sufficiently smallδ > 0,

σ0< λ< σ [−�,Ωδ,1]< σ1< σ [−�,Ωδ,2]< σ2. (5.6)
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Fig. 8. Theδ-neighborhoodsΩδ,1 andΩδ,2.

Fix λ ∈ (σ0, σ1) and pick one of these values ofδ. Now, for eachj ∈ {1,2}, letϕδ,j ≫ 0 de-
note a principal eigenfunction associated withσ [−�,Ωδ,j ] – unique up to a multiplicative
constant – and consider the functionΦ defined through

Φ :=





ϕδ,1 in �Ωδ/2,1,

ϕδ,2 in �Ωδ/2,2,

ϕ− in Ω \
(�Ωδ/2,1 ∪ �Ωδ/2,2

)
,

(5.7)

whereϕ− is any smooth extension ofϕδ,1 ∨ ϕδ,2 to

Ω \
(�Ωδ/2,1 ∪ �Ωδ/2,2

)
=
{
x ∈Ω−: dist(x, ∂Ω−) >

δ

2

}

that it is positive and bounded away from zero. Note thatϕ− exists, sinceϕδ,j is positive
and bounded away from zero onΩ− ∩∂Ωδ/2,j , j ∈ {1,2}. Figure 9 shows a genuine profile
of Φ.

We claim that the function

ū := κΦ (5.8)

is a supersolution of (5.3) for each sufficiently largeκ > 1. Indeed,

κΦ = 0 on ∂Ω
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Fig. 9. The profile of thesupersolution elementΦ.

by construction. Moreover, for eachj ∈ {1,2}, we have that

−�(κΦ)� λκΦ − af (·, κΦ)κΦ in Ωδ/2,j

if and only if

κσ [−�,Ωδ,j ]ϕδ,j � λκϕδ,j − af (·, κϕδ,j )κϕδ,j in Ωδ/2,j

or equivalently,

af (·, κϕδ,j )� λ− σ [−�,Ωδ,j ] in Ωδ/2,j

which holds true for everyκ > 0 since, due to (5.6),

af (·, κϕδ,j )� 0> λ− σ [−�,Ωδ,j ] in Ωδ,j .

Further, we have that

−�(κΦ)� λκΦ − af (·, κΦ)κΦ in Ω \
(�Ωδ/2,1 ∪ �Ωδ/2,2

)

if and only if

−�ϕ−
ϕ−

� λ− af (·, κϕ−) in Ω \
(�Ωδ/2,1 ∪ �Ωδ/2,2

)

which holds true for all sufficiently largeκ > 1, by (Ag), sincea andϕ− are positive and
bounded away from zero in

Ω \
(�Ωδ/2,1 ∪ �Ωδ/2,2

)
⊂⊂Ω−.

Therefore, (5.8) provides us with a supersolution of (5.3) for sufficiently largeκ > 1. Con-
sequently, by Theorem 3.5, (5.3) possesses a positive solution if and only if condition (5.5)
is satisfied. Moreover, it is strongly positive and unique. Subsequently, the unique positive
solution of (5.3) will be denoted by

θ(λ)= θ[λ,Ω] = θ[λ,Ω,0].
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Now, the proof of Proposition 4.3 can be easily adapted to prove (2.6) and to show that the
map (2.8) in point-wise increasing. Actually,

θ[λ,Ω] ≪ θ[µ,Ω] if σ0< λ<µ< σ1,

which can be derived from Lemma 3.6. So, the technical details of the proofs of these
features, by repetitive, will be omitted here in.

Now, we will prove the following property

lim
λ↑σ1

θ[λ,Ω] = ∞ uniformly in compact subsets ofΩ0,1. (5.9)

Pickλ1 ∈ (σ0, σ1) and considerη > 0 such that

θ[λ1,Ω] > ηϕ0,1 in Ω0,1, (5.10)

whereϕ0,1 ≫ 0 is a principal eigenfunction associated withσ1 = σ [−�,Ω0,1]. By dif-
ferentiating the realization of (5.3) atθ(λ) with respect toλ, particularizing the result at
θ(λ)= θ[λ,Ω], and rearranging terms gives

{(
−�+ a ∂f

∂u

(
·, θ(λ)

)
θ(λ)+ af

(
·, θ(λ)

)
− λ
)dθ

dλ (λ)= θ(λ) in Ω,
dθ
dλ (λ)= 0 on ∂Ω.

(5.11)

It should be noted that (5.11) follows straight ahead from the proof of the differentiability
of the mappingλ �→ θ(λ) := θ[λ,Ω] through the adaptation of the proof of Proposition 4.3.
Since

a
∂f

∂u

(
·, θ(λ)

)
θ(λ) > 0 inΩ

and

λ= σ
[
−�+ af

(
·, θ(λ)

)
,Ω
]
,

we find, from the monotonicity of the principal eigenvalue with respect to the potential,
that

σ

[
−�+ a ∂f

∂u

(
·, θ(λ)

)
θ(λ)+ af

(
·, θ(λ)

)
− λ,Ω

]

> σ
[
−�+ af

(
·, θ(λ)

)
− λ,Ω

]
= 0

and therefore, thanks to Theorem 3.1, the differential operator

−�+ a ∂f
∂u

(
·, θ(λ)

)
θ(λ)+ af

(
·, θ(λ)

)
− λ
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satisfies the strong maximum principle inΩ under Dirichlet boundary conditions. In par-
ticular, it follows from (5.11) thatdθdλ (λ) ≫ 0 and, consequently,λ �→ θ(λ) is strongly
increasing. Now, due to (5.10), for eachλ ∈ [λ1, σ1), we have that

θ[λ,Ω] > ηϕ0,1 in Ω0,1,

and hence, (5.11) gives

{
(−�− λ)dθ

dλ (λ) > ηϕ0,1 in Ω0,1,
dθ
dλ (λ) > 0 on ∂Ω0,1

(5.12)

sincedθ
dλ (λ)|Γ1 > 0. Moreover, for eachλ ∈ [λ1, σ1),

σ [−�− λ,Ω0,1] = σ1 − λ > 0

and therefore, thanks again to Theorem 3.1, we find from (5.12) that

dθ

dλ
(λ)≫ Ψλ in Ω0,1, (5.13)

whereΨλ is the unique solution of

{
(−�− λ)Ψλ = ηϕ0,1 in Ω0,1,

Ψλ = 0 on ∂Ω0,1.

A direct calculation shows that

Ψλ = η

σ1 − λϕ0,1,

and hence, (5.13) gives

lim
λ↑σ1

dθ

dλ
(λ)= ∞ uniformly in compact subsets ofΩ0,1.

Consequently, (5.9) holds true.
Before ending the proof of Theorem 2.3, we shall begin the proof of Theorem 2.2. Sub-

sequently, for eachM > 0, we consider the following nonlinear boundary value problem

{−�u= λu− af (·, u)u in D,

u=M on ∂D,
(5.14)

where

D :=Ω \ �Ω0,1 =Ω− ∪ �Ω0,2. (5.15)

The notation (5.15) will be maintain in the remaining of this section. The following result
is satisfied.
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LEMMA 5.1. Problem(5.14)possesses a positive solution if and only ifλ < σ2. Moreover,
it is unique if it exists and if we denote it byθ[λ,D,M], then

0≪ θ[λ1,D,M1] ≪ θ[λ2,D,M2] in D

if

−∞< λ1 � λ2< σ2, 0<M1 �M2, λ2 − λ1 +M2 −M1> 0.

Also, for anyλ < σ2 and any positive strong subsolution(resp. supersolution) u (resp. ū)
of (5.14),one has thatu≪ θ[λ,D,M] (resp. ū≫ θ[λ,D,M]).

Furthermore, for eachM > 0, λ < σ2 andu0> 0,

lim
t↑∞

u[λ,D,M](·, t;u0)= θ[λ,D,M] in C
(�D
)
,

whereu[λ,D,M](x, t;u0) stands for the unique solution of the parabolic problem





∂u
∂t

−�u= λu− af (·, u)u in D× (0,∞),
u=M on ∂D × (0,∞),
u(·,0)= u0 in D.

(5.16)

PROOF. For any sufficiently smallδ > 0, consider theδ-neighborhood ofΓ1

Γ1,δ := Γ1 +Bδ(0)=
{
x ∈Ω: dist(x,Γ1) < δ

}
(5.17)

and the open subdomain ofΩ defined by

Ω1,δ :=D ∪ Γ1,δ; (5.18)

δ > 0 must be chosen sufficiently small so that

∂Ω1,δ ⊂Ω0,1 and σ [−�,Γ1,δ]> σ2 = σ [−�,Ω0,2]. (5.19)

The second relation of (5.19) can be got since the Lebesgue measure ofΓ1,δ decays to zero
asδ ↓ 0, by Faber–Krahn inequality (cf. [43], if necessary).

Supposeu > 0 is a solution of (5.14). Then, thanks to Lemma 3.4,u≫ 0. Moreover,
sinceu is a positive strict supersolution of−�− λ+ af (·, u) in D under homogeneous
Dirichlet boundary conditions, it follows from Theorem 3.1 that

0< σ
[
−�− λ+ af (·, u),D

]
� σ

[
−�− λ+ af (·, u),Ω0,2

]
= σ2 − λ

by the monotonicity of the principal eigenvalue with respect to the domain. Note thata = 0
in Ω0,2. Thus,λ < σ2 is necessary for the existence of a positive solution of (5.14). Con-
sequently, in the remaining of the proof we suppose

λ < σ2.
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Thanks to Theorem 3.5 and Lemma 3.6, in order to complete the proof of Lemma 5.1 it
suffices to construct a positive supersolution for (5.14).

Let ϕ1,δ ≫ 0 be a principal eigenfunction associated withσ [−�,Γ1,δ]. Note that, due
to (5.19),

λ < σ2< σ [−�,Γ1,δ]. (5.20)

Now, reduceδ > 0, if necessary, so that theδ-neighborhood ofΩ0,2 defined by

Ωδ,2 :=Ω0,2 +Bδ(0)=
{
x ∈Ω: dist(x,Ω0,2) < δ

}

satisfy

λ < σ [−�,Ωδ,2]< σ2, (5.21)

and pick a principal eigenfunction associated withσ [−�,Ωδ,2], sayϕδ,2 ≫ 0. Fix a suf-
ficiently small δ > 0 satisfying the previous requirements and consider the functionΨ

defined by

Ψ :=





ϕ1,δ in �Ω1,δ \
{
x ∈D: dist(x,Γ1) >

δ
2

}
,

ϕδ,2 in �Ω δ
2 ,2

,

ϕ− in
{
x ∈Ω−: dist(x, ∂Ω−) > δ

2

}
,

(5.22)

whereϕ− is any positive smooth extension, bounded away from zero, ofϕ1,δ ∨ ϕδ,2 to

Ω−,δ :=
{
x ∈Ω−: dist(x, ∂Ω−) >

δ

2

}
.

We claim that the function

ū := κΨ

is a positive supersolution of (5.14) inD if κ > 1 is sufficiently large. Indeed, by construc-
tion, ū≫ 0, andκΨ >M onΓ1 = ∂D for sufficiently largeκ > 1 since

min
Γ1
ϕ1,δ > 0.

Moreover, in the set

{
x ∈Ω−: dist(x,Γ1)�

δ

2

}

we have that

−�(κΨ )� λκΨ − af (·, κΨ )κΨ (5.23)
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if and only if

κσ [−�,Γ1,δ]ϕ1,δ � λκϕ1,δ − af (·, κϕ1,δ)κϕ1,δ,

or equivalently,

af (·, κϕ1,δ)� λ− σ [−�,Γ1,δ]

which is true because, due to (5.20),

af (·, κϕ1,δ)� 0> λ− σ [−�,Γ1,δ].

Similarly, inΩδ/2,2, (5.23) is satisfied if and only if

af (·, κϕδ,2)� λ− σ [−�,Ωδ,2],

which holds true by (5.21). Finally, inΩ−,δ , (5.23) is satisfied if and only if

af (·, κϕ−)� λ+ �ϕ−
ϕ−

,

which holds true for sufficiently largeκ > 1, sinceϕ− anda are positive and bounded
away from zero. Consequently,ū= κΨ provides us with a positive supersolution of (5.14)
for any sufficiently largeκ > 1, which ends the proof. �

Thanks to Lemma 5.1, the point-wise limit

θ[λ,D,∞] := lim
M↑∞

θ[λ,D,M] (5.24)

is well defined inD for eachλ < σ2. We claim that it is finite everywhere inD. Indeed,
setting

αM := max
{
M,max

Γ2
θ[λ,D,M]

}
+ 1, M > 0,

we have that

θ[λ,D,M]|∂Ω− < αM , M > 0,

and hence,θ[λ,D,M]|Ω− provides us with a positive strong subsolution of

{−�u= λu− af (·, u)u in Ω−,

u= αM on ∂Ω−.
(5.25)

Thus, thanks to Lemma 4.10 and Theorem 4.11, we have that, for eachM > 0,

θ[λ,D,M] ≪ θ[λ,Ω−,αM ] ≪ Lmin
[λ,Ω−] in Ω−,
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whereLmin
[λ,Ω−] stands for the minimal large solution of (1.9) inΩ−. Therefore, passing to

the limit asM ↑ ∞ gives

θ[λ,D,∞] �Lmin
[λ,Ω−] in Ω−. (5.26)

This shows that (5.24) is finite inΩ−. To prove that it is finite in�Ω0,2 we can use the
following result.

LEMMA 5.2. For each sufficiently largen ∈ N, sayn � n0, let Dn denote the open set
defined in(4.35),whereD is given by(5.15),and, for eachM > 0, consider the boundary
value problem

{−�u= λu− af (·, u)u in Dn,

u=M on ∂Dn.
(5.27)

Then, (5.27)possesses a positive solution if and only ifλ < σ2. Moreover, it is unique if it
exists and if we denote it byθ[λ,Dn,M], then, for eachn� n0,

0≪ θ[λ1,Dn,M1] ≪ θ[λ2,Dn,M2] in D

provided

−∞< λ1 � λ2< σ2, 0<M1 �M2, λ2 − λ1 +M2 −M1> 0.

Moreover, for any λ < σ2 and any positive strict subsolution(resp. supersolution)
u (resp. ū) of (5.27)one has thatu≪ θ[λ,Dn,M] (resp. ū≫ θ[λ,Dn,M]).

Furthermore, for eachM > 0, λ < σ2, andu0> 0,

lim
t↑∞

u[λ,Dn,M](·, t;u0)= θ[λ,Dn,M],

whereu[λ,Dn,M](x, t;u0) stands for the unique solution of the parabolic problem





∂u
∂t

−�u= λu− af (·, u)u in Dn × (0,∞),
u=M on ∂Dn × (0,∞),
u(·,0)= u0 in Dn.

The proof of Lemma 5.2 is easier than the proof of Lemma 5.1 sincea is positive and
bounded away from zero on∂Dn, which simplifies the construction of the basic superso-
lution patternΨ . Therefore, its technical details are omitted here in by repetitive.

Now, fix n� n0. As∂Dn is a compact subset ofΩ−, due to (5.26), there exists a constant
C(n) > 0 such that, for eachM > 0,

θ[λ,D,M] � C(n) on ∂Dn.
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Thus, thanks to Lemma 5.2, for eachM > 0 we find that

θ[λ,D,M] � θ[λ,Dn,C(n)] in Dn

and, consequently,θ[λ,D,∞] is finite inDn. As this argument is valid for eachn� n0 and

D =
∞⋃

n=n0

Dn, (5.28)

necessarilyθ[λ,D,∞] is finite inD.
The previous argument can be easily adapted to show that, for anyn� n0, each of the

point-wise limits

θ[λ,Dn,∞] := lim
M↑∞

θ[λ,Dn,M] (5.29)

is well defined and finite inDn.
Now, adapting the argument of the final part of the proof of Proposition 4.7, it is easy to

see thatθ[λ,D,∞] ∈ C2+µ(D) provides us with a positive solution of

{−�u= λu− af (·, u)u in D,

u= ∞ on ∂D.
(5.30)

Actually, it is the minimal positive solution. Indeed, letL be any positive solution of (5.30).
Then, for eachM > 0, there exist a constantC > 0 and a sufficiently largen ∈ N such that

θ[λ,D,M] � C � L in D \ �Dn. (5.31)

Moreover, thanks to Lemma 5.2, (5.31) implies

θ[λ,D,M] � θ[λ,Dn,C] �L in Dn,

and consequently,

θ[λ,D,M] � L in D. (5.32)

Therefore, passing to the limit asM ↑ ∞ in (5.32) we find that

θ[λ,D,∞] � L,

which shows its minimality. Consequently, the solutionθ[λ,D,∞] provides us with the large
solutionLmin

[λ,D] referred to in the statement of Theorem 2.2.
Similarly, for eachn � n0, the point-wise limit (5.29) provides us with the minimal

positive solution of

{−�u= λu− af (·, u)u in Dn,

u= ∞ on ∂Dn,
(5.33)
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which will be subsequently denoted byLmin
[λ,Dn].

We now show that the point-wise limit

Lmax
[λ,D] := lim

n↑∞
Lmin

[λ,Dn] (5.34)

is well defined and that, actually, it provides us with the maximal solution of (5.30). Indeed,
for eachM > 0, n� n0 andm� 1, we have that

θ[λ,Dn+m,M] � θ[λ,Dn+m,∞] � θ[λ,Dn,∞] in Dn. (5.35)

Thus, due to (5.28), for each compact subsetK ⊂ D, there existC(K) > 0 andnK ∈ N

such that, for eachM > 0 andn� nK ,

θ[λ,Dn,M] �C(K) in K,

and hence,

Lmin
[λ,Dn] � C(K) in K. (5.36)

From these a priori estimates, a diagonal argument combined with the compactness of
(−�)−1, shows that (5.34) is finite inD and that it provides us with a solution of (5.30).
To show the maximality ofLmax

[λ,D], letL be any positive solution of (5.30). Then, for each
n� n0, there existsM > 0 such thatL|Dn provides us with a positive subsolution of (5.27),
and therefore, thanks to Lemma 5.2,

L� θ[λ,Dn,M] � θ[λ,Dn,∞] in Dn.

Consequently, passing to the limit asn ↑ ∞ gives

L� Lmax
[λ,D].

To conclude the proof of the existence of Theorem 2.2 it remains to shows thatλ < σ2 is
necessary for the existence of a positive solution of (5.30). SupposeL is a solution of (5.30)
for someλ ∈ R. Then, for eachn� n0,L|Dn provides us with a positive strict supersolution
of −�+af (·,L)−λ inDn under homogeneous Dirichlet boundary conditions, and hence,
thanks to Theorem 3.1,

σ
[
−�+ af (·,L)− λ,Dn

]
> 0.

Therefore, by the monotonicity of the principal eigenvalue with respect to the domain

λ < σ
[
−�+ af (·,L),Dn

]
< σ

[
−�+ af (·,L),Ω0,2

]
= σ2

sincea = 0 inΩ0,2. Note that, in order to complete the proof of Theorem 2.2, it remains
to show (2.5).
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Now, we shall show that

lim
λ↑σ2

Lmin
[λ,D] = ∞ uniformly in compact subsets ofΩ0,2. (5.37)

To prove (5.37) we need the following result.

LEMMA 5.3. Consider the problem

{−�u= λu− af (·, u)u in D,

u= 0 on ∂D,
(5.38)

whereD =Ω \ �Ω0,1. Then, (5.38)possesses a positive solution if and only if

σ [−�,D]< λ< σ2. (5.39)

Moreover, it is unique if it exists and if we denote it byθ[λ,D], then the mapping

(
σ [−�,D], σ2

) θ−→ C
(�Ω
)
,

(5.40)
λ �→ θ(λ) := θ[λ,D]

is point-wise increasing and of classC1. Furthermore,

lim
λ↑σ2

θ[λ,D] = ∞ uniformly in compact subsets ofΩ0,2. (5.41)

PROOF. Supposeu > 0 is a solution of (5.38). Then, by Lemma 3.4,u≫ 0 and

λ= σ
[
−�+ af (·, u),D

]
.

Thus,

σ [−�,D]< λ= σ
[
−�+ af (·, u),D

]
< σ [−�,Ω0,2] = σ2

sincea = 0 inΩ0,2. Therefore, (5.39) is necessary for the existence of a positive solution.
Suppose (5.39). Then, thanks to Lemma 5.1, the problem

{−�u= λu− af (·, u)u in D,

u= 1 on ∂D

possesses a unique positive solution,θ[λ,D,1]. Clearly,ū := θ[λ,D,1] is a positive supersolu-
tion of (5.38) and consequently, the lemma is a direct consequence from Theorem 3.5 and
Lemma 3.6, except for the regularity of the map defined in (5.40) and (5.41), which can be
easily obtained by adapting the argument used to prove the regularity of the map (2.8)
and the proof of (5.9), respectively. By repetitive, we shall omit the technical details
here in. �
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Now, we are ready to prove (5.37). Thanks to Lemma 5.1, for eachM > 0 andλ, µ ∈ R,
λ < µ< σ2, we have that

θ[λ,D,M] ≪ θ[µ,D,M]

and hence, passing to the limit asM ↑ ∞ gives

Lmin
[λ,D] �Lmin

[µ,D].

Thus, the point-wise limit

Lσ2 := lim
λ↑σ2

Lmin
[λ,D] (5.42)

is well defined in�D. Moreover, for eachM > 0, we have that

Lmin
[λ,D] ≫ θ[λ,D,M] ≫ θ[λ,D],

and therefore, (5.37) follows from (5.41).
Subsequently, we shall complete the proof of (2.7), which concludes the proof of The-

orem 2.3. For a fixedn � n0 we will consider the open setDn defined in (4.35) with
D =Ω \ �Ω0,1. For eachM > 0, let θ[σ1,Dn,M] be the unique positive solution of (5.27) at
λ= σ1. Such solution exists by Lemma 5.2. For eachλ ∈ (σ0, σ1), set

Mλ := max
∂Dn

θ[λ,Ω].

Thenθ[λ,Ω]|∂Dn �Mλ and, thanks to Lemma 5.2, we find that

θ[λ,Ω] � θ[σ1,Dn,Mλ] in Dn.

Thus,

θ[λ,Ω] � Lmin
[σ1,Dn] in Dn (5.43)

since

Lmin
[σ1,Dn] = lim

M↑∞
θ[σ1,Dn,M].

As the mappingλ �→ θ[λ,Ω] is increasing and (5.43) holds for eachλ ∈ (σ0, σ1) andn� n0,
it is apparent that the point-wise limit

Lσ1 := lim
λ↑σ1

θ[λ,Ω] in D (5.44)
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is well defined and finite. Actually,Lσ1 ∈ C2+µ(D) provides us with a solution of (1.9)
in D. In order to prove the identity

Lσ1 = Lmin
[σ1,D],

it suffices to show that

lim
λ↑σ1

min
∂D
θ[λ,Ω] = ∞ (5.45)

(note that∂D = Γ1). Indeed, suppose (5.45) has been proven. Then, setting

mλ := min
∂D
θ[λ,Ω], λ ∈ (σ0, σ1),

it follows from Lemma 5.1 that

θ[λ,Ω] � θ[λ,D,mλ] in D.

In particular, for eachε > 0 andλ ∈ (σ1 − ε,σ1),

θ[λ,Ω] � θ[σ1−ε,D,mλ] in D.

Thus, passing to the limit asλ ↑ σ1, (5.44) implies

Lσ1 � Lmin
[σ1−ε,D] in D

for eachε > 0. This shows thatLσ1 provides us with a large solution of (1.9) inD. Simi-
larly, we have that

θ[λ,Ω] � θ[λ,D,max∂D θ[λ,Ω]] � Lmin
[σ1,D] in D

and therefore,

Lσ1 � Lmin
[σ1,D] in D.

Consequently,

Lσ1 = Lmin
[σ1,D] in D,

and the proof of Theorem 2.3 will be completed if we show (5.45). Note that
(5.9) and (5.45) imply

lim
λ↑σ1

θ[λ,Ω] = ∞ in �Ω0,1 \ ∂Ω.

Thus, 1/θ[λ,Ω], λ ∈ (σ0, σ1), provides us with a decreasing family of continuous functions
point-wise converging to zero in�Ω0,1 \ ∂Ω , and therefore, it approximates zero uniformly
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in compact subsets of�Ω0,1 \ ∂Ω . Consequently,θ[λ,Ω] approximates∞ asλ ↑ σ1 uni-
formly in compact subsets of�Ω0,1 \ ∂Ω .

To prove (5.45) we argue by contradiction. Suppose (5.45) is not satisfied. Then

b := min
∂D
Lσ1 ∈ (0,∞). (5.46)

As

∂D = Γ1 = ∂Ω0,1 \ ∂Ω

is of classC2, there existR > 0 and a mapY : ∂D→Ω0,1 such that, for eachx ∈ ∂D = Γ1,

BR
(
Y(x)

)
⊂Ω0,1, �BR

(
Y(x)

)
∩ ∂Ω = ∅, �BR

(
Y(x)

)
∩ ∂D = {x}.

Moreover, thanks to(5.46), for eachλ ∈ (σ0, σ1), there existsxλ ∈ ∂D such that

θ[λ,Ω](xλ)= min
∂D
θ[λ,Ω] � min

∂D
Lσ1 = b.

By construction,

dist
(
xλ, Y (xλ)

)
=R for eachλ ∈ (σ0, σ1).

Moreover, the manifoldΓ R1 defined by

Γ R1
.=
{
y ∈Ω0,1: dist(y, ∂D)= 2R

}

is a compact subset ofΩ0,1, and hence, thanks to (5.9),

lim
λ↑σ1

θ[λ,Ω] = ∞ uniformly in Γ R1 . (5.47)

Setting

ΩR0,1 :=
{
y ∈Ω0,1: dist(y, ∂D) < 2R

}
,

it turns out thatΓ R1 is one of the components of∂ΩR0,1, while the other one consists of∂D.

Let x̃λ ∈ �ΩR0,1 be such that

θ[λ,Ω](x̃λ)= min
�ΩR0,1
θ[λ,Ω]

and supposẽxλ ∈ΩR0,1. Then

∇θ[λ,Ω](x̃λ)= 0, �θ[λ,Ω](x̃λ)� 0,
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and, since

(−�− λ)θ[λ,Ω] = 0 inΩR0,1,

we find that

−�θ[λ,Ω](x̃λ)= λθ[λ,Ω](x̃λ) > 0

for eachλ ∈ (σ0, σ1) becauseλ > 0, which is contradictory. Consequently, for eachλ ∈
(σ0, σ1),

x̃λ ∈ ∂ΩR0,1 = Γ1 ∪ Γ R1 .

Therefore, thanks to (5.47), there existsσ̂1 ∈ (σ0, σ1) such that

min
�ΩR0,1
θ[λ,Ω] = min

∂D
θ[λ,Ω] = θ[λ,Ω](xλ)� b

for eachλ ∈ (σ̂1, σ1). In particular,

θ[λ,Ω](x)� θ[λ,Ω](xλ) for eachx ∈ �BR
(
Y(xλ)

)
. (5.48)

Now, for eachα > 0 andλ ∈ (σ̂1, σ1), we consider the auxiliary functionψλ defined by

ψλ(x) := e−α|x−Y(xλ)|2 − e−αR2
for eachx ∈ �BR

(
Y(xλ)

)
.

A direct calculation shows that, for eachx ∈ BR(Y (xλ)),

(−�− λ)ψλ(x)=
(
2αN − 4α2

∣∣x − Y(xλ)
∣∣2 − λ

)
e−α|x−Y(xλ)|2 + λe−αR2

and hence, there existα > 0 andω > 0 such that, for eachλ ∈ (σ̂1, σ1),

(−�− λ)ψλ � −ω in AR := BR
(
Y(xλ)

)
\ �BR/2

(
Y(xλ)

)
. (5.49)

Subsequently, we will assume thatα has been chosen to satisfy (5.49). Since�BR/2(Y (xλ))
is a compact subset ofΩ0,1, it follows from (5.9) that

lim
λ↑σ1

min
�BR/2(Y (xλ))

θ[λ,Ω] = ∞

and hence, setting

cλ :=
min�BR/2(Y (xλ)) θ[λ,Ω] − θ[λ,Ω](xλ)

e−αR2/4 − e−αR2
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we have that

lim
λ↑σ1

cλ = ∞ (5.50)

since

lim
λ↑σ1

θ[λ,Ω](xλ)= b.

By the definition ofcλ, for eachλ ∈ (σ̂1, σ1), we have that

θ[λ,Ω](x)� θ[λ,Ω](xλ)+ cλ
(
e−αR2/4 − e−αR2) ∀x ∈ �BR/2

(
Y(xλ)

)
. (5.51)

Now, for eachλ ∈ (σ̂1, σ1), we consider the auxiliary function

vλ := θ[λ,Ω] − θ[λ,Ω](xλ)− cλψλ in AR = BR
(
Y(xλ)

)
\ �BR/2

(
Y(xλ)

)
.

Thanks to(5.51),

vλ � 0 on ∂BR/2
(
Y(xλ)

)
.

Moreover, sinceψλ = 0 on∂BR(Y (xλ)), it follows from (5.48) that

vλ = θ[λ,Ω] − θ[λ,Ω](xλ)� 0 on ∂BR
(
Y(xλ)

)
.

Furthermore, due to (5.49), inAR we have that

(−�− λ)vλ = λθ[λ,Ω](xλ)− cλ(−�− λ)ψλ � λθ[λ,Ω](xλ)+ cλω

and hence, by (5.50),

(−�− λ)vλ > 0 inAR = BR
(
Y(xλ)

)
\ �BR/2

(
Y(xλ)

)

providedλ < σ1 is sufficiently close toσ1. Therefore, since

λ < σ1 = σ [−�,Ω0,1]< σ [−�,AR],

it follows from Theorem 3.1 that

vλ(x) > 0 if
R

2
<
∣∣x − Y(xλ)

∣∣<R,

and consequently,

θ[λ,Ω](x)� θ[λ,Ω](xλ)+ cλψλ(x) for eachx ∈AR. (5.52)
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Now, setting

nλ := Y(xλ)− xλ
R

,

we have that

∂θ[λ,Ω]
∂nλ

(xλ)= lim
t↓0

θ[λ,Ω](xλ + tnλ)− θ[λ,Ω](xλ)
t

.

Moreover, thanks to (5.52), for eacht ∈ (0, R2 ), we find that

θ[λ,Ω](xλ + tnλ)− θ[λ,Ω](xλ)
t

�
cλψλ(xλ + tnλ)

t

= cλ(e−α|xλ+tnλ−Y(xλ)|2 − e−αR2
)

t

= cλ(e−α|tnλ−Rnλ|2 − e−αR2
)

t

= cλ(e−α(R−t)2 − e−αR2
)

t
,

and hence, since

lim
t↓0

e−α(R−t)2 − e−αR2

t
= 2αRe−αR2

,

we obtain that

∂θ[λ,Ω]
∂nλ

(xλ)� 2αRe−αR2
cλ.

Therefore, thanks to (5.50),

lim
λ↑σ1

∂θ[λ,Ω]
∂nλ

(xλ)= ∞. (5.53)

Subsequently, for eachλ < σ1, λ∼ σ1, we consider the auxiliary boundary value problem

{−�u= λu− af (·, u)u in D,

u= θ[λ,Ω](xλ) on ∂D.
(5.54)
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Sinceλ < σ2, thanks to Lemma 5.1, (5.54) possesses a unique positive solution, denoted by

ϑλ := θ[λ,D,θ[λ,Ω](xλ)].

Moreover, sinceθ[λ,Ω]|D provides us with a positive supersolution of (5.54), we have that

ϑλ � θ[λ,Ω] in �D.

Therefore, sinceϑλ(xλ)= θ[λ,Ω](xλ), we find that

∂ϑλ

∂nλ
(xλ)�

∂θ[λ,Ω]
∂nλ

(xλ),

and consequently, by (5.53),

lim
λ↑σ1

∂ϑλ

∂nλ
(xλ)= ∞. (5.55)

This is impossible, since the functionsϑλ approximate inC1(�D), asλ ↑ σ1, the unique
positive solution,ϑσ1 := θ[σ1,D,b], of

{−�u= σ1u− af (·, u)u in D,

u= b on ∂D.

Therefore, (5.45) get shown, which completes the proof of Theorem 2.3.
Finally, we will complete the proof of Theorem 2.2. It remains to prove (2.5). Thanks

to (5.37), it suffices to prove that

lim
λ↑σ2

min
∂Ω0,2

Lmin
[λ,D] = ∞, (5.56)

whereD =Ω \ �Ω0,1, and that, for some large solutionL of (1.9) inΩ−,

lim
λ↑σ2

Lmin
[λ,D] = L in Ω−. (5.57)

We already know that, for eachλ < σ2,

Lmin
[λ,D] � θ[λ,D].

Moreover, the proof of (5.45) can be easily adapted to show that

lim
λ↑σ2

min
∂Ω0,2

θ[λ,D] = ∞;

now, one must work with∂Ω0,1, instead of∂D, though the technical details can be adapted
mutatis mutandis. Therefore (5.56) holds true.
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In order to prove (5.57), we consider the point-wise limit (5.42), which is well defined
and equals∞ in �Ω0,2, and, for sufficiently largen ∈ N, the open sets

Ωn− :=
{
x ∈Ω−: dist(x, ∂Ω−) > n−1}.

Subsequently, for eachλ < σ2, we set

Mλ := max
∂Ωn−

Lmin
[λ,D].

By definition,Lmin
[λ,D]|∂Ωn− �Mλ. Hence, thanks to Lemma 4.10,

Lmin
[λ,D] � θ[λ,Ωn−,Mλ] � θ[σ2,Ω

n
−,Mλ] � Lmin

[σ2,Ω
n
−] in Ωn−.

Therefore, due to Theorem 4.11, we obtain that, for eachλ < σ2,

Lmin
[λ,D] �Lmax

[σ2,Ω−] in Ω−. (5.58)

Consequently, the point-wise limit (5.42) is finite inΩ−. Moreover, by the monotonicity
in λ and the compactness of(−�)−1, it provides us with a large solution of (1.9) inΩ−,
which concludes the proof of Theorem 2.2.

6. Proof of Theorem 2.4

Part (a) is a direct consequence from the last assertion of Theorem 3.5, as well as part (b)
since, due to Theorem 2.3, (1.1) possesses a positive steady state for eachλ ∈ (σ0, σ1). So,
it remains to prove parts (c) and (d). Suppose

σ1 � λ < σ2.

Thanks to the parabolic maximum principle, for eachε > 0 andt � 0,

u[λ,Ω](·, t;u0)� u[σ1−ε,Ω](·, t;u0)

sinceλ > σ1 − ε, and hence, thanks to part (b),

lim inf
t↑∞

u[λ,Ω](·, t;u0)� lim
t↑∞

u[σ1−ε,Ω](·, t;u0)= θ[σ1−ε,Ω]. (6.1)

As (6.1) holds true for each sufficiently smallε > 0, it follows from Theorem 2.3 that

lim inf
t↑∞

u[λ,Ω](·, t;u0)� lim
ε↓0
θ[σ1−ε,Ω] = Mmin

[σ1,Ω\ �Ω0,1]. (6.2)
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In particular,

lim inf
t↑∞

u[λ,Ω](·, t;u0)= ∞

uniformly in compact subsets of�Ω0,1 \ ∂Ω, (6.3)

and hence, for eachM > 0 there exists a constantTM > 0 such that

u[λ,Ω](x, t;u0)�M for each(x, t) ∈ Γ1 × [TM ,∞).

Thus,u[λ,Ω](·, t;u0) provides us with a supersolution of the parabolic problem





∂u
∂t

−�u= λu− af (·, u)u in
(
Ω \ �Ω0,1

)
× (TM ,∞),

u=M onΓ1 × (TM ,∞),
u(·, TM )= u[λ,Ω](·, TM ;u0) in Ω \ �Ω0,1.

By the parabolic maximum principle, we have that

u[λ,Ω](x, t;u0)� u[λ,Ω\ �Ω0,1,M]
(
x, t − TM ;u[λ,Ω](·, TM ;u0)

)

for each(x, t) ∈Ω \ �Ω0,1 × (TM ,∞). So, thanks to Lemma 5.1,

lim inf
t↑∞

u[λ,Ω](x, t;u0) � lim
t↑∞

u[λ,Ω\ �Ω0,1,M]
(
x, t − TM ;u[λ,Ω](·, TM ;u0)

)

= θ[λ,Ω\ �Ω0,1,M].

Therefore, passing to the limit asM ↑ ∞,

lim inf
t↑∞

u[λ,Ω](x, t;u0)� L
min
[λ,Ω\ �Ω0,1] in Ω \ �Ω0,1

since

Lmin
[λ,Ω\ �Ω0,1] = lim

M↑∞
θ[λ,Ω\ �Ω0,1,M]

(see the proof of Theorem 2.2). Consequently, bringing together this estimate with (6.3)
we find that

lim inf
t↑∞

u[λ,Ω](x, t;u0)� Mmin
[λ,Ω\ �Ω0,1] in Ω. (6.4)

This estimate provides us with Theorem 2.4(c)(i) and the lower estimate of Theo-
rem 2.4(c)(ii).

Now, we assume, in addition, thatu0 is a subsolution of (1.9) inΩ . Then, for eacht > 0,
the function

x �→ u[λ,Ω](x, t;u0), x ∈ �Ω,
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is a subsolution of (1.9) inΩ , sincet �→ u[λ,Ω](·, t;u0) is increasing. Fixt > 0 and set

Mt := max
�D
u[λ,Ω](·, t;u0), D :=Ω \ �Ω0,1.

Thanks to Lemma 5.1, for eachM �Mt , we have that

u[λ,Ω](·, t;u0)� θ[λ,Ω\ �Ω0,1,M] in Ω \ �Ω0,1.

Hence, by the construction of the minimal large solution,

u[λ,Ω](·, t;u0)� lim
M↑∞

θ[λ,Ω\ �Ω0,1,M] = Lmin
[λ,Ω\ �Ω0,1] in Ω \ �Ω0,1,

and therefore, passing to the limit ast ↑ ∞,

lim sup
t↑∞

u[λ,Ω](·, t;u0)� L
min
[λ,Ω\ �Ω0,1] in Ω \ �Ω0,1.

Consequently, due to (6.4),

lim
t↑∞

u[λ,Ω](·, t;u0)= Mmin
[λ,Ω\ �Ω0,1] in Ω, (6.5)

which concludes the proof of Theorem 2.4(c)(iii).
Now, supposeu0 is arbitrary – not necessarily a subsolution of (1.9) inΩ – and

λ� σ2.

Then, thanks to the parabolic maximum principle, we have that

u[λ,Ω](·, t;u0)� u[σ2−ε,Ω](·, t;u0) in Ω,

and hence, it follows from (6.4) that

lim inf
t↑∞

u[λ,Ω](·, t;u0)� lim inf
t↑∞

u[σ2−ε,Ω](·, t;u0)� Mmin
[σ2−ε,Ω\ �Ω0,1] (6.6)

in Ω for each sufficiently smallε > 0 since

σ1< σ2 − ε < σ2.

Note that we cannot apply (6.5) sinceu0 might not be a subsolution of (1.9) inΩ . As
(6.6) is satisfied for every sufficiently smallε > 0, and, thanks to Theorem 2.2, there exists
a metasolution of

−�u= σ2u− af (·, u)u
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supported inΩ−, sayM[σ2,Ω−], such that

lim
ε↓0

Mmin
[σ2−ε,Ω\ �Ω0,1] = M[σ2,Ω−],

it follows from (6.6) that

lim inf
t↑∞

u[λ,Ω](·, t;u0)� M[σ2,Ω−] in Ω.

In particular,

lim inf
t↑∞

u[λ,Ω](·, t;u0)= ∞ in Ω \Ω− (6.7)

which concludes the proof of Theorem 2.4(d)(i). Moreover, since (6.7) occurs uniformly
on ∂Ω−, for eachM > 0, there exists a timeTM > 0 for which

u[λ,Ω](x, t;u0)�M if (x, t) ∈ ∂Ω− × (TM ,∞).

Thus,u[λ,Ω](·, t;u0) provides us with a supersolution of the parabolic problem





∂u
∂t

−�u= λu− auf (·, u) in Ω− × (TM ,∞),
u=M on ∂Ω− × (TM ,∞),
u(·, TM )= u[λ,Ω](·, TM ;u0) in Ω−.

By the parabolic maximum principle, we have that, for each(x, t) ∈Ω− × (TM ,∞),

u[λ,Ω](x, t;u0)� u[λ,Ω−,M]
(
x, t − TM ;u[λ,Ω](·, TM ;u0)

)
,

and hence, thanks to Theorem 4.9,

lim inf
t↑∞

u[λ,Ω](x, t;u0) � lim
t↑∞

u[λ,Ω−,M]
(
x, t − TM ;u[λ,Ω](·, TM ;u0)

)

= θ[λ,Ω−,M].

Therefore, passing to the limit asM ↑ ∞ gives

lim inf
t↑∞

u[λ,Ω](·, t;u0)� L
min
[λ,Ω−] in Ω−

since

Lmin
[λ,Ω−] = lim

M↑∞
θ[λ,Ω−,M].

Consequently, bringing together this estimate with (6.7) gives

lim inf
t↑∞

u[λ,Ω](·, t;u0)� Mmin
[λ,Ω−] in Ω (6.8)
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which provides us with the lower estimate of Theorem 2.4(d)(ii).
Now, besidesλ � σ2, supposeu0 is a subsolution of (1.9) inΩ . Then, for eacht > 0,

the functionu[λ,Ω](·, t;u0) is a subsolution of (1.9) inΩ , since t �→ u[λ,Ω](·, t;u0) is
increasing. Fixt > 0 and set

Mt := max
�Ω−
u[λ,Ω](·, t;u0).

Thanks to Lemma 4.10, for eachM �Mt , we have that

u[λ,Ω](·, t;u0)� θ[λ,Ω−,M] in Ω−,

and hence,

u[λ,Ω](·, t;u0)� lim
M↑∞

θ[λ,Ω−,M] = Lmin
[λ,Ω−] in Ω−.

Therefore, passing to the limit ast ↑ ∞,

lim sup
t↑∞

u[λ,Ω](·, t;u0)� L
min
[λ,Ω−] in Ω−

and, consequently, due to (6.7) and (6.8),

lim
t↑∞

u[λ,Ω](·, t;u0)= Mmin
[λ,Ω−] in Ω,

which concludes the proof of Theorem 2.4(d)(iii).
To conclude the proof of Theorem 2.4, it remains to obtain the upper estimates for an

arbitraryu0 > 0, in order to get the upper estimates of parts (c)(ii) and (d)(ii). To do this,
the strategy adopted here consists in obtaining a priori bounds inΩ− for the solutions
of (1.1). These a priori bounds can be obtained as follows.

Fix λ� σ1 and consider the functionu[λ,Ω](·,1;u0)≫ 0. Then, there existsκ > 1 such
that

u[λ,Ω](·,1;u0) < κϕ, (6.9)

whereϕ≫ 0 is a principal eigenfunction associated withσ0. We claim that there exists

Λ>max{λ,σ2} (6.10)

for which the functionκϕ is a subsolution of

{−�u=Λu− af (·, u)u in Ω,

u= 0 on ∂Ω.
(6.11)

Indeed, sinceκϕ = 0 on∂Ω , κϕ is a subsolution of (6.11) if and only if

−�(κϕ)�Λκϕ − af (·, κϕ)κϕ in Ω,
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or equivalently,

af (·, κϕ)�Λ− σ0 in Ω

which is satisfied for any sufficiently largeΛ satisfying (6.10).
Now, thanks to the parabolic maximum principle, it follows from (6.9) that, for any

(x, t) ∈Ω × (0,∞),

u[λ,Ω](x, t + 1;u0)= u[λ,Ω]
(
x, t;u[λ,Ω](·,1;u0)

)
� u[λ,Ω](·, t;κϕ).

Similarly, (6.10) implies

u[λ,Ω](·, t;κϕ) < u[Λ,Ω](·, t;κϕ).

Thus, for eacht > 0,

u[λ,Ω](·, t + 1;u0)� u[Λ;Ω](·, t;κϕ) in Ω. (6.12)

As κϕ is a subsolution of (6.11), it follows from part (d)(iii) that

lim
t↑∞

u[Λ,Ω](·, t;κϕ)= Lmin
[Λ,Ω−] in Ω−,

and hence, (6.12) implies

lim sup
t↑∞

u[λ,Ω](·, t;u0)� L
min
[Λ,Ω−] in Ω−. (6.13)

Consequently,u[λ,Ω](·, t;u0) is uniformly bounded above in any compact subset ofΩ−
for eacht > 0, which provides us with the necessary a priori bounds to complete the proof
of the theorem.

Subsequently, we suppose

σ1 � λ < σ2,

and for each sufficiently largen ∈ N, we consider the open set

Dn :=
{
x ∈D :=Ω \ �Ω0,1: dist(x, ∂D) >

1

n

}
.

Fix one of these values ofn. Since∂Dn ⊂Ω−, it follows from (6.13) that there exists a
constantM0> 0 such that, for eachM �M0 andt > 0,

u[λ,Ω](·, t;u0)�M on∂Dn,

and hence, the parabolic maximum principle shows that, for eacht > 0,

u[λ,Ω](·, t;u0)� u[λ,Dn,M](·, t;u0) in Dn,
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whereu[λ,Dn,M](·, t;u0) is the solution defined in Lemma 5.2. Due to Lemma 5.2, we have
that

lim
t↑∞

u[λ,Dn,M](·, t;u0)= θ[λ,Dn,M] in Dn

and therefore,

lim sup
t↑∞

u[λ,Ω](·, t;u0)� θ[λ,Dn,M] in Dn. (6.14)

Consequently, passing to the limit asM ↑ ∞ in (6.14) gives

lim sup
t↑∞

u[λ,Ω](·, t;u0)� L
min
[λ,Dn] in Dn. (6.15)

As (6.15) is valid for all sufficiently largen ∈ N, and, thanks to the analysis carried out in
the proof of Theorem 2.2, we already know that

Lmax
[λ,D] = lim

n↑∞
Lmin

[λ,Dn],

we find from (6.15) that

lim sup
t↑∞

u[λ,Ω](·, t;u0)� L
max
[λ,D] in D,

which concludes the proof of part (c)(ii).
Finally, suppose

λ� σ2,

and, for each sufficiently largen ∈ N, consider the open subset ofΩ− defined by

Ωn− :=
{
x ∈Ω−: dist(x, ∂Ω−) >

1

n

}

and fix one of these values ofn. Since∂Ωn− ⊂Ω−, it follows from (6.13) that there exists
a constantM0> 0 such that, for eachM �M0 andt > 0,

u[λ,Ω](·, t;u0)�M on ∂Ωn−.

Thus, by the parabolic maximum principle, we have that, for eacht > 0,

u[λ,Ω](·, t;u0)� u[λ,Ωn−,M](·, t;u0) in Ωn−,
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whereu[λ,Ωn−,M](·, t;u0) is the unique solution of the parabolic problem





∂u
∂t

−�u= λu− af (·, u)u in Ωn− × (0,∞),
u=M on ∂Ωn− × (0,∞),
u(·,0)= u0 in Ωn−.

Thanks to Theorem 4.9,

lim
t↑∞

u[λ,Ωn−,M](·, t;u0)= θ[λ,Ωn−,M] in Ωn−

and therefore,

lim sup
t↑∞

u[λ,Ω](·, t;u0)� θ[λ,Ωn−,M] in Ωn−. (6.16)

Consequently, passing to the limit asM ↑ ∞ in (6.16) gives

lim sup
t↑∞

u[λ,Ω](·, t;u0)� L
min
[λ,Ωn−] in Ωn−. (6.17)

As (6.17) is valid for all sufficiently largen ∈ N and we already know that

Lmax
[λ,Ω−] = lim

n↑∞
Lmin

[λ,Ωn−],

(6.17) implies

lim sup
t↑∞

u[λ,Ω](·, t;u0)� L
max
[λ,Ω−] in Ω−

which concludes the proof of part (d)(ii). The proof of the theorem is completed.

7. Proofs of Theorems 2.6–2.8

The proofs of Theorems 2.6 and 2.7 are based upon the following estimates for the bound-
ary growth rate of the large positive solutions of

−�u= λu− aup (7.1)

in D ∈ {Ω \ �Ω0,1,Ω−}.

PROPOSITION7.1. Under the assumptions of Theorem2.6,for eachλ < σ2 and any large
positive solutionL(x) of (7.1) in Ω \ �Ω0,1, one has that

lim
t↓0

L(x1 − tnx1)

B(x1)[dist(x1 − tnx1,Γ1)]−α(x1)
= 1 for eachx1 ∈ Γ1, (7.2)
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wherenx1 stands for the outward unit normal toΩ \ �Ω0,1 at x1 and

α(x1) :=
γ (x1)+ 2

p− 1
, B(x1) :=

[
α(x1)(α(x1)+ 1)

β(x1)

]1/(p−1)

. (7.3)

Therefore, for any pair (L1,L2) of large positive solutions of(7.1) in Ω \ �Ω0,1, one has
that

lim
t↓0

L1(x1 − tnx1)

L2(x1 − tnx1)
= 1 for eachx1 ∈ Γ1. (7.4)

Notice that, for eachx1 ∈ Γ1 and sufficiently smallt > 0,

dist(x1 − tnx1,Γ1)= t.

PROPOSITION7.2. Under the assumptions of Theorem2.7, for eachλ ∈ R and any large
positive solutionL(x) of (7.1) in Ω−, one has that

lim
t↓0

L(x1 − tnx1)

B(x1)[dist(x1 − tnx1, ∂Ω−)]−α(x1)
= 1 for eachx1 ∈ ∂Ω−, (7.5)

wherenx1 stands for the outward unit normal toΩ− at x1 andα(x1) andB(x1) are given
through(7.3).Therefore, for any pair (L1,L2) of large positive solutions of(7.1) in Ω−,
one has that

lim
t↓0

L1(x1 − tnx1)

L2(x1 − tnx1)
= 1 for eachx1 ∈ ∂Ω−. (7.6)

The distribution of this section is as follows. In Section 7.1 we show that in one spatial
dimension the estimates (7.2) and (7.5) follow in a rather natural manner. In Section 7.2
we characterize the boundary blow-up rates of the large solutions of (7.1) for some related
radially symmetric problems. In Section 7.3, we prove Propositions 7.1 and 7.2. In Sec-
tion 7.4 we complete the proofs of Theorems 2.6 and 2.7. Finally, in Section 7.5 we prove
Theorem 2.8.

7.1. Finding out the boundary blow-up rate of a large solution

In one space dimension,N = 1, as well as in the radially symmetric case, the fact that (2.9)
and (2.10) imply (7.2) follows in a very natural manner. Suppose that we want ascertaining
the blow up rate atR > 0 of any solutionu(x) of the one-dimensional singular boundary
value problem

{−u′′ = λu− aup in (0,R),

u(0)= 0, limx↑R u(x)= ∞, (7.7)
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where, for someγ � 0,

a(x)= β(x)(R − x)γ , x ∈ (0,R),β(R) �= 0.

Then, the change of variable

u(x)= (R − x)−αψ(x), x ∈ [0,R],

whereα > 0 has to be determined, transforms (7.7) into the differential equation

(R − x)−αψ ′′(x)+ 2α(R − x)−α−1ψ ′(x)+ α(α + 1)(R − x)−α−2ψ(x)

= β(x)(R − x)γ−αpψp(x)− λ(R − x)−αψ(x) (7.8)

subject to the boundary conditions

ψ(0)= 0, ψ(R) ∈ (0,∞),

so thatα provides us with the exact blow-up rate ofu atR. Multiplication by (R − x)α+2

transforms (7.8) into

(R − x)2ψ ′′(x)+ 2α(R − x)ψ ′(x)+ α(α + 1)ψ(x)

= β(x)(R − x)γ−αp+α+2ψp(x)− λ(R − x)2ψ(x).

Thus, assuming

lim
x↑R
[
(R − x)2ψ ′′(x)

]
= lim
x↑R
[
(R − x)ψ ′(x)

]
= 0,

one is driven to impose

γ − αp+ α + 2= 0, α(α + 1)ψ(R)= β(R)ψp(R),

which provides us with the values ofα andψ(R). Namely,

α := γ + 2

p− 1
and ψ(R)=

[
α(α + 1)

β(R)

]1/(p−1)

in complete agreement with the statement of Propositions 7.1 and 7.2.
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7.2. Two auxiliary radially symmetric problems

The main result of this section is the following lemma.

LEMMA 7.3. Supposex0 ∈ RN , R > 0, λ ∈ R, p > 1, γ � 0 and

β(x)= β(r), r := |x − x0|, β ∈ C
(
[0,R]; (0,∞)

)
.

Then, for eachε > 0, the singular boundary value problem

{−�u= λu− β(x)
[
dist
(
x, ∂BR(x0)

)]γ
up in BR(x0),

u= ∞ on ∂BR(x0)
(7.9)

possesses a positive solutionLε such that

1− ε � lim inf
d(x)↓0

Lε(x)

B[d(x)]−α � lim sup
d(x)↓0

Lε(x)

B[d(x)]−α � 1+ ε, (7.10)

where

d(x) := dist
(
x, ∂BR(x0)

)
=R− |x − x0| =R − r

and

α := γ + 2

p− 1
, B :=

[
α(α + 1)

β(R)

]1/(p−1)

. (7.11)

PROOF. Note that the radially symmetric solutions of (7.9) are given by

u(x) :=ψ(r), r = |x − x0|,

whereψ satisfies

{
−ψ ′′ − N−1

r
ψ ′ = λψ − β(r)(R − r)γψp in (0,R),

ψ ′(0)= 0, limr↑R ψ(r)= ∞.
(7.12)

First, we show that, for each sufficiently smallε > 0, there exists a constantAε > 0 such
that, for everyA>Aε, the function

ψ̄ε(r) :=A+B+

(
r

R

)2

(R − r)−α, B+ := (1+ ε)B, (7.13)

provides us with a positive supersolution of (7.12). Indeed,

ψ̄ ′
ε(0)= 0 and lim

r↑R
ψ̄ε(r)= ∞
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sinceα > 0. Thus,ψ̄ε is a supersolution of (7.12) if and only if

−2N
B+
R2
(R − r)−α − α(N + 3)

B+
R2
r(R − r)−α−1

− α(α + 1)B+

(
r

R

)2

(R − r)−α−2

� λ(R− r)−α
[
A(R − r)α +B+

(
r

R

)2]

− β(r)(R − r)γ−αp
[
A(R − r)α +B+

(
r

R

)2]p
.

Thus, multiplying this inequality by(R − r)α+2 and taking into account that

α + 2+ γ − αp = 0,

we find thatψ̄ε is a supersolution of (7.12) if and only if

−2N
B+
R2
(R − r)2 − α(N + 3)

B+
R2
r(R − r)− α(α + 1)B+

(
r

R

)2

� λ(R− r)2
[
A(R − r)α +B+

(
r

R

)2]
− β(r)

[
A(R − r)α +B+

(
r

R

)2]p
.

(7.14)

At r =R, (7.14) becomes into

−α(α + 1)B+ � −β(R)Bp+,

which is satisfied if and only if

B
p−1
+ �

α(α + 1)

β(R)
.

Therefore, by making the choice (7.13), the inequality (7.14) is satisfied in a left neighbor-
hood ofr = R, say(R − δ,R], for someδ = δ(ε) > 0. Finally, by choosing a sufficiently
largeA, it is clear that the inequality is satisfied in the whole interval[0,R] sincep > 1
andβ is bounded away from zero. This concludes the proof of the claim above.

Now, we will construct an appropriate subsolution for problem (7.12). For doing this
we shall distinguish two different cases according to the sign of the parameterλ. First, we
assume

λ� 0.
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Then, for each sufficiently smallε > 0, there existsC < 0 for which the function

ψ
ε
(r) := max

{
0,C +B−

(
r

R

)2

(R − r)−α
}

provides us with a nonnegative subsolution of (7.12) if

B− = (1− ε)B. (7.15)

Indeed, it is easy to see thatψ
ε

is a subsolution of (7.12) if in the region where

C +B−

(
r

R

)2

(R − r)−α � 0,

the following inequality is satisfied

−2N
B−
R2
(R − r)−α − α(N + 3)

B−
R2
r(R − r)−α−1

− α(α + 1)B−

(
r

R

)2

(R − r)−α−2

� λ(R − r)−α
[
C(R − r)α +B−

(
r

R

)2]

− β(r)(R − r)γ−αp
[
C(R − r)α +B−

(
r

R

)2]p
.

Equivalently,

−2N
B−
R2
(R − r)2 − α(N + 3)

B−
R2
r(R − r)− α(α + 1)B−

(
r

R

)2

� λ(R − r)2
[
C(R − r)α +B−

(
r

R

)2]
− β(r)

[
C(R − r)α +B−

(
r

R

)2]p
.

(7.16)

Now, note that for eachC < 0 there exists a constant

z= z(C) ∈ (0,R)

such that

C +B−

(
r

R

)2

(R − r)−α < 0 if r ∈
[
0, z(C)

)
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and

C +B−

(
r

R

)2

(R − r)−α � 0 if r ∈
[
z(C),R

)

because the mapping

r �→
(
r

R

)2

(R − r)−α

is increasing. Moreover,z(C) is decreasing with respect toC and

lim
C↓−∞

z(C)=R, lim
C↑0
z(C)= 0. (7.17)

Thus, sinceλ� 0, for eachr ∈ [z(C),R), the following condition implies (7.16)

β(r)

[
C(R − r)α +B−

(
r

R

)2]p
� α(α + 1)B−

(
r

R

)2

. (7.18)

Note that, sinceC < 0, for (7.18) to be satisfied it suffices that

β(r)B
p−1
−

(
r

R

)2(p−1)

� α(α + 1) (7.19)

for eachr ∈ [z(C),R). Making the choice (7.15) and using the continuity ofβ(r), it is easy
to see that there exists a constantδ(ε) > 0 for which (7.19) is satisfied in[R − δ(ε),R).
Moreover, thanks to (7.17), there existsC < 0 such thatz(C)= R − δ(ε). For this choice
of C, it readily follows thatψ

ε
provides us with a subsolution of (7.12).

Similarly, it is easy to see that there existsC < 0 for which the function

ψ
ε
(r) := e

√
−λ(r−R)max

{
0,C +B−

(
r

R

)2

(R − r)−α
}

provides us with a subsolution of (7.12) ifλ < 0.
Note that in each of these cases

lim
r↑R

ψ̄ε(r)

B+(R − r)−α = 1, lim
r↑R

ψ
ε
(r)

B−(R − r)−α = 1,

whereB+ andB− are the constants defined in (7.13) and (7.15). Moreover, for any suffi-
ciently largeA>Aε,

ψ
ε
� ψ̄ε,
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and hence,

1− ε = lim
r↑R

ψ
ε
(r)

B(R − r)−α � lim
r↑R

ψ̄ε(r)

B(R − r)−α = 1+ ε.

Therefore, setting

L ε(x) :=ψ ε(r), �Lε(x) := ψ̄ε(r), r := |x − x0|,

(L ε,
�Lε) provides us with an ordered sub–supersolution pair of (7.9) such that

1− ε = lim
d(x)↓0

L ε(x)

B[d(x)]−α � lim
d(x)↓0

�Lε(x)
B[d(x)]−α = 1+ ε. (7.20)

Consequently, by Theorem 3.3, there exists a positive solutionLε of (7.9) such that

L ε �Lε � �Lε.

Moreover, due to (7.20),Lε must satisfy (7.10), which concludes the proof. �

Now, adapting the previous argument together with a reflection aroundr0 := R1+R2
2 ,

Lemma 7.3 provides us with the corresponding result for each of the annuli

AR1,R2(x0) :=
{
x ∈ RN : 0<R1< |x − x0|<R2

}
.

LEMMA 7.4. Supposex0 ∈ RN , R2>R1> 0, λ ∈ R, p > 1, γ � 0 and

β(x)= β(r), r := |x − x0|, β ∈ C
(
[R1,R2]; (0,∞)

)
,

is the reflection aroundr0 := R1+R2
2 of some functioñβ ∈ C([r0,R2]; (0,∞)), so that, in

particular, β(R1)= β(R2). Then, for eachε > 0, the singular problem,

{
−�u= λu− β(x)

[
dist
(
x, ∂AR1,R2(x0)

)]γ
up in AR1,R2(x0),

u= ∞ on ∂AR1,R2(x0),
(7.21)

possesses a positive solutionLε(x) satisfying

1− ε � lim inf
δ(x)↓0

Lε(x)

B[δ(x)]−α � lim sup
δ(x)↓0

Lε(x)

B[δ(x)]−α � 1+ ε, (7.22)

whereα andB are given by(7.11)and

δ(x) := dist
(
x, ∂AR1,R2(x0)

)
=
{
R2 − |x − x0| if r0 � |x − x0|<R2,

|x − x0| −R1 if R1< |x − x0|< r0.
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7.3. Proof of Propositions 7.1 and 7.2

As it will be clear later, the proof of Proposition 7.1 can be easily adapted to prove Propo-
sition 7.2, as it is of a local nature around each of the points of the boundary of the under-
lying domain. So, suppose (2.9), (2.10),λ < σ2 andL is a large positive solution of (7.1)
in Ω \ �Ω0,1. Pick

x1 ∈ Γ1 = ∂
(
Ω \ �Ω0,1

)
.

SinceΓ1 is of classC2, there existR > 0 andδ0> 0 such that

BR(x1 −Rnx1)⊂Ω−, �BR(x1 −Rnx1)∩ Γ1 = {x1}, (7.23)

and, for eachδ ∈ (0, δ0],

�BR
(
x1 − (R + δ)nx1

)
⊂Ω−. (7.24)

On the other hand, due to (2.10), given anyη ∈ (0, β(x1)), R > 0 can be shortened, if
necessary, so that, for eachδ ∈ [0, δ0],

a �
(
β(x1)− η

)[
dist(·,Γ1)

]γ (x1) in BR
(
x1 − (R + δ)nx1

)
. (7.25)

As for eachδ ∈ [0, δ0] andx ∈ BR(x1 − (R + δ)nx1), we have that

dist(x,Γ1) � dist
(
x,BR

(
x1 − (R + δ)nx1

))

= R−
∣∣x −

[
x1 − (R + δ)nx1

]∣∣,

(7.25) implies

a(x)�
(
β(x1)− η

)(
R − rδ(x)

)γ (x1), x ∈ BR
(
x1 − (R + δ)nx1

)
, (7.26)

where

rδ(x) :=
∣∣x −

[
x1 − (R + δ)nx1

]∣∣.

Thanks to (7.24) and (7.26), for eachδ ∈ (0, δ0], the restriction

Lδ := L|�BR(x1−(R+δ)nx1)
(7.27)

provides us with a classical subsolution (bounded) of the singular problem

{
−�u= λu−

(
β(x1)− η

)
(R − rδ)γ (x1)up in BR

(
x1 − (R + δ)nx1

)
,

u= ∞ on ∂BR
(
x1 − (R + δ)nx1

)
.

(7.28)



Metasolutions: Malthus versus Verhulst in Population Dynamics. A dream of Volterra 287

Now, consider the limiting problem atδ = 0

{−�u= λu−
(
β(x1)− η

)
(R − r0)γ (x1)up in BR(x1 −Rnx1),

u= ∞ on∂BR(x1 −Rnx1).
(7.29)

Subsequently, for eachδ ∈ [0, δ0], we shall denote

dδ(x) := dist
(
x, ∂BR

(
x1 − (R + δ)nx1

))

= R −
∣∣x −

(
x1 − (R + δ)nx1

)∣∣

= R − rδ(x).

Thanks to Lemma 7.3, for eachε > 0, the problem (7.29) possesses a solution, sayLε,
such that

lim sup
d0(x)↓0

Lε(x)

Bη(x1)[d0(x)]−α(x1)
� 1+ ε, (7.30)

whereα(x1) is given by (7.3) and

Bη(x1) :=
[
α(x1)(α(x1)+ 1)

β(x1)− η

]1/(p−1)

.

Subsequently, we fixε > 0 and, for eachδ ∈ (0, δ0], consider the functionLδε defined by

Lδε(x) := Lε(x + δnx1), x ∈ BR
(
x1 − (R + δ)nx1

)
.

By construction,

lim
δ↓0
Lδε = Lε (7.31)

and, for eachδ ∈ (0, δ0], Lδε provides us with a positive solution of (7.28). Thus, since the
functionLδ defined in (7.27) is a positive classical subsolution of (7.28), it follows from
Lemma 3.6 that, for eachδ ∈ (0, δ0],

Lδ � Lδε in BR
(
x1 − (R + δ)nx1

)
.

Consequently, passing to the limit asδ ↓ 0, (7.27) and (7.31) imply

L� Lε in BR(x1 −Rnx1).

In particular, for eacht ∈ (0,R),

L(x1 − tnx1)� Lε(x1 − tnx1)
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and hence,

L(x1 − tnx1)

Bη(x1)[dist(x1 − tnx1,Γ1)]−α(x1)
�

Lε(x1 − tnx1)

Bη(x1)[dist(x1 − tnx1,Γ1)]−α(x1)
.

On the other hand, by construction, we have that

dist(x1 − tnx1,Γ1)= t = d0(x1 − tnx1)

and so, passing to the limit ast ↓ 0 in the previous inequality, (7.30) gives

lim sup
t↓0

L(x1 − tnx1)

Bη(x1)[dist(x1 − tnx1,Γ1)]−α(x1)
� 1+ ε.

As this inequality holds for each sufficiently smallη > 0 andε > 0, it is apparent that

lim sup
t↓0

L(x1 − tnx1)

B(x1)[dist(x1 − tnx1,Γ1)]−α(x1)
� 1, (7.32)

whereα andB are given by (7.3). Consequently, to complete the proof of (7.2) it remains
to show that

1� lim inf
t↓0

L(x1 − tnx1)

B(x1)[dist(x1 − tnx1,Γ1)]−α(x1)
. (7.33)

To prove (7.33) we will construct a large subsolution having the appropriate growth at
x1 ∈ Γ1. SinceΓ1 is smooth, there existR2>R1> 0 andδ0> 0 such that

�AR1,R2(x1 +R1nx1)∩ Γ1 = {x1},

Ω \ �Ω0,1 ⊂
⋂

δ∈[0,δ0]
AR1,R2

(
x1 + (R1 + δ)nx1

)

and

Ω \ �Ω0,1 ⊂AR1,(R1+R2)/2(x1 +Rnx1),

which can be accomplished by taking a sufficiently smallR1 > 0 and a sufficiently large
R2 > R1. Now, fix a sufficiently smallη > 0. Thanks to (2.10), there exists a radially
symmetric function

ã : �AR1,R2(x1 +R1nx1)→ [0,∞)

such that

a � ã � sup
Ω\ �Ω0,1

a + 1 inΩ \ �Ω0,1,
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and, for eachx ∈AR1,R2(x1 +R1nx1),

ã(x)= b
(
|x − x1 −R1nx1|

)[
dist
(
x, ∂AR1,R2(x1 +R1nx1)

)]γ (x1)

for someb ∈ C([R1,R2]; (0,∞)) satisfying

b(R1)= β(x1)+ η.

Moreover, by enlargingR2, if necessary, one can assume thatb is the reflection around
R1+R2

2 of a continuous positive function. Actually, by shorteningδ0, if necessary, we can
assume that it satisfies all the requirements of the proof of (7.32).

Subsequently, for eachδ ∈ [0, δ0], we consider the singular auxiliary problem

{
−�u= λu− ã(· + δnx1)u

p in AR1,R2

(
x1 + (R1 + δ)nx1

)
,

u= ∞ on ∂AR1,R2

(
x1 + (R + δ)nx1

)
.

(7.34)

Fix a sufficiently smallε > 0. Thanks to Lemma 7.4, forδ = 0, (7.34) possesses a positive
solutionLε such that

1− ε � lim inf
D0(x)↓0

Lε(x)

Bη(x1)[D0(x)]−α(x1)
, (7.35)

whereα(x1) is given by (7.3),

Bη(x1) :=
[
α(x1)(α(x1)+ 1)

β(x1)+ η

]1/(p−1)

,

and, for eachx ∈AR1,R2(x1 +R1nx1) sufficiently close toΓ1,

D0(x) := dist
(
x, ∂AR1,R2(x1 +R1nx1)

)
=
∣∣x − (x1 +R1nx1)

∣∣−R1.

Now, for eachδ ∈ (0, δ0], consider the functionLδε defined by

Lδε(x) := Lε(x − δnx1), x ∈AR1,R2

(
x1 + (R + δ)nx1

)
.

By construction,

lim
δ↓0

Lδε = Lε. (7.36)

Moreover, for eachδ ∈ (0, δ0], the restriction

Lδε|Ω\ �Ω0,1
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is a classical (bounded) subsolution of the singular problem

{−�u= λu− aup in Ω \ �Ω0,1,

u= ∞ onΓ1

sinceã � a. Thus, it follows from Lemma 3.6 that, for eachδ ∈ (0, δ0],

Lδε � L in Ω \ �Ω0,1.

Consequently, passing to the limit asδ ↓ 0, (7.36) implies

Lε � L in Ω \ �Ω0,1.

In particular, for eacht ∈ (0,R),

Lε(x1 − tnx1)� L(x1 − tnx1)

and hence,

Lε(x1 − tnx1)

Bη(x1)[dist(x1 − tnx1,Γ1)]−α(x1)
�

L(x1 − tnx1)

Bη(x1)[dist(x1 − tnx1,Γ1)]−α(x1)
.

On the other hand, by construction, we have that

dist(x1 − tnx1,Γ1)= t = D0(x1 − tnx1)

and so, passing to the limit ast ↓ 0 in the previous inequality, (7.35) implies

1− ε � lim inf
t↓0

L(x1 − tnx1)

Bη(x1)[dist(x1 − tnx1,Γ1)]−α(x1)
.

As this inequality holds true for each sufficiently smallη > 0 andε > 0, (7.33) holds.
Therefore, by (7.32), the proof of (7.2) is concluded. Condition (7.4) is a direct conse-
quence from (7.2). This concludes the proof of Proposition 7.1. At this stage, the validity
of Proposition 7.2 should be apparent.

7.4. Proof of Theorems 2.6 and 2.7

Suppose (2.9), (2.10), and pickλ < σ2. Subsequently, we set

L1 := Lmin
[λ,Ω\ �Ω0,1], L2 := Lmax

[λ,Ω\ �Ω0,1], D :=Ω \ �Ω0,1.

Theorem 2.6 establishes thatL1 = L2. By construction, we already know that

L1 � L2.
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Moreover, thanks to Lemma 5.1, (5.24) and (5.26) imply

L1(x) > 0, x ∈D.

LEMMA 7.5. SupposeL1<L2. Then, for eachx ∈D,

L1(x) < L2(x). (7.37)

PROOF. We proceed by contradiction. In the contrary case, there existx0 ∈D andR > 0
such that�BR(x0)⊂D, L1(x) < L2(x) for eachx ∈ BR(x0) andL1(y)= L2(y) for some
y ∈ ∂BR(x0). Now, consider the problem

{−�u= λu− aup in BR(x0),

u= L2 on∂BR(x0).
(7.38)

If L1 = L2 on∂BR(x0) then, thanks to Theorem 3.5,L1 = L2 in �BR(x0), which contradicts
L1< L2 in BR(x0). Thus,L1< L2 on ∂BR(x0), and hence,L1 is a positive strict subso-
lution of (7.38), whose unique solution isL2. So, thanks to Lemma 3.6,L2 − L1 ≫ 0.
Consequently, sinceL2(y)−L1(y)= 0, we have that

∂(L2 −L1)

∂ny
(y) < 0, ny := y − x0

R
,

and therefore, for each sufficiently smallt > 0,

L2(y + tny) < L1(y + tny),

which contradictsL1 � L2, so concluding the proof of (7.37). �

Subsequently, we consider the functionq defined through

q(x) := L1(x)

L2(x)
, x ∈D. (7.39)

As an immediate consequence from the previous properties, the functionq is well defined
in D and, actually, it is a function of classC2+µ(D) such that

0< q(x)� 1 for eachx ∈D. (7.40)

Moreover, thanks to Proposition 7.1,

lim
t↓0
q(x1 − tnx1)= 1 for eachx1 ∈ Γ1 = ∂D, (7.41)

and, due to Lemma 7.5,

0< q(x) < 1 for eachx ∈D (7.42)
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if L1<L2.
The following lemma is the basic technical tool to prove Theorems 2.6 and 2.7.

LEMMA 7.6. Supposeq admits a continuous extensionQ ∈ C(�D). Then, L1 = L2.

PROOF. LetQ ∈ C(�D) be a continuous extension ofq. Then, thanks to (7.40) and (7.41),
0<Q= q � 1 inD andQ= 1 on∂D. Moreover, differentiating the identityL1 =QL2
gives

−�L1 = −L2�Q− 2〈∇L2,∇Q〉 −Q�L2,

and hence,

λL1 − aLp1 = −L2�Q− 2〈∇L2,∇Q〉 +Q
(
λL2 − aLp2

)
.

Consequently, dividing byL2 and rearranging terms, we find that

−�Q− 2

〈∇L2

L2
,∇Q

〉
= aQ

(
L
p−1
2 −Lp−1

1

)
� 0.

Now, for each sufficiently largen ∈ N, sayn � n0, we consider the approximating open
sets

Dn :=
{
x ∈D: dist(x, ∂D) >

1

n

}
.

Thanks to the maximum principle, for eachn� n0, min�DnQ must be taken at some point
xn1 ∈ ∂Dn. Actually, this is a consequence from Theorem 3.1 applied toQ− min�DnQ. By
construction, the sequencexn1 approximatesΓ1 = ∂D asn ↑ ∞. Thus, there existsx1 ∈ Γ1
and a subsequence ofxn1 , again labeled byn, such that

lim
n↑∞

xn1 = x1.

Therefore,

1=Q(x1)= lim
n↑∞

Q
(
xn1
)
= lim
n↑∞

min
�Dn
Q= min

�D
Q,

and consequently,Q= 1 inD, which concludes the proof. �

As an immediate consequence from the proof of Lemma 7.6, it is apparent that

lim inf
x→x1

q = inf
�D
q < lim sup

x→x1

q = sup
�D
q = 1

if L1<L2. Moreover, the following uniqueness result holds.



Metasolutions: Malthus versus Verhulst in Population Dynamics. A dream of Volterra 293

LEMMA 7.7. Under the assumptions of Lemma7.3and Lemma7.4,each of the problems
(7.9)and (7.21)possesses a unique solution. Moreover, the solution is radially symmetric.

PROOF. Throughout this proof, we consider

Ω ∈
{
BR(x0),AR1,R2(x0)

}

and, for sufficiently largen,

Ωn :=
{
x ∈Ω: dist(x, ∂Ω) >

1

n

}
.

Going back to the proof of Proposition 4.7, it is apparent, by construction, thatL1 := Lmin
[λ,Ω]

andLmin
[λ,Ωn] are radially symmetric. Thus,

L2 := Lmax
[λ,Ω] = lim

n↑∞
Lmin

[λ,Ωn]

also is radially symmetric. Therefore, the quotient of these solutions,q = L1/L2, is radially
symmetric as well.

On the other hand, adapting the proof of Propositions 7.1 and 7.2 to the domainΩ , it is
rather clear that, for eachx1 ∈ ∂Ω ,

lim
t↓0

Lj (x1 − tnx1)

Bt−α
= 1, j ∈ {1,2}, (7.43)

whereα andB are given by (7.11). Hence,

lim
t↓0
q(x1 − tnx1)= 1 for eachx1 ∈ ∂Ω. (7.44)

As q is radially symmetric, due to (7.44),q admits a continuous extensionQ ∈ C(�Ω),
and therefore, adapting Lemma 7.6 to cover the present situation, we obtain thatL1 = L2,
which concludes the proof. �

Subsequently, in order to refine it, we go back to the proof of Proposition 7.1. By
Lemma 7.7, we already know that, for everyx1 ∈ Γ1, each of the auxiliary problems,
(7.29) and

{−�u= λu− ãup in AR1,R2(x1 +R1nx1),

u= ∞ on∂AR1,R2(x1 +Rnx1),
(7.45)

possesses a unique positive solution. Let denote them byL
x1
0 andLx1

0 , respectively. Note
that in the proof of Proposition 7.1 the constantsδ0, R, R1 andR2 can be chosen to be
independent ofx1 ∈ Γ1 sinceΓ1 is of classC2. Subsequently, instead of arguing with the
large solutionsLε andLε whose existence was guaranteed by Lemmas 7.3 and 7.4, we
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repeat the argument of the proof of Proposition 7.1 usingL
x1
0 andLx1

0 . Then, for every
η > 0, x1 ∈ Γ1 andt ∈ (0,R), we find that

L
x1
0 (x1 − tnx1)

B(x1)t−α(x1)
�
L(x1 − tnx1)

B(x1)t−α(x1)
�
L
x1
0 (x1 − tnx1)

B(x1)t−α(x1)

and, consequently,

Bη(x1)

B(x1)

L
x1
0 (x1 − tnx1)

Bη(x1)t−α(x1)
�
L(x1 − tnx1)

B(x1)t−α(x1)
�
Bη(x1)

B(x1)

L
x1
0 (x1 − tnx1)

Bη(x1)t−α(x1)
. (7.46)

Note that in the special case whenα(x1) and B(x1) are constant the large solutions
L
x1
0 andL

x1
0 are translations of a fixed profile along each of the points at a distanceR

from Γ1, and therefore, by (7.43),

lim
t↓0

L
x1
0 (x1 − tnx1)

Bη(x1)t−α(x1)
= 1= lim

t↓0

L
x1
0 (x1 − tnx1)

Bη(x1)t−α(x1)
(7.47)

uniformly in x1 ∈ Γ1. Thus, passing to the limit ast ↓ 0 in (7.46) we obtain that

Bη(x1)

B(x1)
� lim inf

t↓0

L(x1 − tnx1)

B(x1)t−α(x1)
� lim sup

t↓0

L(x1 − tnx1)

B(x1)t−α(x1)
�
Bη(x1)

B(x1)
(7.48)

uniformly in x1 ∈ Γ1. Consequently, since

lim
η↓0

Bη(x1)

B(x1)
= 1= lim

η↓0

Bη(x1)

B(x1)
uniformly in x1 ∈ Γ1,

it follows from (7.48) that

lim
t↓0

L(x1 − tnx1)

B(x1)t−α(x1)
= 1 uniformly inx1 ∈ Γ1, (7.49)

which, in particular, entails the continuity of the quotient functionq defined in (7.39) and,
thanks to Lemma 7.6, concludes the proof of the uniqueness in this special case.

In our general setting, the proof is completed if we are able to show that (7.47) is as well
satisfied uniformly inx1 ∈ Γ1. This is easily realized by having a careful look at the proof
of Lemma 7.3, which is based upon the construction of the supersolution

ψ̄ε(r) :=A+B+

(
r

R

)2

(R − r)−α, B+ := (1+ ε)B,

and the subsolution

ψ
ε
(r) := max

{
0,C +B−

(
r

R

)2

(R − r)−α
}
, B− := (1− ε)B.
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Rereading the technical details of their constructions, it is rather obvious that the constants
A andC can be chosen to be the same forα andβ(R), and, hence,B, varying in any
compact subset of(0,∞). Therefore,

lim
r↑R

ψ̄ε(r)

B(R − r)−α = B+
B

and lim
r↑R

ψ
ε
(r)

B(R − r)−α = B−
B

for α andβ(R) varying in any compact subset of(0,∞). As α(x1) andβ(x1) are contin-
uous functions ofx1 ∈ Γ1 andΓ1 is compact, (7.47) occurs uniformly inx1 ∈ Γ1, which
concludes the proof of Theorem 2.6. The proof of Theorem 2.7 follows by repeating the
argument along the remaining component of∂Ω−.

7.5. Proof of Theorem 2.8

Throughout this subsection we suppose the assumptions of Theorem 2.7 are satisfied. Un-
der these assumptions, Theorem 2.6 can be applied and hence, for eachλ ∈ R, (1.9) has
a unique large solution inΩ−, denoted byL[λ,Ω−], and, for eachλ < σ2, it has a unique
large solution inΩ \ �Ω0,1, denoted byL[λ,Ω\ �Ω0,1]. Theorem 2.8 will follow after a se-
ries of lemmas. The next result shows the strong monotonicity of these large solutions as
functions of the parameterλ.

LEMMA 7.8. For eachλ, µ ∈ R, λ < µ, one has that
(a) L[λ,Ω−](x) < L[µ,Ω−](x) for everyx ∈Ω−;
(b) L[λ,Ω\ �Ω0,1](x) < L[µ,Ω\ �Ω0,1](x) for everyx ∈Ω \ �Ω0,1 providedµ< σ2.

PROOF. By construction, we already know that

L[λ,Ω−] = lim
M↑∞

θ[λ,Ω−,M] and L[µ,Ω−] = lim
M↑∞

θ[µ,Ω−,M].

Moreover, for eachM > 0,

θ[λ,Ω−,M] ≪ θ[µ,Ω−,M] in Ω−.

Therefore, passing to the limit asM ↑ ∞ gives

L[λ,Ω−] � L[µ,Ω−] in Ω−.

Note that, necessarily,

L[λ,Ω−] <L[µ,Ω−] in Ω− (7.50)

sinceL[λ,Ω−] = L[µ,Ω−] implies λ = µ, which contradictsλ < µ. Now, we proceed by
contradiction. Suppose part (a) is not satisfied. Then, there existx0 ∈Ω− andR > 0 such
that �BR(x0)⊂Ω−,

L[λ,Ω−](x) < L[µ,Ω−](x) for eachx ∈ BR(x0) (7.51)
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and

L[λ,Ω−](y)= L[µ,Ω−](y) for somey ∈ ∂BR(x0). (7.52)

Now, consider the auxiliary problem

{−�u= λu− aup in BR(x0),

u= L[µ,Ω−] on ∂BR(x0).
(7.53)

If L[λ,Ω−] = L[µ,Ω−] on ∂BR(x0), then, thanks to Theorem 3.5,L[λ,Ω−] = L[µ,Ω−]
in �BR(x0), which contradicts (7.51). Thus,

L[λ,Ω−] <L[µ,Ω−] on ∂BR(x0).

Hence,L[λ,Ω−] is a positive strict subsolution of (7.53), whose unique solution isL[µ,Ω−].
So, thanks to Lemma 3.6,

L[µ,Ω−] −L[λ,Ω−] ≫ 0 in �BR(x0).

Consequently, it follows from (7.52) that

∂(L[µ,Ω−] −L[λ,Ω−])
∂ny

(y) < 0, ny := y − x0

R
,

and therefore, for each sufficiently smallt > 0,

L[µ,Ω−](y + tny) < L[λ,Ω−](y + tny),

which contradicts (7.50). Consequently, part (a) holds true. The previous proof adaptsmu-
tatis mutantisto prove part (b). �

The next result provides us with the continuity of the large solutions as functions of the
parameterλ.

LEMMA 7.9. For eachx ∈Ω− the map

λ ∈ R �→ L[λ,Ω−](x) (7.54)

is continuous. Similarly, for eachx ∈Ω \ �Ω0,1, the map

λ ∈ (−∞, σ2) �→ L[λ,Ω\ �Ω0,1](x) (7.55)

is continuous.
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PROOF. Thanks to Lemma 7.8(a), for eachλ ∈ R, the point-wise limit

Lλ := lim
ε↓0
L[λ−ε,Ω−]

is well defined and finite, since 0< ε2< ε1 implies

L[λ−ε1,Ω−](x) < L[λ−ε2,Ω−](x) < L[λ,Ω−](x), x ∈Ω−.

Moreover, by the compactness of(−�)−1, it provides us with a large positive solution
of (1.9) inΩ−; necessarilyL[λ,Ω−], by uniqueness. Thus,

L[λ,Ω−] = lim
ε↓0
L[λ−ε,Ω−].

Similarly, 0< ε2< ε1 implies

L[λ+ε1,Ω−](x) > L[λ+ε2,Ω−](x) > L[λ,Ω−](x), x ∈Ω−,

and consequently,

lim
ε↓0
L[λ+ε,Ω−] = L[λ,Ω−],

which shows the continuity of (7.54). Adapting this argument, the continuity of (7.55)
follows readily. �

Finally, the relations (2.16) follow from (2.5) and (2.7), by the uniqueness of the underly-
ing large positive solutions, which is guaranteed by Theorems 2.6 and 2.7. This concludes
the proof of Theorem 2.8.

8. Relevant bibliography and further results

The most pioneering result concerning the positive solutions of (1.8) is by Brezis and
Oswald [8], Theorem 1, where it was shown, using variational methods, that (1.8) possesses
a positive solution, necessarily unique, if and only if

σ
[
−�− a0(x),Ω

]
< 0< σ

[
−�− a∞(x),Ω

]
, (8.1)

wherea0(x) anda∞(x) are the functions defined through

a0(x) := lim
u↓0

(
λ− a(x)f (x,u)

)
= λ

and

a∞(x) := lim
u↑∞

(
λ− a(x)f (x,u)

)
=
{−∞ if x ∈Ω−,

λ if x ∈Ω \Ω−.
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Although it is rather obvious that the first inequality of (8.1) becomesλ > σ0, it is far from
easy to realize why the second inequality should become

λ < σ1 = σ [−�,Ω0,1],

in order to provide us with the existence intervalλ ∈ (σ0, σ1) given by Theorem 2.3 here.
Actually, this is an easy consequence from an extremely sharp result going back to [41],
according with it one has that

lim
u↑∞

σ
[
−�+ af (·, u),Ω

]
= σ [−�,Ω0,1] = σ1. (8.2)

Indeed, due to (8.2), (8.1) becomes into

σ0< λ< σ1. (8.3)

Another significant pioneering contribution was done by Ouyang [62], as a part of his
Ph.D. Dissertation on Yamabe’s problem [68] under the supervision of
W.-M. Ni. Combining global continuation with the existence of uniform a priori bounds in
compact subsets ofλ ∈ (−∞, σ1), Ouyang [62] established that, under assumption (2.9),
condition (8.3) characterizes the existence of positive solutions of (1.8) and that

lim
λ↑σ1

‖θ[λ,Ω]‖L2(Ω) = ∞. (8.4)

Later, Ambrosetti and Gámez [4] and del Pino [26] could improve (8.4) up to get

lim
λ↑σ1

‖θ[λ,Ω]‖L∞(Ω) = ∞, (8.5)

though in none of these works any explicit mention was made towards the problem of
analyzing the different role played by each of the components ofa−1(0), Ω0,1 andΩ0,2,
in ascertaining the dynamics of (1.1).

The first general characterizations of the existence of positive solutions for a general-
ized class of logistic models including the basic prototype (1.8) were obtained by Fraile
et al. [29] as a consequence from the method of sub- and supersolutions. In [29], instead
of −�, a general elliptic operator of second-order subject to rather general boundary con-
ditions was considered. At the present stage of this monograph, the reader should be fully
convinced that the method of sub- and supersolutions is the best available method to deal
with generalized sublinear problems, since the supersolution itself provides us with the
exact shape profile of the positive solutions of (1.8) forλ > σ0 separated away fromσ0;
for λ∼ σ0, the solution looks like the subsolution of the problem. Besides this tremendous
advantage, the method of sub- and supersolutions provides us simultaneously with the
global attractive character of the maximal nonnegative solution of (1.8) within the range
λ ∈ (−∞, σ1). Undoubtedly, [29] has been a milestone for the further development of the
theory that we have exposed in this monograph. Actually, the problem of the analysis of the
asymptotic behavior of the solutions of (1.1) forλ� σ1 was originally addressed in [29],
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where it was shown that the solutions of (1.1) must be unbounded, ast ↑ ∞, withinΩ0,1.
Most of the results of [29] were obtained during the academic year 1993–1994, as a result
of a question raised by P. Koch and S. Merino to the author during his first visit to Zürich
University in June 1993. The paper was submitted for publication on November 1994.

According to the proof of Theorem 2.3 in Section 5, for eachλ ∈ (σ0, σ1), the positive
supersolution of (1.8) has the formκΦ, whereΦ is the function defined in (5.7) for a
sufficiently largeκ > 1 that blows up asλ ↑ σ1. Quite strikingly,Φ is the supersolution
constructed in [41] to prove (8.2). This crucialbisociation, besides sharpening the paradig-
matic theorem of Brezis and Oswald [8], enjoys a huge interest in its own right, because
of its number of applications in Mathematical Biology (cf. [11,12,42], and the references
therein), in the study of linear weighted boundary value problems (cf. [41] and [43]), and
in the semiclassical analysis of linear oscillators at degenerate wells (cf. [22], where it
was used to solve some classical open problems proposed by Simon [66]).Bisociation. . . a
word coined by the political and scientific writer A. Koestler for designating unexpected –
sharply hidden – connections between a priori unrelated separated fields (cf. [9]).

According to Theorem 2.3, the mappingλ �→ θ[λ,Ω] is differentiable and strictly point-
wise increasing. Moreover, by (2.6),θ[λ,Ω] bifurcates fromu = 0 at λ = σ0 and, due
to (2.7),

lim
λ↑σ1

θ[λ,Ω](x)= ∞ for eachx ∈ �Ω0,1 \ ∂Ω. (8.6)

The fact that (8.6) occurs inΩ0,1 goes back to [45], Theorem 2.4, which was submitted for
publication on August 1996, thought it appeared in 2000. The proof given in Section 5 is
the original one given in [45]. It should be noted that (8.6) extremely sharpens (8.5).

In Figure 10 we have representedθ[λ,Ω](x) versusλ ∈ (σ0, σ1) for a givenx ∈ Ω0,1.
Thanks to (8.6), the diagram exhibits a bifurcation from infinity atλ = σ1. In Figure 10
stable solutions are indicated by solid lines, and unstable solutions by dashed lines. The

Fig. 10. The steady-states of (1.8).
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stateu= 0 loses stability asλ crossesσ0, such stability being gained byθ[λ,Ω]. By Theo-
rem 2.4, local stability actually entails global attractiveness. It is remarkable the significant
difference between the diagram shown by Figure 10 and the diagram of the classical pos-
itive solutions that has been already inserted in Figure 2, where the curveλ �→ θ[λ,Ω](x)
is bounded atλ = σ1. The difference coming from the fact that, thanks to (2.7), for each
x ∈Ω \ �Ω0,1 one has that

lim
λ↑σ1

θ[λ,Ω](x)= Lmin
[σ1,Ω\ �Ω0,1](x) <∞, (8.7)

in severe contrast with (8.6). Bifurcation diagrams might drastically change according to
the magnitude chosen to represent it, as it actually occurs here in, of course.

Subsequently, we consider the compact setK defined by

K :=
{
x ∈Ω: dist(x, ∂Ω)�

1

n

}

for a sufficiently largen ∈ N (see Figure 1). Thanks to the Harnack inequality, for each
λ ∈ (σ0, σ1) there exists a constantCλ > 0 such that

max
K
θ[λ,Ω] � Cλmin

K
θ[λ,Ω]. (8.8)

Thus, if there areε > 0 andC > 0 for which

sup
σ1−ε<λ<σ1

Cλ � C, (8.9)

then, by (8.6) and (8.8), we would get

lim
λ↑σ1

θ[λ,Ω] = ∞ uniformly inK (8.10)

and therefore,θ[λ,Ω], σ0 < λ < σ1, would exhibit entire blow up inK asλ ↑ σ1, which
contradicts (8.7). Consequently, (8.9) fails to be true. Hence,

sup
σ1−ε<λ<σ1

Cλ = ∞. (8.11)

As a consequence, the Harnack inequality fails to be true uniformly in compact intervals
of λ ∈ R for general nonlinear problems, which makes specially interesting (8.6) and (8.7).
Actually, before developing the mathematical contains of this monograph, the validity
of (8.9) was so much appealing that several experts in PDEs tried to convince the au-
thor of the complete blow up ofθ[λ,Ω] asλ ↑ σ1. Finally, it was in [31], where (8.7) was
shown to occur in the very special case whenΩ0,2 = ∅ andx ∈Ω−, by using the minimal
large solutions in small moving balls in order to get uniform a priori bounds withinΩ−.
Although this – apparent –paradoxwas definitively solved in October 1996, [31] appeared
in 1998.
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Some time later we learned that a huge industry on large solutions was already available
at our disposal in the literature (e.g., [6,67] and [57]). However, it should be emphasized
that the original a priori bounds of Keller [38] and Osserman [61] do not apply straight
away to (1.9), and that, occasionally, they have been used in the wrong way (cf. [44] for
further technical details).

The interested readers are sent to [31], Figure 2.2, to see a numerical plot illustrating
the stabilization of the positive solutionθ[λ,Ω] to the minimal metasolutionLmin

[λ,Ω\ �Ω0,1]
asλ ↑ σ1. Actually, that was the first metasolution constructed in the literature in the con-
text of population dynamics.

On February 1997, combining some classical methods from the calculus of variations
going back to [18] and [37] with the method of sub and supersolutions, López-Gómez and
Sabina de Lis [56] could definitively prove the validity of (8.6) alongΓ1 – in the special
case whena ∈ C1 andΩ0,2 = ∅ – so getting (2.7). This result was later generalized by
Gómez-Reñasco and López-Gómez [36], to cover the general radially symmetric case, and
by Du and Huang [28], in order to eliminate the smoothness assumption ona(x) from the
theorem of [56]. Actually, the proof of this fact given in Section 5 (see the proof of (5.45))
follows [28], where the proof of the classical Hopf lemma given by Protter and Weinberger
[63] was comfortably adapted.

The concept ofmetasolutionand most of Theorems 2.1–2.3 go back to [36] and [34],
which was Gómez-Reñasco Ph.D. Dissertation Thesis under the supervision of the author.
The results of [36] sow light during the summer of 1998. Then, the manuscript was sent
to H. Brezis on September 1998 for submission toArchive for Rational Mechanics and
Analysis, though, quite unfortunately, on March 4th 1999, it was formally rejected. Further,
it was sent to P.H. Rabinowitz for submission toNonlinear Analysis. Theory Methods and
Applications, where it finally appeared in 2002, after three years time. Fixing dates might
be imperative to avoid any eventual priority dispute.

The original theory developed in [36] was extraordinarily generalized and refined
in [44]. Actually, Theorems 2.1–2.3 and most of Theorem 2.4, in their full generality,
go back to [36] and [44]. Unfortunately, the proof of Theorem 2.4(c) and (d) given in [44]
has a serious gap that has been filled in [51]. The author was aware of that gap from
a beautiful question raised by H. Amann during a seminar delivered by the author in
the Institute of Mathematics of the University of Zürich on June 2002. Although Theo-
rem 2.4(d)(ii) had been already obtained by Du and Huang [28] in the very special case
whenΩ0,2 = ∅, parts (c), (d)(iii) and, actually, the whole theorem in its full generality
go back to [44] and [51]. Nevertheless, sinceΩ0,2 �= ∅, obtaining the a priori bounds in
Ω \ �Ω0,1 is extraordinarily more involved than in the very special case whenΩ0,2 = ∅. The
main problem coming from the fact that one has to adapt the available proof of part (d),
obtained for the special case whenΩ0,2 = ∅, to study the singular counterpart of the prob-
lem whenu|∂(Ω\ �Ω0,1)

= ∞ andΩ0,2 �= ∅, this being an extremely delicate matter from the
technical point of view. Actually, the level of difficulty is much higher than passing from
the classical logistic equation, wherea(x) is bounded away from zero, to the degenerate
situation whena(x) vanishes somewhere, as one must deal with a degenerate problem for
a singular boundary value problem whenΩ0,2 �= ∅.

Actually, during the celebration of the referred seminar in Zürich, though H. Amann
realized the fact that the limiting behavior of the increasing solutions is governed by the
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minimal metasolution, he could not see at first glance the controlled behavior of the non-
increasing solutions of (1.1) in between the minimal and the maximal metasolutions, which
forced the author to check all technical details of the proofs given in [44] finding a mistake
in the original proof (cf. [51] for further details). The proof of Theorem 2.4 given here goes
back to [51], and, consequently, it is extremely indebted with the extraordinary intuition of
H. Amann. It should be emphasized that Theorem 2.4 in its full generality was implicitly
announced in the general discussion carried out in [36] four years before.

More recently, Cirstea and Radulescu [17] have considered the following singular prob-
lem

{
�u+ au= b(x)f (u) in Ω,

u= ∞ on∂Ω,
(8.12)

whereΩ is a smooth domain ofRN , a ∈ R, b � 0, b �= 0, is continuous andf ∈ C1

is a positive function satisfying the Keller–Osserman condition and such thatf (u)/u is
increasing in(0,∞). If we denote byσ1 the principal eigenvalue of−� in the region
whereb−1(0), then the main theorem of [17] reads as follows.

THEOREM. Problem(8.12)has a solution if and only ifa ∈ (−∞, σ1). Moreover, in this
case, the solution is positive.

Incidentally, Cirstea and Radulescu [17] knowledge the readers that

We point out that our framework in the above result includes the case whenb vanishes at some
points of∂Ω , or even ifb= 0 on∂Ω . In this sense, our result responds to a question raised to one
of us by Professor Haim Brezis in Paris, May 2001.

The previous theorem follows as a direct consequence from the general theory developed in
[36] and [44], and considerably tided up in this monograph. Actually, the problem studied
in [17] had already been considered in [36].

Theorems 2.6 and 2.7 go back to [50]. Theorem 2.7 is a substantial improvement of [28],
Theorem 2.1 and [32], Theorem 1, where it was imposed the substantially strongest as-
sumption that

a(x)= β
[
d(x)

]γ [1+ ρd(x)+ o
(
d(x)

)]
asd(x) ↓ 0, (8.13)

whered(x) := dist(x, ∂Ω−) andβ > 0, γ � 0, ρ ∈ R are constant. So, in such case,

lim
x→x1

a(x)

β[d(x)]γ = 1 uniformly inx1 ∈ ∂Ω−,

while in Theorem 2.7 the weight functiona(x) is allowed to decay to zero on∂Ω− at
different rates according to each particular pointx1 ∈ ∂Ω−. Theorem 2.6 is completely
new even in the simplest case when (8.13) is satisfied, sincea(x) vanishes withinΩ0,2,
which is a situation not previously treated in the literature.

It should be mentioned that all these results are substantial extensions of some pioneer-
ing contributions of Loewner and Nirenberg [40], Kondratiev and Nikishin [39], Bandle
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and Marcus [5–7] and Véron [67], who exclusively studied the simplest case whena(x) is
bounded away from zero in�Ω . As we already know, in such case, large positive constants
provide us with a priori bounds for the positive solutions of the underlying homogeneous
Dirichlet boundary value problem, while ifa(x) decays to zero somewhere on∂Ω−, as it
occurs in the case we are dealing with, live is much harder as large positive constants are
not supersolutions anymore, and, in general, the a priori bounds of the positive solutions
of those underlying problems are lost. Actually, explaining the huge differences between
these two cases has been the main issue addressed in this monograph.

As asserted by Theorem 2.7, the blow-up rates of the large solutions of (1.9) inΩ−
depend upon the precise decay ofa(x) at each of the points of∂Ω−. Thus, to prove The-
orem 2.7 we cannot adapt the proof of the corresponding counterparts of Du and Huang
[28] and García-Melián et al. [32], based on the construction of some appropriate global
sub- and supersolutions. Instead of that, in Section 7 we have used a newlocalization
method, which consists in constructing a local subsolution and a local supersolution sup-
ported at each particular point of the boundary of the domain. Although this method goes
back to [50], it should be noted that the proof given in [50] exclusively shows the validity
of Propositions 7.1 and 7.2 here, since the proof of the fact that the quotient functionq

defined in (7.39) is continuous contains an important gap. Nevertheless, the main theorem
is correct and all necessary technical details to complete it have been clarified in Section 7
here. The same gap occurred in [25], where, besides characterizing the existence of large
solutions for a general class of porous media equations of logistic type, the blow-up rates
of these solutions in terms of the decay rates ofa(x) and of the nonlinear diffusion rate
were ascertained.

Several other recent works dealing with similar but distinct problems are [14–16],
and [58]. Their main goal is obtaining the blow-up rates of the large solutions of (1.9)
in Ω− for large classes off ’s keepinga(x) bounded away from zero.

Incidentally, [50] was submitted to theJournal of Differential Equationson January 18th
2002 and the referee’s report, recommending rejection, was received on May 23rd 2003.
During that period, appeared [14–16] and [58], whose publication was the main argument
exhibited by the referee to recommend rejection of [50]. At the end of the day, the editors
of theJournal of Differential Equationsdecided to publish it.

Further, it turns out that the minimal metasolutions of (1.1) that are stable can be also
obtained by adopting the approach of [47], where (1.8) versus the perturbed problem,

{−�u= λu− (a + ε)f (·, u)u in Ω,

u= 0 on ∂Ω,
(8.14)

were analyzed. In (8.14),ε > 0 should be regarded as a perturbing parameter in order
to transform (1.8) into a classical logistic problem where the weight function in front of
the nonlinearity is positive and bounded away from zero. Thanks to Theorem 4.2 (with
D = Ω− = Ω), we already know that (8.14) possesses a positive solution if and only if
λ > σ0, which is unique if it exists. Subsequently, we shall denote it byθ[λ,Ω,ε]. Then,
though the proof will not be included here, the main theorem of [47] can be stated as
follows.

THEOREM 8.1. The following assertions are true:
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1. limε↓0 θ[λ,Ω,ε] = θ[λ,Ω] if σ0< λ< σ1.

2. limε↓0 θ[λ,Ω,ε] = Mmin
[λ,Ω\ �Ω0,1]

if σ1 � λ < σ2.

3. limε↓0 θ[λ,Ω,ε] = Mmin
[λ,Ω−] if λ� σ2.

Consequently, there is a continuous transition between the dynamics of (1.1) and the
trivial dynamics exhibited by the parabolic counterpart of (8.14). This should be a crucial
property from the point of view of the eventual applications of the underlying theory to
Population Dynamics, as it permits designing appropriate environments where the popula-
tion exhibits adifferentiated logistic behavioraccording to the several patches that conform
the habitat. Also, it should be extremely relevant from the point of view of the numerical
approximation of the dynamics of (1.8), as it permits to compute the minimal metasolutions
that are stable through the following scheme:

1. Computing the global curve of positive solutions of (8.14) by performing a global
numerical continuation inλ.

2. Pick any of these positive solutions and then perform a global continuation inε, to
approximate the corresponding metasolution.

Such strategies have already been shown to be pivotal to compute isolated components
of positive solutions in wide classes of reaction diffusion systems and weighted nonlinear
boundary value problems (e.g., [13,46] and [54]).

Another mechanism to approximate the dynamics of (1.1) through a model exhibiting an
asymptotically bounded population profile, whose level might be designed according to the
region of the inhabiting area, was given in [23] by means of the classical porous medium
equation. Most precisely, in [23] we considered the following differential equation with
nonlinear diffusion

{−�wm = λw− awp in Ω,

w = 0 on ∂Ω,
(8.15)

wherem> 1, in order to obtain the following result, whose proof is omitted here.

THEOREM 8.2. Suppose1<m< p. Then(8.15)possesses a positive solution(unique) if
and only ifλ > 0. Moreover, if we denote it byW[λ,Ω,m], then, setting

θ[λ,Ω,m] :=Wm
[λ,Ω,m],

the following properties are satisfied:
1. limm↓1 θ[λ,Ω,m] = 0 if 0< λ� σ0.

2. limm↓1 θ[λ,Ω,m] = θ[λ,Ω] if σ0< λ< σ1.

3. limm↓1 θ[λ,Ω,m] = Mmin
[λ,Ω\ �Ω0,1]

if σ1 � λ < σ2.

4. limm↓1 θ[λ,Ω,m] = Mmin
[λ,Ω−] if λ� σ2.

Metasolutions have also shown to be extremely relevant in analyzing the dynamics of
very large classes of reaction diffusion systems (cf. [27,49] and [21]), and of very general
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classes of indefinite superlinear parabolic problems, where the weight functiona(x) is
allowed to change sign withinΩ .

In order to sketch how metasolutions arise in the context of indefinite superlinear prob-
lems, supposea satisfies the following

a−1(0)= �Ω0,1 ∪ ∂Ω0,2, a−1((0,∞)
)
=Ω−, a−1((−∞,0)

)
=Ω0,2,

(8.16)

and denote bya+ anda− the positive and negative parts ofa,

a = a+ − a−,

whose supports areΩ− andΩ0,2, respectively. Then, by bringing together the theory devel-
oped in this monograph with the techniques and results of López-Gómez and Quittner [55]
and Quittner and Simondon [64], one can get the following result, which is a sort of sum-
mary of the main findings of [52].

THEOREM 8.3. Suppose(8.16), (2.9),λ > σ1, andu0> 0 satisfies

−�u0 � λu0 − a+up.

Then, the following properties are satisfied:
1. For eachλ ∈ (σ0, σ1), there existsε(λ) > 0 such that‖a−‖C(�Ω0,2)

< ε(λ) implies

lim
t↑∞

u[λ,Ω](·, t;u0)= θ[λ,Ω],

whereθ[λ,Ω] stands for the minimal positive solution of(1.8), whose existence is
guaranteed by Amann and López-Gómez[3].

2. For eachλ ∈ (σ0, σ1), there existsκ(λ) > ε(λ) such thatu[λ,Ω](·, t;u0) blows up
in a finite time if‖a−‖C(�Ω0,2)

> κ(λ). Moreover, the blow up is complete in�Ω0,2
if p− 1> 0 is sufficiently small. Furthermore, in this case, u[λ,Ω](·, t;u0) approxi-
matesMmin

[λ,Ω\ �Ω0,2]
as t ↑ ∞, though, in �Ω0,2, infinity is reached in a finite time.

3. For eachλ ∈ [σ1, σ2), there existsε(λ) > 0 such that‖a−‖C(�Ω0,2)
< ε(λ) implies

lim
t↑∞

u[λ,Ω](·, t;u0)= Mmin
[λ,Ω\ �Ω0,1],

where Mmin
[λ,Ω\ �Ω0,1]

stands for the minimal metasolution of(1.9) supported

in Ω \ �Ω0,1. Note thata(x) changes sign inΩ \ �Ω0,1.
4. For eachλ ∈ [σ1, σ2), there existsκ(λ) > ε(λ) such thatu[λ,Ω](·, t;u0) blows up

in a finite time if‖a−‖C(�Ω0,2)
> κ(λ). Moreover, the blow up is complete in�Ω0,2

if p− 1> 0 is sufficiently small. Furthermore, in this case, u[λ,Ω](·, t;u0) approxi-
matesMmin

[λ,Ω−] as t ↑ ∞, though, in �Ω0,2, infinity is reached in a finite time.
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5. For eachλ � σ2, u[λ,Ω](·, t;u0) blows up in a finite time. Moreover, the blow up
is complete in�Ω0,2 if p − 1 > 0 is sufficiently small. Furthermore, in this case,
u[λ,Ω](·, t;u0) approximatesMmin

[λ,Ω−] as t ↑ ∞, though, in �Ω0,2, infinity is reached
in a finite time.

Consequently, though metasolutions arose in analyzing the most paradigmatic model
of Population Dynamics, they seem to be crucial to understand the role of spatial het-
erogeneities in wide areas of Science and Technology. Undoubtedly, within the next few
years metasolutions will play a significant role in the modern theory of Partial Differential
Equations, where using spatial heterogeneities is imperative in order to get more realistic
models.
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1. Introduction

In this chapter we provide a survey of mathematical results concerning solutions of elliptic
problems with nonlinear boundary conditions. We mean solutions of problems that can be
written in the general form

{
Lu= f (u) inΩ,

Bu= g(u) on∂Ω.
(1.1)

Here, and through this work,Ω is a bounded domain inRN with smooth boundary∂Ω ,
Lu is a second-order elliptic operator andBu is a boundary condition that involves∂

∂ν
, the

outer normal derivative.
Of importance in the study of boundary value problems for differential operators inΩ

are the Sobolev spaces and inequalities. Hence, Sobolev inequalities and their optimal
constants is a subject of interest in the analysis of PDEs and related topics. It has been
widely studied in the past by many authors and is still an area of intensive research. See,
for instance, the book [15] and the survey [50] for recent developments in this field.

When analyzing problems with nonlinear boundary conditions like (1.1) it turns out
that among the Sobolev embeddings the Sobolev trace theorem plays a fundamental role.
Also one is lead to the study of nonlinear boundary conditions when one tries to find out
properties of the Sobolev trace best constant.

Our main interest here is to look closely at this relation between nonlinear boundary
conditions and the Sobolev trace theorem.

Another motivation to study problems with nonlinear boundary conditions comes from
geometry. One is lead to nonlinear boundary conditions when one performs a description
of conformal deformations on Riemannian manifolds with boundary. Look at the results
of Cherrier and Escobar [29,54,55]. In [53] and [105] a geometric problem in the half-
spaceRN+ with nonlinear boundary conditions is studied.

Also, nonlinear boundary conditions appear in a rather natural way in some physical
models. For example, problem (1.1) can be thought of as a model for heat propagation.
In this caseu stands for the temperature and the normal derivative∂u

∂ν
that appears in the

boundary conditionB(u) represents the heat flux. Hence the boundary condition represents
a nonlinear radiation law at the boundary. This kind of boundary conditions appear also in
combustion problems when the reaction happens only at the boundary of the container, for
example, because of the presence of a solid catalyzer, see [99] for a justification. Eigen-
value problems with the eigenvalue placed at the boundary condition,∂u

∂ν
= λu, are studied

since the pioneering work of Steklov, see [115].
There are works that consider fully nonlinear equations likeF(x,u,∇u,D2u)= 0 inΩ

with nonlinear boundary conditions,H(x,u,∇u) = 0 on∂Ω , whereH is assumed to be
strictly increasing with respect to∇u in the normal direction to∂Ω atx. See, for example,
[16] and [89] where viscosity solutions are considered. There are also papers that deal with
higher-order equations, for example in [72] a fourth-order problem is considered. How-
ever, to simplify the exposition, we will be only concerned with second-order problems
like (1.1).
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Elliptic problems,Lu= f (u), with Dirichlet boundary conditions,u|∂Ω = 0, have been
widely treated in the literature, see the survey [44] and references therein. Many of the
known results that hold for Dirichlet boundary conditions have an analogous counterpart
when dealing with nonlinear boundary conditions. However many times the proofs are
different. We will try to emphasize the differences and similitudes between both types
of boundary conditions. Therefore, a strong motivation to study elliptic problems with
nonlinear boundary conditions is to see how the well-established theory for the Dirichlet
problem extends to other situations (as nonlinear boundary conditions) and to develop new
ideas and methods when the available theory is not applicable. These developments may
have consequences for other related problems that do not involve necessarily nonlinear
boundary conditions.

We have to mention that there is a large amount of literature dealing with parabolic
problems with nonlinear boundary conditions. In the last years there has been an increas-
ing interest in the study of blow-up due to reaction at the boundary, both for scalar problems
and for systems, see, for example, the surveys [34,77] and references therein. Often par-
abolic results are related to elliptic results. For example, when every positive solution of
a parabolic problem blows up there cannot exist any positive stationary solution. Hence
we have a nonexistence result of positive solutions for the elliptic problem in this case,
see [30], [31] and [81] for such type of results. The stability properties of a stationary solu-
tion is also a problem to deal with, see, for example, [31] and [39]. Moreover, many times
regularity results for elliptic and parabolic problems are related, see [4].

The References do not escape the usual rule of being incomplete. In general, we have
listed those papers which are more close to the topics discussed here. But, even for those
papers, the list is far from being exhaustive and we apologize for omissions.

Organization of the chapter.The rest of the chapter contains eleven sections. They are
organized by subject, however many times there are relations between them that we will try
to outline. In some cases we will provide full proofs (or at least sketch the main arguments)
in order to give the reader an idea of the involved techniques. In each section a change of
subject or problem will be marked with�.

Section2. In this section we state some preliminaries relating the best Sobolev trace
constant with problems with nonlinear boundary conditions and give some ideas about
regularity results from J. García-Azorero, I. Peral and the author that can be found in [81].

Section3. In this section we see how to adapt usual variational techniques to deal with
nonlinear boundary conditions. We follow ideas from M. Chipot, M. Fila, P. Quittner,
J. García-Azorero, I. Peral, K. Umezu, J. Fernández Bonder and the author, see [31], [32],
[71], [81] and [121].

Section4. We collect some results in the half-space,RN+ , proved by B. Hu, X. Cabre,
M. Chipot, M. Chlebik, I. Shafrir, M. Fila, Y. Park, W. Reichel, J. Sola-Morales,
S. Terracini, Y. Li and M. Zhu, see [24], [30], [33], [87], [93], [106] and [117].

Section5. Here we discuss about the results of A. Ambrosetti, Y. Li, A. Malchiodi,
V. Felli, M. Ahmedou and J.F. Escobar, which have a strong geometrical motivation, the so-
called Yamabe problem for manifolds with boundary. In this geometrical problem the crit-
ical exponent for the Sobolev trace embedding appears. See [5], [53], [54], [55] and [60].
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Section6. In this section we deal with the dependence of the best Sobolev trace constant
on the domain for a subcritical exponent. We focus on families of domains obtained by
expanding or contracting a fixed domain and obtain the asymptotic behavior of the best
Sobolev trace constant. Also we prove that the first eigenvalue of an associated nonlinear
Steklov-like eigenvalue problem is isolated and simple. We collect results of C. Flores,
M. del Pino, S. Martinez, J. Fernández Bonder and the author, [46], [66], [74] and [100].

Section7. We look at symmetry of the extremals for the Sobolev trace embedding. In
particular, we study when the extremals are radial ifΩ is the ball of radiusR, B(0,R).
We report on the results of O. Torne, E. Lami-Dozo, J. Fernández Bonder and the author,
[65] and [92].

Section8. In this section we consider the trace of functions that belong to a Sobolev
space and vanish over some subset ofΩ . We look at the problem of optimizing the best
Sobolev trace constant when varying the subset where the involved functions vanish keep-
ing its area fixed. We follow ideas of J. Fernández Bonder, N. Wolanski and the author, [76].

Section9. Here we look at the Sobolev trace embedding with the critical exponent.
The results presented in this section are mainly due to E. Abreu, P. Carriao, O. Miyagaki,
D. Pierotti, S. Terracini, F. Demengel, M. Motron, M. Chlebik, M. Fila, W. Reichel,
F. Andreu, J. Mazon, J. Fernández Bonder and the author, [1], [11], [35], [47], [75], [104],
[108] and [109]. See also Section 5 for other results that involve the critical exponent.

Section10. Now we study the dependence of the Sobolev trace constant on the exponents
involved. We rely on results of R. Ferreira, J. Fernández Bonder and the author, [64].

Section11. In this section we collect results concerning elliptic systems with nonlinear
boundary conditions, from M. Schechter, W. Zou, S. Li, J. Fernández Bonder, S. Martinez
and the author, see [67], [68], [69], [70], [112] and [125].

Section12. Finally we collect other results for problems with nonlinear boundary
conditions, concerning maximum/antimaximum principle, isoperimetric inequalities, self-
similar profiles for parabolic problems with blow-up, free boundaries, equations involving
maximal monotone graphs and their relation with semigroup theory, resonance problems,
the Fǔcik spectrum at the boundary, etc. In this section we do not provide any proofs and
refer for details to the papers of F. Andreu, D. Arcoya, Ph. Benilan, F. Brock, M. Crandall,
J. Davila, S. Martinez, J.M. Mazon, M. Montenegro, P. Sacks, S. Segura de Leon, J. Toledo
and the author. See [12], [14], [19], [23], [41], [42], [101] and [102].

Notations. We end the Introduction fixing some of the notation that will be used in the
following sections.

Along this chapter there are two measures involved, the usual Lebesgue measure in
Ω ⊂ RN and the surface measure on∂Ω . With dx and dσ we denote the corresponding
N - and(N−1)-dimensional measures. Also we will use the notation|A| for the measure of
the setA in its corresponding dimension, that is, ifA is a set of dimensionr , |A| stands for
ther-dimensional measure ofA. We will call the characteristic function of the setA asχA.

With p∗ = p(N − 1)/(N − p) andp∗ = pN/(N − p) we denote the critical expo-
nents for the Sobolev trace embeddingW1,p(Ω) �→ Lq(∂Ω) and the Sobolev embedding
W1,p(Ω) �→ Lr(Ω). S(Ω,p,q) stands for the best Sobolev trace constant, see Section 2.
Remark that we make explicit the dependence of the constant on the domain and on the
involved exponents. This dependence will be analyzed throughout this work.
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2. Preliminaries

Let us look for a simple example where problems with nonlinear boundary conditions
appear in a very natural way. To this end, let us first remark that in the study of elliptic and
parabolic partial differential equations the Sobolev spaces are a very useful and versatile
tool for their analysis. For general references on Sobolev spaces we cite [2].

Recall that the Sobolev spaceH 1(Ω) is defined as the space ofL2(Ω) functions with
weak first derivatives that also belong toL2(Ω). InH 1(Ω) we have a Hilbert space struc-
ture. We consider the usual norm that comes from the inner product,

〈u,v〉 =
∫

Ω

∇u∇v dx +
∫

Ω

uv dx,

that is,

‖u‖H1(Ω) =
(∫

Ω

|∇u|2 dx +
∫

Ω

|u|2 dx

)1/2

.

Given a smooth function (e.g.,u ∈ C1(�Ω)⊂H 1(Ω)) we can define the restriction to the
boundaryu|∂Ω . It turns out that this restriction operator can be extended from smooth
functions toH 1(Ω) giving a linear continuous operator fromH 1(Ω) to Lr(∂Ω), if
1� r � 2∗ = 2(N − 1)/(N − 2),

T :H 1(Ω)→ Lr(∂Ω).

This result is the very well-known Sobolev trace theorem. See, for example, [2]. The norm
of this operator is given by

S(Ω,2, r) = inf
{
‖u‖2

H1(Ω)
;u ∈H 1(Ω) with ‖u‖2

Lr (∂Ω) = 1
}

= inf
u∈H1(Ω)\H1

0 (Ω)

∫
Ω

|∇u|2 + |u|2 dx

(
∫
∂Ω

|u|r dσ)2/r
. (2.1)

This valueS(Ω,2, r) is known as the best Sobolev trace constant.
For values ofr < 2∗ (subcritical values) we have that the trace operator is a compact

operator, therefore an easy compactness argument proves that there exist extremals, that
is, functions inH 1(Ω) where the norm is attained. These extremals turn out to be weak
solutions of

{
�u= u in Ω,
∂u
∂ν

= λ|u|r−2u on ∂Ω,
(2.2)

whereλ is a Lagrange multiplier.
For a weak solution of (2.2) we understand a functionu ∈H 1(Ω) that verifies

∫

Ω

∇u∇v dx +
∫

Ω

uv dx =
∫

∂Ω

λ|u|r−2uv dσ (2.3)
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for every test functionv ∈ H 1(Ω). Remark that in (2.3) two measures (dx, the volume
measure and dσ , the surface measure) are involved. If we assume the normalization of the
extremal given by‖u‖Lr (∂Ω) = 1, takingv = u in (2.3), we get that the Lagrange multi-
plier is related to the best Sobolev trace constant given by (2.1). It holds,λ= S(Ω,2, r).
Problem (2.2) has associated an energy functional

F(u)= 1

2

∫

Ω

|∇u|2 + |u|2 dx −
∫

∂Ω

λ
|u|r
r

dσ. (2.4)

In fact, critical points of (2.4) inH 1(Ω) are weak solutions of the problem (2.2) in the
weak sense (2.3).

An important case is whenr = 2. In this case (2.2) becomes the linear eigenvalue prob-
lem

{
�u= u in Ω,
∂u
∂ν

= λu on ∂Ω.

Using the compactness of the embeddingH 1(Ω) →֒ L2(∂Ω) it is obtained that there exists
a sequence of eigenvaluesλn → ∞ and the first one corresponds to the best constant that
we are looking for, see [71]. These eigenvalues can be regarded as the eigenvalues of the
Dirichlet to Neumann map for the operator−�+ I acting in the spaceH 1(Ω).

At this point, we have to mention the results of Escobar [57–59] for the Steklov eigen-
value problem

{
�ϕ = 0 inΩ,
∂ϕ
∂ν

= λϕ on ∂Ω.

This problem was introduced by Steklov [115] and was initially studied by
Calderon [25], because the set of eigenvalues for this problem coincides with the eigenval-
ues for the Dirichlet to Neumann map. Escobar proves some estimates and isoperimetric
results for this problem on manifolds.

Going back to the Sobolev trace embedding in full generality, one can consider

W1,p(Ω) �→ Lq(∂Ω),

whereW1,p(Ω) is the usual Sobolev space of functionsu ∈ Lp(Ω) with ∇u ∈ (Lp(Ω))N
endowed with the norm

‖u‖W1,p(Ω) =
(∫

Ω

|∇u|p dx +
∫

Ω

|u|p dx

)1/p

.

Then, problems with nonlinear boundary conditions also appear in a natural way when one
considers the Sobolev trace inequality inW1,p(Ω) andLq(∂Ω),

S‖u‖pLq (∂Ω) � ‖u‖p
W1,p(Ω)

, 1� q � p∗ = p(N − 1)

N − p .
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The best constantS is given by

S(Ω,p,q)= inf
u∈W1,p(Ω)\W1,p

0 (Ω)

∫
Ω

|∇u|p + |u|p dx

(
∫
∂Ω

|u|q dσ)p/q
.

The extremals (if there exist) are weak solutions of
{
�pu= |u|p−2u in Ω,

|∇u|p−2 ∂u
∂ν

= λ|u|q−2u on ∂Ω.
(2.5)

Here,�pu= div(|∇u|p−2∇u) is the well-known operator called thep-Laplacian. Remark
that (2.5) is a quasilinear elliptic problem.

Also in this case we find an eigenvalue problem. Whenq = p, problem (2.5) becomes

{
�pu= |u|p−2u in Ω,

|∇u|p−2 ∂u
∂ν

= λ|u|p−2u on ∂Ω.

This is a nonlinear eigenvalue problem. Also in this case it can be proved that there exists
a sequence of variational eigenvaluesλn → ∞, see [71]. As forp = 2, the first eigenvalue,
which is isolated and simple (see [100]), is related to the best constant for the Sobolev
trace embedding. However, as happens for the eigenvalue problem for thep-Laplacian
with Dirichlet boundary conditions, it is not known if the obtained sequence constitutes
the whole spectrum.

Now, for the sake of completeness, we will provide an answer for the question: Among
the functionsf : ∂Ω → R, which are the trace of a function ofW1,p(Ω)?

To answer this question we have to introduce the fractional Sobolev spaces. We follow
the presentation made by Bourgain, Brezis and Mironescu in [21].

DEFINITION 2.1. For 0< s < 1, we define

W s,p(A)=
{
u ∈ Lp(A): [u]ps,p :=

∫

A

∫

A

|u(x)− u(y)|p
|x − y|N+sp dx dy <∞

}

with the norm‖u‖W s,p(A) = ‖u‖Lp(A) + (p(1− s))1/p[u]s,p.

The quantity[·]s,p is known as the Gagliardo seminorm. The factor(p(1 − s))1/p that
appears in the definition of the norm guarantees that lims→1 ‖u‖W s,p(A) = ‖u‖W1,p(A),
see [21].

Let us consider the quotient spaceW1,p(Ω)/W
1,p
0 (Ω) with the quotient norm‖u‖ =

infu|∂Ω=v|∂Ω ‖v‖W1,p(Ω). We have the following theorem.

THEOREM 2.1. For 1<p <∞, the trace operator

T :
W1,p(Ω)

W
1,p
0 (Ω)

�→W1−1/p,p(∂Ω)
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is a linear homeomorphism.

� Some remarks on regularity.Now we want to state some regularity results for ellip-
tic problems with nonlinear boundary conditions. We are not going to provide the more
general result nor enter into the details of the proofs. However we give a sketch of the
arguments just to look at the ideas involved. Also we have to mention here that we are not
facing any regularity constraints coming from domain regularity, since we are assuming
thatΩ is a smooth domain. See [51] for regularity results in polyhedra.

Let us deal with a solution of

{
−�u+ u= |u|p−2u in Ω,
∂u
∂ν

= λ|u|q−2u on ∂Ω,
(2.6)

with p and q critical or subcritical. Now we proveCα(�Ω) estimates for the solutions
of (2.6), see [81]. We include some details for the sake of completeness.

THEOREM 2.2. Every weak solution of(2.6) with 1 � q � 2(N − 1)/(N − 2), 1 � p �
2N/(N − 2) belongs toCα(�Ω).

First, we deal with the subcritical case. Namely, 1< q < 2(N − 1)/(N − 2), 1< p <
2N/(N −2). The idea is to adapt the classical bootstrapping argument, taking into account
the nonlinear boundary condition. We start by recalling some linear results.

PROPOSITION2.1.
(I) Assume thatg ∈ Lr(Ω) with r > 2N/(N + 2) and letφ ∈ H 1(Ω) be the weak

solution to

{−�φ + φ = g in Ω,
∂φ
∂ν

= 0 on ∂Ω,
(2.7)

then‖φ‖W1,β (Ω) �C‖g‖Lr (Ω) with β =Nr/(N − r) > 2.
(II) Assume thath ∈ Ls(∂Ω) with s > 2(N − 1)/N , and letψ be the weak solution to

problem

{−�ψ +ψ = 0 in Ω,
∂ψ
∂ν

= h on ∂Ω.
(2.8)

Then‖ψ‖W1,γ (Ω) � C‖h‖Ls (∂Ω) with γ =Ns/(N − 1) > 2.

PROOF. Part (I) can be considered as the simplest case of the results in [114]. In this case
the proof is easier: just integrating by parts we find

∣∣∣∣
∫

Ω

∇φ∇ρ dx +
∫

Ω

φρ dx

∣∣∣∣� ‖g‖Lr (Ω)‖ρ‖Lr′ (Ω),
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with 1
r
+ 1
r ′ = 1, and by Sobolev embedding we can take a test functionρ ∈W1,β ′

(Ω) with
β ′ = Nr ′/(N + r ′). As a consequence, using Proposition 1 of [29] we getφ ∈W1,β(Ω)

and ‖φ‖W1,β (Ω) � C‖g‖Lr (Ω), whereβ = Nr/(N − r), and sincer > 2N/(N + 2), it
follows β > 2.

As for part (II), if ψ is the weak solution, multiplying by a regular test function
η ∈ C1(Ω) we get

∣∣∣∣
∫

Ω

∇ψ∇ηdx +
∫

Ω

ψηdx

∣∣∣∣� ‖h‖Ls (∂Ω)‖η‖Ls′ (∂Ω),

where 1
s

+ 1
s′ = 1. Then by density we can takeη ∈ W1,γ (Ω) and therefore, by the

trace theorem,η|∂Ω ∈W1−(1/γ ′),γ ′
(∂Ω)⊂ Lγ ′(N−1)/(N−γ ′)(∂Ω), wheres′ = γ ′(N − 1)/

(N − γ ′), which implies thatγ = Ns/(N − 1). Hence, by Proposition 1 of [29], we get
thatψ ∈W1,γ (Ω) and‖ψ‖W1,γ (Ω) � C‖h‖Ls (∂Ω). This finishes the proof. �

PROOF OFTHEOREM 2.2. We decompose our original problem, takingg = |u|p−2u and
h= λ|u|q−2u, in such a way thatu= φ +ψ , whereφ andψ are the corresponding solu-
tions to the linear problems (2.7) and (2.8).

The idea to prove regularity for solutions of (2.6) is that we can iterate the estimates
in Proposition 2.1, improving from step to step the regularity ofu. The argument is as
follows: We start assumingg ∈ Lr0(Ω) andh ∈ Ls0(∂Ω), where

r0 = 2N

(N − 2)(p− 1)
and s0 = 2(N − 1)

(N − 2)(q − 1)
.

In particular, if r0 > N/2 (that is,p < (N + 2)/(N − 2)) we get an exponentβ0 > N

such thatφ ∈ W1,β0(Ω) ⊂ Cα(�Ω). On the other hand, ifq < N/(N − 2), we get that
ψ ∈W1,γ0(Ω) with γ0>N and in this caseψ ∈ Cα(�Ω). As a consequence, theCα regu-
larity for u is proved in the caseq < N/(N − 2), p < (N + 2)/(N − 2).

If not, in any case we have proved thatu ∈ W1,τ0(Ω) with τ0 = min{β0, γ0} > 2.
Then we can iterate exactly the same calculation as before, starting withg ∈ Lr1(Ω) and
h ∈ Ls1(∂Ω), where

r1 = Nτ0

(N − τ0)(p− 1)
and s1 = (N − 1)τ0

(N − τ0)(q − 1)
.

If r1 and s1 were both large enough (namely,r1 > N/2 ands1 > N − 1), then we have
finished. If not, we get thatu ∈W1,τ1(Ω), where

τ1 =
{
Ns1
N−1 if r1> N

2 ands1 �N − 1,

min
{
Ns1
N−1,

Nr1
N−r1

}
if r1 � N

2 .
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Let us estimate these quantities in terms of the starting exponentτ0. Sinceτ0 > 2, we
have

Ns1

N − 1
= N

(N − τ0)(q − 1)
τ0 �

N

(N − 2)(q − 1)
τ0.

And, on the other hand, it is easy to see that

Nr1

N − r1
= N

p(N − τ0)−N
τ0>

N

p(N − 2)−N τ0.

Therefore (taking into account thatp and q are subcritical) we have proved that there
exists a constantC = C(N,p,q) > 1 such thatτ1 � Cτ0, and, in general,τk � Ckτ0. This
implies that in a finite number of steps we reach thatu ∈W1,τ∗

(Ω) with τ ∗ >N , and hence
u ∈ Cα(�Ω).

Next, we will sketch briefly the arguments in the critical case,p = 2∗. In this case, the
problem comes from the first iteration, since there is no margin to improve directly the
initial exponent, gettingW1,β0(Ω) regularity for someβ0> 2. To overcome this difficulty
we can use a truncation argument by Trudinger (see [120]) which proves that‖u‖Lτ (Ω) �
C(|Ω|,‖u‖Lp∗

(Ω)), whereτ > p∗. The sketch of the argument is as follows: consider the
problem

{
−�u+ u= λ|u|2∗−2u in Ω,
∂u
∂ν

= |u|q−2u on∂Ω,

whereq is subcritical. Assume thatu ∈H 1(Ω), u > 0, is a solution and let us prove that
u ∈ Lτ (Ω) for someτ > 2∗. The main idea is to choose a suitable truncation ofuβ as
test function withβ greater but close to one. After some manipulations, that in our case
involve the Sobolev trace inequality to handle the integrals over the boundary that appear,
we arrive tou ∈ Lβ2∗

(Ω). As β is greater than one this estimate gives the required starting
point, after which the argument follows as in the previous case, getting finallyu ∈ Cα(�Ω).

The caseq = 2∗ with p subcritical can be handled in a similar way. With the argument
given by Trudinger [120], we can begin the iterative procedure and also in this case we get
u ∈ Cα(�Ω). �

From the results of Cherrier [29], we have that weak positive solutions of (2.6)
areC∞(�Ω). See also [4], [84] and [119] for regularity results. Also one can extend the
Cα(�Ω)-regularity of the solutions using arguments based in [114] for more general elliptic
problems like

{
−div

(
a(x)∇v

)
+ v = h in Ω,

a(x) ∂v
∂ν

= g on ∂Ω.

See [14] for the details.
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3. Existence results for an elliptic problem with nonlinear boundary conditions.
A variational approach

To begin the study of existence of solutions to problems with nonlinear boundary condi-
tions let us see how the usual variational techniques can be adapted.

First, we follow the ideas from J. Fernández Bonder and the author, see [71]. We study
the existence of nontrivial solutions for the following problem

{
�pu= |u|p−2u in Ω,

|∇u|p−2 ∂u
∂ν

= f (u) on ∂Ω.
(3.1)

As we explained in the Introduction (see also Section 2), problems of the form (3.1)
appears in a natural way when one considers the Sobolev trace inequality

S1/p‖u‖Lq (∂Ω) � ‖u‖W1,p(Ω), 1� q � p∗ = p(N − 1)

N − p .

In fact, the extremals (if there exists) are solutions of (3.1) forf (u)= λ|u|q−2u.
For weak solutions of (3.1) we understand critical points of the associated energy func-

tional

F(u)= 1

p

∫

Ω

|∇u|p + |u|p dx −
∫

∂Ω

F(u)dσ, (3.2)

whereF ′(u)= f (u).
We fix 1< p < N and look for conditions on the nonlinear termf (u) that provide

us with the existence of nontrivial solutions of (3.1). This functionalF is well defined
andC1 in W1,p(Ω) if f has a critical or subcritical growth, namely|f (u)| � C(1+ |u|q)
with 1 � q � p∗ = p(N − 1)/(N − p). Moreover, in the subcritical case 1< q < p∗,
the immersionW1,p(Ω) →֒ Lq(∂Ω) is compact while in the critical caseq = p∗ is only
continuous, see Section 2.

First, we deal with a superlinear and subcritical nonlinearity. For simplicity we will
consider

f (u)= λ|u|q−2u, (3.3)

whereq verifies 1< q < p∗ = p(N −1)/(N −p). We prove the following theorems using
standard variational arguments together with the Sobolev trace immersion that provide
the necessary compactness. See [79] for similar results for thep-Laplacian with Dirichlet
boundary conditions.

We divide the presentation in three cases according top < q, p = q andp > q.
First, forp < q < p∗ we have the following theorem.

THEOREM 3.1. Let f satisfy (3.3) with p < q < p∗, then there exists infinitely many
nontrivial solutions of(3.1)which are unbounded inW1,p(Ω).
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Now we proceed with a sketch of the proof of Theorem 3.1. We believe that the ideas
involved are illustrative on how to deal with nonlinear boundary conditions from a varia-
tional point of view.

Let us begin with the following lemma that will be helpful in order to prove the Palais–
Smale condition for the functional (3.2).

LEMMA 3.1. Let φ ∈W1,p(Ω)′. Then there exists a unique weak solutionu ∈W1,p(Ω)

of

−�pu+ |u|p−2u= φ. (3.4)

Moreover, the operatorAp :φ �→ u is continuous.

PROOF. Let us observe that weak solutionsu ∈W1,p(Ω) of (3.4) are critical points of the
functional

I (u)= 1

p

∫

Ω

|∇u|p + |u|p dx − 〈φ,u〉,

where〈·, ·〉 denotes the duality paring inW1,p(Ω). Hence, existence and uniqueness are
a consequence of the fact thatI is a weakly lower semicontinuous, strictly convex and
bounded below functional. For the continuous dependence, let us first recall the following
inequality (cf. [113])

(
|x|p−2x − |y|p−2y, x − y

)
�

{
Cp|x − y|p if p � 2,

Cp
|x−y|2

(|x|+|y|)2−p if p � 2,
(3.5)

where(·, ·) denotes the usual scalar product inRm.
Now, givenφ1, φ2 ∈W1,p(Ω)′ let us consideru1, u2 ∈W1,p(Ω) the corresponding so-

lutions of problem (3.4). Then, fori = 1,2 we have

∫

Ω

|∇ui |p−2∇ui(∇u1 − ∇u2)dx

+
∫

Ω

|ui |p−2ui(u1 − u2)− φi(u1 − u2)dx = 0.

Hence, substracting and using inequality (3.5) we obtain, forp � 2,

Cp

∫

Ω

|∇u1 − ∇u2|p + |u1 − u2|p dx

�
〈
(φ1 − φ2), (u1 − u2)

〉

� ‖φ1 − φ2‖W1,p(Ω)′‖u1 − u2‖W1,p(Ω).



324 J.D. Rossi

Therefore,‖Ap(φ1)−Ap(φ2)‖W1,p(Ω) � C(‖φ1 − φ2‖W1,p(Ω)′)
1/(p−1). Now, for the case

p � 2, we first observe that

∫

Ω

∣∣∇(u1 − u2)
∣∣p dx

�

(∫

Ω

|∇(u1 − u2)|2
(|∇u1| + |∇u2|)2−p dx

)p/2(∫

Ω

(
|∇u1| + |∇u2|

)p dx

)(2−p)/2

and
∫

Ω

|u1 − u2|p dx

�

(∫

Ω

|u1 − u2|2
(|u1| + |u2|)2−p dx

)p/2(∫

Ω

(
|u1| + |u2|

)p dx

)(2−p)/2
.

As in the previous case, we get

‖u1 − u2‖W1,p(Ω)

(‖u1‖W1,p(Ω) + ‖u2‖W1,p(Ω))
2−p � C‖φ1 − φ2‖W1,p(Ω)′ . (3.6)

Now we observe that‖ui‖pW1,p(Ω)
� ‖φi‖W1,p(Ω)′‖ui‖W1,p(Ω). Hence, (3.6) becomes

∥∥Ap(φ1)−Ap(φ2)
∥∥
W1,p(Ω)

� C
(
‖φ1‖1/(p−1)

W1,p(Ω)′ + ‖φ2‖1/(p−1)
W1,p(Ω)′

)2−p‖φ1 − φ2‖W1,p(Ω)′

and the proof is finished. �

With this lemma we can verify the Palais–Smale condition forF .

LEMMA 3.2. The functionalF satisfies the Palais–Smale condition.

PROOF. Let (uk)k�1 ⊂W1,p(Ω) be a Palais–Smale sequence, that is a sequence such that

F(uk)→ c and F ′(uk)→ 0. (3.7)

Let us first prove that (3.7) implies that(uk) is bounded. From (3.7) it follows that there
exists a sequenceεk → 0 such that|F ′(uk)w| � εk‖w‖W1,p(Ω) for all w ∈W1,p(Ω). Now
we have

c+ 1 � F(uk)−
1

q
F ′(uk)uk + 1

q
F ′(uk)uk

=
(

1

p
− 1

q

)
‖uk‖pW1,p(Ω)

+ 1

q
F ′(uk)uk
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�

(
1

p
− 1

q

)
‖uk‖pW1,p(Ω)

− 1

q
‖uk‖W1,p(Ω)εk

�

(
1

p
− 1

q

)
‖uk‖pW1,p(Ω)

− 1

q
‖uk‖W1,p(Ω).

Hence,uk is bounded inW1,p(Ω). By compactness we can assume thatuk⇀u weakly in
W1,p(Ω) anduk → u strongly inLq(∂Ω) and a.e. in∂Ω . Then, asp < q < p∗, it follows
that |uk|q−2uk → |u|q−2u in Lp

′
∗(∂Ω) and hence inW1,p(Ω)′. Therefore, according to

Lemma 3.1,uk →Ap(|u|q−2u) in W1,p(Ω). This completes the proof. �

Now we introduce a topological tool, thegenus, see [91].

DEFINITION 3.1. Given a Banach spaceX, we consider the classΣ = {A ⊂ X: A is
closed,A= −A}. Over this class we define the genus,γ :Σ → N ∪ {∞}, as

γ (A)= min
{
k ∈ N: there existsϕ ∈ C

(
A,Rk \ {0}

)
, ϕ(x)= −ϕ(−x)

}
.

We will use the following proposition whose proof can be found in [6].

PROPOSITION3.1 ([6], Theorem 2.23).LetF :X→ R verifying:
(1) F ∈ C1(X) and even.
(2) F verifies the Palais–Smale condition.
(3) There exists a constantr > 0 such thatF(u) > 0 in 0< ‖u‖X < r andF(u)� c > 0

if ‖u‖X = r .
(4) There exists a closed subspaceEm ⊂ X of dimensionm, and a compact set

Am ⊂Em such thatF < 0 onAm and0 lies in a bounded component ofEm −Am
in Em.

LetB be the unit ball inX, we define

Γ =
{
h ∈ C(X,X): h(0)= 0, h is an odd homeomorphism andF

(
h(B)

)
� 0
}

and

Km =
{
K ⊂X: K = −K, K is compact,

andγ
(
K ∩ h(∂B)

)
�m for all h ∈ Γ

}
.

Then

cm = inf
K∈Km

max
u∈K

F(u)

is a critical value ofF , with 0< c � cm � cm+1 <∞. Moreover, if cm = cm+1 = · · · =
cm+r thenγ (Kcm)� r + 1 whereKcm = {u ∈X: F ′(u)= 0,F(u)= cm}.
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PROOF OFTHEOREM 3.1. We need to check the hypotheses of Proposition 3.1. The fact
that F is C1 is a straightforward adaptation of the results in [110]. The Palais–Smale
condition was already checked in Lemma 3.2.

Let us check (3). From the Sobolev trace theorem, we obtain

F(u) = 1

p
‖u‖p

W1,p(Ω)
− λ

q
‖u‖qLq (∂Ω) �

1

p
‖u‖p

W1,p(Ω)
−C λ

q
‖u‖q

W1,p(Ω)

= g
(
‖u‖W1,p(Ω)

)
,

whereg(t)= 1
p
tp −C λ

q
tq . As q > p, (3) follows for r = r(C,λ,p, q) small.

Finally, to verify (4), let us consider a sequence of subspacesEm ⊂W1,p(Ω) of dimen-
sionm such thatEm ⊂Em+1 andu|∂Ω �≡ 0 for u �= 0, u ∈Em. Hence,

min
u∈Bm

∫

∂Ω

|u|q dσ > 0,

whereBm = {u ∈Em: ‖u‖W1,p(Ω) = 1}. Now we observe that

F(tu)�
tp

p
‖u‖W1,p(Ω) −

λtq

q
min
u∈Bm

∫

∂Ω

|u|q dσ < 0

for all u ∈ Bm andt � t0. Therefore, (4) follows by takingAm = t0Bm. �

In order to see that the sequence of critical points ofF that we have found is unbounded
in W1,p(Ω), we need the following result.

LEMMA 3.3. Let (cm)⊂ R be the sequence of critical values given by Theorem3.1.Then
limm→∞ cm = ∞.

PROOF. LetM = {u ∈W1,p(Ω) \ {0}: 1
λp

‖u‖p
W1,p(Ω)

� ‖u‖qLq (∂Ω)}. By the Sobolev trace
theorem, there exists a constantr > 0 such that

r < ‖u‖qLq (∂Ω) ∀u ∈M. (3.8)

Let us define

bm = sup
h∈Γ

inf
{u∈∂B∩Ecm−1}

F
(
h(u)

)
.

It is proved in [6] thatbm � cm, hence to prove our result it is enough to show thatbm → ∞.
Now, bm+1 � infu∈∂B∩Ecm F(h(u)) for all h ∈ Γ . We will constructh̃m ∈ Γ such that

lim
m→∞

inf
u∈∂B∩Ecm

F
(
h̃m(u)

)
= ∞.
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First, let us define the following sequencedm = inf{‖u‖W1,p(Ω): u ∈M ∩Ecm} and observe
that dm → ∞. In fact, if not, there exists a sequenceum ∈ M ∩ Ecm such thatum ⇀ 0
weakly inW1,p(Ω) and thereforeum → 0 inLq(∂Ω), a contradiction with (3.8). Next, let
us considerhm(u)= R−1dmu whereR > 1 is to be fixed. Fromhm we will constructh̃m.
Givenu ∈W1,p(Ω) such thatu|∂Ω �≡ 0, pickβ = β(u) such that

1

λp
‖βu‖p

W1,p(Ω)
= ‖βu‖qLq (∂Ω),

soβu ∈M . If we considerg(t)= F(tu) with u|∂Ω �≡ 0, it is easy to see thatg is increasing
in [0, β(u)] sog achieves its maximum on that interval fort = β(u). Takeu0 ∈ Ecm ∩ B
such thatu0|∂Ω �≡ 0, then forR > 1,

R−1dm � dm � ‖βu0‖W1,p(Ω) = β(u0).

This inequality implies that, for everyR > 1 and for everyu0 ∈ Ecm ∩ B such that
u0|∂Ω �≡ 0, it holds F(hm(u0)) = F(R−1dmu0) � 0. As hm(0) = 0, it follows that
hm(E

c
m ∩ B) ⊂ {u ∈ W1,p(Ω): F(u) � 0}. Therefore,hm|Ecm satisfies the requirements

needed in order to belong toΓ so it comes natural try to extendhm to W1,p(Ω) so it
belongs toΓ . Givenε > 0, considerZε = dmR−1(Ecm ∩ B)+ ε(Em ∩ B). Let us see that
for ε small,Zε ⊂Mc. If not, there exists a sequenceεj → 0 and a sequence(uj ) ⊂M
such thatuj ∈Zεj . In particular,uj is bounded inW1,p(Ω) so we can assume that

uj ⇀u weakly inW1,p(Ω),

uj → u in Lq(∂Ω).

Moreover, asuj ∈M it follows thatu|∂Ω �≡ 0. On the other hand, as‖ · ‖W1,p(Ω) is weakly
lower semicontinuous, we have thatu ∈M and, asεj → 0, u ∈ dmR−1(Ecm ∩ B), a con-
tradiction. So we have proved that there existsε0> 0 such thatZε0 ⊂Mc. This fact allows
us to define

h̃m(u)=
{
hm(u)= dmR−1u if u ∈Ecm,

ε0u if u ∈Em.

Now, if u ∈Em ∩B we haveh̃m(u)= ε0u ∈Zε0 ⊂Mc, then

F
(
h̃m(u)

)
= F(ε0u)=

1

p
‖ε0u‖pW1,p(Ω)

− λ

q
‖ε0u‖qLq (∂Ω)

= λ

q

(
q − 1

λp
‖ε0u‖pW1,p(Ω)

+
(

1

λp
‖ε0u‖pW1,p(Ω)

− ‖ε0u‖qLq (∂Ω)
))

� 0,
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that is, givenu ∈ B if we decomposeu = u1 + u2 with u1 ∈ Ecm andu2 ∈ Em ∩ B, we
obtainh̃m(u)= h̃m(u1)+ h̃m(u2)= dmR−1u1 + ε0u2 ∈ Zε0 ⊂Mc from where it follows
thatF(h̃m(u))� 0 and hencẽhm ∈ Γ .

Finally, we need to prove thatF(h̃m(u))→ ∞ asm→ ∞ for u ∈ ∂B ∩ Ecm, but this
follows from the facts thatdm → ∞, that dm � β(u) for u ∈ B ∩ Ecm and that we can
chooseR large enough. Ifu ∈ ∂B ∩Ecm, h̃m(u)= dmR−1u and

F
(
h̃m(u)

)
= (dmR

−1)p

p
‖u‖p

W1,p(Ω)
− λ(dmR

−1)q

q
‖u‖qLq (∂Ω)

=
(
dmR

−1)p
(

1

p
− λ

q

(
dmR

−1)q−p‖u‖qLq (∂Ω)
)

�
(
dmR

−1)p
(

1

p
− λ

q

(
β(u)R−1)q−p‖u‖qLq (∂Ω)

)

=
(
dmR

−1)p
(

1

p
− Rp−q

pq

)
.

As q > p we conclude that ifR is large enough, thenF(h̃m(u))→ +∞. �

Now we consider the case 1< q < p. Using the genus and that the functionalF verifies
a Palais–Smale condition, we have,

THEOREM 3.2. Let f satisfy(3.3) with 1< q < p, then there exists infinitely many non-
trivial solutions of (3.1)which form a compact set inW1,p(Ω).

The proof of Theorem 3.2 follows from a series of lemmas, the proofs will be omitted
or sketched, see [71] for details.

LEMMA 3.4. For everyn ∈ N there exists a constantε > 0 such that

γ
(
F−ε)� n,

whereFc = {u ∈W1,p(Ω): F(u)� c}.

LEMMA 3.5. The functionalF is bounded below and verifies the Palais–Smale condition.

The following two propositions give us the proof of Theorem 3.2.

PROPOSITION3.2. Let

Σk =
{
A⊂W1,p(Ω) \ {0}: A is closed, A= −A, andγ (A)� k

}
,

whereγ stands for the genus. Then

ck = inf
A∈Σk

sup
u∈A

F(u)
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is a negative critical value ofF and moreover, if c= ck = · · · = ck+r , thenγ (Kc)� r + 1,
whereKc = {u ∈W1,p(Ω): F(u)= c,F ′(u)= 0}.

PROOF. According to Lemma 3.4 for everyk ∈ N there existsε > 0 such thatγ (F−ε)� k.
As F is even and continuous it follows thatF−ε ∈Σk thereforeck � −ε < 0. Moreover,
by Lemma 3.5,F is bounded below sock >−∞. One can see thatck is in fact a critical
value forF . To this end let us suppose thatc = ck = · · · = ck+r . As F is even it follows
thatKc is symmetric. The Palais–Smale condition implies thatKc is compact, therefore if
γ (Kc)� r by the continuity property of the genus (see [110]) there exists a neighborhood
of Kc, Nδ(Kc)= {v ∈W1,p(Ω): d(v,Kc)� δ} such thatγ (Nδ(Kc))= γ (Kc)� r .

By the usual deformation argument, we getη(1,Fc+ε/2 − Nδ(Kc)) ⊂ Fc−ε/2. On the
other hand, by the definition ofck+r , there existsA⊂Σk+r such thatA⊂ Fc+ε/2, hence

η
(
1,A−Nδ(Kc)

)
⊂ Fc−ε/2. (3.9)

Now by the monotonicity of the genus (see [110]), we haveγ (A−Nδ(Kc)) � γ (A) −
γ (Nδ(Kc)) � k. As η(1, ·) is an odd homeomorphism, it follows that (see [110])
γ (η(1,A−Nδ(Kc)))� γ (A−Nδ(Kc))� k. But asη(1,A−Nδ(Kc)) ∈Σk then

sup
u∈η(1,A−Nδ(Kc) )

F(u)� c= ck,

a contradiction with (3.9). �

Now we show that the critical points ofF are a compact set ofW1,p(Ω).

PROPOSITION3.3. The setK = {u ∈W1,p(Ω): F ′(u)= 0} is compact inW1,p(Ω).

PROOF. AsF isC1 it is immediate thatK is closed. Letuj be a sequence inK . We have
that

0= F ′(uj )uj = ‖uj‖pW1,p(Ω)
− λ

∫

∂Ω

|uj |q dσ

� ‖uj‖pW1,p(Ω)
−Cλ‖uj‖qW1,p(Ω)

.

As 1< q < p, we conclude thatuj is bounded inW1,p(Ω). Now we can use Palais–Smale
condition to extract a convergent subsequence. �

In the casep = q, the equation and the boundary condition are homogeneous of the
same degree, so we are dealing with a nonlinear eigenvalue problem. In the linear case,
that is, forp = 2, this eigenvalue problem is known as the Steklov problem [115]. We have
the following result whose proof can be found in [71], we do not provide the details in this
case.
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THEOREM 3.3. Let f satisfy(3.3) with p = q, then there exists a sequence of eigenval-
uesλn of (3.1)such thatλn → +∞ asn→ +∞.

The variational eigenvaluesλk can be characterized by

1

λk
= sup
C∈Ck

min
u∈C

‖u‖pLp(∂Ω)
‖u‖p

W1,p(Ω)

, (3.10)

whereCk = {C ⊂W1,p(Ω);C is compact, symmetric andγ (C) � k} andγ is the genus
(see [91] and Definition 3.1). It is shown in [73] that there exists a second eigenvalue
for (6.4) and that it coincides with the second variational eigenvalueλ2. Moreover, the
following characterization of the second eigenvalueλ2 holds

λ2 = inf
u∈A

{∫

Ω

|∇u|p + |u|p dx

}
,

where A = {u ∈ W1,p(Ω); ‖u‖Lp(∂Ω) = 1 and|∂Ω±| > 0}, with ∂Ω+ = {x ∈ ∂Ω;
u(x) > 0} and∂Ω− defined analogously.

Next we consider the critical growth onf . In this case the compactness of the immersion
W1,p(Ω) →֒ Lp∗(∂Ω) fails, so in order to recover some sort of compactness, in the same
spirit of [22], we consider a perturbation of the critical power, that is,

f (u)= |u|p∗−2u+ λ|u|r−2u= |u|p(N−1)/(N−p)−2u+ λ|u|r−2u. (3.11)

Here we use the concentration–compactness method introduced in [96,97] and follow ideas
from [80]. First, we have the following theorem.

THEOREM 3.4. Let f satisfy(3.11)with p < r < p∗, then there exists a constantλ0> 0
depending onp, r,N andΩ , such that ifλ > λ0, problem(3.1) has at least a nontrivial
solution inW1,p(Ω).

To prove this existence result, since we have lost the compactness in the inclusion
W1,p(Ω) →֒ Lp∗(∂Ω), we can no longer expect the Palais–Smale condition to hold. Any-
way we can prove alocal Palais–Smale conditionthat will hold forF(u) below a certain
value of energy.

Let uj be a bounded sequence inW1,p(Ω) then there exists a subsequence that we still
denoteuj , such that

uj ⇀u weakly inW1,p(Ω),

uj → u strongly inLr(∂Ω),1 � r < p∗,

|∇uj |p⇀ dµ,
∣∣uj |∂Ω

∣∣p∗ ⇀ dη,

weakly-* in the sense of measures. Observe that dη is a measure supported on∂Ω .
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If we considerφ ∈ C∞(�Ω), from the Sobolev trace inequality we obtain, passing to the
limit,

(∫

∂Ω

|φ|p∗ dη

)1/p∗
S1/p

�

(∫

Ω

|φ|p dµ+
∫

Ω

|u|p|∇φ|p dx +
∫

Ω

|φu|p dx

)1/p

, (3.12)

whereS is the best constant in the Sobolev trace embedding theorem. From (3.12) we
observe that, ifu= 0 we get a reverse Hölder-type inequality (but it involves one integral
over∂Ω and one overΩ) between the two measuresµ andη.

Now we state the following lemma due to Lions [96,97].

LEMMA 3.6. Letuj be a weakly convergent sequence inW1,p(Ω) with weak limitu such
that

|∇uj |p⇀ dµ and
∣∣uj |∂Ω

∣∣p∗ ⇀ dη,

weakly-* in the sense of measures. Then there existsx1, . . . , xl ∈ ∂Ω such that
(1) dη= |u|p∗ +∑l

j=1ηj δxj , ηj > 0,

(2) dµ� |∇u|p +∑l
j=1µj δxj , µj > 0,

(3) (ηj )p/p∗ � µj/S.

Next, we use Lemma 3.6 to prove a local Palais–Smale condition.

LEMMA 3.7. Let uj ⊂W1,p(Ω) be a Palais–Smale sequence forF , with energy levelc.
If c < ( 1

p
− 1
p∗ )S

p∗/(p∗−p), whereS is the best constant in the Sobolev trace inequality,

then there exists a subsequenceujk that converges strongly inW1,p(Ω).

PROOF. From the fact thatuj is a Palais–Smale sequence it follows thatuj is bounded
in W1,p(Ω) (see Lemma 3.2). By Lemma 3.6 there exists a subsequence, that we still
denoteuj , such that

uj ⇀u weakly inW1,p(Ω),

uj → u in Lr(∂Ω),1< r < p∗, and a.e. in∂Ω,
(3.13)

|∇uj |p⇀ dµ� |∇u|p +
l∑

k=1

µkδxk ,

∣∣uj |∂Ω
∣∣p∗ ⇀ dη=

∣∣u|∂Ω
∣∣p∗ +

l∑

k=1

ηkδxk .
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Let φ ∈ C∞(RN ) such thatφ ≡ 1 inB(xk, ε), φ ≡ 0 inB(xk,2ε)c and|∇φ| � 2
ε
, where

xk belongs to the support of dη. Consider{ujφ}. Obviously this sequence is bounded
in W1,p(Ω). AsF ′(uj )→ 0 inW1,p(Ω)′, we obtain that〈F ′(uj );φuj 〉 → 0 asj → ∞.
By (3.13), we obtain

lim
j→∞

∫

Ω

|∇uj |p−2∇uj∇φuj dx

=
∫

∂Ω

φ dη+ λ
∫

∂Ω

|u|rφ dσ −
∫

Ω

φ dµ−
∫

Ω

|u|pφ dx.

Now, by Hölder inequality and weak convergence, we obtain

0 � lim
j→∞

∣∣∣∣
∫

Ω

|∇uj |p−2∇uj∇φuj dx

∣∣∣∣

� lim
j→∞

(∫

Ω

|∇uj |p dx

)(p−1)/p(∫

Ω

|∇φ|p|uj |p dx

)1/p

� C

(∫

B(xk,2ε)∩Ω
|∇φ|N dx

)1/N(∫

B(xk,2ε)∩Ω
|u|pN/(N−p) dx

)(N−p)/(pN)

� C

(∫

B(xk,2ε)∩Ω
|u|pN/(N−p) dx

)(N−p)/(pN)
→ 0 as ε→ 0.

Then

lim
ε→0

[∫

∂Ω

φ dη+ λ
∫

∂Ω

|u|rφ dσ −
∫

Ω

φ dµ−
∫

Ω

|u|pφ dx

]
= ηk −µk = 0.

(3.14)

By Lemma 3.6 we have that(ηk)p/p∗S � µk , therefore by (3.14) we get(ηk)p/p∗S � ηk .
Then, eitherηk = 0 or

ηk � Sp∗/(p∗−p). (3.15)

If (3.15) does indeed occur for somek0 then, from the fact thatuj is a Palais–Smale
sequence, we obtain

c = lim
j→∞

F(uj )

= lim
j→∞

F(uj )−
1

p

〈
F ′(uj );uj

〉

�

(
1

p
− 1

p∗

)∫

∂Ω

|u|p∗ dσ +
(

1

p
− 1

p∗

)
Sp∗/(p∗−p)
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+ λ
(

1

p
− 1

r

)∫

∂Ω

|u|r dσ

�

(
1

p
− 1

p∗

)
Sp∗/(p∗−p). (3.16)

As c < ( 1
p

− 1
p∗ )S

p∗/(p∗−p), it follows that
∫
∂Ω

|uj |p∗ dσ →
∫
∂Ω

|u|p∗ dσ and therefore
uj → u in Lp∗(∂Ω). Now the proof finishes using the continuity ofAp. �

PROOF OFTHEOREM3.4. In view of the previous result, we seek for critical values below
levelc. For that purpose, we want to use the mountain pass lemma. Hence we have to check
the following conditions:

(1) There exist constantsR, r > 0 such that if‖u‖W1,p(Ω) =R, thenF(u) > r .
(2) There existsv0 ∈W1,p(Ω) such that‖v0‖W1,p(Ω) >R andF(v0) < r .
Let us first check (1). By the Sobolev trace theorem, we have

F(u) = 1

p
‖u‖p

W1,p(Ω)
− 1

p∗

∫

∂Ω

|u|p∗ dσ − λ

r

∫

∂Ω

|u|r dσ

�
1

p
‖u‖p

W1,p(Ω)
− 1

p∗
Sp∗‖u‖p∗

W1,p(Ω)
− λ

r
C‖u‖r

W1,p(Ω)
.

Let

g(t)= 1

p
tp − 1

p∗
Sp∗ tp∗ − λ

r
Ct r .

It is easy to check thatg(R) > r for someR, r > 0.
(2) is immediate as for a fixedw ∈W1,p(Ω) with w|∂Ω �≡ 0, we have

lim
t→∞

F(tw)= −∞.

Now, the candidate for critical value according to the mountain pass theorem is

c= inf
φ∈C

sup
t∈[0,1]

F
(
φ(t)

)
,

whereC = {φ : [0,1] →W1,p(Ω); continuous andφ(0) = 0, φ(1) = v0}. The problem is
to show thatc < ( 1

p
− 1
p∗ )S

p∗/(p∗−p) in order to apply the local Palais–Smale condition.

We fixw ∈W1,p(Ω) with ‖w‖Lp∗ (∂Ω) = 1, and defineh(t)= F(tw). We want to study
the maximum ofh. As limt→∞ h(t) = −∞ it follows that there exists atλ > 0 such that
supt>0F(tw)= h(tλ). Differentiating we obtain

0= h′(tλ)= tp−1
λ ‖w‖p

W1,p(Ω)
− tp∗−1

λ − t r−1
λ λ‖w‖rLr (∂Ω), (3.17)
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from where it follows that ‖w‖p
W1,p(Ω)

= t
p∗−p
λ + t

r−p
λ λ‖w‖rLr (∂Ω). Hence tλ �

‖w‖p/(p∗−p)
W1,p(Ω)

. From (3.17), astp∗−r
λ + λ‖w‖rLr (∂Ω) → ∞ whenλ→ ∞, we obtain that

lim
λ→∞

tλ = 0. (3.18)

On the other hand, it is easy to check that ifλ > λ̃ it must beF(tλ̃w) � F(tλw), so
by (3.18) we get limλ→∞ F(tλw)= 0. But this identity means that there exists a constant
λ0> 0 such that ifλ� λ0, then

sup
t�0

F(tw) <

(
1

p
− 1

p∗

)
Sp∗/(p∗−p),

and the proof is finished if we choosev0 = t0w with t0 large in order to haveF(t0w) < 0.
�

Now we prove a second result for the critical case.

THEOREM 3.5. Let f satisfy(3.11)with 1< r < p, then there exists a constantλ1 > 0
depending onp, r,N andΩ such that if0< λ < λ1, problem(3.1) has infinitely many
nontrivial solutions inW1,p(Ω).

We begin, as we have done previously, proving a local Palais–Smale condition using
Lemma 3.6.

LEMMA 3.8. Let (uj )⊂W1,p(Ω) be a Palais–Smale sequence forF , with energy levelc.
If c < ( 1

p
− 1
p∗ )S

p∗/(p∗−p) −Kλp∗/(p∗−r), whereK depends only onp, r , N , and |∂Ω|,
then there exists a subsequence(ujk ) that converges strongly inW1,p(Ω).

PROOF. From the fact thatuj is a Palais–Smale sequence it follows thatuj is bounded
in W1,p(Ω) (see Lemmas 3.2 and 3.7).

Now the proof follows exactly as in Lemma 3.7 until we get to

c �

(
1

p
− 1

p∗

)∫

∂Ω

|u|p∗ dσ +
(

1

p
− 1

p∗

)
Sp∗/(p∗−p)

+ λ
(

1

p
− 1

r

)∫

∂Ω

|u|r dσ,

whereu is the weak limit ofuj in W1,p(Ω). Applying Hölder inequality we find

c �

(
1

p
− 1

p∗

)
Sp∗/(p∗−p) +

(
1

p
− 1

p∗

)
‖u‖p∗

Lp∗ (∂Ω)

+ λ
(

1

p
− 1

r

)
|∂Ω|1−r/p∗‖u‖rLp∗ (∂Ω).
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Now, let f (x) = c1x
p∗ − λc2xr . This function reaches its absolute minimum atx0 =

(
λc2r
p∗c1

)1/(p∗−r), that is, f (x) � f (x0) = −Kλp∗/(p∗−r), whereK = K(p,q,N, |∂Ω|).
Hencec � ( 1

p
− 1
p∗ )S

p∗/(p∗−p) −Kλp∗/(p∗−r), which contradicts our hypothesis. There-
fore,

lim
j→∞

∫

∂Ω

|uj |p∗ dσ =
∫

∂Ω

|u|p∗ dσ,

and the rest of the proof is as that of Lemma 3.7. �

We observe, using the Sobolev trace theorem, that

F(u)�
1

p
‖u‖p

W1,p(Ω)
− c1‖u‖p∗

W1,p(Ω)
− λc2‖u‖rW1,p(Ω)

= j
(
‖u‖W1,p(Ω)

)
,

wherej (x)= 1
p
xp−c1xp∗ −λc2xr . Asj attains a local but not a global minimum (j is not

bounded below), we have to perform some sort of truncation. To this end, letx0, x1 be such
thatm< x0<M < x1 wherem is the local minimum ofj andM is the local maximum and
j (x1) > j (m). For these valuesx0 andx1 we can choose a smooth functionτ(x) such that
τ(x)= 1 if x � x0, τ(x)= 0 if x � x1 and 0� τ(x)� 1. Finally, letϕ(u)= τ(‖u‖W1,p(Ω))

and define the truncated functional as follows

F̃(u)= 1

p

∫

Ω

|∇u|p + |u|p dx − 1

p∗

∫

∂Ω

|u|p∗ϕ(u)dσ − λ

r

∫

∂Ω

|u|r dσ.

As above,F̃(u) � j̃ (‖u‖W1,p(Ω)), wherej̃ (x) = 1
p
xp − c1xp∗τ(x)− λc2xr . We observe

that if x � x0 thenj̃ (x)= j (x) and ifx � x1 thenj̃ (x)= 1
p
xp − λc2xr .

Now we state a lemma that contains the main properties ofF̃ .

LEMMA 3.9. F̃ is C1, if F̃(u) � 0 then‖u‖W1,p(Ω) < x0 andF(v) = F̃(v) for everyv
close enough tou. Moreover, there existsλ1> 0 such that, if 0< λ< λ1 thenF̃ satisfies a
local Palais–Smale condition forc� 0.

PROOF. We only have to check the local Palais–Smale condition. Observe that every
Palais–Smale sequence for̃F with energy levelc � 0 must be bounded, therefore by
Lemma 3.8, ifλ verifies 0< ( 1

p
− 1
p∗ )S

p∗/(p∗−p) −Kλp∗/(p∗−r) then there exists a con-
vergent subsequence. �

LEMMA 3.10. For every n ∈ N there existsε > 0 such that γ (F̃−ε) � n, where
F̃−ε = {u, F̃(u)� −ε}.

PROOF. The proof is analogous to that of Lemma 3.4. �

PROOF OFTHEOREM 3.5. The proof is analogous to that of Theorem 3.2, here we use
Lemmas 3.8 and 3.10 instead of Lemmas 3.5 and 3.4, respectively, to work with the func-
tional F̃ and Lemma 3.9 to conclude onF . �
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Next, we deal with supercritical growth onf . More precisely, we study a subcritical
perturbation of the supercritical power, that is, we consider

f (u)= λ|u|q−2u+ |u|r−2u, (3.19)

with q � p∗ > r > p. In this case, not only the compactness fails but also the func-
tionalF is not well defined inW1,p(Ω), so we have to perform a truncation in the nonlinear
termλ|u|q−2u following ideas from [27]. For this case we have the following theorem.

THEOREM 3.6. Let f satisfy(3.19)with q � p∗ > r > p, then there exists a constantλ2
depending onp,q, r,N andΩ such that if0< λ < λ2, problem(3.1) has a nontrivial
positive solution inW1,p(Ω)∩L∞(∂Ω).

PROOF OFTHEOREM 3.6. Let us consider the following truncation of|u|q−2u

h(u)=





0, u < 0,

uq−1, 0� u <K,

Kq−rur−1, u�K.

Thenh verifiesh(u)�Kq−rur−1. So we consider the truncated problem

{
�pu= up−1 in Ω,

|∇u|p−2 ∂u
∂ν

= λh(u)+ ur−1 on ∂Ω,
(3.20)

and we look a positive nontrivial solution of (3.20) that satisfiesu � K . Such a solution
will be a nontrivial positive solution of (3.1).

To this end, we consider the truncated functional

Fλ(u)=
1

p

∫

Ω

|∇u|p + |u|p dx − λ
∫

∂Ω

H(u)dσ −
∫

∂Ω

|u|r
r

dσ, (3.21)

whereH(u) verifiesH ′(u)= h(u).
One can check that here exists a mountain pass solutionu= uλ for (3.20), that is, a crit-

ical point ofFλ with energy levelcλ. One can easily check that this least energy solutionu

is positive. Moreover, the energy levelcλ is a decreasing function ofλ, so we have that
Fλ(u)= cλ � c0. Now, using (3.21), (3.20) and thatH(u)� 1

r
h(u)u we have that

c0 � Fλ(u)=
1

p

∫

Ω

|∇u|p + |u|p dx − λ
∫

∂Ω

H(u)dσ −
∫

∂Ω

|u|r
r

dσ

�
1

p

∫

Ω

|∇u|p + |u|p dx − 1

r

(
λ

∫

∂Ω

h(u)udσ +
∫

∂Ω

|u|r dσ

)

=
(

1

p
− 1

r

)∫

Ω

|∇u|p + |u|p dx.
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So, asr > p, we obtain‖u‖W1,p(Ω) � C = C(c0,p, r). Now by the Sobolev trace inequal-
ity, we get

‖u‖Ls(∂Ω) � S−1/p‖u‖W1,p(Ω) � C = C(c0,p, r, s,Ω). (3.22)

Let us define

uL(x)=
{
u(x), u(x)� L,

L, u(x) > L.

Multiplying (3.20) byupβL u we get

∫

Ω

|∇u|p−2∇u∇
(
u
pβ
L u
)
dx +

∫

Ω

upu
pβ
L dx

= λ
∫

∂Ω

h(u)uu
pβ
L dσ +

∫

∂Ω

uru
pβ
L dσ.

Therefore, using thath(u)u�Kq−rur and the definition ofuL, we obtain

∫

Ω

|∇u|pupβL dx +
∫

Ω

upu
pβ

L dx �
(
λKq−r + 1

)∫

∂Ω

uru
pβ

L dσ.

Now we setwL = uuβL. Then, we obtain

‖wL‖p
W1,p(Ω)

=
∫

Ω

|∇wL|p + |wL|p dx

� C

(∫

Ω

|∇u|pupβL dx +
∫

Ω

upβpu
p(β−1)
L |∇uL|p dx +

∫

Ω

upu
pβ

L dx

)

� C

(∫

Ω

|∇u|pupβL dx +
∫

Ω

upu
pβ

L dx

)

� C
(
λKq−r + 1

)∫

∂Ω

uru
pβ
L dσ.

Therefore, by Hölder and Sobolev trace inequalities, we get

‖wL‖p
Lp

∗
(∂Ω)

� S−1‖wL‖p
W1,p(Ω)

� C
(
λKq−r + 1

)∫

∂Ω

uru
pβ
L dσ

� C
(
λKq−r + 1

)(∫

∂Ω

up∗ dσ

)(r−p)/p∗(∫

∂Ω

wα
∗
L dσ

)p/α∗

,
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whereα∗ = pp∗
p∗−r+p <p∗. So by (3.22),

‖wL‖p
Lp

∗
(∂Ω)

� C
(
λKq−r + 1

)
‖u‖r−pLp∗ (∂Ω)‖wL‖p

Lα
∗
(∂Ω)

� C
(
λKq−r + 1

)
‖wL‖p

Lα
∗
(∂Ω)

.

Now if uβ+1 ∈ Lα∗
(∂Ω), by the dominated convergence theorem and Fatou’s lemma, we

get‖uβ+1‖pLp∗ (∂Ω) � C(λK
q−r + 1)‖uβ+1‖p

Lα
∗
(∂Ω)

, that is,

‖u‖Lp∗(β+1)(∂Ω) � C
(
λKq−r + 1

)(β+1)/p‖u‖Lα∗(β+1)(∂Ω).

Let κ = p∗
α∗ . Iterating the last inequality we have

‖u‖
Lκ
j α∗ (∂Ω) �C

(
λKq−r + 1

)θ‖u‖Lα∗ (∂Ω).

Using again (3.22) we get‖u‖L∞(∂Ω) � C(λKq−r + 1)θ . Hence, ifK0 > C, for every
K �K0, there existsλ(K) such that ifλ < λ(K) then‖u‖L∞(∂Ω) �K . This result finishes
the proof. �

Now, we give a nonexistence result for (3.1) in the half-spaceRN+ = {x1> 0} (see also
Section 4 for more results inRN+ ) that shows that existence may fail when one consid-
ers critical or subcritical growth in an unbounded domain. This nonexistence result is a
consequence of a Pohozaev-type identity.

THEOREM 3.7. Letf satisfy(3.3)with q � p∗. Letu ∈W1,p(RN+)∩C2(RN+)∩Lq(∂RN+)
be a nonnegative solution of(3.1)such that

∣∣∇u(x)
∣∣|x|N/p → 0 as|x| → +∞.

Thenu≡ 0.

We remark that the decay hypothesis at infinity is necessary, because forp = 2
u(x)= e−x1 is a solution of (3.1) for everyq.

PROOF OFTHEOREM 3.7. First, we multiply the equation byu and integrate by parts to
obtain

∫

R
N
+

|∇u|p + up dx −
∫

∂RN+
uq dx′ = 0. (3.23)

Note that our decaying and integrability assumptions onu justify all the integrations by
parts made along this proof.
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Now we multiply byx∇u and integrate by parts to obtain

−
∫

R
N
+

|∇u|p−2∇u∇(x∇u)dx +
∫

∂RN+
uq−1x∇udx′ = 1

p

∫

R
N
+
x∇up dx.

Hence, further integrations by parts gives us

(
−1+ N

p

)∫

R
N
+

|∇u|p dx − N − 1

q

∫

∂RN+
uq dx′ = N

p

∫

R
N
+
up dx.

Using (3.23) we arrive at

(
−1+ N

p
− N − 1

q

)∫

∂RN+
uq dx′ =

(
−1+ 2N

p

)∫

R
N
+
up dx > 0.

Therefore, ifu is not identically zero, we must haveq > p∗ = p(N − 1)/(N − p) as we
wanted to show. �

� Now we study a convex–concave problem with a nonlinear boundary condition. We
follow [81] and refer to that paper for the proofs, see also [107]. In [108] a similar problem
is studied.

We study the existence of nontrivial solutions for the following problem

{
−�u+ u= |u|p−2u in Ω,
∂u
∂ν

= λ|u|q−2u on ∂Ω.
(3.24)

The study of existence when the nonlinear term is placed in the equation, that is if one
considers a problem of the form−�u = f (u) with Dirichlet boundary conditions, has
received considerable attention, see, for example, [22,80] etc.

We want to remark that we are facing two nonlinear terms in problem (3.24), one in
the equation|u|p−2u, and one in the boundary condition|u|q−2u. Our interest now is to
analyze the interplay between both.

By solutions to (3.24) we understand critical points of the associated energy functional
(defined onH 1(Ω))

F(u)= 1

2

∫

Ω

|∇u|2 + |u|2 dx − 1

p

∫

Ω

|u|p dx − λ

q

∫

∂Ω

|u|q dσ.

This functionalF is well defined andC1 in H 1(Ω) if p andq verify

1< q � 2∗ = 2(N − 1)

N − 2
and 1<p � 2∗ = 2N

N − 2
.

We look for conditions that ensure the existence of nontrivial solutions of (3.24), focus-
ing our attention on the existence of positive ones. We distinguish several cases.
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Convex–concave subcritical case.We suppose that

1< q < 2<p. (3.25)

We want to remark that the new feature of these problems is that we are facing a convex–
concave problem where the convex nonlinearity appears in the equation and the concave
one at the boundary condition. Notice that if we look at the positive solutions of these
problems as the stationary states of the corresponding evolution equation since the right-
hand side of the equation represents a positive reaction term, and the boundary condition
means a positive flux at the boundary, then some absorption is required to reach a nontrivial
equilibrium. In our equation, this is the linear term+u.

First, we assume that the exponents involved are subcritical, that is,

1< q < 2∗ = 2(N − 1)

N − 2
and 1<p < 2∗ = 2N

N − 2
. (3.26)

We have the following theorems that can be proved using standard variational arguments
together with the Sobolev trace immersion that provides the necessary compactness.

THEOREM 3.8. Letp andq satisfy(3.25)and (3.26).Then there existsλ0> 0 such that
if 0< λ< λ0 then problem(3.24)has infinitely many nontrivial solutions.

Now we concentrate on positive solutions for (3.24).

THEOREM 3.9. Let p andq satisfy(3.25)and (3.26).Then there existsΛ> 0 such that
there exist at least two positive solutions of(3.24) for everyλ < Λ, at least one positive
solution forλ=Λ, and there is no positive solution of(3.24)for λ > Λ. Moreover, there
exists a constantC such that‖u‖L∞(Ω) �C for every positive solution.

Critical case. Next we analyze the existence of solution when we have a critical exponent
p = 2∗. Here we use again the concentration–compactness method introduced in [96,97]
and follow some ideas from [80]. In these kind of problems the concentration is a priori
possible on the boundary. This difficulty leads us to use technical estimates that are implicit
in [98].

For 2< q < 2∗ (notice that in this caseq means aconvexterm) we have the following
theorem.

THEOREM 3.10. Letp = 2∗ with 2< q < 2∗, then problem(3.24)has at least a positive
nontrivial solution for everyλ > 0.

And for 1< q < 2, the next one.

THEOREM 3.11. If p = 2∗ with 1< q < 2, then there existsΛ such that problem(3.24)
has at least two positive solutions forλ < Λ, at least one positive solution forλ=Λ and
no positive solution forλ >Λ.
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Further results. Moreover, to obtain existence of solutions we can apply the implicit
function theorem nearλ0 = 0, u0 = 1 to get existence of solutions for anyp andq, but
imposing a restriction on the domain. We have the following result.

THEOREM3.12. Given1<p <∞, letΩ be a domain such that(p−1) /∈ σNeu(−�+I ).
Then, for anyq ∈ (1,∞), there existsλ0 > 0 such that, for everyλ ∈ (0, λ0), there exists
a positive solutionuλ ∈ Cα of (3.24)with uλ → 1 in Cα asλ→ 0. HereσNeu(−�+ I )
stands for the spectrum of−�+ I with homogeneous Neumann boundary conditions.

Finally let us state a result for the remaining case,q = 2. In this case we have a bifurca-
tion problem from the first eigenvalue of a related problem. Letλ1 be the first eigenvalue
of

{−�u+ u= 0 inΩ,
∂u
∂ν

= λu on ∂Ω.

Notice thatλ1 is just the best constant in the Sobolev trace embeddingH 1(Ω) →֒ L2(∂Ω)

in the sense thatλ1‖u‖2
L2(∂Ω)

� ‖u‖2
H1(Ω)

. Then we have the following theorem.

THEOREM3.13. Letq = 2 with 2<p < 2∗. Then there exists a positive solution of(3.24)
if and only if0< λ< λ1.

These ideas can also be applied to

{
−�u+ u= λ|u|q−2u in Ω,
∂u
∂ν

= |u|p−2u on ∂Ω.
(3.27)

For this problem we assume that 1< q < 2< p, that is,p stands for the convex term,
and q for the concave one, andp is subcritical (notice that in this case this means
p < 2(N − 1)/(N − 2)). The results presented here for (3.24) have analogous statements
for (3.27).

� In [52] the system

{
−�pu= λ|u|q−2u+ |u|r−2u in Ω,

δ|∇u|p−2 ∂u
∂ν

+ a(x)|u|p−2u= 0 on ∂Ω

is considered. Hereδ ∈ {0,1}, the functiona is strictly positive and the exponents verify
1< q < p < r < pN/(N − p). The author find the existence of two valuesλ1< λ2 such
that two branches of nonnegative solutions exist forλ ∈ (0, λ2) with the energy of one of
them changing sign atλ1.

� In [31] Chipot, Fila and Quittner studied the problem

{
�u= aup in Ω,
∂u
∂ν

= uq on ∂Ω,
(3.28)
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whenp,q > 1,a > 0. The authors consider the existence of positive solutions, multiplicity,
its symmetry, bifurcations (depending on the parametera) and stability properties. They
give a very complete picture in the one-dimensional case and extend some of the results to
the general case, see also [32] for a more detailed study of the multidimensional case. Let
us present the results for the one-dimensional problem. As it can be noticed the existence
and symmetry of the solutions depend strongly onp andq.

THEOREM 3.14. Denote byE the set of solutions andEs the symmetric solutions
of (3.28).For N = 1 (Ω = (−l, l)) we have five cases:

(1) p > 2q − 1. Thencard(E)= 1,E =Es , for anya > 0.
(2) p = 2q − 1. ThenE = ∅ for 0< a � q andcard(E)= 1,E =Es , for a > q.
(3) q < p < 2q − 1. Then there exist0 < a0 < a1 such that: E = ∅ for a < a0;

card(E) = 1, E = Es , for a = a0; card(E) = 2, E = Es , for a0 < a � a1; card(E) � 4,
even, card(Es)= 2 for a > a1.

(4) p = q. Then there exists0< a1 such that: E = ∅ for 0< a � 1/l; card(E) = 1,
E =Es , for 1/l < a � a1; card(E)= 3, card(Es)= 1 for a > a1.

(5) p < q. Then there exists0< a1 such that: card(E) = 1, E = Es for 0< a � a1;
card(E)= 3, card(Es)= 1 for a > a1.

� In [121] and [122] Umezu studied the problem

{−�u+ c(x)u= λf (u) in Ω,

a(x) ∂u
∂ν

+ b(x)g(u)= 0 on ∂Ω.

It is discussed there the existence and uniqueness of a branch of positive solutions. The
main tools used here are not variational, the results are obtained via the implicit function
theorem and ideas relying on super- and subsolutions.

� In [36,37,103] the problem,

{
−div

(
a(x)|∇u|p−2∇u

)
+ h(x)ur−1 = f (λ, x,u) in Ω,

a(x)|∇u|p−2 ∂u
∂ν

+ b(x)up−1 = θg(x,u) on ∂Ω,

is studied using a bifurcation approach with parametersλ and θ . The authors consider
the subcritical case,p < r < pN/(N − p). They also consider the case of an unbounded
domain using appropriate weighted Sobolev spaces.

4. Problems inRN
+

In this section we consider solutions of elliptic problems with nonlinear boundary condi-
tions inRN+ .

We have already find a nonexistence result inRN+ for subcritical exponents, Theorem 3.7.



Nonlinear boundary conditions 343

Now, let us look for positive solutions of the problem

{
−�u= aup in RN+ ,

− ∂u
xN

= uq on {xN = 0}. (4.1)

Herea � 0 andp,q > 1. It is easy to see that forN = 1 solutions do not exist, also for
N = 2 there is no positive solution of (4.1).

When N � 3 solutions exist for the critical exponentsp = (N + 2)/(N − 2) and
q =N/(N − 2). It was proved in [33] and [93] using the method of moving spheres
(instead of moving planes) that in this case any positive solution has the form

u(x)= α

(|x − x̃|2 + β)(N−2)/2
,

whereα > 0, x̃ = (x̃1, . . . , x̃N ) ∈ RN with x̃N = −α2/(N−2)/(N − 2) andβ = aα4/(N−2)/

(N(N − 2)).
Whena = 0 positive solutions do not exist ifq < N/(N −2), see [87]. Here the moving

planes technique is applied with a plane parallel to thexN direction to prove that the solu-
tion has to depend only in thexN variable and therefore is the zero solution. See also [117]
for symmetry properties of problems with nonlinear boundary conditions inRN+ obtained
via the moving planes device.

In [30] it is proved that positive solutions do exist whenp � (N + 2)/(N − 2) and
q �N/(N − 2). Also it is proved there that solutions do not exist in any of the following
cases:

(i) p � (N + 2)/(N − 2), q �N/(N − 2) with at least one strict inequality,
(ii) p <N/(N − 2),

(iii) q <N/(N − 1).
Moreover, explicit solutions exist whenp = q > N/(N − 2) anda > 0. They have the

form

u(x)= α

(|x − x̃|2)2/(p−1)
,

wherex̃N = − 1
a
(N − 2p/(p− 1)) andα = (−2x̃N/(p− 1))1/(p−1).

The proof of nonexistence in case (i) follows by an application of the moving planes
method, in cases (ii) and (iii) it is a consequence of some blow-up results for parabolic
problems.

The idea of existence is as follows, consider the auxiliary nonlinear eigenvalue problem





−�u= λu+ a|u|p−1u in B+(0,R)=
{
|x|<R

}
∩ RN+ ,

− ∂u
xN

= |u|q−1u on
{
|x|<R,xN = 0

}
,

u= 0 on
{
|x| =R,xN > 0

}
.

The proof comes from the use of Rabinowitz’s theorem that shows that there exists a
branch of solutions(uR, λR) emanating from(0, λ1), 0< λ < λ1, λ1 the first eigenvalue
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of the corresponding linear problem. The fact thatλR is positive is proved by a Pohozaev
identity and used to show thatλR → 0 asR → ∞. It is the Pohozaev identity where
p � (N + 2)/(N − 2) andq � N/(N − 2) are needed. Then, Schauder estimates show
that uR converges along a subsequence to a solution of (4.1) asR → ∞. The proof of
existence finishes by showing some symmetry and monotonicity results that allow us to
conclude that the limitu is nontrivial.

� Escobar [53] and Beckner [18] proved the following sharp trace inequality in the
half-space for the critical exponent,

(∫

∂RN+
|u|2(N−1)/(N−2) dσ

)(N−2)/(N−1)

�
1√

π(N − 2)

[
Ŵ(N − 1)

Ŵ((N − 2)/2)

]1/(N−1)(∫

R
N
+

|∇u|2 dx

)
.

This result has applications in geometry to the Yamabe problem on manifolds with bound-
ary, see Section 5.

� In [106] Park proved the following logarithmic Sobolev trace inequality

∫

∂RN+
|u|2 ln |u|dσ �

N

2
ln

(
AN

∫

R
N
+

|∇u|2 dx

)
.

The result is obtained as a limit case for the best Sobolev trace inequality proved by Escobar
in [53], see Section 5. Also bounds for the best constant in this logarithmic inequality are
proved in [106].

� See also Section 12 and [42] for existence and symmetry results for a problem with a
non-Lipschitz nonlinearity in the half-space.

� Finally, in [24] Cabre and Sola-Morales studied existence and uniqueness of layer
solutions for the problem,

{
�u= 0 in RN+ ,

− ∂u
xN

= f (u) on {xN = 0}. (4.2)

For layer solutions we mean solutions of the formu(x1, . . . , xN ) that are monotone in-
creasing from−1 to 1 in thexi variable withi �=N .

5. Yamabe problem on manifolds with boundary

In this section we describe some results obtained by Escobar [56] concerning the prob-
lem of prescribing the mean curvature of the boundary for a Riemannian manifold. See
also [3]. This problem leads naturally to an elliptic problem with nonlinear boundary con-
ditions. We will only present the geometrical motivation and some results, refereing to [3,5,
53–56,60,85,86] for further references.
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Let (MN , g) be a compact Riemannian manifold with boundary,N � 3. Let g̃ =
u4/(N−2)g be a conformally related metric tog. Now we address the following problem:
Given a functionf on the boundary ofM , can you find a conformally related metricg̃
such that the scalar curvature ofg̃ is zero onM and the mean curvature of∂M with respect
to the metricg̃ is the functionf ?

This problem is equivalent to finding a smooth positive functionu defined onM such
that

{
�u− N−2

4(N−1)Ru= 0 onM,

∂u
∂ν

+ N−2
2 hu= N−2

2 f uN/(N−2) on ∂M,
(5.1)

whereR is the scalar curvature ofM , h is the mean curvature of∂M , andν is the outer
normal vector with respect to the metricg. If we chooseg̃ = u4/(N−2)g, the first equation
in (5.1) says that the metric̃g has zero scalar curvature and the second equation says that
the boundary has mean curvaturef with respect to the metric̃g.

For a functionv ∈ C1( �M) we define the energy associated to our problem as

E(v)=
∫

M

(
|∇v|2 + N − 2

4(N − 1)
Rv2

)
+ N − 2

2

∫

∂M

hv2,

and the Sobolev quotientQ(M,∂M) by

Q(M,∂M)= inf
{
Q(v): v ∈ C1( �M

)
, v �≡ 0 on∂M

}
,

where

Q(v)= E(v)

(
∫
∂M

|v|2(N−1)/(N−2))(N−2)/(N−1)
.

The constraint setC(M) is defined as

C(M)=
{
v ∈ C1( �M

)
:
∫

∂M

f |v|2(N−1)/(N−2) = 1

}
.

We have the following proposition.

PROPOSITION5.1. There is a functionu that realizes the minimum energy inC(M) if

(maxf )(N−2)/(N−1) inf
v∈C

E(v) <
N − 2

2

(
Vol
(
SN−1))1/(N−1)

.

The constant that appear in the right-hand side is the Sobolev constant of the ball in the
Euclidean space.

Now we assume the generic condition that there exists a pointx0 ∈ ∂M where the eigen-
values of the second fundamental form atx0 are not the same. That is to say thatx0 is a
nonumbilic point.
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THEOREM 5.1. LetM be anN -dimensional compact Riemannian manifold with bound-
ary, N > 5. If M has a nonumbilic point on∂M then

Q(M,∂M) <Q
(
B(0,1), ∂B(0,1)

)
,

whereB(0,1) is the ball in the Euclidean space.
Let f verifies that is somewhere positive and achieves a global maximum at a nonum-

bilic point x0 where�f (x0)� C(N)‖π − hg‖2(x0) (π stands for the second fundamental
form), then problem(5.1)has a solution.

For manifolds with positive Sobolev quotient and∂M umbilic we have the following
theorem.

THEOREM 5.2. LetM be anN -dimensional compact Riemannian manifold with bound-
ary,N � 3 andQ(M,∂M) > 0.Assume thatM is locally conformally flat and∂M umbilic.
If M is not conformally diffeomorphic to the ball andf verifies that it is somewhere posi-
tive and achieves a global maximum atx0 ∈ ∂M with ∇kf (x0)= 0 for k = 1, . . . ,N − 2,
then problem(5.1)has a positive smooth solution.

Finally, we state a nonexistence result.

THEOREM 5.3. LetB be theN -dimensional Euclidean ball. LetX be the conformal vec-
tor field on∂B. For a functionf such that

∫

∂B

∇f Ẋ �= 0,

problem(5.1)has no positive solution.

See also [85] and [86] for other existence results assuming that(B(0,1), g) is of positive
type.

� In [5] it is shown that when the metricg is close to the standard metric in the ball then
there exists a positive solution of (5.1).

� In [60] and [61] some a priori estimates on the solutions are given.
� See [124] for existence results for general elliptic operators, may be in nondivergence

form.

6. Dependence of the best Sobolev trace constant on the domain

In this section we deal with the dependence of the best Sobolev trace constant on the
domain.

First, we consider the family of domains given by contraction or expanding a fixed do-
main, that is, forµ> 0 we consider the family of domains

Ωµ = µΩ = {µx;x ∈Ω}.
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The main purpose of this section is to describe the asymptotic behavior of the best
Sobolev trace constantsS(Ωµ,p, q) asµ→ 0+ andµ→ +∞.

As we have mentioned in the preliminaries, for any 1< p < N and 1< q � p∗ =
p(N−1)/(N−p), we have thatW1,p(Ω) →֒ Lq(∂Ω) and hence the following inequality
holds

S‖u‖pLq (∂Ω) � ‖u‖p
W1,p(Ω)

for all u ∈ W1,p(Ω). This is known as the Sobolev trace embedding theorem. The best
constant for this embedding is the largestS such that the above inequality holds, that is,

S(Ω,p,q)= inf
u∈W1,p(Ω)\W1,p

0 (Ω)

∫
Ω

|∇u|p + |u|p dx

(
∫
∂Ω

|u|q dσ)p/q
.

Moreover, if 1< q < p∗ the embedding is compact and as a consequence we have the
existence of extremals, that is, functions where the infimum is attained, see [71]. These
extremals are weak solutions of the following problem

{
�pu= |u|p−2u in Ω,

|∇u|p−2 ∂u
∂ν

= λ|u|q−2u on ∂Ω.

Standard regularity theory, like the one sketched in Section 2, see also [119], and the strong
maximum principle [123], show that any extremalu belongs to the classC1,α

loc (Ω)∩Cα(�Ω)
and that is strictly one signed inΩ , so we can assume thatu > 0 inΩ .

In [46] Flores and del Pino, performed a detailed analysis of the behavior of extremals
and best Sobolev constants in expanding domains forp = 2 andq > 2. Their first result
says that the best Sobolev trace constant in an expanding domain approaches the one in the
half-space and gives an estimate of the error.

THEOREM 6.1. There exists a constantγ = γ (q,N) > 0 such that the following expan-
sion holds

S(µΩ,2, q)= S
(
RN ,2, q

)
− 1

µ
γ max
x∈∂Ω

H(x)+ o

(
1

µ

)

asµ→ +∞. HereH(x) denotes the mean curvature of the boundary atx.

The second result proved in that paper says that the extremals constitute a single bump
at the boundary, whose shape is asymptotically that of an extremal for the half-space trace
theorem. This bump is centered around a point of maximum mean curvature.

THEOREM 6.2. Letyµ be a maximum point ofuµ. Thenxµ = yµ/µ ∈ ∂Ω verifies

H(xµ)→ max
x∈∂Ω

H(x)
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asµ→ +∞. Also, there exist constantsα, β > 0 such thatuµ(y) � αe−β|y−yµ| for all
y ∈ µΩ . Besides, given a sequenceµn → ∞ there exists a subsequence, an extremalw of
S(RN ,2, q) and a rotationQ such that

sup
y∈µnkΩ

∣∣unk (y)−w
(
Q(y − yµnk )

)∣∣→ 0

ask→ ∞.

The main ingredient of the proof is to obtain some information on the limit problem

{
�w =w in RN+ ,
∂w
∂ν

=wp on∂RN+ .

For this problem we have the existence of a least energy solution that verifies the decay
estimate|w(x)| + |∇w(x)| � C1e−C2|x|. See also Section 4 for more results for problems
with nonlinear boundary conditions inRN+ .

Let us go back to our general problemW1,p(Ωµ) �→ Lq(∂Ωµ). Now we deal with the
case of contractions,µ→ 0+. As we will see the behavior of the Sobolev constant and
extremals is very different when the domain is contracted than when it is expanded.

Let us calluµ an extremal corresponding toΩµ. Making a change of variables, we go
back to the original domainΩ . If we definevµ(x)= uµ(µx), we have thatvµ ∈W1,p(Ω)

and

S(Ωµ,p, q)= µ(Nq−Np+p)/q
∫
Ω
µ−p|∇vµ|p + |vµ|p dx

(
∫
∂Ω

|vµ|q dσ)p/q
. (6.1)

We can assume, and we do so, that the functionsuµ are normalized so that

∫

∂Ω

|vµ|q dσ = 1.

We remark that the quantity (6.1) is not homogeneous under dilations or contractions
of the domain. This is a remarkable difference with the study of the Sobolev embedding
W

1,p
0 (Ω) →֒ Lq(Ω).
The first result of Fernández Bonder and the author in [74] is the following theorem.

THEOREM 6.3. Let 1< q < p∗. Then

lim
µ→0+

S(Ωµ,p, q)

µ(Nq−Np+p)/q = |Ω|
|∂Ω|p/q , (6.2)

and if we scale the extremalsuµ to the original domainΩ asvµ(x)= uµ(µx), x ∈Ω , with
‖vµ‖Lq (∂Ω) = 1, thenvµ is nearly constant in the sense thatvµ → |∂Ω|−1/q inW1,p(Ω).
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Observe that the behavior of the Sobolev trace constant, strongly depends onp andq. If
we callβpq = (Nq −Np+ p)/q then we have that, asµ→ 0+,

S→





0 if βpq > 0,

+∞ if βpq < 0,

C �= 0 if βpq = 0.

Let us remark that the influence of the geometry of the domain appears in (6.2).
An idea of the proof of Theorem 6.3 runs as follows. Let us begin by the simple obser-

vation that, takingu≡ 1 as a test function in (6.1), it follows that

S(Ωµ,p, q)� µ
(Nq−Np+p)/q |Ω|

|∂Ω|p/q . (6.3)

This shows that the ratioS(Ωµ,p, q)/µ(Nq−Np+p)/q is bounded. So a natural question
will be to determine if it converges to some value. This is answered in Theorem 6.3 that
we prove next.

PROOF OFTHEOREM 6.3. Letuµ ∈W1,p(Ωµ) be a extremal forS(Ωµ,p, q) and define
vµ(x) = uµ(µx), we have thatvµ ∈W1,p(Ω). We can assume that the functionsuµ are
chosen so that

∫

∂Ω

|vµ|q dσ = 1.

Equations (6.1) and (6.3) give, forµ< 1,

‖vµ‖p
W1,p(Ω)

�

∫

Ω

µ−p|∇vµ|p + |vµ|p dx �
|Ω|

|∂Ω|p/q ,

so there exists a functionv ∈W1,p(Ω) and a sequenceµj → 0+ such that

vµj ⇀v weakly inW1,p(Ω),

vµj → v in Lp(Ω),

vµj → v in Lq(∂Ω).

Moreover,

∫

Ω

|∇vµ|p dx �
|Ω|

|∂Ω|p/q µ
p.
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Hence∇vµ → 0 in Lp(Ω). It follows that the limit v is a constant and must verify∫
∂Ω

|v|q = 1, hencev = const= |∂Ω|−1/q and so the full sequencevµ converges weakly
in W1,p(Ω) to v. From our previous bounds we have

vµ → 1

|∂Ω|1/q in Lp(Ω) and
∫

Ω

|∇vµ|p dx→ 0.

Therefore, we have strong convergence,vµ → |∂Ω|−1/q in W1,p(Ω). The proof is fin-
ished. �

In the special casep = q, the problem,

{
�pu= |u|p−2u in Ω,

|∇u|p−2 ∂u
∂ν

= λ|u|q−2u on ∂Ω,
(6.4)

becomes a nonlinear eigenvalue problem. Forp = 2, this eigenvalue problem is known
as the Steklov problem [115]. In [71] it is proved, applying the Ljusternik–Schnirelman
critical point theory onC1 manifolds, that there exists a sequence of variational eigen-
valuesλk ր +∞, see Section 3. It is easy to see that the first eigenvalueλ1(Ω) veri-
fiesλ1(Ω)= S(Ω,p,p). So Theorem 6.3 shows a difference in the behavior of the first
eigenvalue of (6.4) withp = q with respect to the domain with the behavior of the first
eigenvalue of the following Dirichlet problem

{−�pu= λ|u|p−2u in Ω,

u= 0 on ∂Ω,

where it is a well-known fact thatλ1 increases as the domain decreases, see [79]. Recall
from Section 3 that variational eigenvaluesλk of (6.4) are characterized by

1

λk
= sup
C∈Ck

min
u∈C

‖u‖pLp(∂Ω)
‖u‖p

W1,p(Ω)

,

whereCk = {C ⊂W1,p(Ω);C is compact, symmetric andγ (C)� k} andγ is the genus.
It is shown in [72] that there exists a second eigenvalue for (6.4) and that it coincides
with the second variational eigenvalueλ2. Moreover, the following characterization of the
second eigenvalueλ2 holds

λ2 = inf
u∈A

{∫

Ω

|∇u|p + |u|p dx

}
,

where A = {u ∈ W1,p(Ω); ‖u‖Lp(∂Ω) = 1 and |∂Ω±| � c}, with ∂Ω+ = {x ∈ ∂Ω;
u(x) > 0} and∂Ω− is defined analogously. Concerning the eigenvalue problem, we have
the following result.
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THEOREM 6.4. There exists a constantλ̃2 such that

lim
µ→0+

µp−1λ2(Ωµ)= λ̃2.

This constant̃λ2 is the first nonzero eigenvalue of the following problem

{
�pu= 0 in Ω,

|∇u|p−2 ∂u
∂ν

= λ̃|u|p−2u on ∂Ω.
(6.5)

Moreover, if we take an eigenfunctionu2,µ associated toλ2(Ωµ) and scale it toΩ as in
Theorem6.3,we obtain thatv2,µ → ṽ2 in W1,p(Ω), whereṽ2 is an eigenfunction of(6.5)
associated tõλ2. Also, every eigenvalueλ2(Ωµ)� λ(Ωµ)� λk(Ωµ) of (6.4) (variational
or not) behaves asλ(Ωµ)∼ µ1−p asµ→ 0+. Finally, if µj → 0 andλj = λ(Ωµj ) is a
sequence of eigenvalues such that there existsλ with

lim
j→∞

µ
p−1
j λj = λ.

Let (vj ) be the sequence of associated eigenfunctions rescaled as in Theorem6.3, then
(vj ) has a convergent subsequence(vjk ) and a limit v, that is, an eigenfunction of(6.5)
with eigenvalueλ.

Observe that the first eigenvalue of (6.5) is zero with associated eigenfunction a con-
stant. Hence, Theorem 6.3 says that the first eigenvalue and the first eigenfunction of our
problem (6.4) converges to the ones of (6.5). Theorem 6.4 says thatλ(Ωµ)→ +∞ as
µ→ 0+ for the remaining eigenvalues and that problem (6.5) is a limit problem for (6.4)
whenµ→ 0+.

Since we are dealing with the eigenvalue problem, let us prove the isolation and simplic-
ity for the first eigenvalue of thep-Laplacian with a nonlinear boundary condition. This
result was proved by Martinez and the author and is contained in [100]. So, let us study the
first eigenvalue for the following problem

{
�pu= |u|p−2u in Ω,

|∇u|p−2 ∂u
∂ν

= λ|u|p−2u on ∂Ω.
(6.6)

We have the following result, similar to the one known for Dirichlet boundary condi-
tions [7].

THEOREM 6.5. λ1 is isolated and simple.

We remark that this theorem says that the extremals of the Sobolev trace inequality are
unique up to multiplication by a real number. In the special case of a ball,Ω = B(0,R),
our result implies that the first eigenfunction is radial. In fact, ifu1(x) is an eigenfunction
associated toλ1 andθ(x) is any rotation thenu1(θ(x)) is also an eigenfunction, by our
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result we have thatu1(x)= u1(θ(x)). We conclude thatu1 must be radial. Also from our
results it follows that any other eigenvalue has nonradial eigenfunctions as they have to
change sign on the boundary (see Lemma 6.4).

Now we prove Theorem 6.5. To clarify the exposition, we will divide the proof in several
lemmas.

LEMMA 6.1. Letu1 be an eigenfunction with eigenvalueλ1, thenu1 does not change sign
onΩ . Moreover, if u1 isC1,α(Ω), it does not vanish on�Ω .

PROOF. Recall that

λ1 = inf
u∈W1,p(Ω)

{∫

Ω

|∇u|p + |u|p dx,
∫

∂Ω

|u|p dσ = 1

}
. (6.7)

Hence ifu1 is a minimizer, we have that|u1| is also a minimizer of (6.7). By the maxi-
mum principle (see [123]), we have that|u1|> 0 inΩ . Assume thatu1 is regular and that
there existsx0 ∈ ∂Ω such thatu1(x0) = 0. By the Hopf lemma (see [123]) we have that
the normal derivative has strict sign,∂|u1|

∂ν
(x0) < 0, but the boundary condition imposes

∂|u1|
∂ν
(x0)= 0, a contradiction, that proves that|u1|> 0 in �Ω . The result follows. �

Now we state an auxiliary lemma, whose proof can be found in [95].

LEMMA 6.2. (a)Letp � 2. Then for allξ1, ξ2 ∈ RN ,

|ξ2|p � |ξ1|p + p|ξ1|p−2〈ξ1, ξ2 − ξ1〉 +C(p)|ξ1 − ξ2|p.

(b) Letp < 2. Then for allξ1, ξ2 ∈ RN ,

|ξ2|p � |ξ1|p + p|ξ1|p−2〈ξ1, ξ2 − ξ1〉 +C(p) |ξ1 − ξ2|p
(|ξ2| + |ξ1|)2−p ,

whereC(p) is a constant depending only onp.

LEMMA 6.3. λ1 is simple. Let u, v be two eigenfunctions associated withλ1, then there
existsc such thatu= cv.

PROOF. By Lemma 6.1 we can assume thatu, v are positive inΩ . We perform the fol-
lowing calculations assuming thatu, v are strictly positive in�Ω , to obtain our result we
can consideru+ ε andv + ε and letε→ 0 at the end as in [95]. Therefore we can take
η1 = (up− vp)/up−1 andη2 = (vp−up)/vp−1 as test functions in the weak form of (6.6)
satisfied byu andv, respectively. We have

∫

Ω

|∇u|p−2∇u∇
(
up − vp
up−1

)
dx

= λ
∫

∂Ω

|u|p−2u

(
up − vp
up−1

)
dσ −

∫

Ω

|u|p−2u

(
up − vp
up−1

)
dx
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and
∫

Ω

|∇v|p−2∇v∇
(
vp − up
vp−1

)
dx

= λ
∫

∂Ω

|v|p−2v

(
vp − up
vp−1

)
dσ −

∫

Ω

|v|p−2v

(
vp − up
vp−1

)
dx.

Adding both equations we get

0=
∫

Ω

|∇u|p−2∇u∇
(
up − vp
up−1

)
dx +

∫

Ω

|∇v|p−2∇v∇
(
vp − up
vp−1

)
dx.

(6.8)

Using that

∇
(
up − vp
up−1

)
= ∇u− pv

p−1

up−1
∇v+ (p− 1)

vp

up
∇u,

we obtain that the first term of (6.8) is

∫

Ω

|∇u|p−2∇u∇
(
up − vp
up−1

)
dx

=
∫

Ω

|∇u|p − p
∫

Ω

vp−1

up−1
|∇u|p−2∇v∇udx +

∫

Ω

(p− 1)
vp

up
|∇u|p dx

=
∫

Ω

|∇ lnu|pup dx − p
∫

Ω

vp|∇ lnu|p−2〈∇ lnu,∇ lnv〉uv dx

+
∫

Ω

(p− 1)|∇ lnu|pvp dx.

We also have an analogous expression for the second term of (6.8). Using both expressions
we get that (6.8) becomes

0 =
∫

Ω

(
up − vp

)(
|∇ lnu|p − |∇ lnv|p

)
dx

− p
∫

Ω

vp|∇ lnu|p−2〈∇ lnu,∇ lnv − ∇ lnu〉dx

− p
∫

Ω

up|∇ lnv|p−2〈∇ lnv,∇ lnu− ∇ lnv〉dx.

Takingξ1 = ∇ lnu andξ2 = ∇ lnv and using Lemma 6.2 we get, forp � 2,

0�

∫

Ω

C(p)|∇ lnu− ∇ lnv|p
(
up + vp

)
dx.
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Hence, 0= |∇ lnu− ∇ lnv|. This implies thatu = kv as we wanted to prove. Forp < 2
we use the second part of Lemma 6.2 as above. �

Now we turn our attention to the proof of the isolation of the first eigenvalue. In order to
prove this we need the following nodal result.

LEMMA 6.4. Letw be an eigenfunction corresponding toλ �= λ1. Thenw changes sign
on ∂Ω , that is, w+ |∂Ω �= 0 andw−|∂Ω �= 0. Moreover, there exists a constantC such that

∣∣∂Ω+∣∣� Cλ−β ,
∣∣∂Ω−∣∣� Cλ−β , (6.9)

where∂Ω+ = ∂Ω ∩ {w > 0}, ∂Ω− = ∂Ω ∩ {w < 0}, β = (N − 1)/(p− 1) if 1< p <N
andβ = 2 if p �N . Here |A| denotes the(N − 1)-dimensional measure of a subsetA of
the boundary.

PROOF. Assume thatw does not change sign inΩ , then we can assume thatw > 0 inΩ
using ideas similar to those of Lemma 6.1. Letu1 be a positive eigenfunction associated
to λ1. Making similar computations as the ones performed in the proof of Lemma 6.3 we
arrive at

(λ1 − λ)
∫

∂Ω

(
u
p

1 −wp
)
dσ � C

∫

Ω

|∇ lnw− ∇ lnu1|p
(
u
p

1 +wp
)
dx � 0.

Therefore if we takekw instead ofw we get that, for everyk > 0, we have

∫

∂Ω

(
u
p

1 − kpwp
)
dσ � 0,

a contradiction if we take

kp
(∫

∂Ω

wp dσ

)
<

(∫

∂Ω

u
p

1 dσ

)
.

Thereforew changes sign inΩ and by the maximum principle [123], alsow changes sign
in ∂Ω . Let us usew− as test function in the weak form of (6.6) satisfied byw to obtain

∫

Ω

|∇w−|p dx +
∫

Ω

|w−|p dx = λ
∫

∂Ω∩{w<0}
|w−|p dσ.

Hence,

‖w−‖p
W1,p(Ω)

� λ

(∫

∂Ω

|w−|pα dσ

)1/α∣∣∂Ω−∣∣1/β .

If 1 < p < N we chooseα = (N − 1)/(N − p) and β = (N − 1)/(p − 1). Now, we
use the trace theorem to get that there exists a constantC such that‖w−‖pLpα(∂Ω) �
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C‖w−‖p
W1,p(Ω)

. If p � N we chooseα = β = 2 and we argue as before using that

W1,p(Ω) →֒L2p(∂Ω). A similar argument works forw+. �

With these lemmas we can prove the isolation ofλ1.

LEMMA 6.5. λ1 is isolated, that is, there existsa > λ1 such thatλ1 is the unique eigen-
value in[0, a].

PROOF. From the characterization ofλ1 it is easy to see thatλ1 � λ for every eigenvalueλ.
Assume thatλ1 is not isolated, then there exists a sequenceλk with λk > λ1, λk ց λ1. Let
wk be an eigenfunction associated toλk , we can assume that‖wk‖W1,p(Ω) = 1. Therefore
we can extract a subsequence (that we still denote bywk) such thatwk → u1 in Lp(∂Ω).
Let us defineφk ∈ (W1,p(Ω))′ as

φk(u)= λk
∫

∂Ω

|wk|p−2wkudσ

andφ ∈ (W1,p(Ω))′ by

φ(u)= λ1

∫

∂Ω

|u1|p−2u1udσ.

From theLp(∂Ω) convergence ofwk to u1 we get thatφk converges toφ in (W1,p(Ω))′.
Using the continuity ofAp given by Lemma 3.1 we get that the sequencewk converge
strongly inW1,p(Ω). Therefore, passing to the limit in the weak form of (6.6) we get
thatu1 is an eigenfunction with eigenvalueλ1. By Lemma 6.1 we can assume thatu1> 0
on ∂Ω . By Egorov’s theorem we can find a subsetAε of ∂Ω such that|Aε| < ε and
wk → u1 > 0 uniformly in ∂Ω \ Aε. This contradicts the fact that, by (6.9), we have,
for everyk, |∂Ω−

k | = ∂Ω ∩ {wk < 0} � Cλ
−(N−1)/(p−1)
k . This result completes the proof.

�

Now, we go back to our original problem, the asymptotic behavior of the best Sobolev
trace constant when considered over the familyΩµ.

Let us look now to the caseµ→ +∞. In this case we find, as before, that the behavior
strongly depends onp andq. We prove the following theorem.

THEOREM 6.6. Letβpq = (qN − pN + p)/q. It holds:
(1) If 1< q < p, 0< c1µβpq−1 � S(Ωµ,p, q)� c2µ

βpq−1.
(2) If p � q < p∗, 0< c1 � S(Ωµ,p, q)� c2<∞.

For the lower bound in(2) in the casep < q < p∗, we have to assume that the correspond-
ing extremalsvµ rescaled such thatmax�Ω vµ = 1 verify |∇vµ| � Cµ. Moreover, for all
cases, we have that the corresponding extremalsuµ rescaled as in Theorem6.3 concen-
trates at the boundary, in the sense that

∫

Ω

|vµ|p dx �Cµ−βpq → 0 asµ→ +∞ if q � p,
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and

∫

Ω

|vµ|p dx � Cµ−1 → 0 asµ→ +∞ if q < p,

with

∫

∂Ω

|vµ|q dσ = 1.

As before, the behavior of the Sobolev trace constant depends onp andq. We have that,
asµ→ +∞,

S→ 0 if βpq − 1< 0, i.e.,q < p,

0< c1 � S � c2<∞ if βpq − 1� 0, i.e.,q � p.

The hypothesis|∇vµ| � Cµ is a regularity assumption, see [29] and [119] for regularity
results. As a consequence we have that the extremals do not develop a peak if 1< q < p

as in this case we have that

c1 �

∫

∂Ω

|vµ|p dσ � c2

and

∫

∂Ω

|vµ|q dσ = 1.

Forp = q it is proved in [100] that the first eigenvalueλ1(Ωµ)= S(Ωµ,p,p) is isolated
and simple, see Theorem 6.5. As a consequence of this ifΩ is a ball, the extremalvµ is
radial and hence it does not develop a peak. Finally, forq > p the extremals develop peak-
ing concentration phenomena in the sense that, for everya > 0, ap|∂Ω ∩ {vµ > a}| → 0
asµ→ +∞, with max�Ω vµ = 1. This is in concordance with the results of [46] where for
p = 2, q > 2 they find that the extremals concentrate, with the formation of a peak near a
point of the boundary where the curvature maximizes. We believe that forq > p, extremals
develop a single peak as in the casep = 2. Nevertheless that kind of analysis needs some
fine knowledge of the limit problem inRN+ that is not yet available for thep-Laplacian.

Let us give an idea of the proof of the lower bounds. In the casep = q we can obtain
the lower bound by an approximation procedure. We replaceW1,p(Ω) by an increasing
sequence of subspaces in the minimization problem. Then we prove a convergence result
and find a uniform bound from below for the approximating problems. We believe that this
idea can be used in other contexts. For the caseq > p we use our assumption|∇vµ| � Cµ
to prove a reverse Hölder inequality for the extremals on the boundary that allows us to
reduce to the casep = q.

Finally, for largeµ, in the casep = q we can prove that every eigenvalue is bounded.
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THEOREM 6.7. Let λ1(Ωµ) � λ(Ωµ) � λk(Ωµ) be an eigenvalue of(6.4) in Ωµ (vari-
ational or not). Then there exists two constants, C1,C2 > 0, independent ofµ such that
0<C1 � λ(Ωµ)�C2<+∞ for everyµ large.

Now we continue our study of the dependence of the best constantS(Ω,p,q) and ex-
tremals on the domain by considering the best Sobolev constant in thin domains. Now we
consider a different family of domains. LetN = n+ k and define the family

Ωµ =
{
(µx, y) | (x, y) ∈Ω, x ∈ Rn, y ∈ Rk

}
.

Remark that for small values ofµ,Ωµ is a narrow domain in thex direction.
Our first result shows that, when the domain is very narrow, the problem of looking at

the trace of a function is equivalent, in some sense, to the problem of the immersion of the
function in the projection of the domain over they variables. More precisely, we define the
projection

P(Ω)=
{
y ∈ Rk

∣∣ ∃x ∈ Rn with (x, y) ∈Ω
}

and consider the weighted Sobolev embeddingW1,p(P (Ω),α) →֒ Lq(P (Ω),β) with as-
sociated best constant given by

�Sα,β
(
P(Ω),p,q

)
= inf
v∈W1,p(P (Ω),α)

∫
P(Ω)

(|∇v|p + |v|p)α(y)dy
(
∫
P(Ω)

|v|q β(y)dy)p/q .

We have the following theorem.

THEOREM 6.8. Let 1 � q < p∗. Then there exist two nonnegative weightsα,β ∈
L∞(P (Ω)) such that

lim
µ→0+

S(Ωµ,p, q)

µ(nq−np+p)/q = �Sα,β
(
P(Ω),p,q

)

and if we scale the extremalsuµ of S(Ωµ,p, q) to the original domainΩ asvµ(x, y)=
uµ(µx, y), (x, y) ∈Ω , normalized as‖uµ‖q

Lq (∂Ωµ)
= µn−1, thenvµ → v = v(y) strongly

in W1,p(Ω), wherev ∈W1,p(P (Ω),α) is an extremal for�Sα,β(P (Ω),p, q).

We want to remark that the weightsα andβ can be determined in terms of the geometry
of Ω . In fact,α(y)= |Ωy | whereΩy is the section at levely of Ω .

To clarify the content of the result, assume thatΩ is a product,Ω =Ω1 ×Ω2 where
Ω1 ⊂ Rn andΩ2 ⊂ Rk . ThenΩµ = µΩ1 ×Ω2 = {(µx, y) | x ∈Ω1, y ∈Ω2}. As in Theo-
rem 6.8, let us calluµ an extremal corresponding toΩµ and definevµ(x, y)= uµ(µx, y).
We have thatvµ ∈W1,p(Ω) and

S(Ωµ,p, q)

µ(nq−np+p)/q =
∫
Ω

|(µ−1∇xvµ,∇yvµ)|p + |vµ|p dx dy

(
∫
∂Ω1×Ω2

|vµ|q dσx dy +µ
∫
Ω1×∂Ω2

|vµ|q dx dσy)p/q
,
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where∇xu= (ux1, . . . , uxn) and∇yu= (uy1, . . . , uyk ). The normalization imposed in The-
orem 6.8 in this case reduces to

∫

∂Ω1×Ω2

|vµ|q dσx dy +µ
∫

Ω1×∂Ω2

|vµ|q dx dσy = 1. (6.10)

In this simpler case, the weight functionsα, β are constants and can be computed explicitly,
in fact,α(y)= |Ω1| andβ(y)= |∂Ω1|. Hence, Theorem 6.8 reads as follows.

THEOREM 6.9. Let 1� q < p∗ andΩ =Ω1 ×Ω2. Then

lim
µ→0+

S(Ωµ,p, q)

µ(nq−np+p)/q = |Ω1|
|∂Ω1|p/q

�S(Ω2),

where�S(Ω2) = �S1,1(Ω2,p, q) is the usual Sobolev constant. Moreover, if we scale the
extremalsuµ to the original domainΩ as vµ(x, y) = uµ(µx, y), x ∈ Ω1, y ∈ Ω2, nor-
malized by(6.10),thenvµ → v = v(y) strongly inW1,p(Ω), wherev ∈W1,p(Ω2) is an
extremal for�S(Ω2).

Observe, that the critical exponent for the Sobolev embedding,W1,p(Ω2) →֒ Lq(Ω2)

valid for 1 � q < pk/(k − p), is larger than the one for the Sobolev trace embedding
W1,p(Ω) →֒ Lq(∂Ω), which holds for 1� q < p(k + n− 1)/(k + n− p).

Again, in the special casep = q, the problem becomes a nonlinear eigenvalue problem.
Following [71] (see also [49]), a sequence of variational eigenvaluesλj can be character-
ized by

λj = inf
C∈Cj

max
u∈C

‖u‖p
W1,p(Ω)

‖u‖pLp(∂Ω)
, (6.11)

where

Cj =
{
Φ
(
Sj−1)⊂W1,p(Ω)

∣∣Φ :Sj−1 →W1,p(Ω) \ {0}
is continuous and odd

}

andSj−1 is the unit sphere ofRj . These eigenvalues differ slightly from the ones consid-
ered in [71]. However, the same arguments used there apply proving that in fact{λj } is an
unbounded sequence of eigenvalues.

Whenµ goes to zero, there is a limit problem which is a weighted eigenvalue problem
on the projectionP(Ω). Let α andβ be the weights given by Theorem 6.8 and consider
the following eigenvalue problem

{
−div

(
α|∇v|p−2∇v

)
+ α|v|p−2v = λ̄β|v|p−2v in P(Ω),

∂v
∂ν

= 0 on ∂P (Ω).
(6.12)
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For problem (6.12), one can define the sequence

λ̄j = inf
C∈�Cj

max
u∈C

∫
P(Ω)

(|∇u|p + |u|p)α dy
∫
P(Ω)

|u|pβ dy
, (6.13)

where

�Cj =
{
Φ
(
Sj−1)⊂W1,p(P(Ω)

)
: Φ :Sj−1 →W1,p(P(Ω)

)
\ {0}

is continuous and odd
}
.

Once again, applying the Ljusternik–Schnirelmann critical point theory one could check
that{λ̄j } is an unbounded sequence of eigenvalues for (6.12). However, this fact is a direct
consequence of our next result.

THEOREM 6.10. Letλj,µ given by(6.11)in Ωµ and letuj,µ be an associated eigenfunc-
tion normalized as in Theorem6.8.Then

lim
µ→0

λj,µ

µ
= λ̄j ,

whereλ̄j is defined by(6.13)and is an eigenvalue of(6.12).Also, along a subsequence,
vj,µ(x, y) = uj,µ(µx, y) converges strongly inW1,p(Ω) to a functionv̄j = v̄j (y) which
is an eigenfunction of(6.12)with eigenvaluēλj .

Observe that the first eigenvalueλ1 coincides with the best Sobolev trace con-
stantS(Ω,p,p). Hence, forp = q and for the first eigenvalue, Theorem 6.8 and The-
orem 6.10 coincide.

As before, in the caseΩ =Ω1 ×Ω2, the limit problem has a simpler form, that is,

{
−�pv + |v|p−2v = |∂Ω1|

|Ω1| λ̄|v|
p−2v in Ω2,

∂v
∂ν

= 0 on ∂Ω2.

However, Theorem 6.10 conserves the same statement.
Our last result is concerned with the following fact: once the domain has been contracted

in the x direction, we can now try to contract it in they direction and see if the limit
coincides with the one obtained by contracting the domain in every direction at the same
time. Surprisingly, this is not the case. In fact, we obtain the following theorem.

THEOREM 6.11. LetΩ =Ω1 ×Ω2 and considerΩµ,ν = {(µx, νy): (x, y) ∈Ω}, then

lim
ν→0

(
lim
µ→0

S(Ωµ,ν,p, q)

µ(nq−np+p)/qν(kq−kp)/q

)
= |Ω|
(|∂Ω1||Ω2|)p/q

.
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By the previous results, Theorem 6.3, we have

lim
µ→0

S(µΩ,p,q)

µ(Nq−Np+p)/q = |Ω|
|∂Ω|p/q �= |Ω|

(|∂Ω1||Ω2|)p/q
.

This shows that the double limit lim(µ,ν)→(0,0) S(Ωµ,ν,p, q) does not exists.
For a general domainΩ we have

lim
ν→0

(
lim
µ→0

S(Ωµ,ν,p, q)

µ(nq−np+p)/qν(kq−kp)/q

)
= |Ω|
(
∫
P(Ω)

β dy)p/q
.

To prove this fact we assume that the immersionW1,p(P (Ω),α) →֒Lq(P (Ω),β) is com-
pact. To see in which cases this holds, see [66].

7. Symmetry of extremals

The aim of this section is to study of the following problem: Given a ball of radiusρ,
B(0, ρ), in RN ,N � 3, decide whether or not there exists a radial extremal for the embed-
ding

H 1(B(0, ρ)
)

→֒ Lq
(
∂B(0, ρ)

)
.

First, let us introduce our motivation. Recall that the best constant for the Sobolev trace
embedding

S(Ω,2, q)= inf
v∈H1(Ω)\H1

0 (Ω)

∫
Ω

|∇v|2 + |v|2 dx

(
∫
∂Ω

|v|q dσ)2/q
. (7.1)

As we noticed before, the best constantS(Ω,2, q) is not homogeneous under dilatations.
In fact, we have

S(µΩ,2, q)= µβ inf
v∈H1(Ω)\H1

0 (Ω)

∫
Ω
µ−2|∇v|2 + |v|2 dx

(
∫
∂Ω

|v|q dσ)2/q
,

whereβ = (Nq−2N+2)/q. For 1� q < 2∗ = 2(N−1)/(N−2), the embedding is com-
pact, so we have existence of extremals, that is, functions where the infimum is attained.
These extremals are weak solutions of the following problem

{
�u= u in Ω,
∂u
∂η

= λ|u|q−2u on ∂Ω.

The asymptotic behavior ofS(µΩ,p,q) in expanding (µ→ ∞) and contracting domains
(µ→ 0) was studied in the previous section, see also [46] and [73]. In [46] it is proved that
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for expanding domains andq > 2, S(µΩ,2, q)→ S(RN+ ,2, q). In [73], see Theorem 6.3,
it is shown that

lim
µ→0+

S(µΩ,2, q)

µβ
= |Ω|

|∂Ω|2/q .

As we mentioned in the previous section, the behavior of the extremals for (7.1) in
expanding and contracting domains is also studied in [46] and [73]. For expanding do-
mains, it is proved in [46] that the extremals develop a peak near a point where the mean
curvature of the boundary is a maximum. For contracting domains, we have that the ex-
tremals, when rescaled to the original domain asv(x) = u(µx), x ∈ Ω , and normalized
with ‖v‖Lq (∂Ω) = 1, are nearly constant in the sense that limµ→0 v = |∂Ω|−1/q in H 1(Ω).

A big difference between the Sobolev trace theorem and the Sobolev embedding theorem
arises in the behavior of extremals. Namely, ifΩ is a ball,Ω = B(0, ρ), as the extremals
do not change sign, from results of [82] the extremals for the usual Sobolev embedding,
H 1

0 (B(0,1)) →֒ Lq(B(0,1)), are radial while, ifq exceeds 2 andρ is large, extremals
for (7.1) are not, since they develop a peaking concentration phenomena as is described
in [46].

The above discussion leads naturally to the purpose of this section: the study of the
symmetry properties for the extremals of the Sobolev trace embedding in small balls. We
find that the symmetry properties of the extremals depend on the size of the ball. Our first
result describes when there exists a radial extremal.

THEOREM 7.1. Let 2∗ = 2(N − 1)/(N − 2) be the critical exponent for the Sobolev
trace immersion. Concerning symmetry properties of the extremals for the embedding
H 1(B(0, ρ)) ֒→ Lq(∂B(0, ρ)) there holds:

(1) Let 1< q � 2. For everyρ > 0 there exists a radial extremal.
(2) Let 2< q < 2∗. There existsρ0 > 0 such that, for everyρ < ρ0, there is a unique

positive extremalu, normalized such that‖u(ρx)‖Lq (∂B(0,1)) = 1; moreover, this
extremal is a radial function. However, for large values ofρ, there is no radial
extremal.

(3) Letq = 2∗. There existsρ0> 0 such that, for everyρ < ρ0, there is a positive radial
extremal.

The main ingredient of the proof of the symmetry result for small balls is the implicit
function theorem. We remark that the moving planes technique cannot be applied to obtain
symmetry results in this case, as the extremals for largeρ are not radial.

For small balls, using the symmetry result in balls, for the critical exponent 2∗ = 2 ×
(N − 1)/(N − 2), we can prove existence of extremals, which turns out to be radial func-
tions. For general domainsΩ , see [3], where it is proved that a extremal exists if the
domain (bounded or not) verifies that it contains a point at the boundary with strictly pos-
itive curvature. We remark that the existence of extremals for the critical exponent is not
trivial, this is due to the lack of compactness. This result has to be compared with the case
of the immersionH 1

0 (B(0, ρ))→ L2∗
(B(0, ρ)) where it is well known that, by Pohozaev

identity, there is no positive solution regardless the size of the ball for the critical exponent
2∗ = 2N/(N − 2). However, there exist solutions for topologically nontrivial domains.
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In [92] Lami-Dozo and Torne studied the symmetry and symmetry breaking of the ex-
tremals in a ball for general 1<p <∞. Consider

S
(
B(0, ρ),p, q

)
= inf
u∈W1,p(Ω)\W1,p

0 (Ω)

∫
Ω

|∇u|p + |u|p dx

(
∫
∂Ω

|u|q dσ)p/q
. (7.2)

As we have already mentioned for subcriticalq, 1< q < p(N − 1)/(N − p), the best
constant is attained and we can assume that extremals are positive inB(0, ρ). With the
normalization (different from

∫
∂Ω
uq = 1)

S
(
B(0, ρ),p, q

)(∫

∂B(0,ρ)
uq dσ

)(p−q)/q
= 1,

the extremals are solutions of
{
�pu= up−1 in B(0, ρ),

|∇u|p−2 ∂u
∂ν

= λuq−1 on ∂B(0, ρ).
(7.3)

Let us callϕ1 the eigenfunction associated with the first eigenvalueλ1 of the problem

{
�pϕ = |ϕ|p−2ϕ in B(0, ρ),

|∇ϕ|p−2 ∂ϕ
∂ν

= λ|ϕ|p−2ϕ on ∂B(0, ρ).
(7.4)

Recall that the first eigenvalue is isolated and simple, see Section 6 and [100], therefore
ϕ1 is radial. We have the following theorem.

THEOREM 7.2. Letρ > 0 and1<p <∞ be fixed.
(1) If there exists a radial minimizer of(7.2) then it is a multiple ofϕ1.
(2) Assume that there exists a radial minimizer forS(B(0, ρ),p, q0) then any minimizer

for S(B(0, ρ),p, q) with q < q0 is radial and a multiple ofϕ1.
(3) Let 1< q < p. Then the solution of(7.3) is unique and it is a multiple ofϕ1. In

particular, any extremal is a multiple ofϕ1.

Radial symmetry is lost whenρ or q is sufficiently large. Define the function

Q(ρ)= 1

λ1(ρ)p/(p−1)

(
1− (N − 1)

λ1(ρ)

ρ

)
+ 1.

We have the following theorem.

THEOREM 7.3. Let 1<p <∞ be fixed.
(1) Letρ > 0. If q >Q(ρ) then there is no radial minimizer forS(B(0, ρ),p, q).
(2) Letp < q < p(N −1)/(N −p). There existsR(q) such that for anyρ > R(q) there

is no radial minimizer forS(B(0, ρ),p, q).
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The main ideas of the proofs of these theorems are as follows. The proof of unique-
ness of the solution of (7.3) for 1< q < p follows from Picone’s identity and the weak
formulation. In fact, assume that there exist two positive solutionsu andv, then

0 �

∫

B(0,ρ)
|∇u|p dx −

∫

B(0,ρ)
|∇v|p−2∇v∇

(
up

vp−1

)
dx

= −
∫

B(0,ρ)
up dx +

∫

∂B(0,ρ)
uq dσ +

∫

B(0,ρ)
vp−1 u

p

vp−1
dx

−
∫

∂B(0,ρ)
vq−1 u

p

vp−1
dσ

=
∫

∂B(0,ρ)
uq dσ −

∫

∂B(0,ρ)
vq−pup dσ

=
∫

∂B(0,ρ)
up
(
uq−p − vq−p

)
dσ. (7.5)

We can interchange the roles ofu andv in (7.5) and finally obtain

0�

∫

∂B(0,ρ)

(
up − vp

)(
uq−p − vq−p

)
dσ.

Sinceq < p, the integrand is nonpositive and henceu = v on ∂B(0, ρ). The uniqueness
follows from the uniqueness of the Dirichlet problem for�pu= up−1.

The functionQ(ρ) appears when one try to prove that the extremals are not radial
for large q. In fact, let u0 denote the positive radial solution of�pu0 = u

p−1
0 in RN

normalized such thatu0 = 1 on ∂B(0, ρ). For anyt ∈ R and x ∈ RN , denote byxt =
(x1 − t, x2, . . . , xN ) and consider the function

Φ(t)=
∫
B(0,ρ) |∇u0(x

t )|p + up0 (xt )dx
(
∫
∂B(0,ρ) u

q

0(x
t )dσ)p/q

.

After some calculations, see [92] for the details, we get

Φ ′(0)= 0

and

Φ ′′(0)= C
(

1− (N − 1)
λ1(ρ)

ρ
− (q − 1)λ1(ρ)

p/(p−1)
)
.

Hence, whenq > Q(ρ) we haveΦ ′′(0) < 0 and hencet = 0 is a local maximum forΦ.
Thereforeu0 is not a minimizer.
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One remarkable fact concerning the first eigenvalueλ1(ρ) of (7.4) is that it verifies the
differential equation

λ′
1(ρ)= 1− (p− 1)λ1(ρ)

p/(p−1) − (N − 1)
λ1(ρ)

ρ
,

with the initial conditionλ1(0)= 1. The proof of this fact is as follows, see [92] for details.
Let u0 denote the positive radial solution of�pu0 = up−1

0 in RN normalized such that
u0(0) = 1. For anyρ > 0 the first eigenfunction of (7.4) is given by the restriction ofu0
to B(0, ρ). From the boundary condition we get

λ1(ρ)=
u′

0(ρ)
p−1

u0(ρ)p−1
.

Differentiating with respect toρ and using the equation verified byu0,

(
ρN−1

∣∣u′
0(ρ)

∣∣p−2
u′

0(ρ)
)′ = ρN−1u

p−1
0 (ρ),

we get the desired differential equation

λ′
1(ρ)= 1− (p− 1)λ1(ρ)

p/(p−1) − (N − 1)
λ1(ρ)

ρ
.

To obtain the initial conditionλ1(0) = 1 we just observe thatλ1(ρ)→ 1 asρ → 0, see
Theorem 6.3.

The technique of spherical symmetrization, also known as foliated Schwarz symmetriza-
tion, is well suited for the study of the symmetry properties of nonradial extremals for our
problem. The definition ofspherical symmetrization(see [90]) is as follows. Given a mea-
surable setA⊂ RN , the spherical symmetrizationA∗ ofA is defined as follows: For eachr ,
takeA∩ ∂B(0, r) and replace it by the spherical cap of the same area and centerreN . The
union of these caps isA∗.

Let u be an extremal and letu∗ denote the spherical symmetrization ofu with respect to
the north pole,eN . It is well known that, for any ballB(0, ρ), we have

∥∥u∗∥∥
W1,p(B(0,ρ)) � ‖u‖W1,p(B(0,ρ)) and

(7.6)∥∥u∗∥∥
Lp(∂B(0,ρ)) = ‖u‖Lq (∂B(0,ρ)).

Hence,u∗ is also a minimizer. Remark that the restriction ofu∗ to any sphere centered at
the origin and contained inB(0, ρ) is an increasing function of the geodesic distance from
the north pole. This fact together with the maximum principle imply thatu∗ concentrates
at a single point on the boundary ofB(0, ρ).

For the special case whenp = 2, it is shown in [48] that either the inequality in (7.6) is
strict oru andu∗ coincide on every sphere up to a rotation. This implies that any minimizer
is spherically symmetric.
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8. Behavior of the best Sobolev trace constant and extremals in domains with holes

In this section, using results from [76], we study the best Sobolev trace constant cor-
responding to the embedding ofW1,p(Ω) into Lq(∂Ω) for functions that vanish on a
fixed subset ofΩ , that we will callA. We consider subcritical exponents 1� q < p∗ =
p(N − 1)/(N − p) so that the immersionW1,p(Ω) →֒ Lq(∂Ω) is compact. To begin
with, we consider a subsetA⊂Ω with positive measure and define the best Sobolev trace
constant associated with this set, that is,

SA = inf

{∫
Ω
(|∇u|p + |u|p)dx
(
∫
∂Ω

|u|q dS)p/q
: u ∈W1,p(Ω),u|∂Ω �≡ 0 andu|A = 0

}
. (8.1)

Since along this section we are interested in the dependence of this best constant onA, we
have dropped the explicit dependence ofS on (Ω,p,q).

As a consequence of the compact immersion, there exist extremals forSA. An extremal
for SA is a weak solution to





−�pu+ |u|p−2u= 0 inΩ \A,

|∇u|p−2 ∂u
∂ν

= λ|u|q−2u on ∂Ω,

u= 0 inA,

(8.2)

whereλ depends on the normalization ofu. For instance, if‖u‖Lq (∂Ω) = 1 thenλ= SA.
The existence of weak solutions to (8.2) whenA = ∅ has been studied in Section 6,
see [71]. Of special importance is the caseq = p in which the equation and boundary
condition in (8.2) have the same homogeneity. In this case, (8.2) can be considered as a
nonlinear eigenvalue problem. This nonlinear eigenvalue problem, in the caseA= ∅, has
been already studied in this work (Section 6), see also [71] and [100]. So we are study-
ing a nonlinear generalization of an eigenvalue problem by adding the restriction that the
functions involved vanish on a subsetA.

Optimal design problems are usually formulated as problems of minimization of the en-
ergy, stored in the design under a prescribed loading. Solutions of these problems are un-
stable to perturbations of the loading. The stable optimal design problem is formulated as
minimization of the stored energy of the project under the most unfavorable loading. This
most dangerous loading is one that maximizes the stored energy over the class of admissi-
ble functions. The problem is reduced to minimization of Steklov eigenvalues. See [28].

In view of the above discussion, our first concern is to consider the following optimiza-
tion problem: For a fixed 0< a < |Ω|, find a setA0 of measurea that minimizesSA among
all subsetsA⊂Ω of measurea. We have that such a set exists and, in the case thatΩ is
a ball, that there exists an optimal set that is spherically symmetric in the sense of [90]
(see Section 7 for the definition). Moreover, in the casep = 2, every optimal set is spher-
ically symmetric. On the other hand, we also have that there does not exists a setA that
maximizesSA. Also, supSA = +∞ where the supremum is taken over all setsA of given
measurea. We also get the continuity ofSA with respect to the “hole”A.

Optimization problems for eigenvalues of elliptic operators has been widely studied in
the past, and is still an area of intensive research. In [48] the author studies an optimization
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problem for the second Neumann eigenvalue of the Laplacian withA⊂ ∂Ω . Our approach
to the optimization problem follows closely the one in [48]. Optimal design problems have
been widely studied not only for eigenvalue problems.

Now we state the main results of this section. Our first result is the sequential lower
semicontinuity ofSA.

THEOREM 8.1. LetAn ⊂Ω be sets of positive measure such that

χAn
∗
⇀χA0 in L∞(Ω),

whereχA is the characteristic function of the setA. Then

SA0 � lim inf
n→∞

SAn ,

whereSA is given by(8.1).

We remark that the continuity is not true in general. This semicontinuity result suggest
that a minimizer forSA among setsA of fixed positive Lebesgue measure exists. However,
there is a major difficulty here because of the fact that sets of prescribed positive Lebesgue
measure are not compact with respect to the topology of Theorem 8.1. The result concern-
ing the existence of an optimal design for the constantSA is as follows.

THEOREM 8.2. Given0< a < |Ω|, let us define

S(a) := inf
A⊂Ω,|A|=a

SA.

Then, there exists a setA0 ⊂Ω such that|A0| = a andSA0 = S(a). On the other hand,
there is no upper bound forS(a). Let 0< a < |Ω|. Then

sup
A⊂Ω,|A|=a

SA = ∞.

Next we study symmetry properties of optimal setsA0 in the special case whereΩ is a
ball. To this end, we use the definition ofspherical symmetrization(see [90] and Section 7).
We have the following result.

THEOREM8.3. LetΩ = B(0,1) and0< a < |B(0,1)|. Then, there exists an optimal hole
of measurea which is spherically symmetric, that is,A∗ =A. Moreover, whenp = 2 every
optimal hole is spherically symmetric.

Now we state the results that allow us to consider the case of measure zero, that is,
|A| = 0. For simplicity we will consider closed setsA. When trying to give sense to a best
Sobolev trace constant for functions that vanish in a set of zero Lebesgue measure a dif-

ferent approach has to be made. We consider the spaceW
1,p
A (Ω) = C∞

0 (
�Ω \A), where



Nonlinear boundary conditions 367

the closure is taken inW1,p norm. That is,W1,p
A (Ω) stands for the set of functions of the

Sobolev spaceW1,p(Ω) that can be approximated by smooth functions that vanish in a
neighborhood ofA.

In this context the best Sobolev trace constant is defined as

SA = inf
u∈W1,p

A (Ω)\W1,p
0 (Ω)

∫
Ω

|∇u|p + |u|p dx

(
∫
∂Ω

|u|q dS)p/q
.

In this case this problem only makes sense ifA is a set with positivep-capacity (see (8.3)).
More precisely, we have thatSA = S∅ if and only if thep-capacity ofA is zero. Note
thatS∅ is the usual Sobolev trace constant fromW1,p(Ω) ontoLq(∂Ω). Observe that the
constantsSA andSA need not be the same.

First, we study whenSA is equal to the usual Sobolev trace constant, that is, when
SA = S∅. For this purpose we recall the definition ofp-capacity. ForA⊂Ω , define

Capp(A)

= inf

{∫

Rn
|∇φ|p dx

∣∣∣ φ ∈W1,p(RN
)
∩C∞(RN

)
andA⊂ {φ � 1}◦

}
. (8.3)

We have the following theorem.

THEOREM 8.4. LetA⊂Ω . ThenW1,p
A (Ω)=W1,p(Ω) if and only ifCapp(A)= 0.

As a corollary we obtain:

COROLLARY 8.1. Capp(A)= 0 if and only ifSA = S∅.

Next, we look for the dependence ofSA under perturbations ofA. We find thatSA is
continuous with respect toA in the topology given by the Hausdorff distance.

THEOREM 8.5. LetA,An ⊂Ω be closed sets such thatd(An,A)→ 0 asn→ ∞ where
d(An,A) is the Hausdorff distance betweenAn andA. Then|SAn −SA| → 0 whenn→ ∞
and if we denote byun an extremal forSAn normalized such that‖un‖Lq (∂Ω) = 1, there
exists a subsequenceunk such thatlimk→∞ unk = u, strongly inW1,p(Ω), and u is an
extremal forSA.

9. The Sobolev trace embedding with the critical exponent

In this section we look at problems with the critical Sobolev trace exponent in the bound-
ary condition. Existence result for elliptic problems with critical Sobolev exponents have
deserved a great deal of attention since the pioneering work [22] and is an intensive area
of research nowadays.
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Now we describe the results of [35]. The authors study the problem





�u+ λu= 0 inB+(0,1),

u= 0 on ∂B+(0,1)∩ {xN > 0},
− ∂u
xN

= uN/(N−2) on ∂B+(0,1)∩ {xN = 0}.
(9.1)

HereB+(0,1) stands for the half-ball{|x|< 1, xN > 0}.
The following result parallels the one in [22] for Dirichlet boundary conditions.

THEOREM 9.1. Letµ1 be the first eigenvalue of the problem





�φ +µφ = 0 in B+(0,1),

φ = 0 on ∂B+(0,1)∩ {xN > 0},
− ∂φ
xN

= 0 on ∂B+(0,1)∩ {xN = 0}.

Then
(1) if N � 4 then a positive solution to problem(9.1)exists if and only if0< λ<µ1;
(2) for N = 3 there is no positive solution of(9.1) for λ � µ1 = π

2 while for π
2/4<

λ < π
2 positive solutions exist. There is a valueλ∗ ∈ (0,π2/4) such that no positive solu-

tion exists for−∞< λ< λ∗.

Remark that, as happens for the Dirichlet problem (see [22]),N = 3 is acritical dimen-
sion.

The main reason to deal with the half-ballB+(0,1) is the fact that solutions are
C2,α(B+(0,1)) and have cylindrical symmetry. For the nonexistence proof the authors use
a sharp Pohozaev identity. For the existence part they consider the minimization problem

Aλ = inf
u∈H1(Ω),u=0 on {xN=0}

{ ‖∇u‖2
L2(Ω)

− λ‖u‖2
L2(Ω)

‖u‖2
L2(N−1)/(N−2)(∂B+(0,1)∩{xN>0})

}
,

and they prove that when 0< λ < µ1 (N � 4) or λ∗ < λ < µ1 (N = 3) there is the
case whenAλ lies below a critical level. Hence the concentration–compactness results
of [96,97] can be used to obtain the existence of a minimizer forAλ that turns out to be a
solution of (9.1).

� In [3] it is studied another linear perturbation of the Laplace equation with a critical
nonlinearity at the boundary, namely,





�u= 0 inΩ,

u= 0 on ΓD,

− ∂u
∂ν

= uN/(N−2) + λu onΓN .

(9.2)

Here we assume that the boundary ofΩ splits into two partsΓD andΓN . If we denote
by µ̃1 the first eigenvalue of the problem�φ = 0 with φ = 0 onΓD and ∂φ

∂ν
= µ̃φ onΓN ,



Nonlinear boundary conditions 369

then problem (9.2) has a positive solution if and only if 0< λ < µ̃1, no matter the dimen-
sion.

Hence, although (9.2) and (9.1) are linear perturbations of the same problem their be-
havior forN = 3 is very different.

For the existence result instead ofAλ they consider minimizing

Bλ = inf

{‖∇u‖2
L2(Ω)

− λ‖u‖2
L2(ΓN )

‖u‖2
L2(N−1)/(N−2)(ΓN )

: u ∈H 1(Ω),u= 0 onΓD

}
,

and prove that the minimum is attained if and only if 0< λ< µ̃1.
To explain the different behavior of problems (9.2) and (9.1) forN = 3, we observe

that the linear perturbation taking place on an(N − 1)-dimensional manifold instead of an
N -dimensional domain typically reduces the critical dimension by 1, which leads to the
fact that there is no critical dimension for problem (9.2).

� Concerning the symmetry properties of the extremals of the Sobolev trace constant, it
is proved in [65] that ifΩ is a ball of sufficiently small radius, then the extremals are radial
functions, see Section 7. Also in [65] the authors use this result to prove that there exists
a radial extremal for the immersionH 1(B(0, ρ))→ L2∗(∂B(0, ρ)) if the radiusρ is small
enough. See also [3] for other geometric conditions that leads to existence of extremals
in the casep = 2. Concerning the existence of extremals for the Sobolev trace theorem
with the critical exponent in a general smooth bounded domainΩ , the main result of this
section is the following theorem.

THEOREM 9.2. LetΩ be a bounded smooth domain inRN such that

|Ω|
|∂Ω|p/p∗

<
1

K(N,p)
, (9.3)

whereK(N,p) is the trace constant forRN+ . Then there exists an extremal for the immer-
sionW1,p(Ω)→ Lp∗(∂Ω).

The proof of Theorem 9.2 uses the same approach as in [15], properly adapted to our new
context, see [75] for the details. The other key ingredient in the proof is the result of [20]
where the author compute the optimal constantK(N,p). See also [94] for a similar result
in the casep = 2.

REMARK 9.1. LetΩ be any smooth bounded domain inRN and let

Ωµ = µΩ = {µx | x ∈Ω},

whereµ> 0. We observe that whenµ is small enough, precisely

µ<
1

K(N,p)1/p

|∂Ω|1/p∗

|Ω|1/p ,
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thenΩµ verifies the hypotheses of Theorem 9.2 and hence there is an extremal for the
immersionW1,p(Ωµ)→ Lp∗(∂Ωµ).

REMARK 9.2. We observe that with the same ideas and computations, we can consider a
problem of the form

{
�pu= |u|p−2u in Ω,

|∇u|p−2 ∂u
∂ν

= a(x)up∗−1 on ∂Ω,

with a ∈ L∞(∂Ω) bounded away from zero. This corresponds to a Sobolev trace immer-
sion with a weighta, on the boundary. In this case the condition onΩ and the weight
functiona is

|Ω|
(
sup
∂Ω

a
)p/p∗

<
1

K(N,p)

(∫

∂Ω

a dσ

)p/p∗
.

REMARK 9.3. From the proof of Theorem 9.2, see [75], we obtain the existence of ex-
tremals for every domainΩ that satisfies

S(Ω,p,p∗) <
1

K(N,p)
. (9.4)

Condition (9.3) is the simplest geometric condition that ensures (9.4).

� Now, let us look at the special case of studying the best constant for the Sobolev trace
embedding fromW1,1(Ω) intoL1(∂Ω). We follow the presentation of [11], see also [104].

AsW1,1(Ω) →֒ L1(∂Ω) we have that there exists a constantS such that the following
inequality holds,S‖u‖L1(∂Ω) � ‖u‖W1,1(Ω) for all u ∈W1,1(Ω). The best constant for this
embedding is the largestλ such that the above inequality holds, that is,

S(Ω,1,1) = λ1(Ω)

= inf

{∫

Ω

|u| +
∫

Ω

|∇u|: u ∈W1,1(Ω),

∫

∂Ω

|u| = 1

}
. (9.5)

Our main interest now is to study the dependence of the best constantλ1(Ω) and ex-
tremals (functions where the constant is attained) on the domain. We remark again that the
existence of extremals is not trivial, due to the lack of compactness of the embedding.

For 1<p �N , let us consider the variational problem

S(Ω,p,p) = λp(Ω)

= inf

{∫

Ω

|u|p +
∫

Ω

|∇u|p: u ∈W1,p(Ω),

∫

∂Ω

|u|p = 1

}
. (9.6)

This is the best constant for the trace map fromW1,p(Ω) into Lp(∂Ω). Due to the com-
pactness of the embeddingW1,p(Ω) →֒ Lp(∂Ω), it is well known (see, for instance, [71])
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that problem (9.6) has a minimizer inW1,p(Ω). These extremals are weak solutions of the
following problem

{
�pu= |u|p−2u in Ω,

|∇u|p−2 ∂u
∂ν

= λ|u|p−2u on ∂Ω,
(9.7)

where�pu = div(|∇u|p−2∇u) is thep-Laplacian, ∂
∂ν

is the outer unit normal derivative
and if we use the normalization‖u‖Lp(∂Ω) = 1, one can check thatλ= λp(Ω), see [100].

Our first result says thatλ1(Ω) is the limit aspց 1 of λp(Ω) and provides a bound
for λ1(Ω).

THEOREM 9.3. We havelimpց1λp(Ω) = λ1(Ω), that is, limpց1S(Ω,p,p) = S(Ω,

1,1) andλ1(Ω)� min{|Ω|/P (Ω),1}; hereP(Ω) stands for the perimeter ofΩ .

Therefore, it seems natural to search for an extremal forλ1(Ω) as the limit of extremals
for λp(Ω) whenpց 1. Formally, if we take limit aspց 1 in (9.7), we get

{
�1u := div

(
Du
|Du|

)
= u

|u| in Ω,

Du
|Du| · ν = λ1(Ω)

u
|u| on ∂Ω.

(9.8)

Hence we will look at Neumann problems involving the 1-Laplacian,�1(u) = div(Du/
|Du|) in the context of bounded variation functions (that is a natural context for this type
of problems). Following [8] (see also [10]) we give the following definition of solution of
problem (9.8).

DEFINITION 9.1. A functionu ∈ BV (Ω) is said to be asolutionof problem (9.8) if there
existsz ∈ X1(Ω) with ‖z‖∞ � 1, τ ∈ L∞(Ω) with ‖τ‖∞ � 1 andθ ∈ L∞(∂Ω) with
‖θ‖∞ � 1 such that

div(z)= τ in D′(Ω), (9.9)

τu= |u| a.e. inΩ and (z,Du)= |Du| as measures, (9.10)

[z, ν] = λ1(Ω)θ and θu= |u|, HN−1-a.e. on∂Ω. (9.11)

We shall say thatΩ has thetrace-propertyif there exists a vector fieldzΩ ∈ L∞(Ω,RN )
with ‖zΩ‖∞ � 1 such that div(zΩ ) ∈ L∞(Ω) and [zΩ , ν] = λ1(Ω), HN−1-a.e. on∂Ω .
Our main result states that for any domain that has the trace-property, the best Sobolev
trace constant,λ1(Ω), is attained by a function inL1(Ω) whose derivatives in the sense of
distributions are bounded measures onΩ , that is, a function with bounded variation.

THEOREM 9.4. LetΩ be a bounded open set inRN with the trace-property. Then, there
exists a nonnegative function of bounded variation which is a minimizer of the variational
problem(9.5)and a solution of problem(9.8).
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We have that every bounded domain withλ1(Ω) < 1, has the trace-property. Hence
we have proved that, ifλ1(Ω) < 1 then there exists an extremal. Moreover, using results
from [104], we can find examples of domains (a ball or an annulus) such thatλ1(Ω)= 1
and verify the trace-property (and therefore they have extremals). We also have that every
planar domain with a point of curvature greater than 1/2 hasλ1(Ω) < 1.

Now let us present some examples just to see how these definitions work.

EXAMPLE . Let Ω = B(0,R) ⊂ RN , the ball inRN centered in 0 of radiusR. Then, if
z(x) := x/N , we have div(z) = 1 in D′(Ω) and [z, ν] = R/N = |Ω|/P (Ω), HN−1-a.e.
on ∂Ω . Moreover,‖z‖∞ =R/N � 1 if and only if |Ω|/P (Ω)� 1.

EXAMPLE . LetΩ = B(0,R) \ B(0, r)⊂ RN the annulus inRN centered in 0 of radiiR
andr . Then, it is easy to see that if

z(x) :=
[(
RN−1 + rN−1)− (R + r) r

N−1RN−1

‖x‖N
]

x

N(RN−1 + rN−1)
,

we have div(z) = 1 in D′(Ω) and [z, ν] = |Ω|/P (Ω), HN−1-a.e. on∂Ω . Moreover,
‖z‖∞ � 1 if and only if |Ω|/P (Ω)� 1.

REMARK 9.4. Motron in [104] proves that ifΩ = B(0,R) is the ball inRN centered in 0
of radiusR orΩ = BR(0) \Br(0), the annulus inRN centered in 0 of radiiR andr , then

∫

∂Ω

|u|dσ �
P(Ω)

|Ω|

∫

Ω

|u|dx +
∫

Ω

|∇u|dx ∀u ∈W1,1(Ω), (9.12)

and equality holds in (9.12) if and only ifu is constant.
From (9.12), it follows that ifΩ = B(0,R)⊂ RN orΩ = B(0,R) \B(0, r)⊂ RN , then

λ1(Ω)=





|Ω|
P(Ω)

if |Ω|
P(Ω)

� 1,

1 if |Ω|
P(Ω)

� 1.

Moreover, if|Ω|/P (Ω)� 1, thenu= (1/P (Ω))χΩ is a minimizer of the variational prob-
lem (9.5), being the only minimizer in the case|Ω|/P (Ω)= 1, and if|Ω|/P (Ω) > 1, the
variational problem (9.5) does not have minimizer.

In the following example we show that there exists bounded connected open setsΩ ,
with |Ω|/P (Ω) < 1, for whichλ1(Ω) < |Ω|/P (Ω).

EXAMPLE . Forδ > 0 and 0< α � π

2 , let

Ωδ,α := B(0,1)∪
(
B(0,2+ δ) \B(0,2)

)

∪
{
(x, y) ∈ R+ × R+: x2 + y2 � 2,arctg

(
y

x

)
< α

}
.
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We have

|Ωδ,α|
P(Ωδ,α)

= π + π(δ2 + 4δ)+ 3
2α

10π + 2πδ + 2− 3α
.

Thus, for 0< δ � 1 and 0< α � π

2 , we get|Ωδ,α|/P (Ωδ,α) < 1. Now, if we takeu :=
χB(0,2+δ)\B(0,2),

λ1(Ωδ,α)�

∫
Ωδ,α

|Du|dx +
∫
Ωδ,α

|u|dx
∫
∂Ωδ,α

|u|dσ = 2α+ π(δ2 + 4δ)

8π + 2δπ − 2α
.

Then, it is easy to see that forδ and α small enough, we getλ1(Ωδ,α) < |Ωδ,α|/
P (Ωδ,α) < 1.

In the next example we will see that even we can takeΩ convex.

EXAMPLE . LetΩ be the set inR2 with boundary the isosceles triangle with heightk, base
of length 2a and the two equal sides of lengthl. Let t the angle between the height and one
of the equal side. Then

|Ω|
P(Ω)

= ak

2(a + l) = ak

a2(a + a/sint)
= k sint

2(1+ sint)
.

Let E ⊂ Ω be the set with boundary the isosceles triangle with heightk − r , base of
length 2b and the two equal sides of lengthl̃. Then, ifu := χE , we have

λ1(Ω) �

∫
Ω

|Du|dx +
∫
Ω

|u|dx∫
∂Ω

|u|dσ = 2b+ b(k − r)
2l̃

= b(k + 2− r)
2b/sint

= sint

2
(k + 2− r).

Hence,λ1(Ω) < |Ω|/P (Ω) < 1 if

k <min

{
(r − 2)

1+ sint

sint
,2

1+ sint

sint

}
.

Now, obviously, we can findk, r andα satisfying the above inequality, and consequently,
we can obtain a convex, bounded open setΩ satisfyingλ1(Ω) < |Ω|/P (Ω) < 1.

EXAMPLE . For 0< ρ < r andδ > 0, let

Ωρ,r,δ := B(0, ρ)∪
(
B(0, r + δ) \B(0, r)

)
⊂ R2.
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We have

|Ωρ,r,δ|
P(Ωρ,r,δ)

= δ2 + ρ2 + 2rδ

2(2r + δ + ρ) .

If we takeu := χB(0,ρ) andv := χB(0,r+δ)\B(0,r), then

Φ(u) :=
∫
Ωρ,r,δ

|Du| +
∫
Ωρ,r,δ

|u|
∫
∂Ωρ,r,δ

|u| = ρ

2

and

Φ(v) :=
∫
Ωρ,r,δ

|Dv| +
∫
Ωρ,r,δ

|v|
∫
∂Ωρ,r,δ

|v| = δ

2
.

Suppose that 0< ρ < δ � 2. If we consider the vector fieldz in Ωρ,r,δ defined by

z(x, y) :=





δ(x,y)
2ρ if (x, y) ∈ Bρ(0),
[
δ − (δ + 2r) r(r+δ)‖(x,y)‖

] (x,y)
2(2r+δ) if (x, y) ∈ Br+δ(0) \Br(0),

we have‖z‖∞ � 1, div(z) = τ in D′(Ωρ,r,δ), with τ = δ
ρ
χ∂B(0,ρ) + χB(0,r+ρ)\B(0,r) and

[z, ν] = δ/2, H 1-a.e. on∂Ωρ,r,ρ . Now, λ1(Ω) � Φ(u) = ρ/2. Hence,λ1(Ω) < δ/2. If
δ = ρ, we have

λ1(Ωρ,r,ρ)�Φ(u)=Φ(v)=Φ(χΩρ,r,ρ )=
|Ωρ,r,ρ |
P(Ωρ,r,ρ)

= ρ

2
.

Suppose thatρ � 1. Then, if we consider the vector fieldz in Ωρ,r,ρ defined by

z(x, y) :=
{
(x,y)

2 if (x, y) ∈ B(0, ρ),
0 if (x, y) ∈ B(0, r + ρ) \B(0, r),

we have div(z)= χBρ (0) inD′(Ωρ,r,ρ), and[z, ν] = ρ
2χ∂B(0,ρ),H

1-a.e. on∂Ωρ,r,ρ . There-
fore,u is a solution of the problem

{
�1w := div

(
Dw
|Du|

)
= w

|w| in Ωρ,r,ρ ,

Dw
|Dw| · ν = ρ

2
w
|w| on∂Ωρ,r,ρ .

(9.13)

Now, if we consider the vector fieldz in Ωρ,r,ρ defined by

z(x, y) :=
{

0 if (x, y) ∈ B(0, ρ),[
ρ − (ρ + 2r) r(r+ρ)‖(x,y)‖

] (x,y)
2(2r+ρ) if (x, y) ∈ B(0, r + ρ) \B(0, r),
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we have div(z)= χB(0,r+ρ)\B(0,r) in D′(Ωρ,r,ρ) and[z, ν] = ρ
2χ∂(B(0,r+ρ)\B(0,r)), H

1-a.e.
on ∂Ωρ,r,ρ . Therefore,v is also a solution of the problem (9.13). Moreover, in this case
alsoχΩρ,r,ρ is a solution of the problem (9.13).

PROBLEM. Is λ1(Ωρ,r,ρ)= ρ/2?

The next example shows that there are bounded connected open setsΩ for which
λ1(Ω) < 1 and|Ω|/P (Ω) > 1.

EXAMPLE . LetΩ := ]−k,0[ × ]0, k[ ∪ {0} × ]0, δ[ ∪ ]0,1[ × ]0, δ[ ⊂ R2 be. Then

|Ω|
P(Ω)

= k2 + δ
4k + 2

> 1 if k > 2+
√

6− δ.

Now, if we takeu := χ]0,1[×]0,δ[, we have

λ1(Ω)�

∫
Ω

|Du| +
∫
Ω

|u|∫
∂Ω

|u| = 2δ

2+ δ < 1 ⇐⇒ 0< δ < 2.

Therefore, for instance, ifδ = 1 andk = 5, we have|Ω|/P (Ω) > 1 andλ1(Ω) < 1.

In [104] it is considered theA–B program forW1,1(Ω) andL1(∂Ω), that is, to find the
best possible constantsA andB such that

∫

∂Ω

|u|dσ �A

∫

Ω

|∇u|dx +B
∫

Ω

|u|dx.

It is proved that the best possibleA is 1, and the best possibleB is P(Ω)/|Ω|.
� In [1,108,109] (see also [26]) it is studied a problem with critical nonlinearity both in

the equation and in the boundary condition, namely, they look for positive solutions of

{
−�u= |u|(N+2)/(N−2) + f (x,u) in Ω,
∂u
∂ν

= uN/(N−2) + g(x,u) on ∂Ω.

Under adequate hypotheses onf andg the problem admits a positive solution.

10. Dependence of the best Sobolev trace constant on the exponents

In this section we focus our attention on the dependence of the best Sobolev trace constant
on the involved exponents,p, q.

For any 1� p � ∞, we define the Sobolev trace conjugate as

p∗ =
{
p(N−1)
N−p if p <N ,

∞ if p �N .
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If 1 � q � p∗ (with strict second inequality ifp = N ), we have the immersion
W1,p(Ω) →֒ Lq(∂Ω) and hence the following inequality holds

S‖u‖Lq (∂Ω) � ‖u‖W1,p(Ω)

for all u ∈W1,p(Ω). As before, the best constant for this embedding is the largestS such
that the above inequality holds, that is,

S(Ω,p,q)= inf
u∈W1,p(Ω)\W1,p

0 (Ω)

(
∫
Ω

|∇u|p + |u|p dx)1/p

(
∫
∂Ω

|u|q dσ)1/q
. (10.1)

Moreover, if 1� q < p∗ the embedding is compact and as a consequence we have the
existence of extremals, that is, functions where the infimum is attained, see [71]. These
extremals are weak solutions of the following problem

{
�pu= |u|p−2u in Ω,

|∇u|p−2 ∂u
∂ν

= λ|u|q−2u on ∂Ω.
(10.2)

Using [119] and [123] we can assume that the extremals are positive,u > 0, in Ω . In
the special casep = q, problem (10.2) becomes a nonlinear eigenvalue problem that was
studied in [71,100]. From now on, let us callup,q an extremal corresponding to the expo-
nents(p, q).

The main purposes of this section are to study the possibility of a uniform bound (inde-
pendent of(p, q)) on S(Ω,p,q) and to study the limit behavior of the best Sobolev trace
constantsS(Ω,p,q) asp → +∞ and asq → +∞ and look at the limit casesp = ∞,
1� q � ∞ andN < p <∞, q = ∞. The first result of [64] is the following.

THEOREM 10.1. GivenA⊂ {(p, q): 1� p � ∞,1� q � p∗}, a set of admissible(p, q),
there exist constantsC1 andC2 independent of(p, q) ∈A such that

C1 � S(Ω,p,q)� C2

if and only ifA verifies the following property: there is no sequence(pn, qn) ∈ A with
pn →N andqn → ∞.

Notice that Theorem 10.1 says that we can obtain a uniform bound forS(Ω,p,q) onA
as long as(p, q) ∈ A stays away from the point(N,∞). Observe that the upper bound,
S(Ω,p,q)� C2, follows easily by takingu ≡ 1 in (10.1) and holds even if we are close
to (N,∞). The main difficulty arises in the proof of the lower bound. This is due to the
fact that there exist functions inW1,N (Ω) that do not belong toL∞(∂Ω).

As we mentioned before, one of our concerns is to analyze the casep = ∞ with
1� q � ∞, that is, the immersionW1,∞(Ω) →֒ Lq(∂Ω). The best constant is given by

S(Ω,∞, q)= inf
u∈W1,∞(Ω)\W1,∞

0 (Ω)

{‖∇u‖L∞(Ω) + ‖u‖L∞(Ω)

‖u‖Lq (∂Ω)

}
.
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From this expression it is easy to see thatS(Ω,∞, q)= 1/|∂Ω|1/q andS(Ω,∞,∞)= 1,
with extremalu∞,q = u∞,∞ ≡ 1 in both cases (we normalize the extremals according
to ‖u∞,q‖L∞(∂Ω) = ‖u∞,∞‖L∞(∂Ω) = 1). We prove thatS(Ω,∞,∞) = 1 is the limit of
S(Ω,p,q) asp,q→ ∞ and alsoS(Ω,∞, q) is the limit ofS(Ω,p,q) whenp→ ∞.

THEOREM 10.2. Let S(Ω,p,q) be the best Sobolev trace constant andup,q be any ex-
tremal normalized such that‖up,q‖L∞(∂Ω) = 1. Then

lim
p,q→∞

S(Ω,p,q)= S(Ω,∞,∞)= 1

and, for any1< r <∞, asp,q→ ∞,

up,q⇀u∞,∞ ≡ 1 weakly inW1,r(Ω),

up,q → u∞,∞ ≡ 1 strongly inCα
(�Ω
)
.

Moreover, for fixed1� q <∞,

lim
p→∞

S(Ω,p,q)= S(Ω,∞, q)= 1

|∂Ω|1/q

and, for any1< r <∞, asp→ ∞,

up,q⇀u∞,q ≡ 1 weakly inW1,r(Ω),

up,q → u∞,q ≡ 1 strongly inCα
(�Ω
)
.

The limit q → ∞ with p >N fixed is more subtle since we do not know a priori which
is the extremal for the limit case. However we find an equation for the limit extremal.

THEOREM 10.3. Letp >N . Then

lim
q→∞

S(Ω,p,q)= S(Ω,p,∞)

and, up to subsequences, asq→ ∞,

up,q⇀up,∞ weakly inW1,p(Ω),

up,q → up,∞ strongly inCα
(�Ω
)
.

Moreover, there exists a measureµ ∈ C(∂Ω)∗ with µ({up,∞ = 1})= 1 such thatup,∞ is
a weak solution of

{
�pu= |u|p−2u in Ω,

|∇u|p−2 ∂u
∂ν

= Sp(Ω,p,∞)µχ{u≡1} on ∂Ω.
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We observe thatW1,N (Ω) � →֒ L∞(∂Ω). Hence we expect that the best constant
S(Ω,p,q) goes to zero as(p, q)→ (N,∞). This is the content of the next result.

THEOREM 10.4. The best constantS(Ω,p,q) goes to zero as(p, q) → (N,∞), and
moreover, for anyα < (N − 1)/N , there exists a constantC such that

S(Ω,p,q)�Cmax

{
(p−N)+,

1

q

}α
.

11. Elliptic systems with nonlinear boundary conditions

In this section we study existence and multiplicity results for elliptic systems coupled
through nonlinear boundary conditions. We divide our exposition according to dealing
with systems with or without variational structure.

Existence results for nonlinear elliptic systems have deserved a great deal of interest in
recent years, in particular, when the nonlinear term appears as a source in the equation,
complemented with Dirichlet boundary conditions. Problems without variational structure
can be treated via fixed point arguments. There are two main classes of systems that can be
treated variationally, Hamiltonian and gradient systems. The system is called Hamiltonian
if there exists a functionH such that the coupling nonlinearities verifyHv = f andHu = g,
and is called gradient if there existsF with ∇F = (f, g). For these type of results see the
survey [44].

Nonvariational systems.First, we address the existence problem without any variational
assumption onf andg. We study the existence via topological methods of nonnegative
solutions of the following elliptic system,

{
�u= u in Ω,
�v = v, (11.1)

with nonlinear coupling at the boundary given by

{
∂u
∂ν

= f (x,u, v) on ∂Ω,
∂v
∂ν

= g(x,u, v).
(11.2)

Here f,g : ∂Ω × R+ × R+ → R+ are smooth positive functions withf (x,0,0) =
g(x,0,0) = 0. Moreover, we deal with the “superlinear” case (see detailed assumptions
(H1)–(H3) onf andg).

The topological method (a fixed point argument) we apply here has been used by several
authors to deal with problems without variational structure and, as in our case, they were
forced to impose some growth restrictions onf andg.



Nonlinear boundary conditions 379

The proofs need some knowledge on the following eigenvalue problem that was our
main subject of study in previous sections,

{
�ϕ = ϕ in Ω,
∂ϕ
∂ν

= λϕ on ∂Ω.
(11.3)

The main difficulty in carrying out the fixed point argument is to obtainL∞ a priori
bounds for (11.1)–(11.2). This difficulty is overcome by means of the blow-up technique
introduced by Gidas and Spruck [83]. The key ingredient to make this technique work is a
Liouville-type theorem for the system

{
�u= 0 in RN+ ,
�v = 0,

(11.4)

with boundary conditions

{
∂u
∂ν

= vp on ∂RN+ ,
∂v
∂ν

= uq .
(11.5)

In [87], see also Section 4, the author studies the single equation

{
�u= 0 in RN+ ,
∂u
∂ν

= up on ∂RN+ .
(11.6)

There he proves that if 1< p < N/(N − 2) there is no nontrivial nonnegative classical
solution of (11.6). In [88] such nonexistence-type result is applied to compute the blow-up
rate of a parabolic problem.

One can adapt the moving plane technique to deal with the system (11.4)–(11.5) and
obtain the same type of result with similar restrictions on the exponents (see Theorems
3.5 and 3.6).

We remark that we can also deal with the semilinear case,

{−�u+ u= r(x,u, v) in Ω,

−�v+ v = s(x,u, v),
{
∂u
∂ν

= f (x,u, v) on ∂Ω,
∂v
∂ν

= g(x,u, v),

using the same ideas. Since the main novelty here comes from the boundary terms, we
present our results for (11.1)–(11.2).

Let us give an idea of the arguments, see [70] for details. We want to apply the following
fixed point theorem that can be found, for instance, in [43].

THEOREM11.1. LetC be a cone in a Banach spaceX andS :C→ C a compact mapping
such thatS(0)= 0. Assume that there are real numbers0< r < R and t > 0 such that
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(1) x �= tSx for 0� t � 1 andx ∈ C, ‖x‖ = r , and
(2) there exists a compact mappingH : �BR × [0,∞) → C (where Bρ = {x ∈ C;

‖x‖< ρ}) such that
(a) H(x,0)= S(x) for ‖x‖ =R,
(b) H(x, t) �= x for ‖x‖ =R and t > 0,
(c) H(x, t)= x has no solutionx ∈ �BR for t � t0.

ThenS has a fixed point inU = {x ∈ C; r < ‖x‖<R}.

To apply this theorem, we proceed as follows. Consider the space

X =
{
(u, v): u,v ∈ C

(�Ω
)}

with the norm‖(u, v)‖ = ‖u‖∞ + ‖v‖∞, which makes it a Banach space. LetS :X→X

be the solution operator defined byS(φ,ψ)= (u, v), where(u, v) is the solution of

{
�u= u in Ω,
∂u
∂ν

= f (x,φ,ψ) on ∂Ω,
{
�v = v in Ω,
∂v
∂ν

= g(x,φ,ψ) on ∂Ω.

We observe that a fixed point ofS is a solution of (11.1)–(11.2).
Now, let us see thatS verifies the hypothesis of the Theorem 11.1. By standard reg-

ularity theory [84], it follows thatu and v areCα , henceS is a compact operator. As
f (x,0,0) = g(x,0,0) = 0 we have, by Hopf lemma, thatS(0) = 0. Let C be the cone
C = {(u, v) ∈X;u� 0, v � 0}. It follows from the maximum principle thatS(C)⊂ C.

To verify (1) in Theorem 11.1 we argue by contradiction. Let us assume that, for every
r > 0, there exists a 0� t � 1 and a pair(U,V ) such that

{
�U =U in Ω,

�V = V, (11.7)

with

{
∂U
∂ν

= tf (x,U,V ) on ∂Ω,
∂V
∂ν

= tg(x,U,V ).

We multiply the first equation of (11.7) byϕ1, the first eigenfunction of (11.3), and we
obtain

0 =
∫

Ω

(�U −U)ϕ1 dx

=
∫

Ω

U(�ϕ1 − ϕ1)dx + t
∫

∂Ω

f (x,U,V )ϕ1 dσ −
∫

∂Ω

U
∂ϕ1

∂ν
dσ.
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Hence

0= t
∫

∂Ω

f (x,U,V )ϕ1 dx − λ1

∫

∂Ω

Uϕ1 dσ.

We assume thatf andg are “superlinear”, in fact, we make the following hypothesis that
we call (H1),

f (x,U,V )� ε(U + V ) and
(H1)

g(x,U,V )� ε(U + V ) for small
∥∥(U,V )

∥∥.

Using (H1) we obtain

λ1

∫

∂Ω

Uϕ1 dσ � εt

∫

∂Ω

(U + V )ϕ1 dσ.

Analogously, forV we get

λ1

∫

∂Ω

V ϕ1 dσ � εt

∫

∂Ω

(U + V )ϕ1 dσ.

Adding both inequalities we concludeλ1 � 2ε, a contradiction ifε verifiesε < λ1/2.
To see (2) we defineH byH((φ,ψ), t)= S(φ + t,ψ + t). Clearly (a) holds. To see (c)

we have to impose any of the following conditions, we call this (H2):
(H2.i) There exists real numbersµ> λ1 andC > 0 such that

f (x,u, v)� µu−C

uniformly in x ∈ �Ω andv ∈ R+.
(H2.ii) There exists real numbersµ> λ1 andC > 0 such that

g(x,u, v)� µv−C

uniformly in x ∈ �Ω andu ∈ R+.
(H2.iii) There exists real numbersµ> λ1 andC > 0 such that

f (x,u, v)+ g(x,u, v)� µ(u+ v)−C

uniformly in x ∈ �Ω .
For instance, assume that (H2.i) holds. Then, fort large enough, we have

f (x,u+ t, v + t)� µ(u+ t)−C � µu

with µ> λ1 and hence, fort large,u is a nonnegative solution of

{
�u= u in Ω,
∂u
∂n

� µu on∂Ω,
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which contradicts the fact thatλ1 is the first eigenvalue.
The other cases can be handled in a similar way.
Finally, condition (b) is an immediate consequence of an a priori bound for the system

{
�u= u in Ω,
�v = v, (11.8)

with

{
∂u
∂ν

= f (x,u+ t, v + t) on ∂Ω,
∂v
∂ν

= g(x,u+ t, v + t).
(11.9)

Hence we have proved our existence result, provided we have an a prioriL∞ bound for
(11.8)–(11.9).

THEOREM 11.2. Let f and g satisfy(H1)–(H2). If there exists a constantC such that
for every solution(u, v) of (11.1)–(11.2) it holds ‖u‖∞,‖v‖∞ � C then the system
(11.1)–(11.2)has a nontrivial positive solution.

Now our aim is to prove that, under further conditions onf and g, the nonnegative
solutions of (11.1)–(11.2) are bounded inL∞, so Theorem 11.2 applies. To do so, we apply
the blow-up technique introduced by Gidas and Spruck [83]. We argue by contradiction.
Assume that there is no such a priori bound. Then, there exists a sequence of positive
solutions(un, vn) with max{‖un‖∞,‖vn‖∞} → ∞. Let β1, β2 be two positive numbers
to be fixed. We can assume that‖un‖∞ → ∞ and‖un‖β2∞ � ‖vn‖β1∞. As �Ω is compact
andun is continuous, we can choosexn ∈ �Ω such thatun(xn) = max�Ω un. Moreover, it
follows from the maximum principle thatxn ∈ ∂Ω . Again, by the compactness of�Ω , we
can assume thatxn → x0 ∈ ∂Ω . We defineγn such thatγ β1

n ‖un‖∞ = 1. This sequence,
γn, goes to 0 asn→ ∞. Let

wn(y)= γ β1
n un(γny + xn),

zn(y)= γ β2
n vn(γny + xn).

These functions are defined inΩn = {y ∈ RN ;γny + xn ∈Ω}. We observe that 0� wn,
zn � 1 andwn(0)= 1.

Onf andg we impose the following condition (hypothesis (H3))

f (x,u, v)= a(x)up11 + b(x)vp12 + h1(x,u, v),
(H3)

g(x,u, v)= c(x)up21 + d(x)vp22 + h2(x,u, v),

where 0< k � a, b, c, d �K <∞ andhi are lower-order terms

∣∣hi(x,u, v)
∣∣� ci

(
1+ |u|αi1 + |v|αi2

)
.
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Here the exponentsαij satisfy 0� αij <pij .
Hence,wn andzn satisfy

{
�wn = γ 2

nwn in Ωn,

�zn = γ 2
n zn,

(11.10)

with




∂wn
∂ν

= γ β1(1−p11)+1
n aw

p11
n + γ β1+1−β2p12

n bz
p12
n

+ γ β1+1
n h1

(
·, γ−β1

n wn, γ
−β2
n zn

)
on ∂Ωn,

∂zn
∂ν

= γ β2+1−β1p21
n cw

p21
n + γ β2(1−p22)+1

n dz
p22
n

+ γ β2+1
n h2

(
·, γ−β1

n wn, γ
−β2
n zn

)
.

(11.11)

Now we want to pass to the limit in (11.10)–(11.11), so we need to know what happens
with the coefficients of the leading terms.

We distinguish two cases in terms ofpij , the weakly coupled and the strongly coupled
case.

1. Weakly coupled case.We say that the system is weakly coupled if there existsβ1, β2
such that

β1(1− p11)+ 1= 0, β1 + 1− β2p12> 0,

β2(1− p22)+ 1= 0, β2 + 1− β1p21> 0.

Thus, in this case, we choose

β1 = 1

p11 − 1
, β2 = 1

p22 − 1
.

These conditions impose

1<p11,p22, p12<
p11(p22 − 1)

p11 − 1
and p21<

p22(p11 − 1)

p22 − 1
.

2. Strongly coupled case.We say that the system is strongly coupled if there existβ1, β2
such that

β1(1− p11)+ 1> 0, β1 + 1− β2p12 = 0,

β2(1− p22)+ 1> 0, β2 + 1− β1p21 = 0.

Thus, in this case, we choose

β1 = p12 + 1

p12p21 − 1
, β2 = p21 + 1

p12p21 − 1
.
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These conditions impose

1<p21,p12, p11< 1+ p21p12 − 1

p12 + 1
and p22< 1+ p21p12 − 1

p21 + 1
.

First we deal with the weakly coupled case. Aswn, zn areCα (see [84]) andf , g
are smooth, we have thatwn, zn are uniformly bounded inC1+α . Hence, by standard
Schauder theory [84], we obtain thatwn, zn are uniformly bounded inC2+α . Using a
compactness argument we can assume that(wn, zn)→ (w, z) in C2+β×C2+β with β < α.
We observe that the domainsΩn approaches toRN+ . Therefore, passing to the limit, we
obtain a nontrivial nonnegative bounded solutionw of

{
�w = 0 in RN+ ,
∂w
∂ν

= a(x0)w
p11 on∂RN+ .

(11.12)

As we mentioned in Section 4, Hu in [87] proved the following nonexistence theorem.

THEOREM 11.3. The only nonnegative classical solution of(11.12) is w ≡ 0 when
1<p11<N/(N − 2) (p11 is subcritical) if N � 3 or 0<p11 if N = 2.

Using Theorem 11.3 we get a contradiction and this proves the a priori bound in the
weakly coupled case. In summary, we have proved the following result.

THEOREM 11.4. Assume that the system(11.1)–(11.2) satisfy(H3) and is weakly cou-
pled. If 1< p11,p22< N/(N − 2) (N � 3) or 0< p11,p22 (N = 2) then there exists a
constantC such that every nonnegative solution verifies‖u‖∞,‖v‖∞ � C.

Next, we deal with the strongly coupled case. Passing to the limit as in the previous case,
we obtain a nontrivial, nonnegative solution of

{
�w = 0 in RN+ ,

�z= 0,
(11.13)

with boundary conditions

{
∂w
∂ν

= b(x0)z
p12 on ∂RN+ ,

∂z
∂ν

= c(x0)w
p21.

(11.14)

For this problem, using the moving planes technique, we have the following Liouville-
type theorems, see [71],

THEOREM 11.5. SupposeN � 3 and p12,p21 � N/(N − 2) but not both equal
to N/(N − 2), with p12p21 > 1. Let (w, z) be a classical nonnegative solution of
(11.13)–(11.14),thenw ≡ z≡ 0.
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For the caseN = 2 we have to suppose thatw or z is bounded, and we obtain the
same conclusion with no restriction on the exponentsp12,p21. More precisely, we have
the following theorem.

THEOREM 11.6. LetN = 2 andp12,p21> 0. Let (w, z) be a classical nonnegative solu-
tion of (11.13)–(11.14)withw bounded, thenw ≡ z≡ 0.

Again, applying Theorems 11.5 and 11.6 we get a contradiction in the strongly coupled
case. In summary, we have proved the following theorem.

THEOREM 11.7. Assume that the system(11.1)–(11.2)satisfies(H3) and is strongly cou-
pled. If 1<p12p21 andp12,p21 �N/(N − 2) but not both equal(N � 3) or 0<p12,p21
(N = 2), then there exists a constantC such that every nonnegative solution(u, v) verifies
‖u‖∞,‖v‖∞ �C.

� Now we assume that the nonlinearities in the boundary conditions have some varia-
tional structure. As we have mentioned, there are two main classes of systems that can be
treated variationally, Hamiltonian and gradient systems. First, we deal with a Hamiltonian
problem. As we have already seen, problems with no variational structure can be treated
via fixed point arguments.

Hamiltonian elliptic systems.We study the existence of nontrivial solutions of the elliptic
system

{
�u= u in Ω,
�v = v, (11.15)

with nonlinear coupling at the boundary given by

{
∂u
∂ν

=Hv(x,u, v) on ∂Ω,
∂v
∂ν

=Hu(x,u, v).
(11.16)

HereH : ∂Ω × R × R → R is a smooth positive function (sayC1) with growth control
onH and its first derivatives.

The results obtained for this Hamiltonian problem are strongly inspired by [45]. There
the authors study

{−�u=Hv(x,u, v) in Ω,

−�v =Hu(x,u, v),

complemented with Dirichlet boundary conditions. They prove existence of strong solu-
tions using the same variational arguments we use here and, as in our case, they were
forced to impose similar growth restrictions onH .

The crucial part here is to find the proper functional setting for (11.15)–(11.16) that
allows us to treat our problem variationally. We accomplish this by defining a self-adjoint
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operator that takes into account the boundary conditions together with the equations and
considering its fractional powers that verify a suitable “integration by parts” formula. Once
we have done this, the proof follows the steps used in [45]. For the proof we use a linking
theorem in a version of [62]. Linking theorems have been proved to be a useful tool in
order to obtain existence result of elliptic problems.

The precise assumptions on the HamiltonianH are
∣∣H(x,u, v)

∣∣�C
(
|u|p+1 + |v|q+1 + 1

)
, (11.17)

and forr > 0 small, if |(u, v)| � r ,
∣∣H(x,u, v)

∣∣�C
(
|u|α + |v|β

)
, (11.18)

where the exponentsp+ 1� α > p > 0 andq + 1� β > q > 0 satisfy

1>
1

α
+ 1

β
, (11.19)

max

{
p

α
+ q

β
; q

q + 1

p+ 1

α
+ p

p+ 1

q + 1

β

}
< 1+ 1

N − 1
(11.20)

p

p+ 1

q + 1

β
< 1 and

q

q + 1

p+ 1

α
< 1. (11.21)

If N � 4 we have to impose the additional hypothesis

max

{
p

α
; q
β

; q

q + 1

p+ 1

α
; p

p+ 1

q + 1

β

}
<

N + 1

2(N − 1)
. (11.22)

Whenα = p+ 1 andβ = q + 1, conditions (11.19), (11.20) and (11.22) become

1>
1

p+ 1
+ 1

q + 1
> 1− 1

N − 1
, p, q �

N + 1

N − 3
if N � 4.

REMARK 11.1. These hypothesis, (11.19)–(11.22), imply that there existss and t with
s + t = 1, s, t > 1/4 such that

α− p
α

>
1

2
− 2s − 1/2

N − 1
,

β − q
β

>
1

2
− 2t − 1/2

N − 1
,

1− p(q + 1)

β(p+ 1)
>

1

2
− 2s − 1/2

N − 1
, 1− q(p+ 1)

α(q + 1)
>

1

2
− 2t − 1/2

N − 1
.

On the derivatives ofH we impose the following:
∣∣∣∣
∂H

∂u
(x,u, v)

∣∣∣∣�C
(
|u|p + |v|p(q+1)/(p+1) + 1

)
,

(11.23)∣∣∣∣
∂H

∂v
(x,u, v)

∣∣∣∣�C
(
|u|q(p+1)/(q+1) + |v|q + 1

)
.
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And forR large, if |(u, v)| �R,

1

α

∂H

∂u
(x,u, v)u+ 1

β

∂H

∂v
(x,u, v)v �H(x,u, v) > 0, (11.24)

we observe that from (11.24), it follows that (see [62])

∣∣H(x,u, v)
∣∣� c

(
|u|α + |v|β

)
−C. (11.25)

We have the following theorem.

THEOREM 11.8. Let us assume thatH : ∂Ω × R × R → R verifies(11.17)–(11.24).Then
there exists a nontrivial solution to(11.15)–(11.16).

Next, we look for positive solutions. If we also impose

∂H

∂u
(x,u, v),

∂H

∂v
(x,u, v)� 0 for all u,v � 0, (11.26)

∂H

∂u
(x,u, v)= 0 whenu= 0,

(11.27)
∂H

∂v
(x,u, v)= 0 whenv = 0,

we can prove the following theorem.

THEOREM 11.9. If H : ∂Ω × R × R → R verifies(11.17)–(11.24)and (11.26)–(11.27),
then there exists at least one positive solution to(11.15)–(11.16).

Multiplicity. Now we study the existence of infinitely many nontrivial solutions of the
elliptic system (11.15)–(11.16). To study multiplicity of solutions we are inspired by the
articles [17] and [63] where the authors study a Hamiltonian system with Dirichlet bound-
ary conditions in a bounded domain.

As before the crucial part in the nonlinear boundary conditions case, is to find the proper
functional setting for (11.15)–(11.16) that allows us to treat our problem variationally.
We assume the same hypotheses on the HamiltonianH as before, but adding the following
symmetry condition

H(x,u, v)=H(x,−u,−v). (11.28)

We have the following theorem.

THEOREM 11.10. Assume thatH : ∂Ω × R × R → R satisfies(11.17)–(11.28).Then
there exists a sequence of nontrivial strong solutions{un, vn} to (11.1)–(11.2) such that
‖un‖W2,(q+1)/(q)(Ω) + ‖vn‖W2,(p+1)/(p)(Ω) → ∞.
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� In [125] and [112] the previous results were generalized by using a new version of
the linking theorem with the same functional setting described below. This new version of
the linking argument may have applications to other elliptic problems.

Now let us describe the functional setting that allows us to treat (11.15)–(11.16) varia-
tionally. Let us consider the spaceL2(Ω)× L2(∂Ω) which is a Hilbert space with inner
product, that we will denote by〈·, ·〉, given by

〈
(u, v), (φ,ψ)

〉
=
∫

Ω

uφ dx +
∫

∂Ω

vψ dσ.

Now, letA :D(A)⊂ L2(Ω)×L2(∂Ω)→ L2(Ω)×L2(∂Ω) be the operator given by

A(u,u|∂Ω )=
(

−�u+ u, ∂u
∂η

)
,

whereD(A) = {(u,u|∂Ω ) | u ∈ H 2(Ω)}. We claim thatD(A) is dense inL2(Ω) ×
L2(∂Ω). In fact, let (f, g) ∈ C(�Ω) × C(∂Ω), takeε > 0 and considerΩε = {x ∈ Ω |
dist(x, ∂Ω) > ε}. Now we chooseu ∈ C2(Ωε) such that‖u− f ‖L2(Ωε)

is small. As∂Ω is
smooth, we can extendu to the whole�Ω in such a way thatu ∈ C2(�Ω) and‖u− g‖L2(∂Ω)

is also small. Asε is arbitrary andC(�Ω)×C(∂Ω) is dense inL2(Ω)×L2(∂Ω) the claim
follows.

We observe thatA is invertible with inverse given byA−1(f, g)= (u,u|∂Ω), whereu is
the solution of

{−�u+ u= f in Ω,
∂u
∂ν

= g on∂Ω.

By standard regularity theory, see [84], page 214, it follows thatA−1 is bounded and com-
pact. Therefore,R(A)= L2(Ω)×L2(∂Ω) thus in order to see thatA (and henceA−1) is
self-adjoint it remains to check thatA is symmetric. To see this, letu,v ∈D(A), and by
Green’s formula we have

〈Au,v〉 =
∫

Ω

(−�u+ u)v dx +
∫

∂Ω

∂u

∂ν
v dσ

=
∫

Ω

u(−�v + v)dx +
∫

∂Ω

u
∂v

∂ν
dσ = 〈u,Av〉,

therefore,A is symmetric. Moreover,A (and henceA−1) is positive. In fact, letu ∈D(A)
and using again Green’s formula,

〈Au,u〉 =
∫

Ω

(−�u+ u)udx +
∫

∂Ω

∂u

∂ν
udσ =

∫

Ω

|∇u|2 + u2 dx � 0.
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Therefore, there exists a sequence of eigenvalues(λn)⊂ R with eigenfunctions(φn,ψn) ∈
L2(Ω) × L2(∂Ω) such that 0< λ1 � λ2 � · · · � λn � · · · ր +∞ and φn ∈ H 2(Ω),
φn|∂Ω =ψn,

{−�φn + φn = λnφn in Ω,
∂φn
∂ν

= λnφn on ∂Ω.

Let us consider the fractional powers ofA, for 0< s < 1,As :D(As)→ L2(Ω)×L2(∂Ω),
As is given by

Asu=
∞∑

n=1

λsnan(φn,ψn),

where u = ∑
an(φn,ψn). We call Es = D(As). Es is a Hilbert space with inner

product, that we denote by(·, ·)Es , given by (u,φ)Es = 〈Asu,Asφ〉. Let us see that
Es ⊂H 2s(Ω). In fact, if we defineA1 :H 2(Ω) ⊂ L2(Ω)→ L2(Ω), A1u = −�u + u,
andA2 :H 2(Ω) ⊂ D(A2) ⊂ L2(∂Ω) → L2(∂Ω), A2u = ∂u

∂ν
. Then Ã = (A1,A2) ver-

ify A = Ã|(u,u), u ∈D(A1)∩D(A2), and henceAs = Ãs |(u,u), u ∈ D(As1) ∩D(As2). As
D(A1) = H 2(Ω) ⊂ D(A2), we haveD(As1) ⊂ D(As2), thereforeEs = D(As) = D(As1).
Now, by the results of [118], asΩ is smooth, it follows thatEs =D(As1)⊂H 2s(Ω). So
we have the following inclusions

Es →֒H 2s(Ω) →֒H 2s−1/2(∂Ω) →֒ Lp(∂Ω).

More precisely, we have the following immersion theorem.

THEOREM 11.11. Givens > 1/4 andp � 1 so that 1
p

� 1
2 − 2s−1/2

N−1 the inclusion map
i :Es → Lp(∂Ω) is well defined and bounded. Moreover, if above we have strict inequality,
then the inclusion is compact.

Let us now setE = Es × Et wheres + t = 1, s, t given by Remark 11.1 and define
B :E × E → R by B((u, v), (φ,ψ)) = 〈Asu,Atψ〉 + 〈Asφ,Atv〉. E is a Hilbert space
with the usual product structure, and henceB is a bounded, bilinear, symmetric form.
Therefore, there exists a unique bounded, self-adjoint, linear operatorL :E → E, such
thatB(z, γ )= (Lz, γ )E . Now we define

Q(z)= 1

2
B(z, z)= 1

2
(Lz, z)E =

〈
Asu,Atv

〉
.

By (11.17), Remark 11.1 and Theorem 11.11, we can defineH :E→ R as

H(u,v)=
∫

∂Ω

H(x,u, v)dσ.
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PROPOSITION11.1. The functionalH defined above is of classC1 and its derivative is
given by

H ′(u, v)(φ,ψ)=
∫

∂Ω

Hu(x,u, v)φ dσ +
∫

∂Ω

Hv(x,u, v)ψ dσ. (11.29)

Moreover,H ′ is compact.

PROOF. From (11.23) we have

∫

∂Ω

∣∣∣∣
∂H

∂u
(x,u, v)φ

∣∣∣∣dσ �C

∫

∂Ω

(
|u|p + |v|p(q+1)/(p+1) + 1

)
|φ|dσ.

By Hölder’s inequality and Theorem 11.11, we have

∫

∂Ω

∣∣∣∣
∂H

∂u
(x,u, v)φ

∣∣∣∣dσ �C
(
‖u‖pEs + ‖v‖p(q+1)/(p+1)

Et
+ 1
)
‖φ‖Es .

In a similar way we obtain the analogous inequality forHv .
ThusH ′ is well defined and bounded inE. Next, a standard argument gives thatH is

Fréchet differentiable withH ′ continuous. The fact thatH ′ is compact comes from Theo-
rem 11.11 (see [110] for the details). �

Now we can define the functionalF :E→ R as

F(u, v)=Q(u,v)−H(u,v).

The functionalF is of classC1 and it has the structure needed in order to apply minimax
techniques.

To end the description of the functional setting let us now give the definition of weak
solution of (11.15)–(11.16).

DEFINITION 11.1. We say thatz = (u, v) ∈ E = Es × Et is an (s, t)-weak solution of
(11.15)–(11.16) ifz is a critical point ofF . In other words, for every(φ,ψ) ∈E, we have

〈
Asu,Atψ

〉
+
〈
Asφ,Atv

〉
−
∫

∂Ω

Hu(x,u, v)φ dσ −
∫

∂Ω

Hv(x,u, v)ψ dσ = 0.

With this definition it only remains to show thatF has critical points using a linking
argument [68,69,112,125].

Gradient elliptic systems.Now we assume that we are dealing with a gradient elliptic
system

{
�pu= |u|p−2u inΩ,

�qv = |v|q−2v,
(11.30)
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with nonlinear coupling at the boundary given by

{
|∇u|p−2 ∂u

∂ν
= Fu(x,u, v) on∂Ω,

|∇v|q−2 ∂v
∂ν

= Fv(x,u, v).
(11.31)

Here(Fu,Fv) is the gradient of some positive potentialF : ∂Ω × R × R → R with precise
hypotheses that we state below.

As before, for (weak) solutions of (11.30)–(11.31) we understand critical points of the
functional

F(u, v)=
∫

Ω

|∇u|p
p

+ |u|p
p

dx +
∫

Ω

|∇v|q
q

+ |v|q
q

dx −
∫

∂Ω

F(x,u, v)dσ.

(11.32)

The geometry ofF is similar to the one of the functional

F1(u)=
1

p

∫

Ω

|∇u|p + |u|p dx −
∫

∂Ω

F(x,u)dσ

which corresponds to a single quasilinear equation with nonlinear boundary conditions.
The functionalF1 was studied in [71] where essentially the caseF(x,u)= |u|r was con-
sider. However, some interesting phenomena appear in (11.32) due to the coupling in the
system (11.30)–(11.31). Our results for (11.30)–(11.31) generalize the ones in [71] both to
systems and to more general potentials. In [17] the functional

�F(u, v)=
∫

Ω

|∇u|p + |∇v|q dx −
∫

Ω

�F(x,u, v)dx

was analyzed. In this paper we extend their results to the nonlinear boundary condition
case and moreover some new results are obtained. For instance, multiplicity results in the
subcritical case with an oddness condition onF and mainly, existence results with critical
growth.

Let us introduce the precise assumptions ofF . From now on, we fix 1<p, q < N , and
so the functionalF will be defined in the Banach spaceW1,p(Ω)×W1,q(Ω). Of course,
the growth ofF has to be controlled in order forF to make sense for(u, v) ∈W1,p(Ω)×
W1,q(Ω). According to the Sobolev trace embedding, we impose

∣∣F(x,u, v)
∣∣� C

(
1+ |u|p∗ + |v|q∗

)
, (F1)

wherep∗ = p(N − 1)/(N − p) and q∗ = q(N − 1)/(N − q) are the critical Sobolev
trace exponents andC is some positive constant. With (F1), asW1,p(Ω)→ Lp∗(∂Ω) and
W1,q(Ω)→ Lq∗(∂Ω) by the Sobolev trace theorem, we have thatF is well defined.
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In order to apply variational techniques, we need the functionalF to beC1. To this end,
(F1) is not enough. One has to consider the stronger assumption

∣∣Fu(x,u, v)
∣∣� C

(
1+ |u|p∗−1 + |v|q∗(p∗−1)/p∗

)
,

(F2)∣∣Fv(x,u, v)
∣∣� C

(
1+ |v|q∗−1 + |u|p∗(q∗−1)/q∗

)
.

One can easily check that (F2) implies (F1) and under (F2), it follows that critical points
of F are weak solutions of (11.30)–(11.31).

Now, the geometry ofF depends strongly on the precise growth of the potentialF . That
is, on the exponentsr ands in the inequality

∣∣F(x,u, v)
∣∣� C

(
1+ |u|r + |v|s

)
, (F3)

wherer � p∗ ands � q∗.
Of course, the case of interest is

F(x,0,0)= Fu(x,0,0)= Fv(x,0,0)= 0 for x ∈ ∂Ω, (F4)

thenu≡ v ≡ 0 is a trivial solution of the system (11.30)–(11.31).
We will distinguish mainly four different cases:
(1) r < p ands < q. (Sublinear-like.)
(2) r = p ands = q. (Resonant.)
(3) p < r < p∗ andq < s < q∗. (Superlinear-like, subcritical.)
(4) r = p∗ ands = q∗. (Critical.)
First, we turn our attention to the superlinear and subcritical case (3). In order to ver-

ify the Palais–Smale condition, we need to impose the following assumption: There exist
R > 0, θp andθq with θp < 1/p, θq < 1/q, such that

0<F(x,u, v)� θpuFu(x,u, v)+ θqvFv(x,u, v) (F5)

for all x ∈ ∂Ω and|u|, |v| �R. We have the following theorem.

THEOREM 11.12. Assume that the potentialF satisfies(F2), (F3) with r, s as in (3),
(F4) and (F5). Assume, moreover, that there exists constantsc > 0 and ε > 0 and
p∗ > r̄ > p, q∗ > s̄ > q such that

∣∣F(x,u, v)
∣∣� c

(
|u|r̄ + |v|s̄

)
for x ∈ ∂Ω, |u|, |v| � ε. (F6)

ThenF has a critical point. If, moreover, F is even thenF has infinitely many critical
points which are unbounded inW1,p(Ω)×W1,q(Ω).

Case (1) is similar in nature to a sublinear problem for the usual Laplacian. So, direct
minimization yields a nontrivial solution. However, under a hypothesis similar to (F5) we
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can show the existence of infinitely many solutions (of course, with an oddness assumption
onF ). The condition is: There existsR > 0, θp andθq with θp < 1/p, θq < 1/q, such that

θpuFu(x,u, v)+ θqvFv(x,u, v)− F(x,u, v)� −c
(
|u|r + |v|s

)
(F7)

for all x ∈ ∂Ω and|u|, |v| �R. We have the following theorem.

THEOREM 11.13. Assume that the potentialF satisfies(F2), (F3) with r, s as in (1),
and (F4). ThenF has a nontrivial critical point providing there exists a constantR > 0,
θ < 1 and a continuous functionK : ∂Ω × R × R → R such that

F
(
x, t1/pu, t1/qv

)
� tθK(x,u, v)

for x ∈ ∂Ω, |u|, |v| �R and smallt > 0. (F8)

If, moreover, F is even and(F7) holds, thenF has infinitely many critical points which
form a compact set inW1,p(Ω)×W1,q(Ω).

The case (2) is a resonant problem. So there is an underlying (nonlinear) eigenvalue
problem. In this case, it is natural to assume a condition onF that implies that the func-
tionalF satisfies the so-calledCerami condition. This assumption is as follows: There are
positive constantsc,R,a, b with 0< a < p, 0< b < q such that

1

p
uFu(x,u, v)+

1

q
vFv(x,u, v)− F(x,u, v)� c

(
|u|a + |v|b

)
(F9)

for x ∈ ∂Ω, |u|, |v|>R.
In order to avoid resonance, we need to understand the underlying eigenvalue problem.

A similar eigenvalue problem for the Dirichlet boundary condition case, was introduced
in [17]. LetG :R2 → [0,∞) be aC1 positive even function such that

G
(
t1/pu, t1/qv

)
= tG(u, v), (G1)

G(u,v)� k
(
|u|p + |v|q

)
. (G2)

The eigenvalue problem is

{
�pu= |u|p−2u in Ω,

�qv = |v|q−2v,
(11.33){

|∇u|p−2 ∂u
∂ν

− aGu = λ|u|p−2u on ∂Ω,

|∇v|q−2 ∂v
∂ν

− aGv = λ|v|q−2v,

wherea ∈ L∞(∂Ω).
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We will see that problem (11.33) has a first eigenvalueλ1(a). So in order to avoid res-
onance, we assume that there exists positive numbersR andε, anda, b ∈ L∞(∂Ω) such
that

λ1(a) < 0, F (x,u, v)� a(x)G(u, v), |u|, |v| �R,
(F10)

λ1(b) > 0, F (x,u, v)� b(x)�G(u,v), |u|, |v| � ε,

whereG and�G satisfy (G1). We have the following theorem.

THEOREM 11.14. Assume that the potentialF satisfies(F2), (F3) with r and s as in (2),
(F4), (F9) and (F10). Then the functionalF has a nontrivial critical point.

Now we turn our attention to the critical case (4). As it is well known, the compactness
in the immersionW1,p(Ω)×W1,q(Ω)→ Lp∗(∂Ω)×Lq∗(∂Ω) fails, so the functionalF
does not verify the Palais–Smale condition. However, by applying the concentration–
compactness method (see [96,97]), we can prove thatF satisfy alocal Palais–Smalecon-
dition that will suffices to apply the usual variational techniques.

The hypotheses on the potentialF are

F(x,u, v)= Fλ(x,u, v)= F c(x,u, v)+ λF s(x,u, v), (F11)

whereF c is thecritical part ofFλ andF s is a subcritical perturbation, that verifies (F3)
with r ands as in (1) or (3).

The hypotheses on the critical partF c are: There exist two constantsc,C > 0 such that

c
(
|u|p∗ + |v|q∗

)
� F c

u(x,u, v)u+ F c
v (x,u, v)v � C

(
|u|p∗ + |v|q∗

)
, (Fc

1)

c
(
|u|p∗ + |v|q∗

)
� θpF

c
u(x,u, v)u+ θqF c

v (x,u, v)v − F c(x,u, v), (Fc
2)

whereθp andθq are defined for the two cases in (F5) and (F7).
For the subcritical perturbationF s, we need also to impose the following condition,

F s
u(x,u, v)u+ F s

v (x,u, v)v � C
(
1+ |u|r + |v|s

)
. (Fs

1)

We have the following theorem.

THEOREM11.15. Assume thatFλ satisfies(F11) withF s satisfying(F2), (F3) with r ands
as in(3), (F4), (F5) and (Fs

1) andF c satisfying(Fc
1) and (Fc

2). Then there exists a constant
�Λ> 0 such that, if λ > �Λ, F has a critical point inW1,p(Ω)×W1,q(Ω).

Finally, for sublinear perturbations we have the theorem.

THEOREM11.16. Assume thatFλ satisfies(F11) withF s satisfying(F2), (F3) with r ands
as in(1), (F4), (F7) and (Fs

1) andF c satisfying(Fc
1) and (Fc

2). Then there exists a constant
Λ > 0 such that, if 0< λ < Λ, F has a nontrivial critical point. Moreover, if F is even
thenF has infinitely many critical points inW1,p(Ω)×W1,q(Ω).
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12. Other results

In this section we collect more results for elliptic problems with nonlinear boundary con-
ditions.

� Brock in [23] prove the following isoperimetric result concerning eigenvalues of the
Steklov problem,

{
�u= 0 inΩ,
∂u
∂ν

= λρu on ∂Ω,
(12.1)

whereρ ∈ L∞(∂Ω) is positive.

THEOREM 12.1. Let |Ω| = |B(0,R)| andλi the sequence of eigenvalues of(12.1),then

N+1∑

i=2

1

λi
�
NωNR

N−1
∫
∂Ω

1/ρ dσ
.

� In [41] Davila and Montenegro study nonnegative solutions of the problem

{
�u= u in Ω,
∂u
∂ν

= −u−β + f (x,u) on ∂Ω ∩ {u > 0}.

Remark that for this problem afree boundaryappears, the solution is allowed to vanish on
some part of the boundary and hence it develops a free boundary, the boundary of the set
{u > 0} ∩ ∂Ω . The authors show that, under adequate hypotheses onf , there exists a non-
trivial maximal solution and also find conditions under which it develops a free boundary.
Also, some regularity results are provided.

� Let us recall that in [38] it is proved the well-known maximum/antimaximum prin-
ciple for the linear Laplace operator with zero Dirichlet boundary condition. Denoting
by µ1 the first eigenvalue of the Laplace operator (with zero Dirichlet boundary condi-
tion), it states that “given any positiveh ∈ Lr(Ω), r > N , there existsε = ε(h) > 0 such
that every solutionu of −�u = µu+ h in Ω with u|∂Ω = 0 satisfies eitheru < 0 in Ω
provided thatµ1<µ<µ1 + ε (antimaximum principle),or u > 0 in Ω if µ<µ1” (max-
imum principle).

Our main goal now is to extend the maximum/antimaximum principle to the case of
elliptic equations with nonlinear boundary conditions,

{−�u+ u= h in Ω,
∂u
∂ν

= λu+ g on ∂Ω.
(12.2)

We have the following result, see [14] for a proof.

THEOREM 12.2. Leth ∈ Lr(Ω) andg ∈ Ls(∂Ω) with r > N/2 ands > N − 1. Let

A=
∫

Ω

hϕ1 dx +
∫

∂Ω

gϕ1 dσ.
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(1) If A > 0 then there existsε > 0 such that every solution of(12.2) with λ1 − ε <
λ < λ1 verifiesu > 0 inΩ and every solution of(12.2)with λ1< λ< λ1+ε verifies
u < 0 in �Ω .

(2) If A < 0 then there existsε > 0 such that every solution of(12.2) with λ1 − ε <
λ < λ1 verifiesu < 0 inΩ and every solution of(12.2)with λ1< λ< λ1+ε verifies
u > 0 in �Ω .

(3) If A= 0 then every solution of(12.2)with λ �= λ1 changes sign in�Ω .

With respect to the proof of this theorem, we emphasize that the main idea is to look at
the problem from a bifurcation (from infinity) point of view like in [13].

Note that for the Neumann boundary condition we are just assuming thath is in Lr(Ω)
with r > N/2. This is in contrast with the case of Dirichlet boundary condition in [38]
where it is assumedr > N . This strengthened assumption is necessary for the Dirichlet
case. Indeed, it is proved in [116] that there exists a positive functionh ∈ LN (Ω) for
which the antimaximum principle does not hold; that is, the spaceLr(Ω) with r > N is
sharp for this principle.

We also have thatLN/2(Ω) andLN−1(∂Ω) are sharp for the antimaximum principle
in the case of Neumann boundary conditions. First, let us see that antimaximum principle
does not hold, in general, forh ∈ LN/2(Ω).

THEOREM 12.3. There exists a positive functionh ∈ LN/2(Ω) such that the solution
of (12.2)with g ≡ 0 andλ > λ1 is positive somewhere inΩ .

Also, the hypothesisg ∈ LN−1(∂Ω) is not sufficient to obtain the antimaximum princi-
ple.

THEOREM 12.4. There exist a bounded domainΩ and a positive functiong ∈ LN−1(∂Ω)

such that the solution of(12.2)with h≡ 0 andλ > λ1 is positive somewhere inΩ .

� The authors of [19] study questions of existence, uniqueness and continuous depen-
dence for semilinear elliptic equations with nonlinear boundary conditions,β(u)−�u ∋ f
onΩ , ∂u

∂ν
γ (u) ∈ 0 on ∂Ω , wheref ∈ L1(Ω). The nonlinearitiesβ andγ are maximal

monotone graphs inR. In particular, the authors obtain results concerning the continuous
dependence of the solutions on the nonlinearities in the problem, which in turn implies
analogous results for a related parabolic problem.

See also [9] and [12] where it is proved existence and uniqueness of solutions to equa-
tions of the formu − diva(x,Du(x)) = f in Ω , supplied with the boundary condition
− ∂u
∂νa

∈ β(u) on ∂Ω , wheref ∈ L1(Ω); and∂/(∂νa) is the Neumann boundary operator
associated toa, that is,∂u/∂νa ≡ 〈a(x,Du(x)), η〉 andβ is a maximal monotone graph
in R × R with 0 ∈ β(0). As a consequence of the existence–uniqueness result, the au-
thors associate anm-complete accretive operator inL1(Ω) to the corresponding parabolic
equation, which permits them to study that equation from the point of view of nonlinear
semigroup theory.
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� Now, following [42], we deal with self-similar solutions of the porous medium equa-
tion in a half-space with a nonlinear boundary condition. We study existence and symmetry
of nonnegative solutions of the following problem

{
�u= uα in RN+ ,
∂u
∂ν

= u on∂RN+ ,
(12.3)

where 0< α < 1. This elliptic problem appears naturally when one considers self-similar
blowing up solutions of the porous medium equation(m > 1)

{
vt =�vm in RN+ × (0, T ),
∂vm

∂ν
= vm on∂RN+ × (0, T ).

(12.4)

The blow-up problem for the porous medium equation has deserved a great deal of atten-
tion, see for example the survey [78]. In the study of blow-up problems, self-similar profiles
are used to study the fine asymptotic behavior of a solution of the parabolic equation near
its blow-up time. It often happens that the spatial shape of the solution near blow-up is
close to a self-similar profile, see [78].

In our case, assume thatv(x, t) is a solution of (12.4) with blow-up timeT . Then the
rescaled functionz(x, t)= (T − t)1/(m−1)v(x, t) should converge ast ր T to a stationary
profile z(x) satisfying

{
�zm = 1

m−1z in RN+ ,
∂zm

∂ν
= zm on ∂RN+ ,

as is often the case when dealing with parabolic problems. Thenu(x) = cz(x)m is a so-
lution of (12.3) withα = 1/m for a suitable choice of the constantc. On the other hand,
given a nonnegative solutionu(x) of (12.3), z(x) = (u(x)/c)1/m gives rise to a special
solution to (12.4) (in self-similar form) blowing up at timeT , of the form v(x, t) =
(T − t)−1/(m−1)z(x). Remark that in our case the self-similar scaling does not change
the spatial variable, and hence the blow-up set is given by the support ofz(x). Therefore
there is an interest in studying self-similar profiles, in our case solutions of (12.3). In order
to motivate our study, let us recall what is known for the problem

vt =�vm + vm in RN × (0, T ). (12.5)

Problem (12.5) admits self-similar solutions. In this case the profilez(x) is a solution of

0=�zm + zm − 1

m− 1
z in RN . (12.6)

One way to look for solutions of (12.6) is to search for radial ones. The existence of a
radial compactly supported nontrivial solution reduces to the study of an ODE and was
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done in [40]. Moreover, a symmetry analysis using moving planes implies that every solu-
tion with finite energy has compact support and is composed by a finite number of radial
“bumps” located such that their supports do not intersect, see [40].

Concerning the existence of solutions of (12.3), let us observe that in one space dimen-
sion we are facing an ODE that can be solved explicitly. It turns out that there exists only
one compactly supported solution inR+, u(x)= c1((c2 − x)+)2/(1−α). Unfortunately, for
N � 2, an easy inspection of problem (12.3) shows that there is no hope to look for radial
solutions since they cannot verify the boundary condition. Therefore, in the case under
study, the elliptic problem remains a PDE that cannot be solved by ODE methods. How-
ever, the problem has still some natural symmetry in the tangential variables. In fact, if we
call a pointx ∈ RN+ , x = (x′, xN ) (x′ ∈ RN−1), we can search for solutions that are radial
in the tangential variables, that is,

u(x)= u
(∣∣x′∣∣, xN

)
. (12.7)

It has to be noted that this symmetry assumption does not reduce the problem to an ODE.
The first result of [42] reads as follows.

THEOREM 12.5. There exists a nontrivial, nonnegative, compactly supported solution
of (12.3)of the form(12.7).

Next, we use the moving planes device (with a moving plane parallel to thexN direction)
to prove the following result that justifies our symmetry assumption in Theorem 12.5.

THEOREM 12.6. Let u ∈ H 1(RN+) be a nonnegative solution of(12.3) with connected
support. Thenu is compactly supported and radial in the tangential variables, that is, it
has the form(12.7).

The problem of uniqueness of solutions to (12.3) with compact support remains open.
In the case of equation (12.6), it is known that solutions with compact support are unique
except for translations, but the argument relies strongly on ODE techniques.

When this analysis is performed we can obtain some easy corollaries concerning prob-
lem (12.4).

COROLLARY 12.1. Every nonnegative nontrivial solution of(12.4)blows up in finite time.

The proof of this fact follows by contradiction. Assume thatv is a global nontrivial
solution. Asv is a supersolution of the porous medium equation its support expands, [123],
and eventually covers the support of a self-similar profilez. The proof ends just with the use
of a comparison argument using a self-similar solution withT large enough as subsolution.

COROLLARY 12.2. There exists a solution of(12.4)with a blow-up set composed by an
arbitrary number of connected components.

In fact, we may consider a self-similar solution with a profilez(x) composed byn dis-
joint copies of the compactly supported solution provided by Theorem 12.5.
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� Now we study weak solutions for thep-Laplacian with a nonlinear boundary condi-
tion at resonance, see [101]. We look for conditions that provide existence of weak solu-
tions for the problem

{
�pu= |u|p−2u+ f (x,u) in Ω,

|∇u|p−2 ∂u
∂ν

= λ|u|p−2u− h(x,u) on ∂Ω.
(12.8)

We assume that the perturbationsf :Ω × R → R and h : ∂Ω × R → R are bounded
Carathéodory functions. In a variational approach, the functional associated to the prob-
lem is

Jλ(u) = 1

p

∫

Ω

|∇u|p dx + 1

p

∫

Ω

|u|p dx − λ

p

∫

∂Ω

|u|p dσ

+
∫

Ω

F(x,u)dx +
∫

∂Ω

H(x,u)dσ,

whereF andH are primitives off andh with respect tou, respectively. Weak solutions
of (12.8) are critical points ofJλ in W1,p(Ω).

Let us introduce some motivation to deal with (12.8). As we mentioned before, we will
say thatλ is an eigenvalue for thep-Laplacian with a nonlinear boundary condition if the
problem,

{
�pu= |u|p−2u in Ω,

|∇u|p−2 ∂u
∂ν

= λ|u|p−2u on ∂Ω,
(12.9)

has nontrivial solutions. The set of solutions (called eigenfunctions) for a givenλ will
be denoted byAλ. Resonance problems are well known in the literature. For exam-
ple, for the resonance problem for thep-Laplacian with Dirichlet boundary conditions
see [13,49] and references therein. In problem (12.8) we have a perturbation of the eigen-
value problem (12.9) given by the two nonlinear termsf (x,u) andh(x,u). Following
ideas from [49], we prove the following result, that establishes Landesman–Lazer-type
conditions on the nonlinear perturbation terms in order to have existence of weak solutions
for (12.8).

THEOREM 12.7. Let f± := limt→±∞ f (x, t), h± := limt→±∞ h(x, t). Assume that
there existf̄ ∈ Lq(Ω) and h̄ ∈ Lq(∂Ω) such that|f (x, t)| � f̄ ∀(x, t) ∈ Ω × R and
|h(x, t)| � h̄ ∀(x, t) ∈ ∂Ω × R (whereq = p/p− 1). Also assume that either

(LL)+λ :
∫

{v>0∩Ω}
f+v+

∫

{v>0∩∂Ω}
h+v

+
∫

{v<0∩Ω}
f−v+

∫

{v<0∩∂Ω}
h−v > 0 for all v ∈Aλ\{0}
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or

(LL)−λ :
∫

{v>0∩Ω}
f+v+

∫

{v>0∩∂Ω}
h+v

+
∫

{v<0∩Ω}
f−v +

∫

{v<0∩∂Ω}
h−v < 0 for all v ∈Aλ\{0},

then(12.8)has a weak solution.

Observe that in the case whereλ is not an eigenvalue the hypotheses trivially hold. The
integral conditions (of Landesman–Lazer type) that we impose forf andh are used to
prove a Palais–Smale condition for the functionalJλ associated to the problem (12.8).
Observe that these conditions involve an integral balance (with the eingenfunctionsv as
weights) betweenf andh. Hence we allow perturbations both in the equation and in the
boundary condition.

Let us have a close look at the conditions for the first eigenvalue. As the first eigenvalue
is isolated and simple with an eigenfunction that does not change sign inΩ (we call itφ1
and assumeφ1 > 0 in �Ω) [100] and Section 6, the conditions involved in Theorem 12.7
for λ1 read as

(LL)+λ1
:
∫

Ω

f+φ1 dx +
∫

∂Ω

h+φ1 dσ > 0 and

∫

Ω

f−φ1 dx +
∫

∂Ω

h−φ1 dσ < 0

or

(LL)−λ1
:
∫

Ω

f+φ1 dx +
∫

∂Ω

h+φ1 dσ < 0 and

∫

Ω

f−φ1 dx +
∫

∂Ω

h−φ1 dσ > 0.

For this case,λ = λ1, we will prove a more general result which improve the conditions
on f andh. In [13] the resonance problem for the Dirichlet problem was analyzed using
bifurcation theory. If we adapt the arguments of [13] to our situation, using bifurcation
techniques to deal with (12.8), we can improve the previous result by measuring the speed
and the form at whichf andh approaches the limitsf± andh±, see [101] for the details.

� We end this section with the study of the Fučik spectrum and a resonance problem
for thep-Laplacian with an asymmetric nonlinearity at the nonlinear boundary condition.
We want to find existence results for elliptic problems involving thep-Laplacian with a
nonlinear flux boundary condition. More precisely, we look for solutions of

{
�pu=A(x,u) in Ω,

|∇u|p−2 ∂u
∂ν

= B(x,u) on ∂Ω.
(12.10)
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We assume thatA(x,u) andB(x,u) behave like

A(x,u)= |u|p−2u− f (x,u),

B(x,u)= α
(
u+)p−1 − β(u−)p−1 + h(x,u),

wheref andh are lower-order terms. Hence we are assuming that we deal with a resonance
problem with an asymmetric nonlinearity at the flux boundary condition.

To study this problem, as happens for the usual Dirichlet boundary conditions, we
first have to make an analysis of the associated spectrum. The Fučik spectrum for the
p-Laplacian with a nonlinear boundary condition is defined as the setΣ̃p of (α,β) ∈ R2

such that
{
�pu= |u|p−2u in Ω,

|∇u|p−2 ∂u
∂ν

= α
(
u+)p−1 − β(u−)p−1 on ∂Ω

(12.11)

has a nontrivial solution. Ifα = β = λ then we arrive to our old friend, the eigenvalue
problem,

{
�pu= |u|p−2u in Ω,

|∇u|p−2 ∂u
∂ν

= λ|u|p−2u on ∂Ω.
(12.12)

Let us go back to (12.11). We observe that ifλ is an eigenvalue for (12.12) then the
point (λ,λ) belongs toΣ̃p. Moreover, the linesR × {λ1} and{λ1} × R belong toΣ̃p, this
follows from the fact that the first eigenfunction is positive.

The main results for this problem can be summarized as follows: first we have a first
nontrivial curve inΣ̃p. We also have that the linesR × {λ1} and {λ1} × R are isolated
in Σ̃p and that the curve is the first nontrivial curve. This implies in particular that this
curve passes through(λ2, λ2) which yields a variational characterization of the second
eigenvalueλ2 by a mountain-pass procedure. The first curve is monotone and its asymp-
totic behavior is similar to the Dirichlet problem ifp � N and in the casep > N it is
similar to the homogeneous Neumann problem. We also find a sequence of curves locally
around a suitable sequence of variational eigenvalues(λk, λk).
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Abstract
We describe classical and recent results on the spectral theory of Schrödinger and Pauli

operators with singular electric and magnetic potentials.
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1. Introduction

Analogous to Newton’s equations, describing the motion of macroscopic bodies, from
falling apples to space crafts orbiting the Earth, the Schrödinger equation describes mi-
croscopic phenomena, from the simplest atoms to processes inside stars. The differential
operator appearing in the Schrödinger equation, the so-calledSchrödinger operator, char-
acterizes the physical system and it is therefore one of the most interesting objects in Math-
ematical Physics; its spectral theory has deep roots in nonrelativistic quantum mechanics.
A number of mathematical notions and theories were inspired by the needs of the theory
of the Schrödinger operator and its generalizations. Formally, the Schrödinger operator is
obtained from the Hamilton function describing the classical system by some vaguely de-
fined “quantization” procedure. So, if the classical Hamiltonian isH(p,q)= p2 + V (q),
p,q ∈ Rd being the momenta and coordinates, the corresponding Schrödinger operator
is H = −�+ V (x) in L2(Rd).1 A number of questions arise immediately, in particular,
about definingH as a self-adjoint operator in a proper Hilbert space and on determining its
spectral properties on qualitative and quantitative level. As a result of the activity of many
mathematicians starting in the 1950s, a rather complete set of answers to these questions
was found, under regularity conditions on the potentialV , more and more relaxed with
time. Later, the researchers directed their interest also to the operators involving not only
an electric field with potentialV (x) but also magnetic fields: the magnetic Schrödinger
and Pauli operators. Here passage from regular to more singular potentials presented even
harder mathematical problems. During the past several years, fundamental results con-
cerning Schrödinger and Pauli operators with very singular potentials were obtained. So
far these results are restricted to the qualitative questions of spectral theory, self-adjoint
realizations, semiboundedness, discreteness of the whole or the negative spectrum. The
quantitative results on the spectrum lag behind at the moment.

There are a number of sources dealing with the spectral theory of the Schrödinger oper-
ator. We name, first of all, the books [13,17,27,29,32,54,63,79,112–114,120,123,131] and
references therein.

An extensive presentation of the spectral theory, even restricted to the most important
operators in Mathematical Physics, would be far beyond the frames of a 100-pages review
paper. We decided to cover “extreme parts” of the theory. We describe the setting of the
main problems, some classical ideas and methods, and then pass to the most recent results
in the field, not pretending to cover the whole multitude. We concentrate in our exposi-
tion on the most singular cases. This means that we are interested in such results where
the conditions on the magnetic and electric potentials are relaxed, as far as possible. This
requires often a new understanding of the problem, new ideas, and always overcoming con-
siderable technical difficulties. In many cases the need for such extensions of mathematical
knowledge is inspired by physical and technical needs. This choice, however, restricts the
selection of the material to be presented in our review. We do not provide a survey, for
example, over the vast landscape of microlocal methods in spectral theory [58,123] (where
spectacular developments follow one another during the last decennia) since these methods

1Traditionally, both+V and−V occur in the notation. Not breaking the traditions, we apply both notations in
the text, specifying explicitly which one is used in a particular place, so this must not cause a confusion.
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require considerable regularity of the problem. We do not touch upon the exciting topic of
scattering theory describing the large time evolution of quantum systems; it surely deserves
separate expositions. We also leave aside such important fields as the theory of operators
with periodic, almost periodic and random coefficients, as well as the study of the asymp-
totic properties of eigenvalues and other spectral characteristics of Schrödinger operators,
see, e.g., [120] for some basic facts and references about these topics.

Obviously, we cannot go into all technical details, which the interested reader has to
look for in the literature, but we try to explain the main ideas and the driving forces of the
proofs.

The structure of the chapter is the following. Part 1 (Sections 2–6) is devoted to the qual-
itative spectral analysis. We consider two central questions: how to define the Schrödinger-
type operator as a self-adjoint operator in a suitable Hilbert space, and what information of
the structure and location of the spectrum one can obtain.

We begin with a description of the three main objects considered in the chapter, the
Schrödinger operator, the magnetic Schrödinger operator and the Pauli operator. Of course,
the first one is just a particular case of the second operator. However, not only the tradition
advises to consider the nonmagnetic operator as a separate object of study, but the results
for this operator are most complete and, at the same time, methods of the spectral analysis
are usually invented for the Schrödinger operator, and further adapted and extended to more
complicated cases. The Pauli operator is the first stage in taking into account relativistic
features: it involves the interaction of the spin with the magnetic field.

Having described our operators formally, we have to define them as self-adjoint opera-
tors in a Hilbert space. The operators are self-adjoint only formally, so the task is to de-
scribe the proper domain of definition and the action of the operators on this domain. Only
then one can develop the spectral theory. We discuss the general self-adjointness problem
in Section 3, where, in particular, we explain the perturbation approach. The comfortable
case here is when the operator, defined initially on some “nice” set, is essentially self-
adjoint, which means that there is just one “natural” self-adjoint realization of the operator.
This usually happens in “regular” situations. Recently, however, a substantial progress took
place even in this classical field, and we describe these results in Section 4.

In more singular cases, a less explicit method of quadratic forms is needed to define the
operator. It requires by far less regularity of the potentials. One can apply this method, not
only for defining the operator but also for studying its spectrum, as soon as the necessary
facts from the theory of functional spaces are obtained. These facts concern conditions
for certain functional inequalities to hold, relating the quadratic form of the operator (the
Sobolev space norm of the function, in the simplest case) and the norm of the function
in some weighted space. Physically, it amounts to controlling the potential energy of the
system by the kinetic one. The mathematical problem lies in the study of boundedness, in-
finitesimal boundedness and compactness of embeddings of Sobolev-type spaces in spaces
of functions square-integrable with respect to some specified measure. We devote a ma-
jor part of Section 5 to the explanation of basic facts and a description of the most recent
results in the field of such functional inequalities. Having abstract perturbation theorems
(presented in Section 3) at hand, one arrives at self-adjointness results.

Beginning from Section 6 we proceed to spectral theory. The questions addressed here
concern the qualitative structure of the spectrum: is the negative spectrum empty, finite,
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discrete, or is the whole spectrum discrete. In other words, it is abouteigenvalues, orbound
statesin the physical terminology.

Generally, ifE is an eigenvalue of the operatorH describing the quantum system
anduE is the corresponding eigenfunction, then the evolution of the system, governed
by the Schrödinger equation−i ∂ψ

∂t
= Hψ with the initial stateψ(0) = uE , has the form

ψ(t) = uE exp(−itE). Thus the (physically sensible) absolute value of the solution does
not depend ont and the system is in a stationary (bound) state. Such states correspond to
closed orbits in Bohr’s classical theory of quantum systems. The study of eigenvalues of
Schrödinger-type operators is important for Physics and Chemistry, since they determine
the main properties of the physical systems. In Mathematics, the properties of eigenvalues
of various operators have deep relations in real and complex analysis, partial differential
equations, geometry, stochastic analysis and other topics.

One of the most powerful instruments in the qualitative, as well as in quantitative spec-
tral analysis, is theBirman–Schwinger principlewhich relates the properties of eigenvalues
of Schrödinger-type operators to the properties of embedding operators. In Section 6 we
discuss this principle, and using results on embedding operators, we give answers to the
questions above, starting from the most simple, classical ones, requiring a considerable
regularity of the potentials, up to the most recent developments related to much more sin-
gular situations. In some cases, the results we discuss here are final in the sense that they
give necessary and sufficient conditions for the spectral properties in question to hold.

The second part of the chapter is devoted to the quantitative spectral analysis of our op-
erators. Here, again, a selection of material was necessary, and our choice, of course, was
influenced by our own research interests. We present several topics concerning estimates
of eigenvalues of Schrödinger-type operators. Such results are important for physical ap-
plications, especially in quantum mechanics, and the corresponding formulas have deep
physical roots.

We consider thenegativeeigenvalues−Ej of the Schrödinger-type operatorsHV =
H0 − V (= −h̄2�− V ) in L2(Rd); hereh̄ is the Planck constant divided by 2π. Informa-
tion on their numberN(0;HV ) and their sum are important for physical applications.

From the “old quantum theory” one has the somewhat mysticalBohr–Sommerfeld quan-
tization conditionthat “each nice set in the classicalphase-spacewith volume(2πh̄)d can
accommodate one eigenstate ofH ”. Hence, heuristically, one expects that

N(0;HV )∼ (2πh̄)−d
∫ ∫

{(x,ξ)|H(x,ξ)<0}
dx dξ,

whereH(x, ξ)= |ξ |2 − V (x) is the corresponding (classical)Hamilton function. For the
standard Schrödinger operator−�− V one obtains that

N(0;−�− V )∼ Lc0,d
∫

Rd
V+(x)d/2 dx; (1.1)

here V+(x) = max{V (x),0}, and Lc0,d = (2πh̄)−dωd is the classical constant, ωd =
π
d/2/Ŵ(1+ d

2) denotes the volume of the unit ball inRd ,Ŵ(α), α > 0, denotes the Gamma
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functionŴ(α)=
∫∞

0 tα−1e−t dt , and the meaning of the symbol∼ has to be further speci-
fied. The right-hand side of (1.1) is usually referred to as thephase-space volume.

It was only in the 1970s that this formula was mathematically justified. The result, the
CLR estimatestates that in dimensionsd � 3 the left-hand side in (1.1) is estimated from
above by the right-hand side times some constant, depending on the dimensiond only, viz.

N(0;HV )�Cd
∫

Rd
V+(x)d/2 dx. (1.2)

Estimate (1.2) belongs to the “singular” theory from the very beginning: the only condition
is finiteness of the integral on the right-hand side.

This estimate, as well as its generalizations to other operators, proved to be very helpful
in many problems in Spectral Theory and Mathematical Physics. To get a better under-
standing of it, improve the constant, and generalize it to other classes of operators, several
alternative proofs were proposed, using quite different mathematical machinery. We de-
scribe here, in Section 7, several approaches to proving (1.2), including the most recent,
and probably the most abstract one, based on the analysis of positive semigroups. Abstract-
ness of the method enables one to carry over the estimate to a wider class of operators,
including many operators with magnetic fields, discrete operators, operators on manifolds,
some relativistic operators, etc. We present also the recent important generalization of the
CLR estimate to the case of the Schrödinger operator acting in a space of vector-valued
functions.

One of the important applications of the CLR estimate lies in finding asymptotic for-
mulas forN(0;HV ) as some of the parameters tend to zero (or∞). For instance, when
h̄→ 0, one talks about thesemiclassicalasymptotics, and the uniformness of the esti-
mate (1.2) was crucial in justifying the heuristic formula (1.1) asymptotically. It holds,
again, as long as the integral on the right-hand side is finite. On the other hand, one can
replaceV by gV , g being acoupling constant, and get the asymptotics ofN(0;HgV ) as
g→ ∞ [15,88],

lim
g→∞

N(0;HgV )
gd/2

= (2πh̄)dωd

∫

Rd
V+(x)d/2 dx; (1.3)

this is the strong-coupling limit.
In proving this and many other asymptotic results, one usually establishes the asymp-

totics first for some nice, say, smooth and compactly supported potentials and then applies
the CLR estimate together with methods from perturbation theory of linear operators (see
Section A.11) to extend the asymptotics to all potentials. We do not discuss this kind of
asymptotic formulas in this chapter, referring the reader to [32,120] and references therein.

However, in relation to the asymptotics (1.3), the following question arises. Consider the
sum of the negative eigenvalues taken to some powerγ > 0,

Sγ,d(V )=
∑

−Ej<0

E
γ

j .
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By means of formal integration in (1.3), one arrives at the asymptotics

lim
g→∞

Sγ,d(V )

gd/2+γ = Lcγ,d
∫

Rd
V+(x)d/2+γ dx (1.4)

with a certain constantLcγ,d . Is this, formally obtained, asymptotics correct?
Information aboutSγ,d(V ) and especially estimates of the form

Sγ,d(V )� Lγ,d

∫

Rd
V+(x)d/2+γ dx, (1.5)

which are calledLieb–Thirring inequalities, turned out to be crucial in the study of stabil-
ity of matter in nonrelativistic and relativistic quantum mechanics. Again, as soon as the
estimate (1.5) is established, the asymptotics of the form (1.4) follows by perturbational
reasoning. The physical applications require knowledge of the optimal constant, and it is
only recently that essential progress was made here. In Section 8 we discuss these, as well
as classical results in detail.

In Section 9 we present an abstract approach to obtaining eigenvalue estimates for oper-
ators with magnetic fields. The basic point here is an important property, thediamagnetic
inequality, saying, in application to the magnetic Schrödinger operator, that the kernel of
the Green function of the heat semigroup generated by this operator is pointwise majorized
by the Green function of the analogous semigroup generated by the nonmagnetic opera-
tor. We discuss both classical and recently found methods for establishing diamagnetic
inequalities and present their use in spectral theory: any, sufficiently regular eigenvalue
estimate for the nonmagnetic operator is inherited by the magnetic one. This general ob-
servation fails, however, in the case of the Pauli operator, since it does not possess the
diamagnetic property, on the contrary, aparamagneticproperty is excepted, with the op-
posite monotonicity.

One of the complicating features for Pauli operators is the presence of so-calledzero
modes. The Pauli operator, even without electric field, may have zero as an eigenvalue,
and its multiplicity, especially if it is infinite, influences significantly the behavior of the
spectrum under perturbations. We describe in Section 10 how these zero modes can arise
and present the latest results dealing with their study.

In Section 11 we consider the perturbed Pauli operator. Its spectral properties are con-
siderably more complicated and less known than the ones for the magnetic Schrödinger
operator. In particular, one must not expect that an analogy of the CLR estimate is valid
here. Lieb–Thirring-type inequalities are looked for, with stability of matter problems al-
ready waiting. Unlike the Schrödinger case, there is no natural candidate for the form of
such an inequality. We present the proof of the Lieb–Thirring inequality for the case of a
constant magnetic field, the hardest proof we have taken a risk to include, and then describe
the latest developments concerning Lieb–Thirring inequalities for nonconstant magnetic
fields.

The spectral theory of differential operators is based heavily on the abstract spectral the-
ory of operators in Hilbert spaces. We think, moreover, that the more abstract formulation
(or proof ) of a result in the theory of partial differential equations is found, the deeper
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is the understanding of particular ideas and engines involved, and the more possibilities
exist to generalize the results. Therefore we try to emphasize, where possible, the abstract
operator theory content of the concrete considerations for differential operators.

We assume that the reader knows the basic facts about linear operator theory in Hilbert
spaces; we include in the Appendix some more specialized information, concerning
quadratic forms, variational description of the spectrum (e.g., Glazman’s lemma) and the
Birman–Schwinger principle, thus relating the spectral properties of the operator to prop-
erties of embeddings for Sobolev-type Hilbert spaces. The Appendix contains also some
useful facts from the theory of compact operators in Hilbert spaces. To the interested reader
we, nevertheless, strongly advise to preclude the study of the paper by a more fundamental
study of the abstract theory found in, say, [17,114] or [155].

2. Main operators

In this review we consider three important operators of Mathematical Physics: the
Schrödinger operator, the magnetic Schrödinger operator and the Pauli operator. We begin
by defining them formally, asdifferential expressionsor differential operations, without
discussing particular regularity conditions for coefficients, reserving the wordoperatorto
operators in a Hilbert space, with a specified domain.

The Laplacian. The (negative) Laplace operator inRd is denoted by−�. The Hilbert
space usually will beL2(Rd) with Lebesgue measure dx. We consider also theLaplace–
Beltrami operatoron Riemannian manifolds. Given a manifoldM with metric tensorgjk
in local coordinates, we define the Laplace–Beltrami operator−�g as

−�g = −g−1/2
∑
∂jg

jkg1/2 ∂k, (2.1)

where{gjk} is the matrix, inverse to{gjk}, andg = detgjk . The Hilbert space here is
L2(M,ρ(dx)), where the Riemannian measureρ has local densityg1/2.

Magnetic Laplacian. Let A(x) = (Aj (x))j=1,...,d be a real vector-valued function
in Rd , called themagnetic potential. The components of themagnetic gradient∇A =
(P1, . . . ,Pd) arePj = Pj,A = ∂j + iAj (x) and the magnetic Laplacian is defined by the
differential operation

−�A = −
∑

j

P 2
j = −

∑

j

(
∂j + iAj (x)

)2
. (2.2)

The matrix-valued function (in fact, distribution)B = curlA = {Bjk}dj,k=1,Bjk = (∂jAk−
∂kAj ), is called themagnetic field. Under certain, rather weak, regularity conditions, op-
erators corresponding to different magnetic potentials but the same magnetic fieldB are
related by a unitary equivalence relation, thegauge transformation,

−�Ã = e−iφ(−�A)e
iφ, (2.3)
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provided

∇φ = Ã−A, ∇ × Ã = ∇ ×A. (2.4)

This equivalence is discussed in [71,72]. The gaugeφ must be a function inL1
loc. If such

an equivalence takes place, the operators with magnetic potentialsA, Ã describe “the
same physics” since it is only the absolute value of the wave function that has physical
meaning. If, however, the gaugeφ needed to formally transform−�A to −�Ã is more
singular, then the corresponding operators are not necessarily unitary equivalent; the most
interesting example here is the Aharonov–Bohm effect, to be discussed later on.

For dimensiond = 3, since there are only three independent nonzero components inB,
one can compose a vectorB by settingB1 = B23, B2 = B31, B3 = B12 which is also called
the magnetic field.

In dimensiond = 2 the magnetic fieldB is reduced to just one element,B = B12 =
∂2A1 − ∂1A2. The same happens in the three-dimensional case, provided the field has
constant direction, say, along thex3-axis, and here one can find a gauge whereinA =
(A1(x1, x2),A2(x1, x2),0).

To define the magnetic Laplacian on a Riemannian manifold, it is convenient to consider
the magnetic potential as a real 1-formA =∑Aj dxj in local coordinates. The magnetic
differential

dA :u �→ du+ iuA

maps functions to 1-forms, in other words, it defines a connection on the trivial linear
bundle overM . Denoting the adjoint (with respect to the scalar product in the space of
forms, (α,β) =

∫
gjkαjβkg

1/2 dx) differential as d∗
A

(it maps 1-forms to functions), the
magnetic Laplacian is defined as

−�A = d∗
AdA. (2.5)

The magnetic field in this representation is a 2-form,B = dA, the curvature of the
connection. On manifolds, even for regular magnetic potentialsÃ,A, the equality of
the corresponding magnetic fields does not necessarily imply gauge equivalence of the
corresponding operators: the topology of the manifoldM may create obstacles for this.
More exactly, if the first co-homology group ofM is nontrivial, the equality dA = dÃ
does not necessarily imply existence of a smooth functionφ such that dφ = Ã−A. In the
cases when it is possible, in particular, in the Euclidean space for sufficiently regular mag-
netic potential, one chooses the gauge in some convenient way, say to preserve a certain
symmetry or to require d∗A = 0 – the so-calledCoulomb gauge.

Pauli operator. We consider the Pauli operator in the most important cases, i.e.,d = 2
andd = 3, and only for the Euclidean space.

Let σj , j = 1,2,3, be the Pauli matrices

σ1 =
(

0 1

1 0

)
, σ2 =

(
0 −i

i 0

)
, σ3 =

(
1 0

0 −1

)
,
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satisfying the anticommutation relationsσjσk + σkσj = 2δjkI , and letσ = (σ1, σ2, σ3).
For the magnetic potentialA = (A1,A2,A3), the Pauli operator is defined as

PA = −
(
σ · (∇ + iA)

)2 = −(∇ + iA)2 + σ ·B, (2.6)

in dimension 3, with obvious modification for dimension 2.
Thus, the Pauli operator acts on two-component vector-valued functions and differs just

by a matrix termσ · B from the magnetic Laplacian. In dimension 2 as well as in dimen-
sion 3 with magnetic field having constant direction, in the proper gauge the Pauli operator
splits into the direct sum of two magnetic Schödinger operators

PA = Diag
(
−(∇ + iA)2 ±B

)
. (2.7)

In dimension 2 the Pauli operator admits another representation, a convenient factoriza-
tion (temporarily, just formally),

PA =
(
Q+Q− 0

0 Q+Q−

)
, (2.8)

whereQ± = (∂1 + iA1)± i(∂2 + iA2), provided the Coulomb gauge divA = 0 is chosen.

Operators with electric potential. The operators defined above, with or without magnetic
field, will be perturbed by an electric field. The electricpotential, henceforth denoted byV ,
will be a real-valued measurable function or, possibly, a signed measure (in the latter case
we also denote it byρ). If V is a function, the differential operation will be denoted by
HA,V =HA + V (orHA,V =HA − V ), whereHA is the magnetic Laplacian−�A (the
usual Laplacian, ifA = 0), or the Pauli operatorPA. We keep the same formal notation
even in the case ofV being a measure.

3. Self-adjointness

We discuss in this section the problem of defining operators, whose spectral properties
are to be analyzed later. The most important observation here, as well as in other related
problems is that the key instrument in spectral analysis of differential operators is given by
functional inequalities.

3.1. Essential self-adjointness

The first task one encounters when studying the differential expressions described above is
to associate to them some self-adjoint operators in proper Hilbert spaces, which includes
defining directly or indirectly the domain of the operator and the action of the operator
on the functions in this domain. The requirement of operators being self-adjoint follows
from the condition of unitarity of the time evolution for the linear Schrödinger equation
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−i ∂ψ
∂t

=Hψ , whereH is the operator in question. See the discussion in [112], Section X.1,
on the physical meaning of self-adjointness.

In very few cases one can approach this task directly. Thus, for the (negative) Lapla-
cian inL2(Rd), the Fourier transform establishes self-adjointness of the operator on the
domainD(−�)= H2(Rd), the Sobolev space.2 However, as soon as variable coefficients
are present, such a direct approach does not work.

In more or less regular situations, one considers, for a given differential expressionH ,
a symmetric operatorH 0 defined on some dense subspaceD0 in the Hilbert spaceL2. Most
often, the space of compactly supported smooth functions,D , serves as this initial domain.
Then one applies theclosureprocedure. This means that one considers the closure ofD0

with respect to the norm‖u‖2
H = ‖Hu‖2 + ‖u‖2. The operatorH 0 extends by continuity

to this new domain, and may turn out to be self-adjoint there. In the affirmative case we say
that the operatorH 0 is essentially self-adjoint(onD0) and this means that there is just one
“natural” self-adjoint operator corresponding to the differential operation under scrutiny.

To implement this approach, one, first of all, needs that the coefficients of the opera-
tor are sufficiently regular, so that the differential expression, when acting on compactly
supported smooth functions, produces functions inL2. Thus, since the magnetic Laplacian
can be represented as

−�Au= −�u− 2iA · ∇u+
(
i divA+ |A|2

)
u, (3.1)

the componentsAj of the magnetic potential must satisfy (see [72])

divA ∈ L2
loc, A ∈ L4

loc; (3.2)

and, additionally,B = curlA ∈ L2
loc for the Pauli operator. The condition for the electric

potential here isV ∈ L2
loc. For potentials having stronger but localized singularities, one

can try considering a smaller initial domainD0 of the operator, defining it on compactly
supported smooth functions whose support does not touch the points of singularity of the
coefficients.

If the operatorH 0 can be defined in this way, it is symmetric, and the next task is to
prove its essential self-adjointness. In Section 4 we will discuss some methods one uses to
show this as well as some classical and recent results.

If the operatorH 0 is not (proved to be) essentially self-adjoint, there may be an infinite
set of self-adjoint extensions, the most interesting of which usually are realized by means
of boundary conditions at singular points or at infinity. An extensive discussion of this
topic can be found in [112], Section X.1. The important example we will consider in this
chapter is the Aharonov–Bohm operator; see Sections 3.2 and 9.3.

For more singular potentials one even cannot define the action of the initial operatorH 0

on compactly supported smooth functions, since formally applying the differential oper-
ation to such functions results in functions outsideL2 or even not functions. This means
that the self-adjoint operator corresponding to the differential expression in question must

2Breaking the tradition, we denote Sobolev spaces by the boldface letterH. The regularH is too overloaded in
this field.
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be somehow defined on nonsmooth functions. Being applied to the functions in the proper
domain in the sense of distributions, the operation produces a sum of several distributions,
such that being added together, strong singularities somehow cancel, resulting in a function
that belongs toL2; say, for the Schrödinger operator−�+ V with V not inL2

loc (or even
a measure) one can consider themaximaloperator defined on such functionsu ∈ L2 that
both−�u andV u make sense as distributions and their sum belongs toL2. The maximal
operatorHmax thus defined, is, generally, not symmetric, and to obtain a self-adjoint oper-
ator one has torestrictHmax to some smaller domain. Since the description of the domain
of the maximal operator is rather implicit, this approach is not very productive.

As in many other cases, a perturbation approach is rather efficient here. If we are given
an operatorH0 which is already known to be essentially self-adjoint and we can show
that the perturbation,V in our case, is in a certain sense weaker thanH0, then the proper
perturbation theorem assures that the perturbed operator,H0+V , is essentially self-adjoint
on a certain domain, sometimes even describing explicitly the domain of the self-adjoint
extension.

The first basic result here is the Kato–Rellich theorem (see, e.g., [112], Theorem X.12).

DEFINITION 3.1. LetS andT be densely defined operators in a Hilbert space. Suppose
that D(S) ⊃ D(T ) and, for certain positive numbersa, b and all elements inD(T ), the
inequality

‖Su‖2 � a‖T u‖2 + b‖u‖2 (3.3)

holds or, what is equivalent,

‖Su‖ � a‖T u‖ + b‖u‖ (3.4)

(with some otherb). Then the operatorS is calledbounded with respect toT (or, shorter,
T -bounded) with relative bounda. If for any positivea, a numberb exists such that
(3.4) holds, the operatorS is calledinfinitesimallyT -bounded.

THEOREM 3.2 (Kato–Rellich (with addition by Wüst)).Let T be a self-adjoint operator.
Suppose that the symmetric operatorS is T -bounded with relative bound smaller than1.
Then the operatorT +S is self-adjoint withD(T +S)= D(T ) and essentially self-adjoint
on any subspace whereT is essentially self-adjoint. If the relative bound equals1, the
operatorT + S is essentially self-adjoint onD(T ).

Thus, if the relative bound equals one, the theorem does not give a direct description of
the domain of the self-adjoint extension of the operatorT + S.

As a classical example demonstrating how the Kato–Rellich theorem works, we consider
the Schrödinger operator inR3 [61].

EXAMPLE 3.3 (Kato’s theorem). Suppose thatV can be represented as a sumV1 + V2,
whereV1,V2 are real-valued functions, such thatV1 ∈ L2,V2 ∈ L∞ (henceforth this will
be denoted byV ∈ L2 + L∞). Then the operator−�+ V is self-adjoint onH2(R3) and
essentially self-adjoint onD(R3).



Schrödinger operators with singular potentials 419

The proof is based on anembedding theorem: For anya > 0 there exists ab such that

‖u‖L∞ � a‖�u‖L2 + b‖u‖L2

for anyu ∈ D(R3) (see, e.g., [112], Theorem IX.28). This inequality, together with

‖V u‖L2 � ‖V1‖L2‖u‖L∞ + ‖V2‖L∞‖u‖L2,

gives (3.4). So, the operator of multiplication byV is infinitesimally−�-bounded, and
the Kato–Rellich theorem applies. This example hints that in more general situations,
one needs more advanced functional inequalities (embedding theorems) to establish self-
adjointness.

The condition of the perturbation being relatively bounded is rather restrictive. In partic-
ular, it is not fulfilled if the potentialV tends to+∞ or −∞ at infinity. Important examples
here are the harmonic oscillatorV = c|x|2 and the Stark potential (a constant electric field,
V (x)= k · x). We will discuss the advanced methods for handling such situations in Sec-
tion 4.

3.2. Quadratic forms

As it was mentioned above, the Schrödinger operatorHV in Rd can be defined onD(Rd)
only providedV ∈ L2

loc. If the potentialV has stronger local singularities, or especially, if
it is a measure, not absolutely continuous with respect to the Lebesgue (or Riemannian)
measure, one cannot apply the differential operation to arbitrary functions inD(Rd) and
therefore the direct definition of the minimal operator (which we plan to extend further)
encounters obstacles. The powerful method to handle such singular situations, as well as
operators with magnetic fields, is the method of quadratic forms.

First, some abstract theory. Having a self-adjoint operatorH with domainD(H), un-
der the condition thatH is lower semibounded,〈Hu,u〉 � −C‖u‖2 for someC > 0,
one can consider thequadratic form, h[u] = 〈Hu,u〉, u ∈ D(H). The quadratic form
h can be extended by continuity to the closureD(h) of D(H) with respect to the met-
ric h[u] + (C + 1)‖u‖2. The resulting quadratic form will be denoted byQF(H), and
its domainD(h) also byQ(H). Thus the quadratic form can be constructed if the self-
adjoint semibounded operatorH is given. An important fact in operator theory is that the
inverse construction also works. Having a quadratic form defined on some dense subspace,
satisfying certain conditions specified below, one can, in a unique way, associate to it a self-
adjoint operator. The conditions are the following. To justify the name “quadratic form”,
h must be positively homogeneous,h[tu] = |t |2h[u]. The parallelogram identity must hold,
h[u+ v] + h[u− v] = 2h[u] + 2h[v]; the necessity of these conditions follows automati-
cally from the relationh[u] = 〈Hu,u〉. Furthermore, the form must be lower semibounded
and, the last but the hardest to check, it must beclosed; the latter means that for a sequence
of elementsuj ∈ D(h), the relations‖uj − u‖ → 0 andh[uj − uk] → 0 imply u ∈ D(h)

andh[uj − u] → 0. If these conditions hold, a canonical procedure enables one to con-
struct the unique self-adjoint operatorH such thath =QF(H). First, one has to construct
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the sesquilinear formh[u,v] corresponding to the quadratic form, by means of the polar-
ization identity, see, e.g., [155], Theorem 1.6, and secondly, one defines the domain of the
operatorH as consisting of suchu ∈ D(h) that the functionalφu[v] = h[v,u] defined for
v ∈ D(h), is bounded in the basic Hilbert space. For suchu, the action of the operatorH
on the elementu is defined by means of identity〈v,Hu〉 = h[v,u]; the elementHu exists
and is unique, due to the Riesz representation theorem.

Thus, in concrete situations, in order to define the operator having a quadratic form,
one has to prove that the quadratic form is semibounded and closed (homogeneity and
the parallelogram identity usually can be verified immediately). However, the closedness
condition can be relaxed. We say that the formh0, defined on the dense linear setD(h0)

is closableif for any sequenceuj ∈ D(h0),‖uj‖ → 0, the propertyh0[uj − uk] → 0 im-
plies h0[uj ] → 0. If the form is closable, one can consider, as we have done it with the
form 〈Hu,u〉 above, the closure ofD(h0) in the metrich[u] +C‖u‖2 with properC. The
form h0 extends there by continuity to a closed formh. Closability of a quadratic form is
much easier to establish than closedness, however, in singular situations even this can be
a hard technical task. We present here two examples; the first one shows how the proof of
closability usually goes in simple cases, the second produces a form which is not closable.

EXAMPLE 3.4. Let V � 1 be a real-valued function inL1
loc(R

d). Consider the form
h0[u] =

∫
(|∇u|2 + V |u|2)dx, with domainD(h0) = D(Rd). Supposing thath0[uj −

uk] → 0, we can deduce, from known completeness of the Sobolev spaceH1 and the
weighted spaceL2

V , that the sequenceuj converges to someU1 in the Sobolev norm, as
well as it converges to someU2 in the norm ofL2

V . At the same time, sinceuj converges to
zero inL2, there is a subsequence which converges to zero almost everywhere. Taking yet
another subsequence, we find that it converges toU2 almost everywhere, whenceU2 = 0.
Finally, convergence inH1 implies convergence inL2, souj → U1 in L2 and therefore
U1 = 0. In conclusion,h0[uj ] → 0 and therefore closability is proved.

The crucial point in the reasoning above was the possibility of separating the terms in
the formh0 and therefore enabling one to use already known completeness of Sobolev and
weightedL2 spaces. This trick does not go through if we drop the condition of positivity
of the potentialV . We will see later how one handles this case.

Now, the second example.

EXAMPLE 3.5. Let h0[u] = |u(x0)|2, D(h0) = D(Rd), wherex0 is some fixed point
in Rd . Fix some functionφ ∈ D(Rd), such thatφ(0) = 1. Consider the sequence
uj (x)= φ(j (x − x0)). This sequence converges to zero inL2, h0[uj − uk] = 0, however
h0[uj ] � 0, and therefore the form is not closable.

The method of forms enables one to construct certain special self-adjoint extensions
of symmetricsemibounded operators. Having such an operatorH 0 with domainD(H 0),
one considers the formh0[u] = 〈Hu,u〉 with domainD(h0)= D(H 0). This form is auto-
matically closable (see, for example, [112], Theorem X.23, and [13]) and by closing the
form and then finding the corresponding self-adjoint operator, we obtain the self-adjoint
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operator which is called theFriedrichs extensionof the symmetric operatorH 0. Quite of-
ten (but not always) this extension turns out to be the most physically reasonable of all
extensions. It is the absence of the Friedrichs extension that is one of the serious obstacles
in the study of nonsemibounded operators, for example, Dirac and Maxwell operators.

When considering the magnetic Laplacian and Pauli operators without electric potential,
the quadratic forms used to define the operators are respectively

h0
A[u] =

∫

Rd
|∇u+ iAu|2 dx (3.5)

and

p0
A[u] =

∫

Rd

∣∣σ · (∇u+ iAu)
∣∣2 dx (3.6)

defined on the initial domainD(Rd). These expressions are obtained by formal integration
by parts in quadratic forms of the magnetic Laplacian and Pauli operators described in Sec-
tion 2. If the magnetic field is sufficiently regular, so that the minimal symmetric operators
can be defined onD(Rd), these forms, after closure, produce the same self-adjoint opera-
tors as the ones obtained above by means of the procedure of closing symmetric operators.

If, however, these regularity conditions are broken, it is the quadratic forms (3.5)
and (3.6) that must be used directly to define the operator. The conditions on the forms
can be considerably relaxed. It suffices that the componentsAj of the magnetic field be-
long locally toL2; this is the natural requirement for the forms to be defined onD(Rd).
It is rather easy (however, involving some technical tricks) to prove that for such magnetic
potentials the forms (3.5) and (3.6) are closable (see, for example, [136]) and therefore de-
fine self-adjoint operators. The same proof applies to the case of operators on Riemannian
manifolds, with the form (3.5) modified accordingly [20]. In the case of more singular mag-
netic potentials, one chooses the same expression for the form, but with different domain.
For example, for the Aharonov–Bohm magnetic potential inR2 [5],

A(x1, x2)= α
(
x2r

−2,−x1r
−2), r =

(
x2

1 + x2
2

)−1/2
, (3.7)

which does not belong toL2
loc, one may consider, as the domain of the quadratic form, the

subspaceD(R2 \ {0}), which produces a self-adjoint operator, denoted−�AB , identical to
the Friedrichs extension of the symmetric operator defined on the same domain. Alterna-
tively, as a maximal domain for the quadratic form, one may take such functionsu ∈ L2

for which (∇u + iAu) ∈ L2. This procedure generates another self-adjoint operator. In
fact, there is a four-parameter family of self-adjoint operators corresponding to the same
differential expression, and many of them have physical sense; see, e.g., the discussion in
[3,122,148].

As soon as the electric potentialV is present, some additional perturbational reasoning
must be used. Example 3.4 shows how to handle the case of a positive potential, but it is
more convenient to give an abstract formulation, including, among others, the following
case.
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PROPOSITION 3.6. Let the semibounded formshj [u] with domainsD(hj ), j = 1,2,
be closable, and letD(h1) ∩ D(h2) be dense. Then the formh = h1 + h2 with domain
D(h1)∩ D(h2) is closable.

PROOF. Since both formshj are semibounded, for a sequenceuk ∈ D(h1) ∩ D(h2) the
relationh[uk − ul] → 0 implieshj [uk − ul] → 0, and therefore, closability ofhj implies
thathj [uk] → 0 and, finally,h[uk] → 0. �

For the Schrödinger or Pauli operators with lower semibounded electric potentialV this
fact enables one to define the self-adjoint operator providedV ∈ L1

loc. If V is even more
singular, i.e., it is a measureρ including a singular component, the form

∫
|u|2ρ(dx) is not

closable onD (it can be shown similarly to Example 3.5), and this limits the applicability
of the proposition.

In order to handle such singular situations, one has to modify Proposition 3.6 in the
following way. Having a closable formt, defined onD(t), we say that the forms, not
necessarily semibounded, defined on an dense setD(s) ⊂ D(t) is closable with respect
to t if for any sequenceuk ∈ D(s), the relations‖uk‖ → 0, t[uk] → 0 ands[uk − ul] → 0,
k, l→ ∞, imply s[uk] → 0. In particular, if the forms is bounded with respect tot, which
means that|s[u]| � at[u] + b‖u‖2, u ∈ D(s), it is automatically closable with respect tot.
This notion enables one to establish a perturbation criterion for closedness of quadratic
forms, which generalizes the KLMN theorem (see [112], Theorem X.17).

THEOREM 3.7 (KLMN). Let t with domainD(t) be a semibounded closable quadratic
form; let the forms be closable with respect tot and, moreover, assume that

s[u] � −at[u] − b‖u‖2 (3.8)

holds for somea < 1 and someb, for all u ∈ D(t). Then the formt+ s is semibounded and
closable onD(t), and thus defines a unique self-adjoint operator.

The KLMN theorem in its usual formulation requires, in addition to (3.8), a similar
estimate from above, which can be a too restrictive condition.

PROOF OFTHEOREM 3.7. One can just repeat the reasoning in the proof of KLMN the-
orem in [112]. In fact, the estimate (3.8) implies that the formt + s is semibounded from
below and that

(t + s)[u] � (1− a)t[u] − b‖u‖2. (3.9)

So, if we have a sequenceuk such that‖uk‖ → 0 and(t + s)[uk − ul] → 0, (3.9) gives
us thatt[uk − ul] → 0. Now, sincet is closable,t[uk] → 0 and, finally, relative closability
of s implies thats[uk] → 0. �

In Section 5 we will discuss some recent results concerning finding concrete analytical
conditions for relative closedness and for estimates of the form (3.8). Here we just give a
simple example.
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EXAMPLE 3.8. Letd � 3,V ∈ L1
loc(R

d), and let its negative partV− belong toLd/2(Rd).
Then the form

hV [u] =
∫

Rd

(
|∇u|2 + V |u|2

)
dx (3.10)

is semibounded and closable onD and thus defines a unique self-adjoint operator.

The main analytical fact in the study of this example is theSobolev inequality(see, e.g.,
[91,112]), viz.

∫

Rd
|∇u|2 dx �Cd

(∫

Rd
|u|q dx

)2/q

for u ∈ D
(
Rd
)
;q = d

d − 2
. (3.11)

Fix someK such that
∫
((V − K)−)d/2 dx < (2Cd)−d/2. Then, using thatV � −K −

(V −K)−, the Hölder inequality and the Sobolev inequality, in this order, yield

∫

Rd
V |u|2 dx � −K‖u‖2

L2 −
∫

Rd
(V −K−)|u|2 dx

� −K‖u‖2
L2 −

(∫

Rd

(
(V −K)−

)d/2 dx

)2/d(∫

Rd
|u|q dx

)2/q

� −K‖u‖2
L2 − 1

2

∫

Rd
|∇u|2 dx.

Thus one of the hypotheses of Theorem 3.7 is satisfied. To check relative closedness is now
easy.

Finally, we compare the conditions imposed onV by the Kato–Rellich theorem and by
the quadratic form method in the case of dimensiond = 3. The Kato–Rellich approach,
see Example 3.3, requires that the potential belongs toL2 + L∞. On the other hand, the
quadratic form definition can be applied providedV ∈ L1

loc, with V− ∈ L3/2. Thus the
restrictions on the growth of the potential and on the strength of singularities are both
considerably relaxed. On the other hand, the quadratic form approach gives a rather implicit
description of the domain of the self-adjoint operator and of the action of the operator on
the functions in this domain.

In the next example we present a perturbation which is not closable and which is not
bounded with respect to the leading form but, nevertheless, is closable with respect to the
leading term, and thus the Schrödinger operator can be defined.

EXAMPLE 3.9. Letd = 1 andt[u] =
∫

R1 |u′|2 dx, D(t) = D(R1). Define the measureρ
on the line,ρ =∑n n

2δ(x − n). Then the forms[u] =
∫

|u|2 dρ is closable with respect
to t. Since it is semibounded, the sumt+s defines a self-adjoint operator inL2(R1), which
is natural to associate to the differential operation−d2/dx2 + ρ.
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It is easy to show that the forms is not closable inL2; just repeat the construction in
Example 3.5. To prove that it is closable with respect tot, we use the inequality|u(x0)|2 �∫

|u′|2 dx +
∫

|u|2 dx,u ∈ D(R1) (the easiest way to prove it is to apply to the right-hand
side of

∣∣u(x0)
∣∣2 = 2

∫ x0

−∞
ℜ
(
u′ū
)
dx,

the Cauchy–Schwartz inequality). Therefore, having a sequenceuj , such that‖uj‖ → 0,
t[uj ] → 0 ands[uj − uk] → 0, we can verify thatuj (n)→ 0 for eachn. Denote byUj
the sequencenuj (n), n ∈ Z. Sinces[uj − uk] → 0, Uj is a Cauchy sequence inl2, and
therefore it converges inl2 to someU0, s[uj − u0] → 0. It follows thatuj (n)→ u0(n) for
all n and thereforeu0(n)= 0, whences[uj ] → 0.

In Section 5.2 we discuss general closability conditions.
When we pass to operators with magnetic fields, it is again certain inequalities that

play a crucial part. The main principle is that the presence of the magnetic field for the
Schrödinger operator improves the crucial estimates. The most simple realization of this
diamagneticityprinciple is the “weak diamagnetic inequality”.

PROPOSITION3.10. If A ∈ L2
loc(R

d) andu ∈ D(Rd), then

∫

Rd
|∇u+ iAu|2 dx �

∫

Rd

∣∣∇|u|
∣∣2 dx. (3.12)

The short proof of (3.12) can be found in [133] (see also [138], p. 2). It follows
from (3.12), in particular, that if a form

∫
|u|2ρ(dx) for some (signed) measureρ (or,

for a usual potentialV (x), the form
∫

|u|2V dx) is relatively bounded with certain bound
or relatively closed with respect to the form

∫
|∇u|2 dx, the same is true with respect to the

magnetic Dirichlet form. Thus, if for some electric potential, the self-adjoint extension can
be constructed by the quadratic form method for the nonmagnetic Schrödinger operator, it
can be constructed for the magnetic Schrödinger operator as well. In fact, a much stronger
version of the diamagnetic inequality can be proved (see Section 9.2), and in Section 9.5
we will show its applications in spectral theory. A much more hard task is to find out how
the situationimproveswhen the magnetic field is being switched on. We discuss some
recent results in Section 9.4.

For the Pauli operator, even the weak version of the diamagnetic inequality does not
hold. The most direct way to handle the problem of defining the self-adjoint extension here
is using the relation (2.6), connecting the Pauli operator with the magnetic Schrödinger
operator. Thus, in dimension 2, if we wish to define the Pauli operator with magnetic
potentialA, magnetic fieldB and electric fieldV , it is sufficient to solve this problem for
the magnetic Schrödinger operator with electric potentialsV + B andV − B (recall that
here the magnetic field has only two nonzero components,±B). In the three-dimensional
case one can consider operators with electric fieldV +B±, whereB± are the eigenvalues
of the matrixσ ·B. A deeper analysis of the interaction of the electric and magnetic fields
gives more exact results, and we present some of them in Section 6.4.
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For the case when no electric potential is present, there is a more direct way of under-
standing how the quadratic form method for defining operators works.

For the magnetic Laplacian−�A on a manifoldM , with magnetic potentialA belong-
ing to L2

loc, we can consider the magnetic gradient∇A as an operator acting from some
spaced0 of smooth sections of the trivial linear bundle toL2

loc sections of the bundle of
1-forms. One can show that such an operator is closable, and we denote its closure by
∇A(d0). The domaind0 can be chosen, generally, in different ways. In particular, we can
taked0 asD , and this gives us theminimal operator∇min

A
. On the other hand, one might

have taken asd0 the space ofall smooth functionsu ∈ L2 onM such that∇Au ∈ L2, the
corresponding closure being themaximal operator∇max

A
. Whatever domaind0 is cho-

sen, the process of closing the operator∇A is the same as the process of closing the
quadratic formh[u] =

∫
|∇Au|2 dx = 〈∇Au,∇Au〉; it is the completion ofd0 with re-

spect to the same metric. Thus, the operator corresponding to the closure of the quadratic
form h[u] is the same as the operator�A(d0) = ∇A(d0)

∗∇A(d0), and the latter operator
is automatically self-adjoint. Without magnetic field, since every function in the maxi-
mal domainH1 can be approximated inH1 by finitely supported functions, the maximal
and minimal quadratic forms and therefore the maximal and minimal operators coincide.
A similar approximation approach works also for the magnetic operator in the Euclidean
space [29,136]. Here, however, certain additional technicalities occur, since a priori it is
not even clear that bounded functions form a dense set in the maximal domain, and this
boundedness is important for approximating functions in this maximal domain by cut-offs
with compact supports. Here the diamagnetic inequality (see Section 9.2) is crucial. For
general Riemannian manifolds the equality of minimal and maximal quadratic forms is
still an open question.

The representation (2.8) enables one to use the same reasoning for the Pauli operator
in R2. On some spaced0 of 2-component smooth functionsu= (u+, u−)⊤ onR2 consider
the first-order operatorQ(u+, u−)⊤ = (Q−u−,Q+u+)⊤. The closure of this operator, as
before, produces the closed operatorQ=Q(d0), with domain coinciding with the domain
of the closure of the quadratic form‖Qu‖2 defined originally ond0. Thus the Pauli opera-
tor can be defined asPA = PA(h0)=Q∗Q, which is automatically self-adjoint. There is
no diamagnetic inequality for the Pauli operator, so one must not expect that without addi-
tional conditions imposed on the magnetic potential, the maximal operator coincides with
the minimal one. This is surely not the case for very singular magnetic fields, for example,
the Aharonov–Bohm one; see Section 9.3.

In dimension 3 there is no analogy of the factorization (2.8) of the Pauli operator. Proba-
bly, the most natural way to construct the self-adjoint operator is to consider it as the square
of the self-adjoint Dirac operatorD = σ · (∇ + iA), thus corresponding to the quadratic
form

∫
|σ · (∇ + iA)u|2 dx. In this setting one must use the fact that forA ∈ L2

loc the Dirac
operator is essentially self-adjoint onD (see, e.g., [51,149], wherein it was proved for
smooth magnetic field, but the reasoning works forA ∈ L2

loc as well [129]). So, the Pauli
operator is the square of the self-adjoint Dirac operator, and this definition coincides with
the quadratic form approach. Note that the same reasoning gives a self-adjoint extension
for the Pauli operator in dimension 2.
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4. Essential self-adjointness

We discuss here the methods for proving self-adjointness of Schrödinger-type operators
and present some recent results on this topic.

4.1. Evolution equation approach

Having a symmetric densely defined operatorH , with domainD(H), it is rather un-
practical to try to prove essential self-adjointness ofH by directly using the definition
D(�H)= D(H ∗), since, generally, it is rather hard to find an explicit description ofD(�H)
and, especially, ofD(H ∗). In the case (we are interested in) when the leading term ofH

is a second-order elliptic differential operator with smooth coefficients and the lower-order
terms are not too singular, locally the domainsD(�H) andD(H ∗) coincide, they consist of
functions inH2

loc.
It is the behavior at infinity, or at singular points which may distinguish between these

domains, and it is far from being easy to describe explicitly such “boundary conditions”.
Thus, probably, the technically easiest approach to proving essential self-adjointness is
based on the analysis of Cauchy problems forevolution equationsrelated toH andH ∗,
since it is often only local effects that are important here. The following exposition follows
essentially the one in [128], where one can find further details.

On the abstract level, the relation between self-adjointness and evolution equations is
explained by the following statement, due to Povzner [107] (the abstract version is found
in [12], p. 388).

PROPOSITION4.1. LetH be a(lower) semibounded densely defined symmetric operator.
Suppose that the abstract wave equation

ψ ′′ = −H ∗ψ, ψ(0)= u0,ψ
′(0)= u1;u0, u1 ∈ D(H), (4.1)

has a unique solution inD(H ∗); here derivatives are understood in the strong sense. Then
the operatorH is essentially self-adjoint.

The idea of the proof is as follows. IfH is not essentially self-adjoint, then it has at least
two different self-adjoint extensions,H (1) andH (2), which both are restrictions ofH ∗. For
each extension, the solution of (4.1) exists, and is given by the formula

ψ (j)(t)= cos
√
H (j)tu0 + sin

√
H (j)t√
H (j)

u1 (4.2)

(the choice of the square root does not matter because both functions cos(λt) and sin(λt)/λ
are even). The difference of solutions in (4.2) gives a nonzero solution of (4.1), thus unique-
ness is broken.

Proposition 4.1 can be modified in different ways. For instance, it is possible to re-
place the abstract wave equation (4.1) by the abstract heat equationψ ′ = −H ∗ψ . Even
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the semiboundedness condition can be dropped, being replaced, in fact, by the equal-
ity of deficiency indices ofH (otherwise the operator surely cannot be essentially self-
adjoint); in this case, uniqueness is required for the abstract Schrödinger evolution equation
ψ ′ = iH ∗ψ . The proofs follow the reasoning in Proposition 4.1. Further generalizations al-
low the derivatives in the evolution equations to be understood in the weak sense, etc.

It is, nevertheless, the wave equation approach which is most efficient for proving es-
sential self-adjointness onD(M) of second-order elliptic operators on a manifoldM . As a
matter of fact, in order to prove uniqueness of (4.1), it is not necessary to knowH ∗ since,
due toHolmgren’s principle, this uniqueness follows from thesolvability of the Cauchy
problem for the adjoint equation

ψ ′′ = �Hψ, ψ(0)= u0,ψ
′(0)= u1, u0, u1 ∈ D(H). (4.3)

The latter solvability can be established by means of thefinite propagation speed property
for hyperbolic equations. In fact, if initial conditions for the hyperbolic equation are com-
pactly supported, the solution exists, and the support of the solution is controlled by the
eigenvalues of the matrix of leading coefficients of the operator. So, if these coefficients
ensure that the support of the solution is compact for allt > 0, this solution will surely
belong toD(�H). This idea is due to Povzner [107]; it was later rediscovered and used in
geometrical situations by Chernoff [25].

In particular, if the leading term is the Laplace–Beltrami operator on the manifoldM

then the propagation of solutions is described by geodesic distance. Therefore, if any geo-
desic on the manifold can be indefinitely continued – such manifolds are calledgeodesi-
cally complete– then the reasoning above establishes essential self-adjointness. Moreover,
lower-order terms can be added, as long as they do not destroy two crucial features required
by this approach: they do not influence propagation of solutions, and semiboundedness
from below must be kept. Shubin has established the following theorem [128].

THEOREM 4.2. LetM be a complete Riemannian manifold and letH be a second-order
symmetric operator of the form

H = −�g +L, (4.4)

where�g is the Laplace–Beltrami operator andL is a differential operator of order not
greater than one, with smooth coefficients. Suppose thatH is semibounded from below
onD(M). ThenH is essentially self-adjoint onD(M).

Thus, in the case of the standard Schrödinger operator−� + V , with V ∈ C∞, The-
orem 4.2 establishes essential self-adjointness of the minimal operator as soon as it is
bounded from below, or, what is equivalent, as soon as

−
∫

M

V |u|2 dx �

∫

M

|∇u|2 dx +C
∫

M

|u|2 dx, u ∈ D(M). (4.5)
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Thus, any progress in extending conditions for the inequality (4.5) automatically leads
to new self-adjointness conditions. In Section 5 we discuss recent achievements on such
estimates.

The local smoothness condition on the potential can be considerably relaxed. In fact, this
condition is only needed in order to establish local properties of the domain of the operator,
i.e., thatu ∈ L2

loc and−�u+ V u ∈ L2
loc imply u ∈ H2

loc; this would justify the reasoning
above on local coincidence of domains of�H andH ∗. Following this direction, the regular-
ity conditions onV were gradually weakened up toV+ ∈ L2

loc, V− ∈ L2
loc with p = 2 for

d � 3, p > 2 for d = 4 andp = d/2 for d � 5 (see, for details, [112] for the Schrödinger
operator inRd and [20] for operators on Riemannian manifolds). The condition onV+ is
sharp, the condition onV− can be a little bit sharpened, being formulated in terms of lo-
cal Stummel classes (see, again, [112]). Further weakening of these conditions consists in
expressing them not in terms of spaces but rather by means of functional inequalities [20]:

for any compactK ⊂M there existaK < 1 andCK , such that
∫

K

|V−|2|u|2 dx � aK‖�gu‖2
L2(M)

+CK‖u‖2
L2(M)

, u ∈ D(M). (4.6)

However, in practice, all these results are almost sharp: in the example considered in [112],
page 172,V (x)= −α|x|−2, where the potential just marginally fails to get into the classes
above, ford � 5, self-adjointness fails forα � αd . Here one can satisfy (4.6) for any
aK � 1, by choosingα sufficiently close toαd .

Results on self-adjointness for semiboundedoperatorswere preceded by weaker state-
ments, where semiboundedpotentialswere involved (see, e.g., [62]).

The condition of the manifold to be complete cannot be dropped, even for the Euclidean
space with a nonstandard metric. Examples were constructed (see, e.g., [151]) of elliptic
operators of the form−∑ ∂jgjk(x) ∂k with matricesgjk , which are not essentially self-
adjoint onD(Rd), due to the fact that the coefficientsgjk(x) grow very fast at infinity, thus
forcing the propagation speed for solutions of the hyperbolic equation to grow at infinity in
such a way that geodesics reach infinity in a finite time. This can, however, happen only in
dimensions higher than 2. It was shown by Maz’ya [90] (see also [91]) that in dimensions
1 or 2 this cannot happen, and thus any uniformly elliptic operator in divergence form is
essentially self-adjoint onD(Rd), d = 1,2.

Returning to the Schrödinger operator inRd , note that if the potentialV is lower semi-
bounded, even the domain of the self-adjoint operatorH ∗ = �H can be described explicitly,
provided some extra conditions are imposed onV , roughly forbiddingV to change too fast
on a finite distance. So, if, for simplicity,V � 1,V ∈ L∞

loc and

V (x)

V (y)
�C, |x − y| � 1, (4.7)

thenD(�H) = H2 ∩ L2
V 2; in other words,−�u + V u ∈ L2 andu ∈ L2 imply that both

�u and V u are in L2. This property for operators containing several terms is called
separability. The result above was obtained in [117]. More general (but more complicated)
conditions for separability can be found in [92].
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4.2. Nonsemibounded operators

Suppose that the potentialV tends to−∞ at infinity, at least in some directions. This looks
like a rather exotic case, from the first glance. However, some important physical models,
including the (Stark) Hamiltonian with a constant electric field (thus a linear potential) get
into this category. Potentials likeV (x) = −A|x|2 arise also in the semiclassical analysis
near points of local maximum of the electric potential. In such cases the minimal operator
usually turns out to be not semibounded, and Proposition 4.1 cannot be applied, at least
directly (see, however, an ingenious trick of Kato, [62]). The Schrödinger equation version
of this approach is hard to use as well, since the finite propagation speed property is ab-
sent here. Thus the problem of proving essential self-adjointness presents a considerable
mathematical challenge, and much work has been done here.

So, consider, first in the Euclidean space, the Schrödinger operator

HV u= −�u+ V u, u ∈ D
(
Rd
)
, (4.8)

with V → −∞ at infinity. Such an operator is not semibounded, but the involutionu �→ ū

maps isomorphically the deficiency subspace Ker(H ∗
V + iI ) onto Ker(H ∗

V − iI ), thus
HV has equal deficiency numbers and therefore it has self-adjoint extensions. Following
the physical intuition, one must expect that the behavior of integral curves of the complete
classical HamiltonianH(p,q)= p2+V (q), (p, q) ∈ Rd×Rd , i.e., solutions of the system
q ′ = ∂H(p,q)/∂p, p′ = −∂H(p,q)/∂q, must determine self-adjointness. If these trajec-
tories can be infinitely continued (the system isclassically complete), the operator does not
need boundary conditions at infinity and therefore must be essentially self-adjoint; if some
trajectories reach infinity in a finite time, one has to describe what happens with the system
after this time, and this means that some boundary conditions must be specified at infinity,
and the choice of these conditions determines the self-adjoint extension. In this case, the
intuition turns out to be essentially correct, provided one imposes certain regularity condi-
tions. Without regularity, classical and quantum completeness are not necessarily related
even in the one-dimensional case, as discussed in, e.g., [112], Appendix to X.1.

The following approach is used to establish essential self-adjointness ofH . This prop-
erty is equivalent to symmetricity ofH ∗. Hence, it suffices to prove that, foru,v in the
domain of the maximal operator, the equality

〈Hu,v〉 =
∫ (

∇u∇v+ V (x)u(x)v(x)
)
dx, (4.9)

holds, i.e., integration by parts does not produce out-of-integral terms. (Note that one does
not expect that integrals of separate terms in (4.9) are finite.) Assuming that local regularity
conditions onV are fulfilled, one can hope that for a ballBR with radiusR,

∫

BR

�u(x)v(x)dx +
∫

BR

∇u∇v dx→ 0, (4.10)
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asR → ∞, at least along some sequence. This, in fact, can be proved, provided that
V (x) can be minorized by a regular function depending only onr = |x| and tending to−∞
not too fast, i.e.,

V (x)� −Q(r), (4.11)

whereQ(r) is a positive nondecreasing function on the semiaxis, obeying

∫ ∞

0
Q(r)−1/2 dr = ∞. (4.12)

Thisessential self-adjointnessresult by Titchmarsh and Sears (see [13] for a modern expo-
sition), shows that if, e.g.,V (x)= −(1 + |x|2)α/2 the condition (4.12) is satisfied exactly
for α � 2. Separation of variables enables one to study self-adjointness for this operator di-
rectly and it turns out that, in fact, ifα > 2 then the operator is not essentially self-adjoint,
so the condition is relatively precise. Also classical completeness takes place exactly for
α � 2. More elaborate reasoning enables one to replace (4.11) by a similar estimate ex-
pressed in the sense of quadratic forms,

〈Hu,u〉 � −δ〈�u,u〉 −
〈
Q(r)u,u

〉
, u ∈ D

(
Rd
)
, (4.13)

for someδ ∈ (0,1), thus admitting potentialsV which are not even locally bounded from
below (see [115]). It is this generalization that establishes self-adjointness for Hamiltonians
arising in quantum mechanics, with negative potentials having strong local singularities.

Returning to (4.9), note that, in fact, one cannot guarantee that even under the conditions
(4.11) and (4.12), integrals of separate terms in (4.9) are finite. Separability, mentioned at
the end of Section 4.1, does not take place even for quadratic forms. What one can prove,
nevertheless, and it is an important step in the proof of Titchmarsh–Sears-type theorems,
is that the integralIQ[u] =

∫
|∇u(x)|2/Q(2|x|)dx is finite foru ∈ D(�H).

This observation turns out to be also essential in finding proper versions of this result for
Schrödinger operators on manifolds. In fact, condition (4.12) means also that the Euclidean
spaceRd , equipped with the modified metricgjk = δjkQ(|x|)−1 is complete, so finiteness
of IQ[u] is just the finiteness of the Dirichlet integral with respect to this metric.

In the most general setting, essential self-adjointness of nonnecessarily semibounded
operators on manifolds was established recently by Oleinik [103].

THEOREM 4.3. LetM be a complete Riemannian manifold, V ∈ L2
loc and let the local

condition(4.6)be satisfied. LetQ(x)� 0 be a function onM such thatQ−1/2 is globally
Lipschitz onM . Assume that the Schrödinger operator can be estimated from below by−Q
in the sense of quadratic forms(as in(4.13))and, moreover, assume that

∫
Q−1/2 ds = ∞ (4.14)

along any curve inM , going to infinity, i.e., leaving every compact set. Then the minimal
operatorH = −�g + V is essentially self-adjoint onD(M).
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Note that the condition (4.14) simply means that the manifold(M,g) is complete with
the metricQ−1g.

The proof in [103] (see also [20] for further generalizations and general discussion)
consists in an elaborate localization: one proves that, for a properly chosen sequenceφn
of cut-off Lipschitz functions onM , an approximate integration by parts can be performed
for u,v ∈ D(H ∗), i.e., the difference

〈
φnu,H

∗v
〉
−
〈
H ∗u,φnv

〉

can be controlled and tends to zero as the support ofφn extends. This proves that
H ∗ is symmetric. In the process of this localization, the most technically involved step
consists in estimating integrals containing|u|2 and |∇u|2 with weights via integrals of
|�u|2 and|Hu|2.

Note, finally, that the cases of linear or negative quadratic potentials, mentioned in the
beginning of this subsection, are dealt with by the most simple versions of Theorem 4.3.

4.3. Operators with magnetic fields

For themagnetic Schrödinger operatorthe traditional way of establishing self-adjointness
(as well as many other questions) is using inequalities in some way expressing the main
property – diamagneticity. The concrete inequality used in self-adjointness studies is the
Kato inequality, established first in [62] for the Laplacian and then extended to the mag-
netic Laplacian in [53]. We present the distributional form of Kato’s inequality derived
in [20]. A distributionν is calledpositiveif 〈ν,φ〉 � 0 for any nonnegative test functionφ
(this definition concerns both the Euclidean space and an arbitrary manifold).

PROPOSITION 4.4 (Kato’s inequality).Let A be a smooth magnetic potential on the
Riemannian manifoldM and let�A be the corresponding magnetic Laplacian defined
in (2.2).Then, for anyu ∈ L1

loc such that�Au ∈ L1
loc in the sense of distributions, one has

�|u| � ℜ(signu�Au), (4.15)

where� is the Laplacian onM and sign(u(x)) is defined asu(x)/|u(x)| at the points
whereu �= 0 and zero elsewhere.

The inequality is proved first for smooth functionsu for which one directly establishes
uε�uε � ℜ(u�Au), uε = (|u|2 + ε2)1/2, and passes to the limitε→ 0, and then it extends
to anyu by means of mollifiers. In [20] an even more general form of the Kato inequality is
established, valid for magnetic Laplacians acting on sections of Hermitian vector bundles
overM . The conditions on the magnetic potential can be relaxed. The reasoning explained
above still works for the continuously differentiableA.

Having (4.15) at disposal, one can follow the proof of essential self-adjointness of the
nonmagnetic operator, where, in the process of localization, integrals of the function|u|
with different weight were estimated by integrals of�u. Due to Kato’s inequality, these
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estimates are still valid, with the Laplacian replaced by the magnetic Laplacian. As for
estimates of integrals containing the magnetic gradient ofu, it is evaluated via the usual
gradient, with the help of (3.12). This proves thatH ∗ is symmetric.

This way of reasoning gives, in particular, the following self-adjointness condition ob-
tained by Braverman, Milatovic and Shubin [20].

THEOREM 4.5. Suppose that the magnetic potentialA on the manifoldM is continuously
differentiable and the electric potential satisfies the hypotheses of Theorem4.3.Then the
operatorHA,V is essentially self-adjoint onD(M).

The conditions on the magnetic potential in Theorem 4.5 can be relaxed. On a general
manifold, it is sufficient to suppose that it is locally Lipschitz. Moreover, in the special case
of the Euclidean space, with lower semibounded potentialV , essential self-adjointness is
proved as soon as the minimal operator is defined onD(Rd), i.e., under conditions (3.2)
(see [72]).

Kato’s inequality can also be used to prove the semigroup form of the diamagnetic in-
equality (see Theorem 9.2). It will be discussed later in relation to spectral estimates.

Pauli operator. There are no special studies of essential self-adjointness of Pauli oper-
ators (with or without electric potential) but a number of results can be obtained from
the connection with the magnetic Schrödinger operator; see (2.6). In dimension 2, as well
as in dimension 3, provided the magnetic field has constant direction, (2.7) reduces the
self-adjointness problem for the Pauli operatorPA +V to the same problem for two mag-
netic Schrödinger operators with electric potentials, respectively,V ± B. Thus the results
above on the magnetic Schrödinger operator can be used. For general magnetic field one
does not have such a decomposition and one has to study magnetic Schrödinger operators
with matrix-valued potentials. Such a study was performed in [20], even in a more general
setting, for Schrödinger-type operators in sections of Hermitian vector bundles over mani-
folds. Self-adjointness conditions for Pauli operators can be extracted from [20] (however,
no explicit formulations are given there).

5. Quadratic forms estimates

Now we return to the definition of the operators by means of quadratic forms. As it was
mentioned above, the quadratic form definition requires considerably less regularity of the
electric and magnetic potentials. In fact, they even do not have to be functions; certain
classes of measures are allowed. There are several basic questions which we are going to
address. First, for anonnegativeelectric potentialV , we discuss conditions under which
the form

∫
|u|2V dx is closable with respect to the formh of the unperturbed operatorH0.

This enables one to use Theorem 3.7 to define the operatorH0 + V by means of quadratic
forms.

Another group of questions deals withnonpositivepotentials. The first problem here lies
in finding conditions of boundedness of the quadratic form of the potential with respect to
the unperturbed quadratic form, with control over the relative bound. Such estimates are
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needed already when one studies the essential self-adjointness, see Theorem 4.2. For more
singular potentials, this estimate is required by the KLMN theorem. A convenient case,
frequent but not universal, is the infinitesimal form-boundedness, where one may avoid
controlling constants. Infinitesimal form-boundedness is also closely related to relative
compactness which is crucial in the question of finiteness or discreteness of the negative
spectrum of the operatorH0 + V .

The above questions are classical in spectral theory, going back to the 1930s, but they
continue to be of much interest up to today and the latest results, which may be considered
as being final for the Schrödinger and magnetic Schrödinger operators, were obtained in
the course of the last 3–4 years.

Clearly, the natural next step would be to consider potentials with variable sign. Here
the situation is not quite clear yet, however essential progress was achieved lately as well.
Until quite recently, the analysis of such potentials was reduced to the consideration of
positive and negative parts separately. This led to sufficient but nonnecessary conditions
for the crucial inequalities to hold, and thus to conditions only sufficient for semibounded-
ness of operators, discreteness of the whole or only negative spectrum. Lately new methods
have been developed enabling one to take into account possible cancellation of influence
of positive and negative parts of the potential. In the process even exact criteria for rel-
ative boundedness, infinitesimal boundedness and compactness of the quadratic forms of
the perturbation, were found, and this automatically produces new semiboundedness con-
ditions and description of the spectrum for the perturbed operators.

The progress in this field is mainly due to the developing of efficient methods in function
theory, especially capacities and potentials. In the next section we present a short review
of the necessary facts, for our special case of second-order operators. For details on the
general cases, as well as for proofs, and further references, the reader is referred to the
book by Maz’ya [91], as well as [4,93] and the recent papers [65,95–97,152].

5.1. Capacities, potentials and functional classes

Quite long ago it was noticed, probably, first by Wiener, that the Lebesgue measure is
not sufficient to control fine effects for partial differential equations. It turned out that the
notion ofcapacityprovides one with the adequate instrument. In what follows, when we
say that some quantities are equivalent, we mean that their ratio is bounded from above
and from below by some constants depending only on the dimensiond of the underlying
space.

LetF be a compact set inRd and letG be an open set containingF . Denote byN(F,G)
the set of functionsu ∈ D(G) such thatu� 1 onF . Then theWiener capacityof F with
respect toG is defined as

cap(F,G)= inf
{
‖∇u‖2

L2(G)
: u ∈ N(F,G)

}
. (5.1)

In the case whenG coincides withRd , G is omitted from this notation. Ford � 3, one
always considersG= Rd , since forF being a subset in a cubeQ, cap(F, Q̃) is equivalent
to cap(F ) for the concentric cubẽQ with twice as large sidelength.
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Wiener capacity ford � 3 is equivalent toRiesz capacity, defined by

inf
{
‖f ‖L2(Rd ): R ∗ f � 1 onF

}
, (5.2)

where the Riesz kernel,R(|x|) = Cd |x|−d+1, is the kernel of the integral operator
(−�)−1/2 in L2(Rd).

Another capacity, named after Bessel, is also needed, defined equivalently as

Cap(F )= inf
{
‖∇u‖2

L2(Rd )
+ ‖u‖2: u ∈ N(F )

}
, (5.3)

or

inf
{
‖f ‖2

L2(Rd )
: G ∗ f onF � 0

}
; (5.4)

where the Bessel kernel,

B
(
|x|
)
= Cd |x|(1−d)/2K(d−1)/2

(
|x|
)
, (5.5)

Kν being the modified Bessel functions, is the integral kernel of the operator(1−�)−1/2

in L2(Rd).
Note that the Riesz and Bessel kernels have the same behavior at zero, while at infin-

ity B(r) decays power-like, andR(r) decays exponentially. Evidently, cap(F )� Cap(F ).
Bessel capacity is used first of all in the study of the spaceH1. Riesz capacity handles the
case of the spaceh1 (the homogeneous Sobolev space), the closure ofD(Rd) with respect
to the metric‖∇u‖2. The latter space is considered only ford � 3; otherwise it is not a
space of functions. For suchd , of course,H1 ⊂ h1, and locally the spaces coincide. Among
other properties of capacities, we mention the two of most importance for us. First, it is
their relation to Lebesgue and Hausdorff measures. One has

cap(F )� C
(
meas(F )

)1−2/d
, d � 3. (5.6)

Furthermore, ford � 3, all sets with finite Hausdorff measure of dimensiond−2 have zero
capacity. For Bessel capacity this statement is correct also for the case ofd = 2 provided
the logarithmic Hausdorff measure of a set is finite. On the other hand, if the set has positive
Hausdorff measure of dimension larger thand − 2, then it has positive capacity.

Another property is related to convergence. We say that a sequence of Lipschitz func-
tions converges to zero quasieverywhere with respect to Riesz or Bessel capacity if it con-
verges everywhere with exception of some set having zero capacity. The property we need
says that if a sequence of functions inD converges to zero inh1, resp.H1, then one can
select a subsequence converging quasieverywhere with respect to the corresponding capac-
ity.

5.2. Closability

In this subsection we will consider perturbation of the Laplace (resp., magnetic Laplace or
Pauli) operator by a lower semibounded quadratic formgρ[u] =

∫
|u|2 dρ(x), whereρ is a
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Borel measure onRd . The unperturbed formh is closable, so, according to Theorem 3.7,
one has to check closability ofgρ with respect toh, all forms defined onD(Rd). We say
that the measureρ is absolutely continuous with respect to Cap if all sets with vanishing
Bessel capacity have zero measureρ.

THEOREM 5.1. Let the measureρ be absolutely continuous with respect toCap.Then the
formgρ is closable with respect to the forms of the Laplacian and the magnetic Laplacian;
for the Laplace operator this condition on the measure is also necessary for closability.

PROOF. We prove the sufficiency part. For a given magnetic fieldA ∈ L2
loc we denote

by hA the magnetic quadratic form (3.5) and byh the usual Dirichlet form,h[u] = ‖∇u‖2.
Let un ∈ D be a sequence such thathA[un] + ‖u‖2 → 0 and assume it is a Cauchy se-
quence with respect to the formgρ . Consider the sequencevn = |un|. These functions are
Lipschitz, and since||vn| − |vm|| � |vn− vm|, they form a Cauchy sequence forgρ . At the
same time, due to (3.12), the sequencevn converges to zero inH1. Therefore it contains
a subsequence converging to zero quasieverywhere and, due to the conditions imposed on
the measure, almost everywhere with respect to measureρ. Now, since this subsequence
is a Cauchy sequence inL2

ρ , it must converge to zero in this space. The necessity proof is
more cumbersome (see [91]). �

Theorem 5.1 enables one to define self-adjoint Schrödinger and magnetic Schrödinger
operators with a very wide class of measures as electric potentials. If such a measure is
absolutely continuous with respect to Lebesgue measure, this situation (without magnetic
field) is taken care of in Example 3.8. Now some singular measures are allowed, in par-
ticular, supported on smooth surfaces of co-dimension one and absolutely continuous with
respect to the surface measure, or, more generally, on sets having Hausdorff dimension
larger thand − 2 and absolutely continuous with respect to the corresponding Hausdorff
measure. In addition, one may, having a nonsemibounded potential, break it into the posi-
tive and negative parts, add the positive part using the theorem, and then add the negative
part, using other perturbation theorems.

The reasoning above does not work for the Pauli operator, the main reason for this (as
well as for many other questions concerning Pauli operators) being the absence of the
diamagnetic inequality for the Pauli quadratic form.

5.3. Relative boundedness

As it can be seen above, the key instrument in establishing essential self-adjointness as
well as in defining the operator by means of quadratic forms is given by inequalities of the
form

∣∣gρ[u]
∣∣=
∣∣∣∣
∫

|u|2ρ(dx)
∣∣∣∣� C1h[u] +C2‖u‖2, u ∈ D

(
Rd
)
, (5.7)

whereh is the quadratic form of the unperturbed operator (Laplace, magnetic Laplace, etc.,
probably, containing some previously included perturbations). In many cases one needs
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the constantC1 in (5.7) to be smaller (or not larger) than 1. To trace the constants in
inequalities may be a rather tedious job, but the task simplifies considerably if the formgρ
is infinitesimally form-bounded with respect toh, i.e., (5.7) holds for any positiveC1 = ε,
with C2, of course, depending onε. For the needs of spectral analysis, one should be able
also to find conditions for the formgρ to becompact with respect toh, meaning that any
sequenceun bounded inL2 and with respect toh contains a subsequence which converges
with respect togρ . Below we present some results concerning these questions.

Consider first the case of a nonnegative measureρ. The easiest result of the form (5.7)
follows directly from Hölder’s inequality and Sobolev’s embedding theorem. If one as-
sumes thatρ is absolutely continuous with respect to Lebesgue measure,ρ(dx)= V (x)dx
and for someK , the function(V −K)+ belongs toLr , wherer = d/2 for d � 3 andr � 1
for d = 2, (5.7) holds for an arbitrarily smallC1, i.e., g is infinitesimally form-bounded
with respect toh. The proof is essentially the same as in Example 3.8: if the condition
above is satisfied then, by choosing a properK , one can make theLr norm of(V −K)+ ar-
bitrarily small. The Hölder inequality yieldsg[u] � ‖V ‖Lr‖u‖2

Lq , q = 2r/(r − 1). Finally,
the latter norm ofu is estimated byh[u] + ‖u‖2 according to the embedding theorem.

Thus, for example, an arbitrary finite configuration of Coulomb potentials inRd , d � 3,
V =∑Zj/|x − x(j)| satisfies the above conditions.

If the functionV itself belongs toLr , r = d/2,d � 3, (5.7) holds even without the lower
order term‖u‖2

L2:

∣∣∣∣
∫

|u|2ρ(dx)
∣∣∣∣� C1h[u], u ∈ D

(
Rd
)
, (5.8)

with C1 = cd‖V ‖Ld/2 and the constantcd depending only on dimension; one just uses the
Sobolev inequality (3.11) instead of the embedding theorem.

These results are easy to use, but they do not cover the important case of potentials be-
having liker−2, wherer is the distance to some point inRd or to a submanifold. Although
this singularity is essentially stronger than the most interesting Coulomb case, it arises, for
example, when one considers singular magnetic fields. At the same time, forV having the
orderr−2, the inequality of the form (5.7) and even (5.8) may hold, the best known case
being the Hardy inequality, viz.

∫
|x|−2|u|2 dx �

(d − 2)2

4

∫
|∇u|2 dx, d � 3, u ∈ h1(Rd

)
. (5.9)

Finding weights (and measures) which can replace|x|−2 here is important for many ques-
tions in spectral theory, in particular, for obtaining eigenvalue estimates.

The criteria for estimates of the form (5.7) and (5.8) were obtained first in the 1960s
by Maz’ya, in terms of capacity [89]. Later, several equivalent criteria were found. One
can follow the development in the books [4,91,93] and a series of papers (we mention [95]
in the first place). These results deal with a nonnegative measureρ. Along with capacity,
criteria for estimates can be expressed in terms of potentials of the measure. They are
defined asI (ρ)=R ∗ ρ (Riesz potential), andJ (ρ)= B ∗ ρ (Bessel potential). Of course,
certain local and global restrictions on these measures must be imposed in order that the
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potentials are finite almost everywhere; see the aforementioned references for details and
additional boundedness criteria.

THEOREM 5.2 (Relative boundedness for nonnegative measures).Letρ be a nonnegative
Borel measure onRd .

(1) For d � 3 the following statements are equivalent, with equivalent constants
C1,C2,C3:

(a) the inequality
∫

|u|2ρ(dx)� C1‖∇u‖2, u ∈ D(Rd), holds;
(b) for every compactF ⊂ Rd ,

ρ(F )� C2 cap(F ); (5.10)

(c) for every ballB,

∫

B

(
I (ρB)

)2 dx �C3ρ(B), (5.11)

whereρB is the restriction ofρ toB.
(2) For d � 2 the following statements are equivalent, with equivalent constants

C1,C2,C3:
(a) the inequality|

∫
|u|2ρ(dx)| �C1(‖∇u‖2 + ‖u‖2), u ∈ D(Rd), holds;

(b) for every compactF ⊂ Rd ,

ρ(F )� C2 Cap(F ); (5.12)

(c) for every ballB,

∫

B

(
J (ρB)

)2 dx � C3ρ(B). (5.13)

REMARK 5.3. The words above, concerning “equivalent constants”, require an explana-
tion. This expression means that if one of the equivalent statements is true, with some
constantCj , then another statement is also true with some constantCk , so thatCk � cCj
for somec depending only on the dimension. Conversely, if the second condition holds
with someCk , the first one holds with someC′

j , againC′
j � cCk . The theorem does not

declare thatCj = C′
j . Thus the statements of the theorem are equivalent as it concerns the

inequalities involved, but still there is a gap in the size of constants. This remark concerns
also all further results where equivalent constants are present.

Thus, if for a given measureρ in (5.12) or (5.13) the constantsC2 orC3 are sufficiently
small, so that the constantC1 is smaller than 1, the form

∫
|u|2ρ(dx) is bounded with

respect to the form of the Laplacian with relative bound smaller than 1, and therefore one
can apply the KLMN theorem to define the Schrödinger operator with “potential”−ρ.

Since capacitory or potential terms are rather implicit, it is fairly hard to apply the above
criteria directly. One can, however, extract more transparentsufficientconditions, using
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estimates for capacity and potentials. For example, the estimate (5.6) of capacity from
below by Lebesgue measure, gives a sufficient conditionρ(F ) � C4 Cap(F ) for relative
boundedness.

In particular, let ρ(dx) = V (x)dx, V � 0. Denote byM(t) = M(t,V ) the set
{x: V (x) > t} and setm(t) = meas(M(t)). Then for a fixedγ = meas(F ), the largest
possible value ofρ(F ) is obtained whenF =M(s), wheres = sup{t : m(t)� γ }. An easy
calculation shows that ifm(t)� C6t

−d/2 then

ρ
(
M(s)

)
= −

∫ ∞

s

t dm(t)� C7
(
meas

(
M(s)

))1−2/d
,

and therefore,ρ(F ) � C7 meas(F )1−2/d for any compactF . This, together with (5.6),
gives the following sufficient condition for boundedness [91].

COROLLARY 5.4. Letρ(dx)= V dx, V � 0,d � 3,andmeas(M(t,V ))� C6t
−d/2. Then

the estimate(5.8)holds with a constant equivalent toC6.
(Note that the functionsV satisfying the above condition are said to belong to the

“weakLd/2” space, denotedLd/2w .)

When applying the KLMN theorem, and generally, establishing semiboundedness, we
need not (5.8) but only (5.7) withC1< 1. Therefore the following condition is more con-
venient to use, putting restrictions only on “large” values ofV but not requiring any decay
at infinity. It follows automatically from Corollary 5.4.

COROLLARY 5.5. Let ρ(dx) = V dx, V � 0, d � 3, and assume thatmeas(M(t,V )) �
C6t

−d/2 for t > t0. Then(5.7) holds, with C1 equivalent toC6 and someC2 depending
on t0. If the resultingC1 is not greater than1, the quadratic form‖∇u‖2 −

∫
V |u|2 dx

is lower semibounded onD(Rd). If C1 < 1, this quadratic form defines a self-adjoint
operator inL2(Rd).

The general theorem can also be customized for measures supported on submanifolds or
fractal sets, using the relation of capacity to Hausdorff measure.

Due to the weak diamagnetic inequality (3.12), the conditions above immediately im-
ply relative boundedness and, resp., semiboundedness of the forms for the magnetic
Schrödinger operator.

As it was mentioned above, if one can establish infinitesimal form-boundedness of the
potential perturbation, one can handle the problem of defining the operator more comfort-
ably, since one does not need to trace the values of the constants. As for the conditions
of Corollary 5.5, infinitesimal form-boundedness obviously follows if one replaces there
the inequality meas(M(t,V ))� C6t

−d/2 by meas(M(t,V ))= o(t−d/2), t → ∞. A recent
criterion [97], similar to Theorem 5.2, can also be expressed in terms of capacities (for
other terms, see [97], Theorem 4.1).
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THEOREM 5.6. For a nonnegative measureρ on Rd , d � 2, infinitesimal form-
boundedness of

∫
|u|2ρ(dx) with respect to‖∇u‖2 is equivalent to

lim
δ→0

sup

{
ρ(F )

Cap(F )
: F ⊂ Rd ,diam(F )� δ

}
= 0. (5.14)

5.4. Nonsign-definite weights

In the case of nonsign-definite weights, relative boundedness conditions can, of course, be
obtained from the sign-definite case. In fact, if we represent the measureρ as the difference
of two nonnegative measures,ρ = ρ+ − ρ−, and the measureρ+ is closable with respect
to the form‖∇u‖2, then the boundedness with proper relative bound (infinitesimal bound-
edness) of the form

∫
|u|2ρ−(dx) with respect to‖∇u‖2 implies the same with respect to

a larger form‖∇u‖2 +
∫

|u|2ρ+(dx), and this, as before, leads to semiboundedness and
closedness of the whole perturbed form. This, however, does not take into account an im-
provement of situation which hopefully may happen if the influence ofρ+ and ofρ− cancel
each other. It was only in 2002 that a new approach was developed capable of taking into
account such cancellation. As a result, necessary and sufficient conditions were found for
form-boundedness and infinitesimal form-boundedness [96].

THEOREM 5.7. Letρ be a Borel measure onRd .
(1) For d � 3 the following are equivalent, with equivalent constants:

(a) the inequality|
∫

|u|2ρ(dx)| �C1‖∇u‖2, u ∈ D(Rd) holds;
(b) there exists a vector fieldΓ = (Γ1, . . . ,Γd) ∈ L2

loc such that the quadratic
form gΓ [u] =

∫
(
∑ |Γj |2)|u|2 dx satisfies the inequalitygΓ [u] � C2‖∇u‖2, u ∈

D(Rd), andρ = divΓ in the sense of distributions.
(2) The form

∫
|u|2ρ(dx) is bounded with equivalent constants(infinitesimally

bounded) with respect to‖∇u‖2, d � 1, if and only if there exist a vector field
Γ = (Γ1, . . . ,Γd) ∈ L2

loc and a functionΓ0 ∈ L1
loc such that the quadratic form∫

(|Γ0| + ∑ |Γj |2)|u|2 dx is bounded(infinitesimally bounded) with respect to
‖∇u‖2 andρ = divΓ + Γ0 in the sense of distributions.

PROOF. In the expression

∫
|u|2 divΓ dx =

∫
uūdivΓ dx, u ∈ D

(
Rd
)
,

we integrate by parts, obtaining

∣∣∣∣
∫

|u|2 divΓ dx

∣∣∣∣= 2

∣∣∣∣
∫

ℜ(u∇u)Γ dx

∣∣∣∣� 2‖∇u‖
(∫

|u|2|Γ |2 dx

)1/2

,
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and this explains the sufficiency part of the theorem. The “necessary” part is by far more
delicate. It turns out that one can even get explicit expressions forΓ0 andΓ :

Γ = −∇(1−�)−1ρ, Γ0 = (1−�)−1ρ,

where(1−�)−1ρ is understood in the sense of distributions or as the Bessel potential of
order 2. �

In this way, the case of nonsign-definite potential is reduced to the case of a nonnegative
potential, which is taken care of by Theorems 5.2 and 5.6.

Again, by means of the weak diamagnetic inequality (3.12), the above theorem givessuf-
ficient conditions for boundedness (infinitesimal boundedness) for the case when a mag-
netic field is present. Necessary conditions for that case are unknown at the moment of
writing.

5.5. Relative compactness

In the study ofspectral propertiesof the Schrödinger operator the key role is played by
compactness theorems. As it will be shown in the next section, questions of discreteness
of the whole or negative spectrum as well as finiteness of the negative spectrum can be
reduced to the relative compactness of corresponding forms.

Generally, having a closable nonnegative formh in the Hilbert space, we say that the
formg is compactwith respect toh if any sequenceun, such thath[un] is bounded, contains
a subsequence, convergent in theg-norm.

In other way, this property is convenient to describe by means of theBirman–Schwinger
operatorTg,h defined by the quadratic formg[u] in the Hilbert spaceD(h), equipped with
the normh[u]+‖u‖2 (see also Section A.10). In more details, using the sesquilinear forms
corresponding to our quadratic forms, this means

h[Tg,hu,v] =
〈
(H + 1)1/2Tg,hu, (H + 1)1/2v

〉
= g[u,v], (5.15)

whereH is the self-adjoint operator corresponding to the formh. Compactness of the
form g with respect toh means that the operatorTg,h is compact. If we return to our
basic Hilbert space, setting(H + 1)1/2u= φ, (H + 1)1/2v = ψ in (5.15), we find that the
operatorTg,h is unitary equivalent to the operatorKg,h there, defined by the relation

〈Kg,hφ,ψ〉 = g
[
(H + 1)−1/2φ, (H + 1)−1/2ψ

]
. (5.16)

The operatorKg,h is just another useful variant of the Birman–Schwinger operator which
is applied time after time in spectral analysis; see also Sections 6.2, 7.1 and A.10.

In the particular case whenH = −� andg = gρ , the operatorKg,h, according to (5.16),
is the integral operator with kernel

Kg,h(x, y)=
∫
B
(
|x − z|

)
B
(
|y − z|

)
ρ(dz), (5.17)
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whereB is the Bessel kernel (5.5), the integral kernel for the operator(−�+1)−1/2. When
ρ = V dx, the operatorKg,h can also be written as(H + 1)−1/2V (H + 1)−1/2.

A number of spectral properties of the Schrödinger operator can be expressed in terms
of the Birman–Schwinger operator. In particular, relative compactness of the formgρ is
simply compactness ofTg,h orKg,h.

Unlike boundedness, compactness conditions for forms in the whole space consist of
two parts. Local conditions assure that the operator of the type (5.15) or (5.16) defined
by the restriction of the measureρ to any bounded ball is compact. Additionally, one has
to require some sort of decay at infinity, so that the operator defined by the restriction of
the measureρ to the exterior of the ball decays in the norm as the ball extends; here the
boundedness conditions described in Sections 5.3 and 5.4 play a key role. This implements
the basic property of compact operators: the norm limit of a sequence of compact operators
is compact.

The easiest compactness conditions follow from the Sobolev–Rellich embedding the-
orems (see, e.g., [32]). Let, for example,ρ(dx) = V (x)dx, V ∈ L∞ and V → 0 as
|x| → ∞. In the ballBR , Hölder’s inequality gives|

∫
BR

|u|2V dx| � ‖u‖2
Lq (BR)

‖V ‖Lq∗ (BR)
with someq∗ > d/2, (2q)−1 + q∗−1 = 1. Sinceq−1 > d−1 − 2−1, the Sobolev–Rellich
embedding theorem assures compactness of the embedding ofH1(BR) into Lq(BR), and
therefore grants compactness of the form

∫
BR

|u|2V dx in H1(BR). Outside the ball, the
supremum ofV goes to zero asR→ ∞, and therefore, supu |

∫
∁BR

|u|2V dx|/‖u‖2 goes to
zero asR→ ∞; this demonstrates the general scheme. One can see that even some singu-
larities ofV are allowed in a compact set, as long as the step involving Hölder’s inequality
goes through.

Looking at this example, one might get a feeling that relative compactness must be
closely related to infinitesimal form-boundedness. This is partly correct. If the formg is
compact with respect toh, it is infinitesimal form-bounded. The converse is not true: even
the form

∫
|u|2 dx is not compact inH1(Rd). To show this, one can take a functionu0

supported in the unit cube and then construct a sequenceuj consisting of the shifted copies
of u placed in some other, disjoint cubes. Surely, the sequenceuj is not compact with
respect to‖u‖L2. This demonstrates that one cannot drop the requirement of decay of the
potential at infinity.

For a nonnegative measureρ, the necessary and sufficient compactness conditions in
terms of capacity were first found by Maz’ya [89], and later developments (see [4,91,93])
are related to finding equivalent formulations, in particular, in terms of potentials, similar
to Theorem 5.2. We present here the initial formulation from [89]. It uses the function of
sets defined by

π(F)= π(F ;ρ)= ρ(F )

Cap(F )
,

provided the Bessel capacity is positive, andπ(F)= 0 otherwise.

THEOREM 5.8. The conditions

lim sup
δ→0

{
π(F): diam(F )� δ

}
= 0 (5.18)
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and

lim sup
R→∞

{
π(F): F ⊂ ∁BR,diam(F )� 1

}
= 0 (5.19)

are necessary and sufficient for compactness of the form
∫

|u|2ρ(dx) in the Sobolev space
H1(Rd), d � 3.

The compactness conditions ford = 2 are considerably more cumbersome, see [4,93].
Recalling the discussion preceding Theorem 5.8, note that (5.18) is a local condition, re-
stricting the local singularities ofρ, while (5.19) is a condition of decay at infinity. To
understand why the theorem is likely to be correct (not proving it, of course), one can just
try constructing a counterexample, a sequence, bounded inH1, but not compact with re-
spect to the formg. On the one hand, one might try taking some functionu0 with compact
support and then construct a sequenceun of shifted functions. Supports of such functions
run away towards infinity and the global condition (5.19) forcesun to 0 thus failing our
effort. Another attempt might consist in, again, starting with a functionu0 with compact
support and constructing a sequence of functionsun with disjoint supports, but not run-
ning away. To do this, one takesun(x)= 2(d−2)/2u(2nx), so that‖un‖L2 are bounded and
separated from zero. The size of the supports ofun decays very fast therefore one can shift
them together, so that the supports are disjoint, and fit this infinite sequence into some
fixed ball in Rd . However, this time, the condition (5.18) forcesg[un] to zero, and again
we have convergence. The actual proof, both of necessity and sufficiency, is based upon
these considerations; see [89] for details.

Using estimates from below for the capacity, say, via Lebesgue or Hausdorff measure,
one can derive more transparent sufficient compactness conditions. For example, following
Corollary 5.5, one obtains the following result as a consequence of Theorem 5.8.

COROLLARY 5.9. Suppose thatρ(dx) = V dx with a functionV � 0 which belongs
locally, i.e., on any ball, to the weak classLd/2w . For any ball BR , let meas({x ∈ BR,
V (x) � t}) = o(t−d/2) as t → ∞, and for some functionss(R), t (R)→ 0 as R → ∞,
meas({x ∈ ∁BR,V (x)� t} � s(R)t−d/2) for t > t (R)−1. Then the form

∫
|u|2V dx is com-

pact inH1(Rd), d � 3.

Similar to Theorem 5.7, one obtains a compactness criterion for the case of a signed
measure (see [96]).

THEOREM 5.10. Letρ be a measure onRd , d � 3. The formg[u] =
∫

|u|2 dx is compact
in H1 if and only if there exists a vector-valued functionΓ ∈ L2

loc and a functionΓ ∈ L1
loc

such thatρ = divΓ + Γ0 and the form
∫
(|Γ |2 + |Γ0|)|u|2 dx is compact inH1.

The proof of the sufficiency part goes in the same way as in Theorem 5.7. Necessity is
by far more intricate. It turns out that one can useΓ = −∇(−�)−1ρ andΓ0 = (−�)−1ρ.

An attempt to derive sufficient conditions for compactness of the formg with respect to
the magnetic Dirichlet formhA[u] =

∫
|∇u+ iAu|2 dx from the above results along the
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lines of reasoning for boundedness or infinitesimal boundedness, fails. In fact, supposing
that the “nonmagnetic conditions” are satisfied, we take a sequenceun such thathA[un] is
bounded. From the weak diamagnetic inequality (3.12) it follows that the sequencevn =
|un| is bounded inH1, and according to the theorems just stated, it is compact with respect
to g. However, it is the sequencevn that is compact due to this reasoning, notun, as we
wish. Hence, to obtain compactness in this case, we need some more instruments.

Recall that we are interested in compactness of the Birman–Schwinger operator
in (5.16),Kgρ ,hA

, wherehA[u] = ‖(∇ + iA)u‖2 is the quadratic form of the operator
−�A, see Section 2. Suppose that the measureρ is nonnegative and compareKgρ ,hA

with operatorKgρ ,h corresponding to the nonmagnetic Laplacian; from Theorem 5.8 we
already know compactness conditions for the latter. However,Kgρ ,h possesses one more
important property, it ispositivity preserving(see also Section 7.5). In fact,(−�+ 1)−1/2

is an integral operator withpositive kernel; this can be seen from the explicit formula for
the kernel in terms of modified Bessel functions, or from the representation

(−�+ 1)−1/2 = C
∫ ∞

0
exp
(
t (�− 1)

)
t−1/2 dt (5.20)

and the Poisson formula for the heat kernel (integral kernel for exp(t�)). So, for
any nonnegative functionsu and v the expression〈Kgρ ,hu,v〉 =

∫
(−� + 1)−1/2u ×

(−�+ 1)−1/2v̄ρ(dx) is nonnegative, which implies thatKgρ ,hu � 0 a.e. for anyu � 0.
This property is calledpositivity preserving. Now we use thestrong diamagnetic in-
equality in Theorem 9.2 (see Section 9.2), which, after comparing (5.20) and similar
representation for(−�A + 1)−1/2, gives that the integral kernel of(−�A + 1)−1/2 (gen-
erally, a nonreal one) is majorized by the one of(−�+ 1)−1/2, |(−�A + 1)−1/2(x, y)| �
(−�+ 1)−1/2(x, y) a.e. This majoration leads us to|〈Kgρ ,hA

u,v〉| � 〈Kgρ ,h|u|, |v|〉 and
therefore

∣∣Kgρ ,hA
u(x)

∣∣�Kgρ ,h|u|(x) a.e. (5.21)

For operators satisfying a relation like (5.21) one says thatKgρ ,hA
is dominatedbyKgρ ,h.

It is an important question, which properties of the dominating operator are inherited by
the dominated one. About compactness such a property was established by Pitt [106]. This
gives us a sufficient compactness condition for the magnetic quadratic form.

COROLLARY 5.11. Let A ∈ L2
loc(R

d), let the measureρ be nonnegative, and let the
form g[u] be compact with respect toh[u] = ‖∇u‖2. Theng[u] is compact with respect
to hA[u] = ‖∇u+ iAu‖2. In particular, this is the case if the hypotheses of Theorem5.8,
d � 3, are fulfilled.

Note that the approach above does not apply to the case of a nonsign-definite measureρ,
where nothing but separate compactness of the forms corresponding to the positive and
negative parts of the measureρ is known to grant compactness of the wholegρ .

We discuss now a somewhat different case, compactness of the formg = gρ in the
spaceh1, the closure ofD(Rd) with respect to the metric‖∇u‖2, d � 3. This space lo-
cally coincides withH1 but the conditions on the behavior at infinity are weaker. Indeed,
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functions inh1 do not have to belong toL2; according to the Hardy inequality one can
only be sure that they belong toL2 with weight |x|−2. Therefore the local conditions of
compactness of the formgρ , are the same here as forH1, but the global conditions are
more restrictive: one has to control the quantityπ(F) not only over the sets with diameter
not bigger than 1, as in (5.19), but over all compact sets. The following result can be found
in [91] (see also [89]).

THEOREM 5.12. Let ρ be a nonnegative measure. The formgρ is compact inh1 if and
only if the condition(5.18)is satisfied and

lim sup
δ→0

{
ρ(F ): diam(F )� δ

}
= 0, (5.22)

lim sup
R→∞

{
ρ(F ): F ⊂ ∁BR

}
= 0. (5.23)

There is also an analogy of Theorem 5.10 for this situation (see [96]).

THEOREM 5.13. Let ρ be a nonsign-definite measure. To ensure compactness of the
form gρ in h1 it is necessary and sufficient that there exists a vector-functionΓ ∈ L2

loc
such thatρ = divΓ and that the form

∫
|Γ |2|u|2 dx is compact inh1.

The “sufficiency” part of Theorem 5.12 carries over to the magnetic case in the same
way as Theorem 5.8.

6. Qualitative spectral analysis

Having defined a Schrödinger operator,H =H0 +V , the next question one tries to answer
is about the qualitative structure of its spectrum.

There are at least two physically motivated situations, where discrete spectrum comes
into consideration. If the electric potential vanishes at infinity, one must usually expect
that the Schrödinger operator has essential spectrum on the positive semiaxis, with some
negative eigenvalues, finitely or infinitely many. On the other hand, the electric potential
may grow at infinity, similar to the harmonic oscillator, and here it is natural to expect
that the whole spectrum is discrete, consisting of a sequence of eigenvalues tending to
infinity. (Spectral properties in the case of potentials tending to−∞, see Section 4.2, are
completely unknown ford � 2.)

We are thus going to look for answers to the following questions.
1. Is the operator nonnegative (the negative spectrum is empty)?
2. Is the negative spectrum finite?
3. Is the negative spectrum discrete?
4. Is the whole spectrum discrete?
In quantum mechanical applications one usually considers the Schrödinger operator

with the square of Planck’s constant in front of the Laplacian. It is important also to find
conditions for the answers to the above questions to be the same for the whole family
Hh̄ = −h̄2�− V .
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As soon as the existence of some discrete spectrum has been established, additional
questions concern how to describe it quantitatively, finding estimates or even asymptotics.
These questions are addressed in the sequel. If the essential spectrum is nonempty, the vast
field of scattering theoryemerges; we do not discuss this topic in the present chapter.

6.1. Positivity

The first question seems to be the easiest one. As a direct consequence of Theorem 5.7,
one gets the following result.

THEOREM 6.1. Let the measureρ satisfy one of the conditions of part one of Theorem5.7
so that the constantC1 there is not greater that1. Then the operator defined by the form
‖∇u‖2 −gρ[u] is nonnegative and thus its negative spectrum is empty. For a nonnegativeρ
the conditions of part one of Theorem5.2with properC1 are also necessary for this.

REMARK 6.2. As it was explained in Remark 5.3, there is a gap, controlled by a factor
depending only on dimension, in the constants appearing in the (necessary and sufficient)
conditions.

Discreteness and finiteness for allh̄. We proceed to the case when there may be some
negative spectrum.

Starting, probably, from Friedrichs’ paper [44], a relation between spectral properties of
the Schrödinger operator and compactness properties of some embeddings was established
(although embedding theorems were not invented by that time). It is in the fundamental
paper by Birman [14] that this relation was emphasized and understood, and one may say
that a major part of modern spectral analysis of Schrödinger operators, both qualitative and
quantitative, is based upon this paper, its ideas and methods.

We formulate the results from [14] (see, mostly, Theorem 1.4 therein) in a form which
is convenient for our purpose.

THEOREM 6.3. Let h and g be quadratic forms in a Hilbert spaceH, defined initially
on D0, such thath is positive and closable, andg is closable with respect toh. Assume,
moreover, that the conditions of(the KLMN) Theorem3.7 are satisfied for̄h2h − g. Let
H(h̄) be the self-adjoint operator defined by the quadratic formh̄2h − g. Denote byD,
resp. D1, the closures ofD0 with respect to normsh[u], resp. h[u] + ‖u‖2. Then the fol-
lowing statements are true:

(1) For the negative spectrum ofH(h̄) to be finitefor all h̄ > 0, it is sufficient, and for
nonnegativeg also necessary, that the formg is compact in the spaceD.

(2) For the negative spectrum ofH(h̄) to be discretefor all h̄ > 0, it is sufficient, and
for nonnegativeg also necessary, that the formg is compact in the spaceD1.

Note that the requirement of closability ofg with respect toh0 is redundant: it is satisfied
automatically if the compactness conditions are fulfilled.
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REMARK 6.4. Since the operatorh̄−2H(h̄) corresponds to the quadratic formh − h̄−2g,
where the parameter̄h−2 stands before the perturbation and plays the role of a coupling
constant, the statements of Theorem 6.3 hold also for this situation.

Applying Theorem 6.3 to compactness conditions obtained for particular quadratic
forms in the preceding section (Theorems 5.12 and 5.13), we get concrete conditions for
finiteness, resp. discreteness, of the spectrum for allh̄ > 0 for the nonmagnetic or magnetic
Schrödinger operators.

THEOREM 6.5. For the Schrödinger operatorHρ = −h̄2� − ρ defined by means of
quadratic forms, one has that:

(1) For the negative spectrum to be finite for allh̄ > 0, it is sufficient that the condi-
tions of Theorem5.13are satisfied; for a nonnegative measureρ, the conditions of
Theorem5.12are necessary and sufficient.

(2) For the negative spectrum to be discrete for allh̄ > 0, it is sufficient that the condi-
tions of Theorem5.10are satisfied; for a nonnegative measureρ, the conditions of
Theorem5.8are necessary and sufficient.

(3) The sufficiency statements above for nonnegative measures hold for the magnetic
Schrödinger operator with magnetic potentialA ∈ L2

loc.

The particular sufficient compactness conditions from Section 5.5 lead immediately to
more transparent conditions for discreteness or finiteness of the negative spectrum. We
present just two examples, more can be found in [13,91,113].

COROLLARY 6.6. If V ∈ Ld/2(Rd), d � 3, then the Schrödinger operator−h̄2� − V
has finite spectrum for all̄h > 0. If d � 3, V = V1 + V2, V1 ∈ Ld/2(Rd), V2 ∈ L∞(Rd),
V2 → 0 at infinity, then−h̄2�− V has discrete negative spectrum for allh̄.

6.2. Birman–Schwinger principle

The finiteness and discreteness conditions for afixedh̄ (we seth̄= 1) are more intricate,
but still can be obtained, not directly from Theorem 6.3 but rather from the more univer-
sal and crucialBirman–Schwinger principle(see also Section A.10), concealed in [14] as
Lemma 1.3, being up to now the main instrument in the spectral analysis of singular oper-
ators (later, Schwinger proposed this principle in a considerably less general form [124]).

THEOREM 6.7 (Birman–Schwinger principle).Under the conditions of Theorem6.3, the
number of negative eigenvalues of the operatorH(h̄) equals the number of eigenvalues
in (h̄,∞) of the operatorTh,g (see(5.15))or Kg,h (see(5.16))defined by the quadratic
form g in the spaceD, provided one of these numbers is finite. Otherwise, for both opera-
tors the dimension of the spectral subspace in the corresponding interval is infinite.

One obtains Theorem 6.3 as a particular case – directly for finiteness (for a compact
operator, the number of eigenvalues aboveh̄ is finite for anyh̄ > 0), and withd1 in place
of d for the discreteness.
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6.3. Finiteness and discreteness of the spectrum

For a fixedh̄ (again we set̄h = 1) it is more convenient to apply Theorem 6.7 directly.
The mechanism of establishing finiteness of the discrete spectrum ofTh,g aboveh̄= 1 for
g =

∫
|u|2ρ(dx) is the following. For a fixedR, split the measureρ into two parts,ρR , sup-

ported in the ballBR , andρ̃R , supported outside the ball. Correspondingly, the quadratic
form g splits into two parts,g = gR + g̃R , as well as the operatorTh,g = TR + T̃R . If local
compactness conditions are satisfied, the spectrum ofTR above 1 is finite. So, one has to
suppose that the norm of̃TR (or, even more generally, the norm of the positive part ofT̃R)
is less than 1. Then the spectrum ofT̃ρ above 1 is finite. Furthermore, discreteness of the
spectrum ofT for fixed h̄ = 1 is equivalent to finiteness of the spectrum of the operator
T − ε for anyε > 0. This line of reasoning gives also necessary conditions for finiteness,
resp. discreteness, of the negative spectrum.

Implementing this strategy to particular forms corresponding to Schrödinger operators,
we arrive at the following description of the spectrum. Less general conditions were found
in [14,89,91].

THEOREM 6.8. Letd � 3 and let the measureρ satisfy the condition(5.18).
(1) If for sufficiently largeR the restriction ofρ to the exterior of the ballBR satisfies

the conditions of the first part of Theorem5.7so that the constantC1 in the resulting
estimate is not larger than1, then the negative spectrum of the operator−�− ρ is
finite.

(2) For ε > 0, define a measureρε, ρε(F )= sup{(ρ(e)− εmeas(e))+, e⊂ F } (it is the
positive part of(ρ − εmeas)). Suppose that for anyε > 0, the restriction ofρε to
the exterior of a sufficiently large ballBR , R = R(ε), satisfies the conditions of the
first part of Theorem5.2so that the constantC1 in this theorem is less than1. Then
the negative spectrum of the operator−�− ρ is discrete.

(3) The statements above hold also for the magnetic Schrödinger operator with mag-
netic potentialA ∈ L2

loc.

If the measureρ is nonnegative, one can even give exact values of the constants involved
(see [89,91]).

THEOREM 6.9. Let d � 3 and suppose that the condition(5.18) is fulfilled. Denote
byS(ρ) the quantity

lim
δ→0

lim sup
R→∞

{
π(F): F ⊂ ∁BR,diam(F )� δ

}
. (6.1)

For discreteness of the negative spectrum of the Schrödinger operator−� − ρ the con-
dition S(ρ) � 1/4 is sufficient, and S(ρ) � 1 is necessary. If one dropsdiam(F ) � δ

from (6.1), the same conditions are sufficient, resp., necessary, for finiteness of the neg-
ative spectrum.
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We give an example of the finiteness condition in elementary terms. This condition fol-
lows from the estimates expressed in terms of the capacity, taking also into account the
relation of the capacity and Lebesgue measure (5.6).

COROLLARY 6.10. Let V � 0, d � 3. Suppose thatV = V1 + V2, whereV1 ∈ Ld/2(Rd)
andV2 � c

4(|x|+1)−2. If c < (d−2)2, then the negative spectrum of the operator−�−V
in L2(Rd) is finite.

The condition here is exact in the sense that if one setsc= (d−2)2, the result may break
down, i.e., finiteness does not hold for all values of the coupling constant. The authors
failed to find examples where the negative spectrum is discrete but not for all values of the
coupling constant (with local compactness conditions still holding).

6.3.1. Discreteness of the whole spectrum.Physical intuition suggests that if the po-
tentialV (x) tends to+∞ as |x| → ∞, one must expect that the whole spectrum of the
Schrödinger operator−�+V is discrete: conservation of energy does not allow a particle
to escape to infinity. As it often happens, the intuition turns out to be essentially correct.

Here, again, the Birman–Schwinger principle enables one to reduce the problem to com-
pactness of certain embeddings. LetH0 be the unperturbed operator associated with the
quadratic formh0 (e.g.,H0 = −�) and for the measureρ the self-adjoint, semibounded op-
eratorHρ =H0 +ρ corresponds to the quadratic formh0 + gρ defined initially onD(Rd).
Chooses so thaths[u] = h0[u] + gρ[u] + s‖u‖2 � ‖u‖2. Consider the spaceD defined as
the closure ofD(Rd) in the normhs[u].

PROPOSITION6.11. The following statements are equivalent:
(1) The spectrum ofHρ =H0 + ρ is discrete.
(2) The form‖u‖2 is compact in the spaceD (or, in other words, the embedding ofD

intoL2(Rd) is compact).

We present the proof which demonstrates the beauty of the Birman–Schwinger principle.

PROOF OFPROPOSITION6.11. Without loss of generality we may sets = 0. Discreteness
of the spectrum of the operator means that for anyλ > 0 the spectrum of the operatorHρ
belowλ is finite. This is equivalent to the negative spectrum of the operatorHρ − λ being
finite. The operatorHρ − λ is defined by the quadratic formh0[u] + gρ[u] − λ‖u‖2. Now,
according to the Birman–Schwinger principle, the number of its negative eigenvalues is
equal to the number of eigenvalues aboveλ−1 of the operatorT defined by the form‖u‖2

in the space with normh0[u] + gρ[u], i.e., in D. The quadratic form ofT , i.e., ‖u‖2 is
positive, therefore,T is a positive self-adjoint operator. Finiteness of its spectrum above
any t = λ−1 means exactly that the operator is compact. �

Having Proposition 6.11 at disposal, one can further obtain different discreteness condi-
tions, just by finding conditions for the compactness of the above embedding.

The mechanism of proving this compactness is usually the following. TakeR large
enough and split the form‖u‖2 into two terms,‖u‖2 = nR[u] + ñR[u], where the first
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form corresponds to integration over the ballBR , and the second one to integration over
its complement. In the case ofH0 being the Laplacian, the first form is compact inH1,
due to the Sobolev–Rellich embedding theorem. So it remains to show that the formñR[u]
satisfies

ñR[u] � ε(R)h0[u] with ε(R)→ 0 asR→ ∞, (6.2)

and it is here the additional analytical work begins. As soon as (6.2) is fulfilled, this gives a
norm approximation of the operatorT (generated by the form‖u‖2) by compact operators,
soT is compact. The most simple condition for this is just to require thatρ(dx)= V (x)dx
andV tends to+∞ at infinity. Then, ifV � ε−1 for |x|>R, (6.2) follows from

∫

|x|>R
|u|2 dx � ε

∫

|x|>R
V |u|2 dx � ε

(
h0[u] +

∫
V |u|2 dx

)
.

This gives the following sufficient condition, originally obtained by Friedrichs [44].

THEOREM 6.12. If V (x)→ +∞ as |x| → ∞, then the spectrum of−�+ V is discrete.

Theorem 6.12 was later substantially improved. In [102] it was shown that forV � 0,
in dimension 1, the condition ofV going to+∞ can be replaced by the requirement for
the integral ofV over intervals of every fixed size to tend to+∞, when the interval moves
to infinity, and this property is necessary and sufficient for discreteness of the spectrum.
In higher dimensions, this condition is still necessary (with intervals replaced by cubes
or balls), but not sufficient. The necessary and sufficient condition, found by Molchanov
[102] is as follows.

The setF in the cubeQ = Qd with sidelengthδ is callednegligible if cap(F, Q̃) �
γ cap(Q, Q̃) for someγ < 1, whereQ̃ is a concentric cube, twice as large, and cap(F, Q̃)

is the Wiener capacity (see Section 5.1). Ford � 3 one can replace cap(F, Q̃), resp.
cap(Q, Q̃), by the Bessel capacity Cap(F ), resp. cap(Q). Introduce theMolchanov func-
tional

M(V ,Q)= M(V ,Q;γ )= inf

{∫

Q\F
V (x)dx

}
, (6.3)

where infimum is taken over all negligible sets in the cubeQ. SoM(V ,Q) can be small if
V is large only on a small, nonessential set, although the integral ofV over the whole cube
might be large. For the case of a measure,M(V ,ρ) is defined by (6.3), with the integral
replaced byρ(Q \ F).

THEOREM 6.13 (Molchanov’s criterion).There existsγ such that the condition

M(V ,Qδ;γ )→ +∞ asQδ → ∞, (6.4)

for any δ > 0 is necessary and sufficient for discreteness of the spectrum of the operator
−�+ V in L2(Rd).
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In other words, the discreteness condition declares that not only the integral ofV over
the whole cube must be large, but also the integral over complements of all negligible sets.
So, if V is supported in a negligible set in any cube (or just in a sequence of cubes going
to infinity), it cannot assure discreteness of the spectrum, no matter how largeV is.

Although Molchanov found some concrete value of the constantγ , it remained un-
known, for more than 50 years, how close to zero this constant can be, in other words, how
small the negligible sets are allowed to be. Formally, the smallerγ is, the largerM is and
therefore the less restrictive are the conditions onV in (6.4). This question is especially
important if one replaces the functionV by a measureρ, which may be supported on some
small, probably, negligible sets. This problem was solved only recently, and the result by
Maz’ya and Shubin was quite unexpected [94]. The negligibility characteristic,γ , can be
taken arbitrarily close to 0.

THEOREM 6.14. Let ρ be a nonnegative measure such that the operator−�+ ρ can be
defined via quadratic forms. Then, for any functionγ : (0,∞)→ (0,1), the necessary and
sufficient condition for discreteness of the spectrum of−�+ ρ consists in

M
(
ρ,Qδ;γ (δ)

)
→ +∞ asQδ → ∞ ∀δ > 0. (6.5)

6.4. Discreteness of spectrum for magnetic operators

Due to the diamagnetic inequality, the condition (6.5) is sufficient also for discreteness
of spectrum of the magnetic Schrödinger operator; the reasoning goes in the same way
as in Corollary 5.11. However, this condition is far from being necessary. It was pre-
dicted first by physicists, and then justified mathematically that the magnetic Laplacian
−�A = −(∇ + iA)2 can have discrete spectrum even without any electric potential. This
phenomenon is called amagnetic bottle. The physical explanation is that the magnetic
field, acting orthogonally to the velocity of the particle, forces the particle to turn, and if
the magnetic field grows at infinity, this may prevent the particle from escaping to infinity.
In fact, if |B(x)| → ∞ at infinity, then in dimensiond = 2 the spectrum of the magnetic
Laplacian is discrete. In dimensiond � 3 this is not sufficient since the magnetic fieldB(x),
being a vector now, may change its direction, and therefore it may fail to prevent a particle
from escaping (it was Dufresnoy [31] who constructed the first example). One may require
that the direction of the field varies sufficiently slowly, and this implies discreteness of
the spectrum. In the presence of the electric potentialV the situation becomes even more
complicated, since it is the cooperation of both fields that determines the spectrum, and
it is possible, that acting together, electric and magnetic fields grant discreteness of the
spectrum while separately they fail to do this.

Until recently the study of this problem gave some sufficient conditions, far from neces-
sary ones, as well as spectacular examples demonstrating various pathologies. Lately, how-
ever, discreteness conditions, necessary and sufficient, were found by Kondratiev, Maz’ya
and Shubin [65,66].

As usual for operators with magnetic fields, the cased = 2 is more clear. We present here
the sufficient condition from [66], nicely illustrating interaction of magnetic and electric
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fields. To avoid the influence of other factors, we assume that the magnetic potentialA

belongs toC1 andV is locally bounded.

THEOREM 6.15. For the magnetic Schrödinger operator inL2(R2) the effective potential
V eff
δ is defined as

V eff
δ (x)= V (x)+ δB(x).

Suppose that for someδ ∈ [−1,1], V eff
δ (x) → +∞ as |x| → ∞. Then the operator

HA,V = −(∇ + iA)2 + V is essentially self-adjoint onD(R2) and has discrete spectrum.

In less elementary terms, it is even sufficient thatV eff
δ (x) satisfies Molchanov’s condi-

tion (6.4).
The conditions of Theorem 6.15 are not necessary for discreteness of the spectrum but

they are exact in the sense that there are examples of the conclusion failing if the conditions
are satisfied only for someδ outside the interval[−1,1].

In higher dimensions, not only the values of the electric and magnetic fields con-
tribute to the effective potential but also a characteristic of the direction of the mag-
netic field; thesmoothened directionof the magnetic fieldB(x) = dA(x) is defined as
νjk(x) = χ(|B|(x))Bjk(x)/|B(x)|, whereχ is a Lipschitz function on[0,∞), χ(r) = 0,
r > 1/2, χ(r)= 1, r > 1, χ(r)= 2r − 1, r ∈ [1/2,1]. Kondratiev and Shubin obtained the
following result [66].

THEOREM 6.16. Suppose thatBjk are Lipschitz functions, and for some positive measur-
able functionX(x), the inequality

∑
k |∂kνjk| �X(x) holds for allx ∈ Rd . For ε > 0 and

δ ∈ [0,1), define the effective potential

V eff
δ,ε(x)= V (x)+

δ

d − 1+ ε
∣∣B(x)

∣∣− δd

4ε(d − 1+ ε)X
2(x).

If for someδ, ε the effective potential satisfies the Molchanov condition(6.4) (in particu-
lar, if V eff

δ,ε(x)→ +∞ at infinity), then the operatorHA,V is essentially self-adjoint, semi-
bounded and has discrete spectrum.

Several more transparent conditions following from Theorem 6.16 are given in [66]. We
present here just one of them.

COROLLARY 6.17. Suppose that|gradB(x)|(1 + |B(x)|)−3/2 → 0 as |x| → ∞. If the
effective potentialV (x)+ δ

d−1|B| satisfies the Molchanov condition(6.4), in particular, if
it tends to+∞ at infinity, then the conclusion of Theorem6.16hold.

Theorem 6.16 and other results in [66] are carried over also to the magnetic Schrödinger
operators on Riemannian manifolds with bounded geometry.

The most recent result in this field, established by Kondratiev, Maz’ya and Shubin [65],
finally gives the necessary and sufficient conditions for discreteness of the spectrum of
the magnetic Schrödinger operator. These criteria also involve local characteristics of the
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magnetic and electric fields, so that their sum has to tend to infinity at infinity. However,
these characteristics are more elaborate than in Theorem 6.16. For the description of the
electric potentialV , the Molchanov functionalM(V ,Q;γ ) (see (6.3)) is used. To describe
the magnetic field, its local energyµ0(Q)= µ0(Q,A) in the cubeQ is introduced as

µ0(Q)= inf
u

{∫
Q

|∇u+ iAu|2 dx
∫
Q

|u|2 dx

}
, (6.6)

where infimum is taken over Lipschitz functions inQ. Thusµ0(Q) is the lowest eigenvalue
of the Neumann problem for the magnetic Laplacian inQ. The discreteness conditions re-
quire that some combinations of these two characteristics grow at infinity. To describe
these combinations, we consider a positive functiong(δ), δ ∈ (0, δ0) such thatg(δ) � δ2

andg(δ)→ 0 asδ→ 0. Let also the functionf : [0,∞)→ (0,∞) be continuous, decreas-
ing and, moreover,f (t)� (1+ log(1+ t))−1, d = 2, andf (t)� (1+ t)(2−d)/2, d > 2.

THEOREM 6.18. The spectrum of the magnetic Schrödinger operator−(∇ + iA)2 +V is
discrete if and only if for someδ0 and some pair of functionsf andg as above, and for
everyδ � δ0,

µ0(Qδ)+ δ−dM
(
V,Qδ;γ (δ)

)
→ +∞ asQδ → ∞, (6.7)

whereγ (δ)= γ (δ;f,g)= cdδ2f (δ2µ0(Qδ))g(δ)
−1.

A more simple, sufficient but not necessary discreteness condition is that for some
fixedγ and everyδ � δ0,

µ0(Qδ)+ δ−dM(V ,Qd ;γ )→ +∞ asQδ → ∞.

7. CLR estimates

In this section we begin the study of quantitative characteristics of the discrete spectrum of
Schrödinger-type operators. The first quantity to be considered is the number of negative
eigenvalues, and here due to tradition we considerHV = −�− V .

The first bounds onN(0;HV ) having the correct strong coupling behavior (see the
Introduction) are due to Simon [130], however, they are not expressed in terms of the
phase-space volume; see the right-hand side of (1.1). The breakthrough was independently
achieved in the 1970s by Cwikel [28], Lieb [76] and Rozenblum [116], who gave three
very different proofs of the following inequality, now known as theCLR estimate.

THEOREM 7.1 (CLR estimate).If d � 3 andV+ ∈ Ld/2(Rd), then the number of negative
eigenvalues of the operator−�− V satisfies

N(0;HV )� cd
∫

Rd
V+(x)d/2 dx (7.1)

for a suitable constantcd .
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We make here an important observation concerning (7.1) and all the following spectral
estimates. Although the eigenvalues of the operator depend on the potential as a whole,
only its positive part is present in the estimate. In other words, the influence of the negative
part ofV , which may decrease the number of negative eigenvalues, is not taken into ac-
count. At present the methods in qualitative spectral analysis do not allow one to evaluate
the interaction of the positive and negative parts of the potential.

The three original methods for proving (7.1), as well as later developments, of which
we especially note the proofs by Li and Yau [75] and Fefferman [42] are based upon dif-
ferent mathematical machinery, admit different generalizations, and give different values
of the constantcd . Lieb’s approach yields the best constant but the question of the optimal
constant in (7.1) remains unanswered; to be precise, one would like to determine

R0,d := sup
V

N(0;HV )
Lc0,d

∫
Rd
V
d/2
+ dx

� 1. (7.2)

Other problems we address here are generalizations to Schödinger operators with mag-
netic fields, with variable coefficients, and Schrödinger operators with operator-valued po-
tentials.

In recent years the methods of Cwikel, Lieb, and also Li and Yau, have inspired sig-
nificant progress, which we present in subsequent sections. Thus it is natural to discuss
their methods here. Before doing so it is necessary to take another look at the Birman–
Schwinger principle (cf. Section 6.2) and, in particular, theBirman–Schwinger operator
already used for the needs of the qualitative analysis in Section 5.5.

7.1. Birman–Schwinger operator

We are interested in estimating the number of negative eigenvalues of the Schrödinger
operator−� − V , whereV :Rd → R is a measurable function and−� is the negative
Laplacian. The Laplacian−� corresponds to the closed quadratic form

h[u] =
∫

Rd

∣∣∇u(x)
∣∣2 dx, u ∈ D(h)= H1(Rd

)
.

Its spectrum is absolutely continuous and coincides with the semiaxis[0,∞).

EXAMPLE 7.2. If u ∈ D(R3), then the resolvent(−�+E2)−1, E > 0, can be expressed
explicitly as

[
(−�+E)−1u

]
(x)= (4π)−1

∫

R3

e−
√
E|x−y|

|x − y| u(y)dy. (7.3)

The quadratic form associated with the potential is given byg[u] = gV [u] =
∫

Rd
V (x)×

|u(x)|2 dx. Assume first thatV � 0. In order to estimate the eigenvalues below−E of
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−� − V , according to Glazman’s lemma (see Section A.9) and the Birman–Schwinger
principle, we should study subspaces where the ratio

g[u]
h[u] +E‖u‖2

=
∫

Rd
V (x)|u(x)|2 dx∫

Rd
|∇u(x)|2 dx +E

∫
Rd

|u(x)|2 dx

is smaller than 1. Setting herev = (−�+E)1/2u and thusu= (−�+E)−1/2v we obtain

g[u]
h[u] +E‖u‖2

=
∫

Rd
v(−�+E)−1/2V (−�+E)−1/2v̄ dx∫

Rd
|v(x)|2 dx

.

It follows therefore that the eigenvalues of the operatorTg,h+E defined byg with respect
to the norm(h[·] +E‖ · ‖2)1/2 are identical to the eigenvalues of the operator

K̃E(V )=Kg,h+E = (−�+E)−1/2V (−�+E)−1/2 =X∗X (7.4)

onL2(Rd), whereX =XE(V )= V 1/2(−�+E)−1/2. This operator̃KE(V ) has the same
nonzero eigenvalues as

KE(V )= V 1/2(−�+E)−1V 1/2 =XX∗; (7.5)

both operators are calledBirman–Schwinger operators, and it depends on the particular
problem, which of them is more convenient to use.

On R3, for suitableV , KE(V ) is a Hilbert–Schmidt operator. Since(−�+ E)−1 has
the integral kernel(4π|x − y|)−1 exp(−

√
E|x − y|) (cf. (7.3)),

N(−E;HV )
� tr
(
KE(V )KE(V )

∗)

= 1

(4π)2

∫

R3

∫

R3
V (x)V (y)|x − y|−2 exp

(
−2

√
E|x − y|

)
dx dy. (7.6)

ForE � 0 andα ∈ [0,1] we define the generalized Birman–Schwinger operator

KαE(V ) ≡
(
V (x)− (1− α)E

)1/2
+ (−�+ αE)−1(V (x)− (1− α)E

)1/2
+

≡ V 1/2
α (−�+ αE)−1V 1/2

α , (7.7)

where Vα ≡ (V (x) − (1 − α)E)+ denotes the positive part of the functionV (x) −
(1 − α)E. Lieb and Thirring introduced the following modification of the Birman–
Schwinger principle [85].

THEOREM 7.3. The numberN(−E;HV ) of eigenvalues of−� − V in (−∞,−E) is
bounded above by the number of eigenvalues of the generalized Birman–Schwinger oper-
atorKαE(V ) in (1,∞) counting multiplicities.
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7.2. Cwikel’s method

This method, having its roots in harmonic analysis, handles a class of operators for which
XE(V ), defined immediately after (7.4), is a particular case. Such operators are defined by
means of the Fourier transform in the following way.

If F denotes the Fourier transform andg ∈ L∞(Rd) thenφ �→ F−1(gFφ) defines a
bounded operator onL2(Rd); we shall denote it byg(−i∇). The weakLp space consists
of all the functionsg for which

‖g‖∗
L
p
w(R

d )
:= sup

t>0
t ·
(
meas

(∣∣g(·)
∣∣> t

))1/p
<∞; (7.8)

we already encountered it in Section 5.3.
Assuming thatf ∈ Lp(Rd), Fg ∈ Lp

′
w (R

d) with 1/p + 1/p′ = 1 and 2< p <∞, we
can define

Zf,gψ = fg(−i∇)ψ, ψ ∈ S
(
Rd
)
, (7.9)

which extends to a bounded operator onL2(Rd). Cwikel proved the following result [28].

THEOREM 7.4 (Cwikel’s inequality).For 2< p <∞, let f ∈ Lp(Rd), Fg ∈ Lp
′
w (R

d)

with 1/p+ 1/p′ = 1. ThenZf,g is a compact operator onL2(Rd) and, in fact, it belongs
to the weak trace idealSpw. In particular, its singular valuesµk obey3

k1/p|µk| � cp,d‖f ‖
Lp

‖g‖∗
L
p
w
, k = 1,2, . . . , (7.10)

wherecp,d is a constant depending only onp andd .

In particular,

cp,d �
p

2

(
4

p/2− 1

)1−2/p

ω
1/p
d π

d/p.

For d � 3, Theorem 7.4 can be applied to our operatorX0(V ) = Zf,g with p = d
and the functionsf,g chosen asg(x) = 1

2π
−(d+1)/2Ŵ( d−1

2 )|x|1−d with ‖g‖∗
Ld−1
w

=
1
2π

−(d+1)/2Ŵ( d−1
2 ) andf (x)= V (x). The Birman–Schwinger principle gives then that

N(0;HV )� cdd,d2−d
π

−(d+1)/2dŴ

(
d − 1

2

)d ∫

Rd
V d/2 dx (7.11)

which yields the constant27
2π

2 if d = 3 (which is about 17 times greater than the best
possible value; cf. Lieb’s approach). The estimate (7.11), in conjunction with monotonicity

3Finiteness of‖g‖∗
L
p
w

follows from the conditionFg ∈ Lp
′
w .
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(cf. Section A.9, Lemma A.4), proves (7.1) for a generalV of variable sign; with the
constant appearing in (7.11).

The analysis of the proof of Theorem 7.4, made in [18], shows that, in fact, a much
more general theorem holds: one can replace the Fourier transform in the definition of the
operatorZf,g by any integral operator with a bounded kernel, which is bounded inL2. This
generalization might lead to obtaining CLR-type estimates on some noncompact manifolds
different fromRd , however this possibility has not been explored yet.

If one tries to apply (7.10) to the Schrödinger operator in dimensiond = 2, one has to
takep = d = 2 which is not allowed. A weaker version of Theorem 7.4 for this special
case was found by Weidl [154].

7.3. Lieb’s approach

E. Lieb applies completely different tools in order to derive the phase-space bound
on N(−E;HV ); in particular, the Wiener integral representation of functionsF of the
Birman–Schwinger operatorKE(V ) given in (7.5).

If dµx,y,t denotes the conditional Wiener measure on continuous pathsω(τ), 0� τ � t ,
in Rd with ω(0)= x andω(t)= y, then the Green function for the heat semigroup et� can
be represented as

(4πt)−d/2 exp

(
−|x − y|2

4t

)
=
∫

dµx,y,t (ω). (7.12)

The Feynman–Kac formula [112], Theorem X.68, generalizes (7.12) to the semigroup
et (�+V ). Using this, Lieb found the following expression for the trace of a function of
the Birman–Schwinger operator [76].

THEOREM 7.5. Let V � 0 andV ∈ Lp(Rd) + Lq(Rd), with p = d/2 (if d � 3), p > 1
(d = 2), p = 1 (d = 1) and p < q <∞. Let f be a nonnegative lower semicontinuous
function on[0,∞) satisfyingf (0) = 0 and xrf (x) → 0 as x → ∞ for somer < ∞.
DefineF by

F(x)=
∫ ∞

0
f (xy)

e−y

y
dy. (7.13)

Then

trF(KE)=
∫ ∞

0

dt

t
e−|E|t

∫

Rd

∫
dµx,x,t f

(∫ t

0
V
(
ω(s)

)
ds

)
. (7.14)

To use (7.14), one supposes additionally thatf is a convex function. Then Jensen’s
inequality applied to the last term in Lieb’s trace formula, yields that

f

(∫ t

0
V
(
ω(s)

)
ds

)
�

1

t

∫ t

0
f
(
tV
(
ω(s)

))
ds. (7.15)
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Fubini’s theorem allows one to change the order of integrations, which implies that

trF(KE)�
∫ ∞

0

dt

t
e−Et

∫
dµ0,0;t

∫ t

0

ds

t

∫

Rd
dx f

(
V
(
ω(s)+ x

))
. (7.16)

Since dx is translation invariant, one may ignore theω-term for any field patht → ω(t).
The latter fact allows us to carry out thes-integration and the integration with respect to
dµ0,0,t using the representation (7.12). In this way we deduce Lieb’s result [76,77].

COROLLARY 7.6. Letf be convex and satisfy the conditions of Theorem7.5.Then

trF(KE)� (4π)−d/2
∫ ∞

0

dt

t
t−d/2e−Et

∫

Rd
dx f

(
tV (x)

)
. (7.17)

The Birman–Schwinger principle and the monotonicity ofF yield

N(−E;HV ) = n
(
1;KE(V )

)
(B–S principle)

� F(1)−1
∑

j

F(νj ) (νj are eigenvalues ofKE(V ))

= F(1)−1 trF
(
KE(V )

)
,

which is valid also in the limit asE tends to zero. Finally, the change of variableτ = tV (x)
yields the CLR estimate.

COROLLARY 7.7. Letf be convex and satisfy the conditions of Theorem7.5.SetZd(f )=
(
∫∞

0 f (s)s−d/2−1 ds)(
∫∞

0 f (s)s−1e−s ds)−1. Then

N(0;HV )� (4π)−d/2Zd(f )
∫

Rd
V+(x)d/2 dx (7.18)

or, in the notations of(7.2),

R0,d � Zd(f )Ŵ

(
d

2
+ 1

)
. (7.19)

Hence, to find the best (for this method) constant in (7.1), one has to evaluate

csd ≡ inf

{
Ŵ

(
d

2
+ 1

)
Zd(f )f �≡ 0, f (0)= 0, f nonnegative and convex

}
.

(7.20)

With the particular choice

f (s)=
{

0, s � a,

s − a, a � s,



458 G. Rozenblum and M. Melgaard

for somea > 0 (recall thatd > 2), we find that

csd � min
x>0

Ŵ( d−2
2 )

xd/2Ŵ(−1, x)
, (7.21)

whereŴ(z, x) =
∫∞
x
tz−1e−t dt denotes the incompleteŴ function. If d = 3 one gets

cs3 � 0.116.
The following formal computation hints that the above choice off is, in fact, optimal.

Indeed, rewrite the right-hand side of (7.19) as

Φl,m(f )=
∫∞

0 l′′(s)f (s)ds∫∞
0 m′′(s)f (s)ds

with l(s)= Ŵ( d−2
2 )s

1−d/2 and

m(s)=
∫ ∞

s

∫ ∞

t

e−t ′

t ′
dt ′ dt = sŴ(−1, s).

Then integration by parts yields

Φl,m(f )=
∫∞

0 l(s)f ′′(s)∫∞
0 m(s)f ′′(s)

� min
s

l(s)

m(s)

which is attained iff ′′(s) ≃ δ(s − xmin) wherexmin is the position of the minimum of
l(s)/m(s).

7.4. The proof by Li and Yau

To the Schrödinger operator one can associate another semigroup, also useful in the
study of eigenvalues. Suppose thatV > 0 and consider the operatorK−1

E = V −1/2(−�+
E)V −1/2; the inverse to the Birman–Schwinger operator (7.5). The semigroup e−tK−1

E

consists, under suitable conditions, of trace class operators. Moreover,ϕ(t) := tr e−tK−1
E =

∑
e−λ−1

j (KE), whereλj (KE) are the eigenvalues ofKE . Another way to understandϕ(t)
is taking the trace of the Green function of the parabolic equation

1

V (x)
�f = ∂f

∂t
.

Considering this equation first on a bounded domainΩ ⊆ Rd with Dirichlet conditions and
using positivity of the aforementioned Green function and the Sobolev inequality (3.11),
Li and Yau established the estimateϕ(t) � cd t

−d/2 ∫
Ω
V d/2 dx, where the constantcd

depends only on the dimensiond . By choosingt = d/(4λj ), they obtained the following
result [75].
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THEOREM 7.8. LetΩ be a bounded domain inRd , d � 3. Let λj denote thej th eigen-
value of the boundary value problem

{−�f (x)= λV (x)f (x),
f |∂Ω = 0.

(7.22)

Then

jK−d
d,2∗e1−d/2 � λ

d/2
j

∫

Ω

V (x)d/2 dx, (7.23)

whereKd,2∗ denotes the best constant appearing in the Sobolev inequality(3.11),namely

Kd,2∗ = 1√
πd(d − 2)

(
Ŵ(d)

Ŵ(d/2)

)1/d

. (7.24)

Let λN be the largest eigenvalue less than or equal to 1. Then Theorem 7.8 yields

∫

Ω

V d/2 dx � λ
d/2
N

∫

Ω

V d/2 dx

� NK−d
d,2∗e1−1/2

� N(0;−�− V )K−d
d,2∗e1−1/2,

where the last inequality follows from the Birman–Schwinger principle. Some technical
steps, justified by Li and Yau, make it possible to take the limit “Ω → Rd ” and also to
dismiss the conditionV > 0. In this way, one arrives at the CLR estimate.

THEOREM 7.9. The CLR estimate(7.1) holds and the constant is given bycd =
e(d−2)/2Kdd,2∗ , whereKd,2∗ denotes the constant(7.24).

Further analysis of the proof, performed by Levin and Solomyak [74], has shown that it
is only the positivity of the heat semigroup and the Sobolev inequality, but not the differ-
ential nature of the Laplacian, that are essential for this approach. This enabled the authors
of [74] to carry over the CLR estimate to certain operators with variable coefficients.

7.5. CLR estimate for positivity preserving semigroups

In both approaches above the semigroups have an important positivity property. It turns out
that it is this property that is crucial for eigenvalue estimates.

Throughout this subsectionΩ is a space with aσ -finite measureµ. Moreover,Lp will
denote the spaceLp(Ω,µ), 1� p � ∞.
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Positivity. There are two natural notions of positivity for operators acting in the Hilbert
spaceL2(Ω). First, an operatorS is nonnegativeif 〈Su,u〉 � 0 for all u in the domain
D(S) of S; this is the positivity in the operator sense. Second,S is positivity preserving
(P.P.) if(Su)(x)� 0 almost everywhere (a.e.) for any a.e. positive functionu ∈ D(S); this
notion is related to the lattice structure of theL2 space.

Positivity preserving semigroups.Any self-adjoint nonnegative operatorT in L2 gener-
ates a strongly continuous contractive semigroupQ(t)=QT (t)= e−tT , 0� t <∞. The
class of positivity preserving or, shortly,positivesemigroups is defined by the property
Q(t)u � 0 a.e. for any nonnegative functionu ∈ L2. Generators of positive semigroups
can be characterized in terms of their quadratic forms according to the following criterion
[113], Theorem XIII.50.

THEOREM7.10 (First Beurling–Deny criterion).LetT be a nonnegative self-adjoint oper-
ator onL2(Ω,dµ). Extend〈ψ,T ψ〉 to all ofL2 by setting it equal to infinity ifψ /∈ Q(T ).
Then the following are equivalent:

(i) Q(t)= e−tT is positivity preserving for allt > 0.
(ii) 〈|ψ |, T |ψ |〉 � 〈ψ,T ψ〉 for all ψ ∈ L2.

(iii) Q(t) is reality preserving and

〈ψ+, T ψ+〉 � 〈ψ,T ψ〉

for all real-valuedψ ∈ L2. Hereψ+ := max{ψ(x),0}.
(iv) Q(t) is reality preserving and

〈ψ+, T ψ+〉 + 〈ψ−, T ψ−〉 � 〈ψ,T ψ〉

for all real-valuedψ ∈ L2. Hereψ− =ψ+ −ψ .

Another (related) notion is the one of(2,∞)-bounded semigroupdefined as a self-
adjoint contractive semigroupQ(t) = e−tT in L2, which for eacht > 0 is bounded as
acting fromL2 to L∞. Such operators turn out to be integral operators, see, e.g., [60],
Section XI.1, or [8], Theorem 1.3. Denoting the integral kernel of e−tT by Q(t;x, y) =
QT (t;x, y), (2,∞)-boundedness yields that

MT (t) := esssup
x

∫

Ω

∣∣∣∣QT
(
t

2
;x, y

)∣∣∣∣
2

dy =
∥∥e−(t/2)T ∥∥2

L2→L∞ <∞ (7.25)

(for brevity, we write dy instead ofµ(dy)).
The kernelQ(t;x, y) is defined almost everywhere onΩ ×Ω for any t > 0. One can

re-define the kernel on a set of measure zero for eacht > 0 in such a way that it becomes
measurable in all variables (see [8], Lemma 2.2) and symmetric:Q(t;x, y) =Q(t;y, x)
a.e. We always suppose that this has been done.

By duality,Q(t) is also bounded as an operator fromL1 toL2. The semigroup property
Q(t1)Q(t2)=Q(t1+ t2) shows thatQ(t) acts fromL1 toL∞ and is factorized throughL2.
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This makes it possible to define the value of the kernel on the diagonaly = x for almost
all x,

Q(t;x, x)=
∫

Ω

Q(t1;x, y)Q(t2;y, x)dy, t1, t2> 0 andt1 + t2 = t. (7.26)

The resulting function is well defined as an element ofL∞ which does not depend on the
particular choice oft1 andt2. Thus, (7.25) can be rewritten as

MT (t) := ess sup
x

∫

Ω

QT

(
t

2
;x, y

)
QT

(
t

2
;y, x

)
dy

= ess sup
x
Q(t;x, x). (7.27)

So we see that

∣∣QT (t;x, y)
∣∣�MT (t) a.e. onR+ ×Ω ×Ω, (7.28)

0�QT (t;x, x)�MT (t) a.e. onR+ ×Ω. (7.29)

The same semigroup property, together with contractivity inL2, imply thatMT (t) is non-
increasing on(0,∞). We usually require

∫ ∞

a

MT (t)dt <∞, a > 0. (7.30)

We will write T ∈ P if the self-adjoint operatorT generates a semigroup which is both
positive and(2,∞)-bounded. For suchT , the kernelQT (t;x, y) is nonnegative:

QT (t;x, y)� 0 a.e. on R+ ×Ω ×Ω,
QT (t;x, x)� 0 a.e. on R+ ×Ω.

(7.31)

If T ∈ P andT � γ with someγ � 0, then for anyr � −γ the operatorTr = T + r
also belongs toP . The corresponding semigroup isQTr (t) = e−rtQT (t), thusMTr (t) =
e−rtMT (t). It follows thatMTr (t) with r >−γ decays at infinity exponentially.

CLR estimate for generators of positivity preserving semigroups.Let T be a nonnegative
self-adjoint operator inL2. Suppose that a given measurable functionV � 0 (more rig-
orously, the operator of multiplication byV ) is form-bounded with respect toT , with a
bound smaller than 1. Then the self-adjoint bounded from below operatorT −V is defined
by the method of quadratic forms (see Section 3.2).

Denote byG the class of all continuous functionsG on [0,∞), growing at infinity no
faster than a polynomial and such thatz−1G(z) is integrable at zero; the latter assumption
impliesG(0)= 0. We already encountered this class in Section 7.3. In addition, set

g0 =
∫ ∞

0
z−1G(z)e−z dz. (7.32)
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Rozenblum and Solomyak [121], Theorem 2.1, have established the following CLR es-
timate for a positive semigroup perturbed by a potentialV .

THEOREM 7.11. Let T ∈ P be such thatMT (t) satisfies(7.30) andMT (t) = O(t−α)
at zero, with someα > 0. Fix a nonnegative convex function0 �≡ G ∈ G, polynomially
growing at infinity and such thatG(z)= 0 nearz= 0. Then

N(0;T − V )� 1

g0

∫ ∞

0

dt

t

∫

Ω

MT (t)G
(
tV (x)

)
dx, (7.33)

as long as the expression on the right-hand side is finite.

Their method is an “abstract version” of Lieb’s approach. The latter was based upon
the path integral technique. Instead of this formalism, fairly hard to be carried over from
the Laplacian to other operators, the authors of [121] use the operator analysis only. As a
consequence, their approach applies to a quite general situation; requiring fromΩ only the
structure of measure space.

REMARK 7.12. 1. The finiteness of (7.33) assures that the operatorT − V is bounded
from below.

2. It follows from convexity thatG(z) grows at infinity at least as a constant timesz.
Therefore, the condition (7.30) is necessary in order that the estimate (7.33) be meaningful.

Since the functionG appears in (7.33) as a parameter, one has afamilyof estimates and,
consequently, it is possible to optimize in the parameterG. The idea of a parametric esti-
mate of the type (7.33) is due to Lieb [76], who proved it for the Schrödinger operator. He
also suggested to use the functionGa(z)= (z− a)+, a > 0, wherea is a scalar parameter.
Optimization ofG can be performed as described in Section 7.3.

EXAMPLE 7.13 (Schrödinger operator). LetΩ = Rd with the Lebesgue measure,
T = −�. The kernel of e−tT equalsQ(t;x, x) = (2π)−d/2t−d/2 on the diagonal. So,
(7.30) dictatesd � 3. Following Lieb [76] (see also [138], p. 96), selectG(z)= (z− a)+,
with some positive constanta to be chosen. Then (7.33) gives

N(0;−�− V )� (2π)−d/2g−1
0

∫ ∞

0

∫

Rd
t−d/2−1G

(
tV (x)

)
dx dt, (7.34)

where, according to (7.32),g0 =
∫∞
a
(1 − az−1)e−z dz. After the change of variables we

come to the CLR estimate

N(0;−�− V )�C(G)
∫

Rd
V (x)d/2 dx, (7.35)

where

C(G)= (2π)−d/2g−1
0

∫ ∞

a

(t − a)t−d/2−1 dt.
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Then one should optimize ina. For d = 3, it turns out that the best constant in (7.35) is
obtained whena = 0.25 which givesC(G) = 0.1156, the constant found by Lieb. It was
explained in Section 7.3 that this choice ofG is optimal.

The approach above applies to many operators of Mathematical Physics, e.g., the rela-
tivistic Schrödinger operator, the discrete Schrödinger operator, sub-Laplacian on a nilpo-
tent Lie group, and nonisotropic operators, the only decisive restriction being the condition
of positivity [121].

7.6. CLR estimate for operator-valued potentials

Some problems in quantum physics can be reduced to Schrödinger-type operators acting
not on scalar-valued functions but on finite, and even infinite-dimensional vector-valued
functions. Some of such problems arise when considering theBorn–Oppenheimer approx-
imation for systems containing both heavy and light particles (see, e.g., [43]), others are
obtained from the scalar systems by separation of variables. A natural question is how
to obtain eigenvalue estimates for such operators. Even for operators acting on functions
with a finite-dimensional space of values, it is important to have eigenvalue estimates not
depending on the dimension of this latter space.

Hundertmark [55] has shown that Cwikel’s proof of the CLR estimate can be adapted to
the following operator-valued setting.

Let G be a Hilbert space with norm‖ · ‖G , scalar product〈·, ·〉G , and let1G be the
identity operator onG. Let Lq(Rd ,Sr(G)) be the space of operator-valued functionsf
whose norm

‖f ‖qq,r = ‖f ‖q
Lq (Rd ,Sr (G))

:=
∫

Rd
trG
(∣∣f (x)

∣∣r)q/r dx

is finite;Sr is defined in Section A.8.
Hundertmark obtained the following result.

THEOREM 7.14 (Cwikel’s inequality, operator-valued case).Let f and g be operator-
valued functions on an auxiliary Hilbert spaceG. Assume thatf ∈ Lq(Rd ,Sq(G)) andg ∈
L
q
w(R

d ,B(G))) for someq > 2. Thenf (x)g(−i∇) is a compact operator onL2(Rd ,G).
In fact, it belongs to the weak operator idealS

q
w(L

2(Rd ,G)) and, moreover,

∥∥f (x)g(−i∇)
∥∥∗
q,w

:= sup
k�1

k1/qµk
(
f (x)g(−i∇)

)
�Kq‖f ‖q,q‖g‖∗

q,w, (7.36)

where the constantKq is given by

Kq = (2π)−d/q
q

2

(
8

q − 2

)1−2/q(
1+ 2

q − 2

)1/q

. (7.37)
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As in the scalar-valued case, the CLR estimate is an immediate consequence of Theo-
rem 7.14; in the operator-valued setting it takes the following form.

THEOREM 7.15. Let G be some auxiliary Hilbert space and letV be a potential with
V+ ∈ Ld/2(Rd ,Sd/2(G)). Then the operator−� ⊗ 1G − V has a finite numberN of
negative eigenvalues and the following estimate holds

N(0;−�⊗ 1G − V )� Cd
∫

Rd
trG V

d/2
+ dx. (7.38)

7.7. Generalizations to variable coefficients

A natural generalization of the CLR estimate, with the Laplacian replaced by the Laplace–
Beltrami operator (2.1) on a manifoldM with a metricg, would have the form

N(0;−�g − V )� C
∫

M

V+(x)d/2µg(dx), d � 3, (7.39)

whereµg(dx) is the Riemannian volume,

µg(dx)= (detg)−1/2 dx, (7.40)

in local coordinates. There is no hope that this estimate holds for all manifolds, in particu-
lar, it surely fails for compact manifolds, for which even the smallest positiveV produces
at least one negative eigenvalue.

However, in the case of the Euclidean space with a nonstandard metric, certain results
can be obtained. In principle, all methods proving the usual CLR estimate, might be used
to handle (7.39), with exception of Cwikel’s one, the latter being too closely related to the
Euclidean structure ofRd . The initial approach, originating in [16], used by Rozenblum
to prove the CLR estimate (see [116], and modern presentations of this method in [99]
or in [119]) can be applied to handle this problem. The idea of the approach lies in con-
structing a subspaceL of proper co-dimension, on which the ratio of quadratic forms cor-
responding to the two terms in−�g − V is less than 1,

∫

Rd
V (x)

∣∣u(x)
∣∣2µg(dx) <

∫

Rd
|∇gu|2µg(dx), u ∈ L \ {0}, (7.41)

where |∇gu|2 = |∑gjk ∂ju∂ku|. As soon as such a subspace is constructed, the co-
dimension ofL gives, according to Glazman’s lemma (see Section A.9), an estimate
from above for the number of eigenvalues above 1 of the operator defined by quadratic
forms in (7.41). The Birman–Schwinger principle then immediately leads to estimates for
N(0;−�g − V ). Hence, the problem lies in constructing such subspaces. In fact, it is a
problem in approximation theory. One can understandL as the orthogonal complement to a
finite-dimensional subspaceK (it is the dimension of thisK that is the co-dimension ofL).
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Thus the estimate (7.41) simply measures how goodarbitrary functions with controlled∫
|∇gu|2µg(dx) can be approximated by functions inK in the metrics of the spaceL2

with weightV . In [116] K was taken as a linear span of characteristic functions of a cer-
tain system of cubes, so in this case the approximation method was piecewise constant.
A concrete realization of this idea involves obtaining Poincaré-type estimates in cubes,

∫

Q

V (x)
∣∣u(x)− uQ

∣∣2µg(dx)� C(V,g,Q)
∫

Q

|∇gu|2µg(dx), (7.42)

whereuQ is the mean value ofu over the cubeQ. Combinatorial–geometric considerations
then provide us with a systemΞ of cubes, covering some compact partΩ in Rd with finite
multiplicity, so that the constantC(V,g,Q) has the order 1 forQ ∈ Ξ . OutsideΩ , V is
“small”:

∫
Rd\Ω V |u|2µg(dx)� ε

∫
Rd\Ω |∇gu|2µg(dx). After this construction is done, one

takes asK the space spanned by the characteristic functions of the cubesQ ∈ Ξ . In the
original realization in [116] (see also [99,119]), the Hölder inequality and the Sobolev
embedding theorems were used to establish (7.42). Applied to our concrete situation, one
obtains the estimate

N(0;−�g − V )

� C

(∫

Rd
V+(x)pd/2 dx

)1/p(∫

Rd
ω(x)−qd/2 dx

)1/q

, d � 3, (7.43)

for arbitraryp,q � 1, p−1 + q−1 = 1, whereω(x) is the smallest eigenvalue of the ma-
trix gjk(x). Thus possible cancellation of singularities ofg andV at finite points or at
infinity cannot be taken into account. Another shortcoming in (7.43) is that it involves the
smallest eigenvalue of the matrixgjk and not the determinant, as one would like to have,
thus weakening the result for nonisotropic metrics.

Fefferman in [42] initiated the use of advanced methods of harmonic analysis, more
exactly, the theory of singular integrals, to establish inequalities of the form (7.42) with
better control over constants. He has also improved the combinatorial–geometrical consid-
erations. Further developments (by Chanillo and Wheeden [23] and Tachizawa [145]) led,
in particular, to estimates of the form

N(0;−�g − V )� C
∫

Rd
V+(x)d/2ω(x)−d/2 dx, d � 3, (7.44)

under some mild conditions imposed onω(x): this function must belong to theA2 class
of Mackenhoupt and satisfy a certain reverse Hölder inequality – see [23] for details. Say,
functions having power-like singularities satisfy these conditions. In particular, if the met-
ric is isotropic, that is, the matrixgjk(x) is a multiple of the identity matrix, (7.44) turns
into (7.39).

We note here that this approach generalizes successfully to operators of higher order;
this involves piecewise polynomial, instead of piecewise constant, approximation. Such
a generalization is impossible for the methods using the heat kernel analysis: they rely
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heavily on positivity (or positive domination) of the kernel, which always fail for higher-
order operators.

The recent progress in eigenvalue estimates on general manifolds is related to new results
in the heat kernel analysis. On the one hand, for a manifold(M,g) with a nonnegative
Ricci curvature, the heat kernelQ(t, x, x) is estimated in terms of the volume of geodesic
ballsB(x, t) with centrum atx and radiust1/2 (see [24] and literature therein),

Q(t, x, x)�C
∣∣B
(
x, t1/2

)∣∣−1
. (7.45)

Setting this estimate into Theorem 7.11, one obtains an eigenvalue estimate for the
Schrödinger operator. This estimate, generally, does not have CLR-form, since one does
not have at present any estimates of volumes of balls in terms of the metric tensorg.

Another recent development, generalizing the method of Li and Yau, can be found in the
work by Grigor’yan and Yau [50]. Being customized to the case of a geometrical operator
(the work, actually, deals with an abstract setting of operators defined by Dirichlet forms)
the result of Grigor’yan and Yau is the following [50], Theorem 4.3.

Let µ be a measure onM , absolutely continuous with respect to the Riemannian mea-
sure, and leta(x) be a positively definite matrix depending continuously onx ∈M .

THEOREM 7.16. Suppose that for someb > 0, p > 1 and for any open setΩ ⊂M , the
estimate

∫

Ω

|∇gu|2µg(dx)� bµ(Ω)−1/p
∫

Ω

|u|2µg(dx) (7.46)

holds for anyu ∈ C∞
0 (Ω). Then, for a nonnegative functionV ,

N

(
0;− 1

m
∇∗
g

(
a2∇g

)
− V

)
� cb−p

∫

M

V pµg(dx), m := dµ

dµg
. (7.47)

The main ingredient in the proof is the fact that the condition (7.46) implies rather de-
tailed heat kernel estimates for the operator− 1

m
∇∗
g (a

2∇g).
For the case of the Euclidean space, (7.46) is obtained easily from the Sobolev inequality

and the Hölder inequality and this produces again the estimate (7.43). Establishing (7.46)
in more general situations will lead to a progress in proving (7.44).

8. Lieb–Thirring inequalities

Forγ � 0, we consider the sum

Sγ,d(V ; h̄)≡
∑

Ej�0

|Ej |γ , (8.1)

whereEj = Ej (V ; h̄) denote the negative eigenvalues ofHV = −h̄2� − V . Obviously
S0(V ; h̄) = N(0;HV ). By generalizing the reasoning leading to (1.1), one expects that
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bounds on themomentsSγ,d(V ; h̄) expressed in terms of thephase-space volumeexist,
i.e.,

Sγ,d(V ; h̄)�Rγ,dScγ,d(V ; h̄), (8.2)

whereRγ,d are (optimal) constants and

Scγ,d(V ; h̄) := (2πh̄)−d
∫ ∫

{(x,ξ)|H(x,ξ)�0}

∣∣H(x, ξ)
∣∣γ dx dξ

= Lcγ,d h̄−d
∫

Rd
V+(x)γ+d/2 dx (8.3)

with

Lcγ,d = Ŵ(γ + 1)

2dπd/2Ŵ(γ + 1+ d/2) (8.4)

being theclassical constant; whenh̄= 1 we setSγ,d(V ) := Sγ,d(V ;1). The word “classi-
cal” is explained by the relation to the eigenvalue asymptotics (1.3). Using Lemma A.5 (in
Section A.9) we find that

Sγ,d(V ; h̄) = γ
∫ ∞

0
Eγ−1N

(
0;H−E+V (h̄)

)
dE

= γ
∫ ∞

0
Eγ−1N(0;Hg(−E+V ))dE, g = h̄2. (8.5)

Substituting instead ofN(0;Hg(−E+V )) its asymptotical expression (1.3), we arrive at

Sγ,d(V ; h̄)=
(
1+ o(1)

)
Scγ,d(V ; h̄) ash̄→ 0. (8.6)

In particular, the question arises, for which values ofγ and d does the inequality
Sγ,d(V ; h̄)� Scγ,d(V ; h̄) hold for allV ?

8.1. Admissible values ofγ and results

It is well known that any arbitrary small attractive potential well has at least one bound
state in low dimensionsd = 1,2 [14,132]. Thus, the quantityS0,d(V ), being the number of
negative eigenvalues, is a positive integer for any nontrivial nonnegativeV . On the other
hand, the phase-space volumeSc0,d(V ) can be made arbitrary small and, consequently,
we cannot estimateS0,d(V ) from above bySc0,d(V ). Moreover, we can rule out the case
0< γ < 1/2, d = 1, because the unique weakly coupled negative eigenvalue obeys [132]

(
−E1(V ; h̄)

)1/2 =
(
2−1 + o(1)

)
h̄−1

∫

R

V (x)dx ash̄→ ∞, (8.7)
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which shows thatSγ,1(V ; h̄)= O(h̄−2γ ) for largeh̄, while Scγ,1(V ; h̄)= O(h̄−1).
In 1975, Lieb and Thirring proved the following result for the casesγ > 1/2, d = 1, and

γ > 0, d � 2 [84,85].

THEOREM 8.1 (Lieb–Thirring inequality).Let E1 � E2 � · · · < 0 denote the negative
eigenvalues ofHV = −h̄2�− V in L2(Rd). Then the inequality

Sγ,d(V ; h̄)� Lγ,d h̄d
∫

Rd
V+(x)γ+d/2 dx (8.8)

holds for suitable constantsLγ,d if and only if

γ � 1/2 for d = 1,

γ > 0 for d = 2,

γ � 0 for d � 3.

(8.9)

Note that the right-hand side of (8.8) has the correct order of the semiclassical Weyl-
type asymptotics (8.6). In comparison to the latter, however, the inequality (8.8) isuniform
in h̄ > 0. This enables one to obtain information on the negative spectrum of Schrödinger
operators from the classical considerations also in thenonasymptoticalregime.

Lieb and Thirring applied (8.8) to give a proof ofstability of matterwithin nonrelativis-
tic quantum mechanics [78,84,85]. Their proof of (8.8) proceed by establishing an upper
bound toN(−E;HV ) using their generalization of the Birman–Schwinger principle, The-
orem 7.3, in combination with the bound (7.6). The result then follows from Lemma A.5
in Section A.9.

For values ofd , where the CLR estimate is valid, the Lieb–Thirring inequality can easily
be derived from it:

Sγ,d(V ) = γ−1
∫ ∞

0
#
{
Ej (V ) <−t

}
tγ−1 dt

= γ−1
∫ ∞

0
S0,d(V − t)tγ−1 dt

� R0,dγ
−1
∫ ∞

0
Sc0,d(V − t)tγ−1 dt

= R0,dγ
−1
∫ ∞

0

{∫ ∫

H(ξ,x)<−t

dx dξ

(2π)d

}
tγ−1 dt

= R0,dS
c
γ,d(V ). (8.10)

Even here it does not give the optimal constant. Ford � 2, however, the latter approach
does not work and progress is thus not related to (8.10).
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The caseγ = 1/2 andd = 1 was treated by Weidl [153]. In fact, Weidl obtains atwo-
sidedestimate

Sc1/2,1(V )� S1/2,1(V )� 2Sc1/2,1(V ), V � 0,V ∈ L1(R). (8.11)

The optimal constant in the upper estimate was established in [57] and it seems that the
optimal lower estimate in (8.11) was first noted in [49]. By comparing the weak and the
strong coupling constant behavior one easily sees thatγ = 1/2 andd = 1 is the only case
in the Lieb–Thirring scale, where one can express such two-sided estimate via the phase-
space volume.

It is worth to mention that the lower estimate in (8.11) implies that (see [49])

S0,2(V )� S
c
0,2(V ) (8.12)

for nonnegativespherical symmetricV in two dimensions. Furthermore, ford = 2 the
negative spectrum ofHV is infinite for anynonnegative potentialV ∈ L1

loc\L1, i.e., when
Sc0,2(V ) is infinite [153]. An interesting open problem is to find out in which way (8.12) can
be extended to a larger class of potentials. This calculation can be also successfully re-
peated, with the Laplacian replaced by any other operator, for which the CLR estimate is
known. In particular, if applying here the estimate (7.44) for the Laplacian onRd with a
non-Euclidean metric, we obtain

Sγ,d(g,V )� C

∫

Rd
V+(x)d/2+γω(x)−d/2 dx, d � 3,

whereSγ,d(g,V ) is the Lieb–Thirring sum for the operator−�g +V . Results of this kind
were recently obtained by Tachizawa for certain degenerate elliptic operators [145].

8.2. Optimal values of the constantsLγ,d

An important, and still partially open problem is to determine the optimal value of the con-
stantLγ,d , especially to determine those cases in whichLγ,d = Lcγ,d , in other words, when
Rγ,d ≡ Lγ,d/Lcγ,d = 1. In fact, in the study of the stability of matter the numerical value
of the constantLγ,d is compared with fundamental physical constants, so exact knowledge
of Lγ,d may decide the fate of the Universe.

By an argument similar to the one leading to (8.10), Aizenman and Lieb showed that
Rγ,d is a monotonically nonincreasing function ofγ [7].

THEOREM 8.2. If Rγ,d is finite for somed and someγ � 0, then

Rγ ′,d �Rγ,d for all γ ′ � γ. (8.13)

The results in dimensiond = 1 are the most detailed ones. Optimal constants were ob-
tained already in [7,85], wherein it was shown that

Rγ,1 = 1 for all γ � 3/2. (8.14)



470 G. Rozenblum and M. Melgaard

Since the asymptotical behavior (8.6) entails

Rγ,d � 1 (8.15)

for admissible pairsγ andd , the constants (8.14) must be sharp.
In the caseγ = 1/2, Hundertmark, Lieb and Thomas [57] showed that

R1/2,1 = 2 (8.16)

by means of a monotonicity principle for partial eigenvalue moments of the modified
Birman–Schwinger operator (7.7); the constant (8.16) reflects the weak coupling limit be-
havior (8.7). Furthermore, ifV (x) = δ(x) thenHδ has the unique negative eigenvalue
E1(δ) = −1/4. Up to translation and scaling this is the only potential for which the con-
stant (8.16) is achieved [57].

In the case 1/2< γ < 3/2, an analysis of the lowest bound state shows that

Rγ,1 = sup
V∈Lγ+1/2

Sγ,1(V )

Scγ,1(V )
� sup
V∈Lγ+1/2

(−λ1(V ))
γ

Scγ,1(V )
= 2

(
γ − 1/2

γ + 1/2

)γ−1/2

.

(8.17)

The maximizing potential is

V (x)=
(
γ 2 − 1

4

)
cosh−2x.

Lieb and Thirring conjectured in [85] thatRγ,1 is actually equal to the numerical factor on
the right-hand side of (8.17). The result (8.16) in combination with (8.13) implies at least
Rγ,1 � 2. But the sharp values ofRγ,1 remain unknown.

Another case where the Lieb–Thirring inequalities can be tested by direct calculation is
the harmonic oscillator.

THEOREM 8.3. For the harmonic oscillatorVa = Λ − ∑d
k=1a

2
kx

2
k , a = (a1, . . . , ad),

ak > 0 andΛ� 0, the inequality

Sγ,d(Va)� S
c
γ,d(Va) (8.18)

holds for allγ � 1 and alld ∈ N.

For the dimensiond = 1 this can be shown by direct computation in conjunction with
the Aizenman–Lieb argument. The reasoning in higher dimensionsd > 1 is more involved
and has been carried out by De la Bretéche [30] and Laptev [68].

The harmonic oscillator provides also illuminating counterexamples. Indeed, one can
show that ifγ < 1 then for certain parametersΛ anda the inequalitySγ,d(Va) > Scγ,d(Va)
is valid [52], and hence

Rγ,d > 1 for all γ � 1, d ∈ N. (8.19)
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Further analysis, see [77,85], shows that ford = 2 the inequality (8.19) holds for all
γ < γ0 ≈ 1.16 and it also gives some explicit upper bounds for the constantsRγ,d .

Until recently the following Lieb–Thirring conjecture posed in [85] was completely
open.

CONJECTURE8.4. In any dimensiond there exists a finite critical valueγcr(d) such that
Rγ,d = 1 for all γ � γcr(d). One expects thatγcr(d)= 1 for d � 3.

One of the most important cases for applications isγ = 1, d = 3, for which the latter
conjecture would imply, via a duality argument, that the kinetic energy of fermions is
bounded below by the Thomas–Fermi ansatz for the kinetic energy, which in turn has
certain consequences for the energy of large Coulomb systems [77,84], a topic of much
current interest. The latest essential progress here is related to considering Lieb–Thirring
inequalities for operator-valued potentials.

Lieb–Thirring inequalities for operator-valued potentials.In a breakthrough paper
Laptev and Weidl [69] showed that, at first sight, a purely technical extension of the
Lieb–Thirring inequality from scalar-valued to operator-valued potentials first suggested
by Laptev [67] is a key in establishing at least a part of the Lieb–Thirring Conjecture 8.4.

Their setting is as in Section 7.6: letG be a separable Hilbert space, let1G be the identity
operator onG and letV be a function onRd with values being self-adjoint operatorsV (x)
in G.

Let {Ej (V ; h̄)} denote the negative eigenvalues of the operatorHV,h̄ = −h̄2�⊗ 1G −
V (x) acting onL2(Rd)⊗ G. Moreover, let

Sγ,d(V ; h̄)= trL2(Rd )⊗G

[
H−(V ; h̄)

]γ =
∑

j

∣∣Ej (V ; h̄)
∣∣γ

and

Scγ,d(V ; h̄)=
∫ ∫

trG
[
H−(ξ, x)

]γ dx dξ

(2πh̄)d
= Lcγ,d h̄−d

∫
trG V+(x)γ+d/2 dx,

whereH(ξ, x) = |ξ |2 ⊗ 1G − V (x) and trG[H−(ξ, x)]γ is the Lieb–Thirring sum for the
operatorH(ξ, x). Define

R̃γ,d = sup
V

Sγ,d(V ; h̄)
Lcγ,d h̄

−d ∫ trG[V+(x)]γ+d/2 dx
.

Laptev and Weidl obtained the following generalized Lieb–Thirring inequality [69].

THEOREM 8.5 (Lieb–Thirring inequalities, operator-valued case).The inequality

Sγ,d(V ; h̄)� R̃γ,dScγ,d(V ; h̄) (8.20)
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holds with

R̃γ,d =Rγ,d = 1 (8.21)

wheneverγ � 3/2 andd ∈ N.

The latter confirms the first part of the Lieb–Thirring conjecture withγcr � 3/2. The
crucial observation made by Laptev and Weidl was that this extension of the Lieb–Thirring
inequality enables one to perform an inductive proof forR3/2,d = 1 as long as one has the
a priori informationRγ,1 = 1 for operator-valued potentials.

For the physically most important caseγ = 1 andd = 3, the best-known estimate was
R1,3 � 5.24 [19] until Hundertmark, Laptev and Weidl [56] obtained the following im-
provement by using arguments similar to the ones in [69] in combination with ideas in [57].

THEOREM 8.6. The inequalities

Rγ,d � R̃γ,d �

{
4 for 1/2� γ < 1,

2 for 1� γ < 3/2,
(8.22)

are valid for alld ∈ N. In particular, if d = 1 then

R1/2,1 = R̃1/2,1 = 2 for γ = 1/2, (8.23)

Rγ,1 � R̃γ,1 � 2 for 1/2< γ < 3/2, (8.24)

whereR̃γ,d is defined in(8.20)and its relation toRγ,d is given in(8.21)providedγ � 3/2.

Unlike the scalar-valued case, the range of parametersγ andd for which (8.20) holds
is not known. Theorem 8.6 shows only that these inequalities are true forγ � 1/2 and all
d ∈ N. This shortcoming arises from the very way the Lieb–Thirring inequalities are shown
for operator-valued potentials. First, the inequality is justified ford = 1 (for this case,
an elementary proof based on the Darboux transformation was later found by Benguria
and Loss [11]). Then the induction on dimension is used with the one-dimensional result
applied both as a base of induction and on each step. This approach gives good estimates
for the coefficientsRγ,d in the Lieb–Thirring inequality, for instance, they do not depend
on the dimension. Moments forγ < 1/2, however, cannot be estimated via this technique,
since the one-dimensional estimate fails already in the scalar-valued case.

REMARK 8.7. The method of [85] extends to systems and verifies (8.20) forγ > 0 if
d � 2 and forγ > 1/2 if d = 1 with the same upper estimates on the constantsR̃γ,d as are
obtained forRγ,d therein. The validity of (8.20) forγ = 0 andd � 3 has been established
by Hundertmark [55]; see Section 7.6.

Based upon the aforementioned results, Laptev and Weidl [70] formulated the following
conjecture, which remains open.
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CONJECTURE8.8. The inequality (8.20) holds for all pairsγ, d for which (8.2) holds, and
the optimal values of the constantsRγ,d andR̃γ,d coincide.

9. Diamagnetic properties and spectral estimates

We pass here to the quantitative spectral analysis of operators with magnetic fields. The
key role here is played by different monotonicities arising for such operators.

9.1. Domination

Given two operatorsS andT in L2(Ω) such thatT is positivity preserving, one says that
S is positively dominatedby T (abbreviated as P.D. or, in symbols,S � T ) if

∣∣(Su)(x)
∣∣�
(
T |u|

)
(x), u ∈ L2(Ω), (9.1)

almost everywhere. IfS, T are integral operators with kernelsS(x, y), T (x, y), then this
is equivalent to the inequality|S(x, y)| � T (x, y) for almost all(x, y) ∈Ω ×Ω .4

It is natural to pose the question: which properties ofT are inherited byS? Boundedness
is clearly inherited and Pitt [106] showed that compactness is carried over as well; we
already used it in Section 5.5.

Domination, however, does not imply that all eigenvalues ofS are smaller than the cor-
responding eigenvalues ofT as the following example shows.

EXAMPLE 9.1. Consider

S =
(

1 0
0 1

)
and T =

(
1 1
1 1

)
.

HereS has eigenvalues 1,1 andT has eigenvalues
√

2,0.

Hence, by measuring the “quality” of an operator’s compactness in terms of the rate of
decay of itss-numbers (or eigenvalues, if the operator is self-adjoint), one must not expect
thatS � T implies the inequalityn(λ,S) � n(λ,T ) for the distribution functions for the
s-numbers ofS andT (see Section A.8).

Compactness can also be “measured” in terms of Schatten ideals (see Section A.8). It
is easy to show (see, e.g., [137]) that if the operatorT belongs to the Hilbert–Schmidt
idealS2 then the same holds forS. This statement is valid also for the classesSp consist-
ing of compact operators for which the sequence ofs-numbers belongs tolp, providedp is
an even integer [137]. However, this does not remain true for allSp, p � 2, as Simon con-
jectured in [137]. Indeed, Peller [105] showed that for anyp which is not an even integer,
there exist operatorsS � T such thatT ∈ Sp butS /∈ Sp.

If we replace hereSp by the classSpw (see Section A.8), then even forp = 2 (and
p = 4) such examples are found [26].

4For additional notions of domination, we refer to Section 9.4.
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9.2. Diamagnetic inequality

The study of domination (as defined above) was partially motivated by the spectral analysis
of Schrödinger operators with magnetic fields; see Section 2.

One of the fundamental facts for Schrödinger operators with (regular) magnetic fields is
the so-calleddiamagnetic inequality.

THEOREM 9.2 (Diamagnetic inequality).If A ∈ L2
loc then the semigroupexp(t�) domi-

nates the semigroupexp(t�A), t > 0,

et�A � et�. (9.2)

The inequality hints that the overall effect of introducing the magnetic field is to “push
up the spectrum” and, consequently, it implies that the free energy of a system of spinless
distinguishable particles or of spinless bosons within a magnetic field obeying the condition
is not smaller than without a magnetic field [133].

In combination with the Trotter–Kato–Masuda formula (see Theorem 9.3) it implies that
the resolvent (or, which is equivalent, the heat semigroup) of theperturbedSchrödinger
operatorHA,V = −�A − V with electric potential−V is dominated by that ofH0,V . It
might thus be very tempting to derive individual eigenvalue estimates for the magnetic
operator from the nonmagnetic ones, using the diamagnetic inequality only. This would,
in particular, lead automatically to estimates not depending on the magnetic field, which
agrees with the physical intuition. The example constructed in [9], however, shows that
even in this concrete situation switching on the magnetic field may move some eigenvalues
in the “wrong” direction, therefore domination does not generally imply inequalities for
eigenvalues. Obtaining eigenvalue estimates for the magnetic Schrödinger operator there-
fore became a separate problem, and many methods used in the nonmagnetic situation did
not work in the magnetic case.

The diamagnetic inequality (9.2) was originally conjectured by Simon [134] as a par-
ticular case of a general conjecture on when e−tS � e−tT . The general conjecture was
proven independently by Hess, Schrader and Uhlenbrock [53] and Simon [135] providing
a purely functional analytic proof by relating it to Kato’s (distributional) inequality (see
Proposition 4.4).

There are several ways to establish the diamagnetic inequality. The proof we give here
(first proposed in [136]) is not the simplest one but, probably, the most enlightening. It is
based on an important abstract result from operator theory [64].

THEOREM 9.3 (Trotter–Kato–Masuda formula).Let Sj � 0, j = 1, . . . , k, be self-adjoint
operators so that the sumS = S1 + · · · + Sk is defined in the sense of quadratic forms.
Then, as a strong limit,

exp(−tS)= s − lim
n→∞

[
exp

(
− tS1

n

)
exp

(
− tS2

n

)
· · ·exp

(
− tSk
n

)]n
.
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Now we are able to prove Theorem 9.2. Forj fixed, define

ψj (x)=ψj (x1, . . . , xj , . . . , xd)=
∫ xj

0
Aj (x1, . . . , ξ, . . . , xd)dξ.

Then

e−iψj ∂je
iψj = ∂̃j = ∂j + iAj . (9.3)

This is a formal relation, however under the conditionψj ∈ L1
loc, the equality (9.3) holds

in the rigorous sense: the maximal operators on the left-hand side, resp. right-hand side,
of (9.3) are self-adjoint and have the same domain. Thus the operator−�A can be rep-
resented as a sum (in the sense of quadratic forms) of operators−∂̃2

j . Therefore we may
apply Theorem 9.3 to express the semigroup generated by−�A,

et�A = lim
n→∞

(
e−iψ1U1

(
t

n

)
ei(ψ1−ψ2)U2

(
t

n

)
· · ·Ud

(
t

n

)
eiψd

)n
, (9.4)

whereUj (t)= et∂
2
j . Now note that eachUj (t) is an integral operator with positive kernel,

and the expression in (9.4) is a composition of several (rather many) such operators and
multiplications by functions having absolute value 1. If we replace these exponents by their
absolute value, in other words delete them, the value of the integral can only increase, and
this gives|et�A(x, y)| � et�(x, y) as we need.

9.3. Semigroup domination criterion

A different way of establishing domination, found in the 1970s, is based on the Kato
inequality in Proposition 4.4. A development of this method, enabling one to consider
quadratic forms rather than operators, was proposed by Ouhabaz [104]; this technique per-
mits one to handle more singular cases thanA ∈ L2

loc.
Let s be a sesquilinear form which satisfies

D(s) is dense inL2(Rd
)
, (9.5)

ℜs[u,u] � 0 ∀u ∈ D(s), (9.6)
∣∣s[u,v]

∣∣� C‖u‖s‖v‖s ∀u,v ∈ D(s), (9.7)

whereC is a constant and‖u‖s =
√

ℜs[u,u] + ‖u‖2, and moreover,

〈
D(s),‖ · ‖s

〉
is a complete space. (9.8)

DEFINITION 9.4. LetK andL be two subspaces ofL2(Rd). We shall say thatK is an
ideal ofL if the following two assertions are fulfilled:

(1) u ∈ K implies |u| ∈ L.
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(2) If u ∈K andv ∈ L such that|v| � |u| thenv · signu ∈K.

Let s andt be two sesquilinear forms both of which satisfy (9.5)–(9.8). The semigroups
associated to corresponding self-adjoint operatorsS, T will be denoted by e−tS and e−tT ,
respectively. The following result was established by Ouhabaz [104], Theorem 3.3 and its
Corollary.

THEOREM 9.5. Assume that the semigroupe−tT is positive. The following assertions are
equivalent:

(1) e−tS � e−tT for all t � 0 and allf ∈H.
(2) D(s) is an ideal ofD(t) and

ℜs
[
u, |v|signu

]
� t
[
|u|, |v|

]
(9.9)

for all (u, v) ∈ D(s)× D(t) such that|v| � |u|.
(3) D(s) is an ideal ofD(t) and

ℜs[u,v] � t
[
|u|, |v|

]
(9.10)

for all u,v ∈ D(s) such thatu · v̄ � 0.

In particular, one gets

S ∈PD(T ) �⇒
{
〈Su,u〉 � t

[
|u|, |u|

]
for anyu ∈ D(S)

}
. (9.11)

By means of Ouhabaz’ criterion, Melgaard, Ouhabaz and Rozenblum have shown that
the diamagnetic inequality is valid for the Friedrichs extension of the Aharonov–Bohm
Hamiltonian [98].

THEOREM 9.6. Let AAB be the Aharonov–Bohm vector potential given in(3.7). The
Aharonov–Bohm Hamiltonian−�AB = −(∇ + iAAB)

2 in L2(R2) obeys

et�AB � et�.

Note that the result does not follow directly from the known diamagnetic inequality
since the components of the Aharonov–Bohm vector potential do not belong toL2

loc; this
latter condition is crucial in all previously existing proofs of the diamagnetic inequality.
The proof in [98] carries over to an arbitrary system of Aharonov–Bohm magnetic fields
placed at the points of some discrete set in the plane, e.g., a lattice (see also Section 9.5).

9.4. Diamagnetic and paramagnetic monotonicity

A drawback of the diamagnetic inequality is that it only allows one to compare the two
extreme cases, namely with or without magnetic field. It does not provide control when a
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magnetic field is varied (pointwise) from a given nonzero value to another nonzero value. In
this section we shall see thatdiamagnetic monotonicityand, in the case of Pauli operators,
paramagnetic monotonicity, in this broader sense are much more difficult to obtain and
they are even wrong in general.

Due to the nature of the questions (and answers) addressed here, it is convenient to
change slightly our notation for magnetic Schrödinger operators and Pauli operators.
Throughout we emphasize the dependence of the magnetic field by setting

HB,V = −�A + V and

PB,V =
[
σ · (∇ + iA)

]2 + V,

whereB = dA is the (2-form) magnetic field andV is the electric potential. Thepointwise
strengthof the magnetic field is defined as⌊B(x)⌋ := tr |B(x)| =∑[d/2]

n=1 |βn(x)|, where
B(x) is considered as a real skew-symmetric matrix with entries{〈B(x)ej , ek〉}dj,k=1 =
{Bjk(x)} (for any orthonormal basis{ek}dk=1) with eigenvalues±iβn(x) (in odd di-
mensions there is an extra zero eigenvalue). Here[·] denotes the integer part. Further-
more, thelocal energy normof the magnetic is defined as‖B(x)‖2 = (tr |B(x)|2)1/2 =
(2
∑
n=1 |βn(x)]2)1/2. Note that⌊B(x)⌋ = ‖B(x)‖2 for d = 2,3.

For potentialsV1,V2, being just real-valued functions, domination is easily introduced
as a (partial) ordering: we say thatV1 is smaller thanV2 if V1(x) � V2(x) holds for all
x ∈ Rd .

Domination for magnetic fields, on the other hand, can be ordered in three ways,
at least. First, we say thatB1 is smaller thanB2 in the sense ofpointwise strengthif
⌊B1(x)⌋ � ⌊B2(x)⌋ for all x ∈ Rd . Second,B1 is smaller thanB2 in the sense oflocal
energy normif ‖B1(x)‖2 � ‖B2(x)‖2 for all x ∈ Rd . Third, B1 is smaller thanB2 as a
2-form if |B1(x)| � |B2(x)| as nonnegative matrices for allx. Observe that all three types
of domination coincide ind = 2 and ind = 3 provided the magnetic fields have constant
direction. The first two notions coincide ind = 3 for any field.

We list next some possibilities to say that an operatorT dominatesS defined by means of
various (partial) orderings of self-adjoint operators (assuming that both are semibounded,
defined onL2(Rd) and the kernels below exist).5

(D.1) S � T . (Operator sense.)
(D.2) |exp(−tT )(x, y)| � |exp(−tS)(x, y)| ∀x, y ∈ Rd , t > 0. (Heat kernel point-

wise.)
(D.3) exp(−tT )(x, x) � exp(−tS)(x, x) ∀x, y ∈ Rd , t > 0. (Heat kernel diagonal

pointwise.)
(D.4) tr exp(−tT )� tr exp(−tS) ∀t > 0. (Trace of heat kernel.)
(D.5) infσ(S)� inf σ(T ). (Infimum of spectrum.)
(D.6) ‖exp(−tT )‖p,q � ‖exp(−tS)‖p,q , 1 � p � q � ∞. (Heat kernelLp →

Lq -norm.)

5For the Pauli operator one always consider the partial trace tr
C2 with respect to the spin variables to reduce it

to an operator onL2(Rd ).
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Evidently these definitions are related. Some of them imply some of the others, e.g.,
(D.2) ⇒ (D.3)⇒ (D.4) ⇒ (D.5). Within Physics, (D.1), (D.4) and (D.5) are the most
significant.

If the magnetic field equals zero, then the following classical result says, roughly, that
the energy increases as the electric potential increases; the result is most easily shown by
means of the Trotter–Kato formula.

PROPOSITION9.7. In any dimension, if V1 � V2 pointwise, H2 = −� + V2 dominates
H1 = −�+ V1 in the sense of(D.1)–(D.6).

The search for analogous statements in the case where the magnetic field increases may
be guided by the following loosely formulated conjectures.

CONJECTURE9.8. (i) Diamagnetic principle: The Schrödinger operator “increases” as
the magnetic field increases pointwise.

(ii) Paramagnetic principle: The Pauli operator “decreases” as the magnetic field in-
creases pointwise.

Several arguments support these conjectures, the simplest one based upon explicit for-
mulas for the diagonal element of the corresponding heat kernel for a constant magnetic
field and zero potential. We will see below that both statements are true in the “short time”
limit for the heat kernel limit (i.e., for smallt) and, equivalently, in the semiclassical limit
h̄→ 0. For the Schrödinger case, it is even true in the strong field limit whereB �→ µB
andµ→ ∞. It turns out, however, that if no limiting procedure is involved then none of
these conjectures are correct unlike the nonmagnetic case.

Magnetic Schrödinger operators.If both B1 andB2 areconstantandV = 0, then the heat
kernels can be compared explicitly, since they are given by Mehler’s formula (see [138]),
and one easily sees that domination in the sense of (D.2) (hence also (D.3)–(D.5)) follows
if the fields are ordered in the sense of 2-forms. Due to the lack of positivity, however, the
domination (D.6) is not trivial. Nevertheless, Loss and Thaller [86] managed to show that
the domination (D.6) follows under certain conditions onp, q andB1.

Next we turn to the case of nonconstant fieldsB1 andB2 obeying thatB1 is “smaller”
thanB2 in some of the aforementioned senses. An obvious simplification is to introduce a
coupling parameter in the magnetic field, viz.HµB,0 = −�µA = (∇ + iµA)2, and consider
the weak and large field limits (µ→ 0,µ→ ∞).

We consider first the short time case with‖B(x)‖2 determining the ordering and we
impose the constrainttµ→ 0. In particular, this covers the semiclassical limit witht =:
βh̄2, µ= h̄−1, whereβ is the “inverse temperature”.

The following result, obtained by Erdös, shows that Conjecture 9.8(i) is valid in the short
time (large temperature) limit. In other words, domination (D.3) and (D.4) are valid [35],
Corollary II.2.
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THEOREM 9.9. If the magnetic fieldsB1 andB2 with finiteC1-norm satisfy‖B1(x)‖2 �
‖B2(x)‖2, V is semibounded and continuously differentiable, then for anyx ∈ Rd ,

e−tHµB1,V (x, x)− e−tHµB2,V (x, x)

� C∗(x)(4πt)−d/2e−tV (x)t2µ2(∥∥B2(x)
∥∥2

2 −
∥∥B1(x)

∥∥2
2

)
> 0 (9.12)

for someC∗(x) and for small enoughtµ � ε0, t � ε0, whereε0, C∗(x) > 0 depend on
the C1-norms ofB1 and B2, on V0 = miny∈Rd V (y) and, moreover, C∗(x) depends on
maxy: |y−x|�1 |∇V (y)|. If, in addition,

∫
exp(−tV (x))dx is finite for all t > 0 and the

C1-norm ofV is finite, then the domination(D.4) is valid as well for small enought .

Next we consider the large field limitµ→ ∞ for which Erdös obtained the following
result [35], Theorem II.8.

THEOREM 9.10. Suppose thatB1 and B2 are two C1 fields obeying0 < ⌊B1(x)⌋ �
⌊B2(x)⌋ and letV be a smooth semibounded potential. Then the domination(D.4)–(D.6)
are true for the operatorsHn =HµBn,V , n= 1,2, in theµ→ ∞ limit; for (D.6) one needs
the additional requirement thatexp(−t (−�+ V )) is in trace class for allt > 0.

Next the question arises whether these conjectures are true without any limiting proce-
dure. It suffices to consider dimension two. We define theground-state energy,

E0(B,V ) := inf σ(HB,V )= inf
‖ψ‖=1

〈ψ,HB,Vψ〉.

The following counter-intuitive examples proposed by Erdös demonstrate that the general
form of the Conjecture 9.8(i) is wrong [35].

EXAMPLE 9.11. There exist a potentialV (in fact, centrally symmetric such that|x| �→
V (|x|) is decreasing outside some compact set) and two constant magnetic fields such that
0<B1<B2 butE0(B2,V ) < E0(B1,V ).

EXAMPLE 9.12. There exist two nonconstant centrally symmetric magnetic fields obeying
0� B1(x)� B2(x) for all x ∈ R2 butE0(B2,0) < E0(B1,0).

These counterexamples, in particular, show that the domination in the sense of (D.5)
cannot be true, which excludes also domination in the sense of (D.2)–(D.4).

Nevertheless, as shown by Leschke, Ruder and Warzel [73], Theorem 1, one can restore
domination in the sense of (D.5) if the ground-state wave function in the Poincaré gauge is
real. Indeed, in Examples 9.11 and 9.12 the ground-state wave functionψ0 of HB2,V2, in
thePoincaré gauge,

A(x) := (−x2, x1)

∫ 1

0
ζB2(ζx)dζ, (9.13)
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is an eigenfunction of the canonical angular-momentum6 L3 := q1p2 −q2p1 operator with
a nonzero eigenvalue. Thusψ0 is not real-valued, which motivates the additional assump-
tion in the following result [73], Theorem 1.

THEOREM 9.13. Let the Schrödinger operatorHB2,V2 in the Poincaré gauge(9.13)
possess a real-valued ground-state wave function, i.e., E0(B2,V2) = 〈ψ0,HB2,V2ψ0〉 for
someψ0 in the domain ofHB2,V2 with ‖ψ0‖ = 1.Then the pointwise inequalities|B1(x)| �
|B2(x)| andV1(x)� V2(x) for all x ∈ R2 imply the inequality

E0(B1,V1)�E0(B2,V2)

for the corresponding ground-state energies.

As mentioned above, Loss and Thaller studied domination in the sense of (D.6) asso-
ciated with a nonconstant fieldB(x) which is globally bounded from below by a positive
constant. In particular, they have shown the following inequality [86], Theorem 1.3.

THEOREM 9.14. Suppose thatB(x)� B0> 0 is continuous. Then the magnetic heat ker-
nel satisfies the estimate

∣∣e−tHB (x, y)
∣∣� B0

4πsinh(B0t/2)
e−(x−y)2/2t . (9.14)

Erdös showed that (9.14) is basically the best “off-diagonal” upper bound one can hope
for, unlessB :R2 → R has additional properties. More exactly, he proved that (9.14) cannot
be sharpened by replacing its right-hand side by|e−tHB0 (x, y)|, which has faster Gaussian
decay as|x − y| → ∞ [35].

EXAMPLE 9.15. DefineB(x)= (1+ x2
1/µ

2)B0 with two constantsB0, λ > 0. Then there
exist someλ > 0, somex, y ∈ R2 and someB0 > 0, such thatB0 � B(x) for all x ∈ R2,
but |etHB (x, y)|> |etHB0 (x, y)|.

It is, however, possible to improve (9.14) at the price of permitting only a restricted class
of nonconstant magnetic fields (including the one in Example 9.15). For a field which is
constant in one direction Leschke, Ruder and Warzel obtained the following result [73],
Theorem 2.

THEOREM9.16. LetB1,B2 andV1,V2 be two magnetic fields and two potentials of which
neither depends on the second coordinatex2. Then the pointwise inequalities|B1(x1)| �
|B2(x1)| andV1(x1)� V2(x1) for all x1 ∈ R imply the inequality

∣∣e−tHB2,V2 (x, y)
∣∣�
∣∣e−tHB1,V1

(
(x1,0), (y1,0)

)∣∣

for all x = (x1, x2), y = (y1, y2) ∈ R2 and all t > 0.

6Hereq = (q1, q2) andp = (p1,p2) denote the usual two-component vector operators of position and canoni-
cal momentum, respectively.
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Pauli operators. For large temperature (short time in the heat kernel) the diamagnetic and
paramagnetic effects can be compared and Erdös established the following general result
in dimensionsd = 2,3. Again, this statement includes the semiclassical result by using
t := βh̄2, µ= h̄−1.

THEOREM 9.17. Supposed = 3 and letV be a semibounded continuously differentiable
function. Let B ∈ C3 with ‖B‖L∞ + ‖∇B‖L∞ <∞ and letµ� 1 be a scaling parameter.
For anyx ∈ Rd , one has that

trC2 e−tPµB,V (x, x)

= 2(4πt)−d/2
(
1+ O

(
t5/2µ2 + t4µ4))e−tV (x) tµcoshtµ⌊B(x)⌋

sinhtµ⌊B(x)⌋
+ 2
(
e−tHB=0,V (x, x)− e−tV (x)e−tHB=0,V (x, x)

)
(9.15)

as t → 0 and tµ→ 0. The error depends onmaxy: |x−y|�1[|∇2B(y)| + |∇3B(y)|], the
C1-norm ofB, onV0 := miny∈Rd V (y) and onmaxy: |y−x|�1 |∇V (y)|. The same holds for
d = 2; hereB(x), ⌊B(x)⌋ is replaced byB(x) everywhere above.

The latter implies Conjecture 9.8(ii) in the sense of (D.3) and (D.4) [35], Corollary III.2.

COROLLARY 9.18. Supposed = 3, B1,B2 ∈ C3 with finiteC1-norms, and thatV ∈ C1 is
semibounded. For anyx satisfying⌊B1(x)⌋ � ⌊B2(x)⌋, one has that

trC2 e−tPµ⌊B2(x)⌋,V (x, x)− trC2 e−tPµ⌊B1(x)⌋,V (x, x)

� C∗(x)(4πt)−d/2e−tV (x)t2µ2(⌊B2(x)
⌋2 −

⌊
B1(x)

⌋2)
> 0 (9.16)

for small enoughtµ � ε0 and someC∗(x), whereε0,C∗(x) > 0 depend on the global
lower bound ofV , on maxy: |y−x|�1[|∇V (y)| + |∇2B(y)| + |∇3B(y)|], and on the global
C1-norms ofB1 andB2. If, moreover,

∫
exp(−tV (x))dx <∞ for all t , and theC1-norm

of V and theC3-norms ofB1,B2 are bounded, then domination in the sense of(D.4)
is valid for t small enough. The same holds ford = 2; here Bi(x), ⌊Bi(x)⌋ is replaced
byBi(x) everywhere above.

An interesting open problem is to investigate paramagnetism ind = 3 for a general
magnetic field away from the short time regime.

9.5. CLR estimate for generators of positively dominated semigroups

The CLR estimate for Schrödinger operators with magnetic fields takes the following form.

THEOREM 9.19 (CLR estimate).For A ∈ L2
loc(R

d) andV+ ∈ Ld/2(Rd),

N(0;−�A − V )� Cd
∫
V
d/2
+ dx (9.17)
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with constantCd depending only on the dimension.

The first proof of Theorem 9.19, following Lieb’s method [77], was based upon the
path integral technique [9,138]. Later Melgaard and Rozenblum [99] obtained an analytic
proof by means of a “customized” diamagnetic inequality expressed in terms of certain
semigroups combined with Rozenblum’s original approach. Among the applications of
the “magnetic” CLR estimate are asymptotics of eigenvalues and stability of matter in
magnetic fields (even in the more realistic Pauli setting, where one takes into account spin
of the particles).

Let S generate a positively dominated semigroup. Like in the positive case (see Sec-
tion 7.5), suppose that multiplication by a givenV � 0 is form-bounded with respect toS,
with a bound smaller than 1. (Note that this is always the case, provided the above condi-
tion is satisfied for the dominatorT ; this is an easy consequence of (9.11).) Then we can
define the self-adjoint operatorS − V and, as above, consider the quantityN(0;S − V ).

Rozenblum and Solomyak obtained the following result [121].

THEOREM 9.20. Let T ∈ P and S ∈ PD(T ). Suppose thatMT (t) satisfies(7.30) and
MT (t) = O(t−α) at zero, with someα > 0. LetG be a function as in Theorem7.11and
let g0 be the constant therein. Then

N(0;S − V )� 1

g0

∫ ∞

0

dt

t

∫

Ω

MT (t)G
(
tV (x)

)
dx, (9.18)

as long as the expression on the right-hand side is finite.

Comparing Theorems 7.11 and 9.20, we see thatN(0;S−V ) andN(0;T −V ) have the
same estimate. However, the natural conjectureN(0;S − V )�N(0;T −V ) is, generally,
wrong as noted in [9].

Evidently, Theorem 7.11 is a particular case of Theorem 9.20, forS = T . A more general
version of Theorem 9.20 exists which does not require (7.30) [118].

PROOF OF THE MAGNETIC CLR ESTIMATE. For a given magnetic vector poten-
tial A(x) = (Aj (x))

d
j=1 ∈ L2

loc(R
d), consider the magnetic LaplacianS = −�A =

−(∇ − iA)2. According to Theorem 9.2,−�A ∈PD(−�) and thus Theorem 9.20 gives

N(0;−�A − V )� C(G)
∫

Rd
V (x)d/2 dx, d � 3, (9.19)

with the same constant as in (7.35). �

The proof of (9.19), outlined in [138], page 168, uses the stochastic Itô integral. A more
elementary proof in [99], avoiding path integration, gives a somewhat worse constant than
in the nonmagnetic case.

The same scheme enables one to derive CLR-type estimates for several other operators
of Mathematical Physics with magnetic fields [118].
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The proof of the diamagnetic inequality for theone-vortexAharonov–Bohm Hamil-
tonian (see Theorem 9.6) can be carried over to the case of finitely, and even infinitely
many vortices (e.g., a lattice). Equipped with the latter diamagnetic inequality, Melgaard,
Ouhabaz and Rozenblum used Theorem 9.20 to derive the Lieb–Thirring inequality, as well
as CLR-type estimates, for the (multivortex) Aharonov–Bohm Hamiltonian. Moreover, the
presence of special Hardy-type inequalities gives much better eigenvalue estimates than
without magnetic fields [98].

9.6. Comparison theorem for semigroup generators

We start with a general eigenvalue comparison theorem for semigroup generators. In the
Hilbert spaceL2(Ω) we consider two positive self-adjoint operatorsS andT . These op-
erators generate contraction semigroupsP(t) = exp(−tS) andQ(t) = exp(−tT ), t � 0,
in L2(Ω). We suppose that the semigroupQ(t) is positivity preserving andP(t)�Q(t),
t � 0. For a functionφ(λ), λ > 0, growing subexponentially, we denote byφ̂(t) the Laplace
transform ofφ. Such functionφ is calledregular if

t φ̂(t)�Cφφ
(
t−1), t > 0, (9.20)

for a certain constantCφ . There are plenty of regular functions, which, obviously, form a
convex cone in the space of functions on the semiaxis. In particular, power functions, these
times logarithm to some power, etc. are regular.

Rozenblum showed the following result [118].

THEOREM 9.21. Suppose that for the operatorT the estimate

N(λ,T )� φ(λ) (9.21)

holds for allλ > 0, with a certain nondecreasing functionφ(λ) of subexponential growth.
If the semigroupP(t)= exp(−tS) is dominated byQ(t)= exp(−tT ), t � 0, then

(i) the eigenvalue distribution function ofS obeys

N(λ,S)� eλ−1φ̂
(
λ−1), 0< λ<∞, (9.22)

in particular, for a regularfunctionφ,

N(λ,S)� eCφφ(λ), 0< λ<∞; (9.23)

(ii) if the operatorT −1 belongs to the classSpw, 0< p <∞, thenS−1 ∈ S
p
w and

‖S−1‖S
p
w

� C(p)‖T −1‖S
p
w

;

(iii) if the operatorT −1 belongs to the classSp, 0< p < ∞, then S−1 ∈ Sp and
‖S−1‖Sp � ‖T −1‖Sp .
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PROOF. The trace of the positive operatorQ(t) can be expressed as

t

∫ ∞

0
N(λ,T )exp(−tλ)dλ� t φ̂(t), t > 0.

Since the functionφ grows subexponentially, this integral converges, and thusQ(t) be-
longs to the trace classS1 and, therefore, to the Hilbert–Schmidt classS2 for any
positive t . This implies that the operatorsP(t) dominated byQ(t) also belong to the
Hilbert–Schmidt class for all positivet , with domination of Hilbert–Schmidt norms. Thus

trP(t)=
∥∥P(t)

∥∥
S1 =

∥∥∥∥P
(
t

2

)∥∥∥∥
2

S2
�

∥∥∥∥Q
(
t

2

)∥∥∥∥
2

S2
= trQ(t)� t φ̂(t).

Being expressed in terms of eigenvaluesλj of the operatorS, this gives

trP(t)=
∞∑

j=1

e−tλj � t φ̂(t). (9.24)

Now, for a given positiveλ, we sett = λ−1 in (9.24). Since the firstn(λ,S) terms in the
sum in (9.24) are greater than e−1, we arrive at (9.22). The regularity condition (9.20)
gives (9.23). Since the power function is regular, we obtain part (ii) of the theorem,
with C(p)= eŴ(1+ 1

p
). Finally, ‖S−1‖pSp = Ŵ( 1

p
)−1
∫∞

0 t1/p−1 tr exp(−tS)dt , and sim-

ilarly, for the operatorT −1; in this way (iii) follows from the inequality tr exp(−tS) �
tr exp(−tT ). �

9.7. “Meta” CLR estimates for dominated pairs of semigroups

We start with the most regular case; here it is possible to avoid troublesome technicalities
present in the general situation. LetS andT be positive definite operators inL2(Ω), with
the semigroup exp(−tT ) positivity preserving and exp(−tS) dominated by exp(−tT ),
t > 0. For a nonnegative measurable functionV (x), with V andV −1 both bounded, we
define the operatorsT − qV , S − qV , q � 0.

Rozenblum obtained the following result [118].

THEOREM 9.22. Suppose that

N(0;B − qV )� φ(q) (9.25)

for all q > 0, for some nondecreasing functionφ(q) of subexponential growth. Then

N(0;A− qV )� eq−1φ̂
(
q−1), q > 0, (9.26)
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and
∫ ∞

0
N(0;A− qV )qp−1 dq �

∫ ∞

0
N(0;B − qV )qp−1 dq, 0<p <∞,

(9.27)

as long as the integral in the right-hand side is finite; and if the functionφ in (9.25) is
regular, then

N(0;A− qV )� eCφφ(q). (9.28)

PROOF. We will construct semigroup generators related to our Schrödinger-type operators,
and apply Theorem 9.21. According to the Birman–Schwinger principle, see Theorem 6.7,

N(0;B − qV )= n(τ,KB), N(0;A− qV )= n(τ,KA), τ = q−1/2,

where

KA = V 1/2A−1/2, KB = V 1/2B−1/2,

andn(τ,K) denotes the distribution function fors-numberssj (K) ofK (see Section A.8).
Under our conditions, these operators are bounded, they are products of bounded opera-
tors, andKB is compact. Moreover, they have trivial kernels and therefore the self-adjoint
compact operatorsKBK∗

B = V 1/2B−1V 1/2 andKAK∗
A = V 1/2A−1V 1/2 have self-adjoint

positive-definite inversesTB andTA, respectively. The estimate (9.25) can therefore be
written asN(λ,TB)� φ(λ), λ > 0. So, Theorem 9.21, withT = TB andS = TA will give
us the required estimate as soon as we show that the semigroup exp(−tTB) dominates
exp(−tTA). This is equivalent to the resolvent domination

(TA + t)−1 � (TB + t)−1, t > 0.

We can write(TA + t)−1 = (V −1/2AV −1/2 + t)−1 = V 1/2(A+ tV )−1V 1/2, and a similar
identity for TB . Now it remains to notice that the Trotter formula implies(A+ tV )−1 �
(B + tV )−1 and to use positivity ofV . �

REMARK 9.23. The relation (9.27) can be expressed also as

‖KA‖S2p � ‖KB‖S2p , 0� p � ∞,

at the same time, for the regular functionφ(q)= qp, (9.28) implies

‖KA‖S
p
w

� C(p)‖KB‖S
p
w
, 0� p � ∞.

Applied to Schrödinger operators, withT = −�, S = −�A, the conditions of bounded-
ness ofV andV −1 are too restrictive. In a more advanced version of Theorem 9.22, these
restrictions are removed and, moreover,V can be a measure, like in Sections 5.2 and 5.3,
the main idea of the proof being the same [118].
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10. Zero modes for Pauli operator

One of the important features in the spectral properties of Pauli operators is the presence of
zero modes, eigenfunctions corresponding to a zero eigenvalue. This phenomenon, rather
unusual for nonmagnetic operators, became an interesting field of research lately, both for
physicists and mathematicians. Zero modes induce certain pathological behavior of the
operator under perturbations by an electric potential, since the potential energy cannot be
controlled by the kinetic one. Therefore, in particular, even a very weak electric field may
produce an infinite negative discrete spectrum. Analysis of zero modes becomes thus a
crucial step in the study of stability of quantum systems (see [80,87]). At the same time,
they play an important role in quantum electrodynamics, since they produce singularities
in fermionic determinants; see, e.g., [45–47]. In this section we discuss different situations
where zero modes arise. We start with the most classical example.

10.1. Constant magnetic field

We recall that the Pauli operator with constant magnetic field in dimensiond = 2 is

PA =
(
σ · (∇ + iA)

)2 =
(
Q−Q+ 0

0 Q+Q−

)
, (10.1)

Q± = (∂1 + iA1) ± i(∂2 + iA2) (cf. (2.8)) with the magnetic potentialA(x) having the
form (Bx2/2,−Bx1/2). Here the fieldB is supposed to be positive.

Since the zero modesψ(x) are solutions of the equationPAψ = 0 andPA is the square
of the Dirac operator,PA = D2, they must be solutions of the first-order systemDψ = 0.
We write this equation for the componentsψ+,ψ− of the vector functionψ , arriving at
equations

(∂1 + i∂2 − iA1 +A2)ψ+ = 0,

(∂1 − i∂2 − iA1 −A2)ψ− = 0, ∂j = ∂xj .
(10.2)

Taking into account the explicit expression forA, we transform (10.2) to

(∂1 + i∂2)e
−B/4(x2

1+x2
2)ψ+ = 0, (10.3)

(∂1 − i∂2)e
B/4(x2

1+x2
2)ψ− = 0. (10.4)

These equations mean that the functionsf± = e∓B/4(x2
1+x2

2)ψ± are analytical in the vari-
ablesz̄= x1 − ix2 andz= x1 + ix2, respectively. Consider (10.3). Supposing that it has a
solutionψ+ ∈ L2, we obtain an analytical functionf+ ∈ L2; there are, however, no such
analytical functions. This means that (10.3) has no (nontrivial) solutions inL2. On the
other hand, (10.4) has quite a lot ofL2 solutions. In fact, iff− is any entire function of
the variablēz growing at infinity slower than exp(|z̄|2−ε), then the corresponding function
ψ− = e−B/4(x2

1+x2
2)f− solves (10.4).
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The factorization (2.8) enables one to describe completely the spectrum ofPA. This
description is based on the commutation relation

Q+Q− −Q−Q+ = −2BI, (10.5)

and the well-known fact that the operatorsST andT S have the same nonzero spectrum.
Notice, moreover, thatQ− =Q∗

+. So,Q− and, therefore,Q+Q− have zero eigenvalue.
SinceQ+Q− � 0 andQ−Q+ = 2BI + Q+Q−, the operatorQ−Q+ has no spectrum
below 2B, and therefore,Q+Q− has nononzerospectrum in[0,2B). This means that
Q−Q+ has no spectrum in(2B,4B) and so on. Repeating this reasoning, one can see
that the only possible points of spectrum forQ+Q− andQ−Q+ are the points of the
arithmetical progression 2νB, ν = 0,1,2, . . . for Q+Q− and ν = 1,2, . . . for Q−Q+.
Next, it follows again from (10.5) thatQ− transforms isomorphically the space of zero
modes forQ+Q− onto the spectral subspace ofQ−Q+ with eigenvalue 2B. This means,
moreover, thatQ+Q− also has an infinitely degenerate eigenvalue at 2B. We iterate this
reasoning to conclude that all points 2νB are infinitely degenerate eigenvalues ofPA. They
are calledLandau levels. In a number of questions the explicit description of eigenspaces
of PA is needed. We return to the study of these eigenspaces in Section 11.1.

Infinite degeneracy of the zero eigenvalue for a constant magnetic field was known quite
long ago. It was only in 1979 that the existence of zero modes was discovered for a non-
constant field and, moreover, the multiplicity was calculated.

10.2. Aharonov–Casher theorem and zero modes ford = 2

We consider the Pauli operatorPA in R2 with a magnetic potentialA which, for a start,
we suppose to be Lipschitz, such that the fieldB(x)= ∂A1/∂x2 − ∂A2/∂x1 decays suffi-
ciently fast at infinity (we may even suppose that it has compact support). This does not,
however, mean that the magnetic potentialA decays at infinity, so the operator is not a
weak perturbation of the nonmagnetic operator.

To see thatA cannot decay at infinity too fast, consider the circulation of the vector
field A along a circleCR with large radiusR. According to the Green formula,

∫

CR

A(x)dx =
∫

|x|�R
B(x)dx, (10.6)

so, if the totalfluxof the magnetic field,

Φ = (2π)−1
∫

R2
B(x)dx, (10.7)

is nonzero,A cannot decay at infinity faster thanC|x|−1, at least in some directions.
It was found by Aharonov and Casher that it is this flux which determines the number

of zero modes [6].
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THEOREM10.1. For a real numberq, let {q} denote the largest integerstrictly lessthanq.
Let the magnetic fieldB have compact support. Then, the dimension of the space of zero
modes for the Pauli operator equals{|Φ|}, if |Φ|> 0 and0 if |Φ| = 0.

PROOF. We introduce thescalar potential

ϕ(x)= (2π)−1
∫

R2
log
(
|x − y|

)
B(y)dy, (10.8)

which behaves like

ϕ(x)=Φ log|x| + O
(
|x|−1) as|x| → ∞. (10.9)

Since−(2π)−1 log(|x|) is the Green function for the Laplacian,ϕ satisfies the equation
−�ϕ = B, and the vector field

A(x)= (ϕy,−ϕx) (10.10)

can serve as a magnetic potential for the fieldB. In addition,A(x) satisfies the Coulomb
gauge divA = 0.

Now the system (10.2) determining the zero modes can be transformed to

(∂1 + i∂2)e
−ϕψ+ = 0, (10.11)

(∂1 − i∂2)e
ϕψ+ = 0, (10.12)

taking into account the expression ofA via ϕ. The reasoning follows now the pattern
of the case of a constant magnetic field. Equations (10.11)–(10.12), being simply the
Cauchy–Riemann equations, mean that the functionf+ = e−ϕψ+ is analytical in the vari-
ablez̄= x1 − ix2, andf− = eϕψ− is analytical inz= x1 + ix2. Suppose thatΦ � 0. Then
(10.9) implies that e−ϕ is a bounded function inR2, and ifψ+ belongs toL2, this would
mean that the analytical functionf+ belongs toL2. However, there are no (nontrivial) an-
alytical functions inL2, and this means that (10.11) has no solutions. Forψ− = e−ϕf− to
be inL2, the functionf− may increase at infinity no faster than a polynomial, and being
analytical, it must be a polynomial inz and, furthermore, it must be of degreen < Φ − 1,
as seen from the asymptotics (10.9). The space of such polynomials has dimension ex-
actly {Φ}, and this proves our theorem. Note, moreover, that all zero modes have zero
componentsψ+, so they are “spin down”, as physicists express this. IfΦ < 0, the same
reasoning works, but now it isψ− which is forced to vanish, and all zero modes are “spin
up”. �

As we see, the two starting points in the study of zero modes in dimensiond = 2 are the
constant magnetic field, with infinitely many zero modes, and a compactly supported one,
with finitely many. A considerable work was done in order to find more general situations,
where zero modes can be studied.
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10.3. Zero modes for singular fields

The conditions in the Aharonov–Casher theorem are far from being optimal. Even a su-
perficial analysis of the proof shows that both smoothness and decay conditions can be
considerably relaxed. Along this direction, we describe here the strongest result up to now,
established by Erdös and Vugalter [41]. But first we must return to the problem of how to
definea self-adjoint Pauli operator with a very singular magnetic field. This is achieved,
again, by introducing the scalar potential and using the ideas presented in Section 3.2.

Let B be a signed locally-finite measure onR2. A direct definition of the operator by
means of the formulas (2.6) or (2.7), using some magnetic potential, would immediately
require some regularity conditions onB, encountering moreover nontrivial essential self-
adjointness questions. Using quadratic forms, as it is explained in Section 3.2, proves to be
more efficient.

First, supposing thatB is nice and is defined by means of the magnetic potentialA, we
write the quadratic form of the Pauli operator using the factorization (10.1) and the fact
thatQ∗

− =Q+,

pA[ψ] ≡ pA
[
(ψ+,ψ−)⊤

]
=
∫ (

|Q+ψ+|2 + |Q−ψ−|2
)
dx. (10.13)

This form is well defined forψ± ∈ D(Q±), providedA ∈ L2
loc, which gives more freedom,

but is still a too restrictive condition. So, suppose that there exists a scalar potentialϕ, as
in (10.10). Then, using the complex derivatives, as we already did twice, we can rewrite
the quadratic form (10.13) as

pA[ψ+,ψ−] = 4
∫ (

e2ϕ
∣∣∂z
(
e−ϕψ+

)∣∣2 + e−2ϕ
∣∣∂z̄
(
eϕψ−

)∣∣2)dx. (10.14)

Note that the magnetic vector potential is not present in (10.14); the scalar potentialϕ can
be defined directly, as a solution of the equation

−�ϕ = B. (10.15)

Now, suppose thatB is a signed Borel measure with locally-finite total variation. We denote
the set of such measures by�M. If, moreover, for any pointx ∈ R2, B({x}) ∈ (−π,π], the
measureB is said to belong to�M∗. Note that points with nonzero measure correspond to
Aharonov–Bohm solenoids placed in these points.

The sets of measures in�M and �M∗, resp., with finite global variation are denoted by
M andM∗, resp. Two measuresB, B ′ are called equivalent if for any pointx the differ-
enceB(x) − B(x)∗ is an integer multiple of 2π. For any measureB ∈ �M there exists a
uniqueB ′ ∈ �M∗ equivalent toB, the same holds also forM andM∗. Now, supposing that
for a givenB ∈ �M there exists a potentialφ ∈ L2

loc satisfying (10.15) in the sense of dis-
tributions, one can define the Pauli operatorPB as the one corresponding to the quadratic
form (10.14) with domain consisting of those pairs of functionsψ+,ψ− ∈ L2 for which the
expression (10.14) is finite. It is shown that, in fact, such a potentialϕ always exists and,
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moreover, it is a rather nice function: its derivatives locally belong toLp for anyp < 2, and
furthermore, exp(±2ϕ) belongs locally toL1+ε for someε > 0. This regularity is used to
prove that the form (10.14), thus defined, is closed and therefore determines a self-adjoint
operator.

The Aharonov–Casher theorem can be extended to Pauli operators defined in this
way [41].

THEOREM 10.2. Suppose that the fieldB is a measure inM∗ with finite total variation.
Define the total flux ofB as〈B〉 = (2π)−1B(R2). Then the dimension of the space of zero
modes associated with the Pauli operatorPB equals{〈B〉}, if 〈B〉 is noninteger or〈B〉 = 0.
If 〈B〉 is an integer, this dimension can be{〈B〉} or {〈B〉} − 1.

We note that for an integer flux, both cases may occur, and the difference depends on
the behavior ofB at infinity. Moreover, an example constructed in [41] shows that for a
measure with an infinite local variation the statement may be wrong.

10.4. Infinite number of zero modes

Now we discuss more examples when there is an infinite number of zero modes, as this
is the case for the constant magnetic field. The first idea here would be to consider some
perturbations of the constant field. As the most simple example, we consider a weak per-
turbation of the magnetic potential,A = AB + A′, whereAB is the potential of the con-
stant magnetic field,AB = (Bx2/2,−Bx1/2) andA′ → 0 at infinity. In this case the Pauli
operatorPA can be (using methods from Section 5) shown to be a form-compact pertur-
bation ofPAB . According to Weyl’s theorem on the invariance of the essential spectrum
under relatively compact perturbations (see, e.g., [155] or [114]), zero will still be a point
in the essential spectrum of the perturbed operator. In fact, 0 is in the essential spectrum
for Q+Q−; since 0 is not in the essential spectrum ofQ−Q+, it is an isolated point of the
spectrum, so it has to be an infinitely degenerate eigenvalue again. A more delicate reason-
ing is needed if it is the magnetic fieldB that is weakly perturbed but the corresponding
perturbation of the magnetic potentialA is not weak. For this case the infiniteness of zero
modes was proved by Iwatsuka [59] using a perturbation of the commutator relation (10.5).
The situation was finally cleared by Shigekawa [127] who showed, using again commuta-
tion relations, that there are infinitely many zero modes also in the case whenB is continu-
ous and tends to infinity at infinity; a sharp contrast to the magnetic Schrödinger operator,
where in this case the essential spectrum is empty; see Section 6.4.

A recent development is related to the study of zero modes for infinite systems of
Aharonov–Bohm solenoids. Letω1,ω2 be two linearly independent vectors inR2 and
in each point of the lattice,zn1,n2 = n1ω1 + n2ω2, an Aharonov–Bohm solenoid with a
fixed fluxα is placed. In the language of Section 10.3, the magnetic field here is a measure
consisting of point loads with weightα placed in the points of the lattice. Since the total
variation is infinite, this case is not covered in [41]. In [48] Geyler and Grishanov con-
structed explicitly the vector potentialA for this singular field using methods of elliptic
functions, and an infinite number of zero modes were shown to exist. This is the case even
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if such a lattice of Aharonov–Bohm solenoids is placed on the background of a constant
magnetic field.

Just recently the problem of infinitely many zero modes was settled by Shirokov and
Rozenblum (http://front.math.ucdavis.edu/math-ph/0501059). If the fieldB is nonnegative
regular Borel measure as in [41], such that the total flux〈B〉 of the field is infinite, then
the space of zero modes is infinite-dimensional. This is still the case if the nonnegative
condition is replaced by the requirement that for someR,B(DR) > 0 for any diskDR
with radiusR. If, moreover,B(DR)� a > 0 then zero is an isolated point in the spectrum
of the Pauli operator.

10.5. Zero modes in dimensiond = 3

While the presence of zero modes for the Pauli operator in the plane seems to be rather
common, for a long time no examples of zero modes were known in the three-dimensional
case. Only in 1986, Loss and Yau [87] constructed a series of examples, where zero modes
can occur. In particular, the operator with the magnetic field

B(x)= 12

(1+ |x|2)−3

(
2x1x3 − 2x2,2x2x3 + 2x1,1− x2

1 − x2
2 + x2

3

)

possesses at least one zero mode. It was established recently by Erdös and Solovej that
the dimension of the space of zero modes can be arbitrarily large [38], and Elton found
that for any open setΩ ⊂ R3 and for anym, there exists a potentialA with support inΩ
possessing at leastm zero modes [33]. For a decaying magnetic field one can estimate
from above the number of zero modes. In fact, from the representation (2.6), it follows
that this number can be majorized by the number of negative eigenvalues of the magnetic
Schrödinger operator with electric potential−|B(x)|. Applying the magnetic CLR esti-
mate, we obtain that the number of zero modes is not greater thanc

∫
|B(x)|3/2 dx. The

study of this number and also of thezero modes densityn(x)=∑ |ψj (x)|2, where{ψj } is
the system of orthogonal zero modes, is an important problem related, again, to stability of
different quantum systems and asymptotical behavior of spectral characteristics. Not much
is known yet. It is found, however, that in dimension three zero modes are not a common
feature. In particular, Balinsky and Evans showed that inL3/2(R3)magnetic fields without
zero modes form a dense open set and, moreover, for any magnetic fieldB ∈ L3/2, the set
of t ∈ (0,∞) such that the Pauli operator with magnetic fieldtB has zero modes, is locally
finite [10]. In the language of potentials, Elton established that in the space of continuous
potentialsA(x) decaying as o(|x|−1), potentials possessing at leastm zero modes form
a smooth submanifold of co-dimensionm2, whenm = 1,2 and is contained in a smooth
submanifold of co-dimension 2m − 1 for biggerm [33]. With all this experimental evi-
dence, the search is in the process for some quantization conditions which are expected
to determine the presence of zero modes. This might have great importance for quantum
theory. The reader is referred to [1,2] and references therein for further discussion on zero
modes and their relation to physical problems.
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11. Perturbed Pauli operators and Lieb–Thirring inequalities

There are serious reasons to consider the Pauli operator in atomic physics when one takes
into account the interaction of the magnetic moments of the electrons with the magnetic
field via the Zeeman termσ ·B. This interaction becomes most essential when the magnetic
fields in question are strong, for example, in astrophysics, and also quantum dots (e.g.,
artificial atoms). However the changes in the spectral properties of the operator are felt
even for weak fields.

As mentioned in Sections 8 and 9.5, the optimal form of CLR and Lieb–Thirring in-
equalities for Schrödinger operators is well established, even in the case of very singular
magnetic fields, and the remaining challenge consists in obtaining the optimal constants in
these inequalities.

When one replaces the Schrödinger operator by the Pauli operator, the situation changes
completely. The main observation here is that generally, a perturbation by a negative elec-
tric potential, even a very small one, may produce an infinite number of negative eigenval-
ues (as it was first noticed in [9]), and it is the presence of zero modes which is the primary
source for that. Hence, one cannot hope to find an analogy to the CLR estimate under gen-
eral conditions. Thus in order to describe the distribution of these eigenvalues, one has to
concentrate on the Lieb–Thirring-type inequalities, or look for some other characteristics
of eigenvalues.

The first result about Lieb–Thirring inequalities for the Pauli operator appeared only
in 1994 [81] and concerned theconstant magnetic field. Even here the situation turned out
to be far from being simple.

11.1. Constant magnetic field: The unperturbed operator

We have described the spectrum of the Pauli operator in dimensiond = 2 with constant
magnetic field in Section 10.1. In order to perturb this operator and its three-dimensional
counterpart by an electric potential, we need a more detailed information about the corre-
sponding spectral subspaces, and it is more convenient to start by discussing the spectral
properties of the magnetic Laplacian−�A with constant magnetic field inR2 andR3 (see,
e.g., [29,138,149]).

The potentialA(x) has the form(Bx2/2,−Bx1/2,0), where the strength of the fieldB
is supposed to be positive. In dimensiond = 2 the spectrum of the operator−�(2)

A
=

−(∇ + iA)2 (the superscript refers to the dimension) consists of eigenvalues withinfinite
multiplicity,

Λν = (2ν + 1)B, ν = 0,1, . . . , (11.1)

which are calledLandau levels.This description of the spectrum follows from the one for
the Pauli operator; see Section 10.1 and the formula (2.6) relating the operators we are
studying now. The spectral projectionsΨν onto the corresponding spectral subspacesH

(2)
ν

are integral operators with smooth kernelsΨν(x′, y′) (we denote byx′ = (x1, x2) the two-
dimensional variable in order to distinguish it from the three-dimensional one,x). All
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kernels can be expressed explicitly via the Laguerre functions (see, especially, [150] where
many other useful formulas related to this operator are given as well as its relation to the
Heisenberg group). We will need here only the explicit expression forΨ0(x

′, y′),

Ψ0
(
x′, y′)= B

2π

exp

[
i(x1y2 − x2y1)

B

2
−
(
x′ − y′)2B

4

]
δ(x3 − y3). (11.2)

Consider now the magnetic Laplacian−�(3)
A

= −�(2)
A

+ p2
3 in three dimensions, where

p3 = −i∂/∂x3. Define the subspacesH(3)ν = H
(2)
ν ⊗ L2(R1) (for readers not used to the

tensor product, this simply means that these subspaces consist ofL2-functions of three
variables(x′, x3), that belong toH(2)ν for almost all values ofx3). Separation of variables
shows that each subspaceH(3)ν is invariant with respect to−�(3)

A
and the spectrum of

−�(3)
A

restricted toH(3)ν is the semiaxisΛν + R+; the latter are calledLandau bandsand
the corresponding subspaces areband subspaces. The spectrum of the operator−�(3)

A
thus

coincides with the union of Landau bands, i.e., the semiaxis[B,∞). The projectionsΠν
onto subspacesH(3)ν have the formΠν = Ψν ⊗ I (which means that they act asΨν in x′

and as identity operator inx3). One can formally (but rather conveniently) writeΠ0 as an
integral operator with kernel

Π0(x, y)=
B

2π

exp

[
i(x1y2 − x2y1)

B

2
−
(
x′ − y′)2B

4

]
δ(x3 − y3). (11.3)

According to (2.6), the three-dimensional Pauli operatorPA with a constant magnetic
field B is the matrix operator acting on two-component vector functions and being the
direct sum of operatorsP+ = −�A + B andP− = −�A − B. The spectral structure
of P+, resp.P−, is obtained by shifting the spectrum of−�A by B, resp. by−B. So,
in particular, the spectrum ofP+ equals the semiaxis[2B,∞), and the one ofP− equals
R+ = [0,∞). Each Landau band shifts accordingly but the band subspaces do not change.
On the band subspace associated with the zero band, the Pauli operatorPA acts simply
asp2

3, which can be written asΠ0PAΠ0 =Π0p
2
3Π0. The same simplification can be made

for the resolvents

Π0(PA +µ)−1Π0 =Π0
(
p2

3 +µ
)−1
Π0, µ > 0. (11.4)

It is the zero band (reaching zero), which is the cause of many interesting effects for the
Pauli operator.

11.2. Lieb–Thirring inequality for a constant magnetic field

Now we perturb the three-dimensional Pauli operator by an electric potentialV , viz.

PA,V = PA − V (x). (11.5)

We suppose thatV+ ∈ L3/2(R3)∩L5/2(R3).
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As we already mentioned, simple considerations based on the Glazman lemma (see
Section A.9 and [9] for details) show thatPA,V may have infinitely many eigenvalues
even whenV is a nice function with compact support (and it surely has ifV is positive).
However, the following Lieb–Thirring inequality obtained by Lieb, Solovej and Yngvason
shows that these infinitely many eigenvalues are summable [81].

THEOREM 11.1. Let V+ ∈ L5/2(R3) ∩ L3/2(R3) and letEj (B,V ) � 0, j = 1,2,3, . . . ,
denote the negative eigenvalues of the operatorPA − V (x) in L2(R3,C2). Then

∑

j

∣∣Ej (B,V )
∣∣� C1B

∫

R3
V+(x)3/2 dx +C2

∫

R3
V+(x)5/2 dx (11.6)

withC1 = 4/3π andC2 = 8
√

6/5π.

More generally, for each 0< δ < 1, one can chooseC1 = (2/3π)(1 − δ)−1 andC2 =
(2

√
6/5π)δ−2.

Inequality (11.6) does not match the classical phase-space expression which is given by

∑

j

∣∣Ej (B,V )
∣∣≃ B

3π
2

∫

R3

{
V+(x)3/2 + 2

∞∑

v=1

(
V (x)− 2νB

)5/2
+

}
dx. (11.7)

However, the two terms in (11.6) correspond, resp., to theB → ∞ (first term) and the
B → 0 (second term) asymptotics of (11.7), that was rigorously established later (see
[101,109,144]).

The proof we present here is a somewhat simplified version of the one in [82]; we,
however, do not struggle for the best constantsC1,C2 in (11.6).

In order not to interrupt the proof, we make some preparations. First, consider the oper-
atorp2

3 in L2(R1). The resolvent(p2
3 +µ)−1 of this operator can be found easily by means

of the Fourier transform. It is an integral operator with kernel

(
p2

3 +µ
)−1
(x3, y3)= (2π)−1

∫
exp
(
iξ3(x3 − y3)

)(
ξ2

3 +µ
)−1 dξ3.

We are interested in the value of this kernel on the diagonalx3 = y3. A direct calculation
gives

(
p2

3 +µ
)−1
(x3, x3)= (2π)−1

∫

R

(
ξ2

3 +µ
)−1 dξ3 = (4µ)−1/2. (11.8)

In the three-dimensional case we will need the expression for the integral of the square of
the resolvent kernel. Since

(−�+µ)−1(x, y)= (2π)−3
∫

exp
(
iξ(x − y)

)(
ξ2 +µ

)−1 dξ,
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Plancherel’s equality yields
∫ [
(−�+µ)−1(y, y)

]2 dy = (2π)−3
∫ (
ξ2 +µ

)−2 dξ

= (12π)−1µ−1/2. (11.9)

Next we give a simple inequality for functions. Letχ
l
(λ) be the characteristic function

of the semiaxisλ� l and letµ be some positive number. Then

(λ+µ)−1χ
l
(λ)� 2(λ+ l +µ)−1, λ� 0. (11.10)

The inequality follows immediately sinceλ� (λ+ l)/2 for λ� l.
Finally, we establish a useful inequality for the distribution function. (For trace class

operators, see Section A.8.)

LEMMA 11.2. If S andT are positive semidefinite trace class operators, then the number
N of eigenvalues greater than or equal to1 of S + T satisfies

N � 2 trS + 4 trT 2. (11.11)

PROOF. Let {φj }Nj=1 be the orthonormal eigenfunctions forS+T with eigenvalues greater
than or equal to 1. For eachj we have either

〈
φj , |S|φj

〉
�

1

2
or

〈
φj , |T |φj

〉
�

1

2
. (11.12)

Since〈φj , |T |φj 〉2 � 〈φj , φj 〉〈φj , |T 2|φj 〉 = 〈φj , |T 2|φj 〉, we infer that 2 trS + 4 trT 2 �∑N
j=1 2〈φj , |T |φj 〉 + 4〈φj , |T 2|φj 〉 �N . �

Now we can proceed with the proof of Theorem 11.1.

PROOF OFTHEOREM 11.1. First of all, we note that the operatorPA,V is a direct sum
of P+ − V andP− − V . SinceP+ − V � P− − V , it suffices to prove our estimate for
P− − V only.

ForE > 0 we define the Birman–Schwinger operator

KE = V 1/2
E

(
P− + E

2

)−1

V
1/2
E , (11.13)

whereVE = (V − (E/2))+. We divideKE into a part coming from the lowest Landau
band and a part coming from the higher bands. For this purpose we define

K0
E = V 1/2

E Π0

(
P− + E

2

)−1

Π0V
1/2
E

= V 1/2
E Π0

(
p2

3 + E

2

)−1

Π0V
1/2
E , (11.14)
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where, in the last equality, we used (11.4). Moreover, we define

K>E = V 1/2
E (I −Π0)

(
P− + E

2

)−1

(1−Π0)V
1/2
E . (11.15)

Clearly,KE =K0
E +K>E sinceP− commutes withΠ0.

To calculate the trace ofK0
E , we first cyclically rearrange factors inK0

E (this does not
change trace; cf. Section A.8) and then use the explicit formulas (11.3) and (11.8) to inte-
grate the kernel over the diagonalx = y

tr
(
K0
E

)
= tr

[
VEΠ0

(
p2

3 + E

2

)−1]

=
∫ ∫

VE(x)
(
Ψ0
(
x′, x′))

(
p2

3 + E

2

)−1

(x3, x3)dx
′ dx3

= B

2π

(2E)−1/2
∫
VE(x)dx. (11.16)

The second part of the Birman–Schwinger operator will be evaluated in the following
way. Denote byQ the spectral projection ofP− corresponding to[B,∞). We have

(1−Π0)Q= (1−Π0). (11.17)

According to the spectral theorem (see Section A.5), the operatorQ(P− + E
2 )

−1Q equals
g(P−), whereg(λ)= (λ+ E

2 )
−1χ

B
(λ). Using (11.10) and the functional calculus (Theo-

rem A.2 in Section A.5), we obtain the operator inequality

Q

(
P− + E

2

)−1

Q� 2

(
P− +B + E

2

)−1

= 2

(
−�A + E

2

)−1

. (11.18)

According to (11.17), this implies that

(I −Π0)

[
P− + E

2

]−1

(I −Π0)� 2

(
−�A + E

2

)−1

. (11.19)

This operator inequality keeps being true after we multiply it from both sides byVE ,

VE(I −Π0)

[
P− + E

2

]−1

(I −Π0)VE � 2VE

(
−�A + E

2

)−1

VE . (11.20)

The above inequalities are operator ones, understood in the Hilbert space sense. Now we
pass to integral kernels and use the diamagnetic inequality for resolvents,

∣∣(−�A +µ)−1(x, y)
∣∣� (−�+µ)−1(x − y).



Schrödinger operators with singular potentials 497

Thus we get the following estimate for the trace of(K>E )
2

tr
[(
K>E
)2]

� 4 tr

[
VE

(
−�A + E

2

)−1

VE

]2

� 4
∫

R3

∫

R3
VE(x)

{[
−�+ E

2

]−1

(x − y)
}2

VE(y)dx dy.

We apply Schwarz’ inequality to the latter integral, which gives us the estimate

tr
[(
K>E
)2]

� 4
∫

R3
VE(x)

2 dx
∫

R3

{[
−�+ E

2

]−1

(y)

}2

dy.

The value of the latter integral we know, see (11.9), so we obtain

tr
[(
K>E
)2]

� C

∫

R3
VE(x)

2 dx.

To complete the proof of Theorem 11.1, we use that, as a consequence of the Birman–
Schwinger principle,

∑

j

∣∣Ej (B,V )
∣∣�
∫ ∞

0
NE dE �

∫ ∞

0

{
2 tr
(
K0
E

)
+ 4 tr

[(
K>E
)2]}dE. (11.21)

We insert here the estimates for trK0
E and tr[(K>E )2] we have just derived, and after per-

forming integration we arrive at (11.6). �

A similar result, with a somewhat simpler proof, is valid in the two-dimensional
case [83].

THEOREM 11.3. Let V+ ∈ L1(R2) ∩ L2(R2). Then the negative eigenvaluesEj of the
Pauli operatorPA − V with a constant magnetic fieldB satisfy the inequality

∑
|Ej | �

B

π

∫

R2
V+(x)dx + 3

∫

R2
V+(x)2 dx. (11.22)

In [81–83] spectacular applications of these inequalities to the problem of stability of
matter and analysis of ground states of large quantum systems are given.

11.3. Distribution of eigenvalues

Another way to describe the spectrum of the Pauli operator with a constant magnetic field
is to study the distribution of eigenvalues near the Landau levels in dimension 2. If the
electric potentialV decays at infinity then it is a relatively compact perturbation ofPB and,
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according to Weyl’s theorem, the essential spectrum of the perturbed operatorPB + V is
the same as ofPB . This means that some, finite or infinite, eigenvalue clusters may form
around each Landau level; if the cluster is finite, the Landau level remains intact, if the
cluster is infinite, the eigenvalues there must converge to the Landau level, the latter may
disappear. To find out what really happens, we introduce the distribution functions. Let
Λ be a Landau level, we fix somes < Λ, so that the interval(s,Λ) does not contain other
Landau levels, and forλ ∈ (s,Λ) denote byn(s, λ;V ) the number of eigenvalues of the
operatorP + V in (s, λ). The problem consists in studying the behavior of this quantity
asλ→ Λ: if it is bounded then the number of eigenvalues which splitdown from Λ is
finite; if n(s, λ;V ) is unbounded, one has to find estimates and, if possible, asymptotics as
λ→Λ− 0. In a similar way, fixing somes aboveΛ one considers the behavior ofn(λ, s)
asλ→Λ+0, i.e., distribution of eigenvalues splittingup fromΛ. In the three-dimensional
case, similar problems can be stated only for the distribution of eigenvalues lying below the
lowest Landau level, since the whole positive semiaxis is covered by the essential spectrum.
These problems were studied in [108,139–141,146,147]. It was found there that in three
dimensions, and in the case of not too fast decayingV , in two dimensions, there is an
infinite set of eigenvalues splitting from each Landau level, up or down, if the electric
potential has, respectively, nonzero positive or negative part, and additionally asymptotic
formulas were proved, admitting explanation in terms of the phase-space volume. Only
recently, Raikov and Warzel [111] and Melgaard and Rozenblum [100], considered the case
of very fast decaying potentialsV (including compactly supported ones), and a number of
pathologies were discovered. In particular, ifV has constant sign, an infinite number of
eigenvalues split from each Landau level, however they converge there so fast that the
asymptotic behavior ofn(s, λ;V ) or n(λ, s) does not fit into the phase volume pattern and
even does not depend onV . For the case of variable magnetic field, when zero is an isolated
eigenvalue of the unperturbed Pauli operator with infinite multiplicity, similar results on the
distribution of eigenvalues ofP ± V near zero were obtained by Raykov [110].

11.4. Arbitrary magnetic field

Erdös initiated the study of Lieb–Thirring inequalities for Pauli operators with nonho-
mogeneous fields [34]. He observed that the direct extension of (11.6) to the case of the
nonconstant fields, namely

∑

j

∣∣Ej (B,V )
∣∣

� C1,γ

∫

R3

∣∣B(x)
∣∣V+(x)γ+1/2 dx +C2,γ

∫

R3
V+(x)γ+3/2 dx, (11.23)

as well as its possible consequence (via Hölder’s inequality)

∑

j

∣∣Ej (B,V )
∣∣

� C̃1,γ

∫

R3

∣∣B(x)
∣∣3/2V+(x)γ dx + C̃2,γ

∫

R3
V+(x)γ+3/2 dx, (11.24)
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is false without substantial regularity conditions onB. In addition, he conjectured in [34]
that it would be necessary to replace|B| by some effective field strength,Beff(x), obtained
by averaging|B| locally on the magnetic lengthscale,|B|−1/2.

Finding proper Lieb–Thirring-type inequalities for the Pauli operator is crucial for the
problem of stability of relativistic matter: in proving that the relativistic Hamiltonian for a
large Coulomb system of particles in a magnetic field is semibounded from below as well as
to find reasonable dependence of the lower bound on the number of particles and the energy
of the field. One more source of inspiration for construction Lieb–Thirring inequalities lies
in establishing asymptotic formulas, with respect to all parameters involved, for regular and
some singular potentials [36,144]. Since the “natural” inequality is wrong and there is no
intrinsic candidate for the “effective” field, the search in recent years went in the direction
of finding estimates satisfying some natural scaling conditions, and then checking how
good they serve the main problem. The scaling properties involve behavior for large and
small fields as well as with respect to Planck’s constanth̄. We describe some key results
here.

Motivated by Erdös’ observation, Sobolev [142,143] obtained estimates in the forms of
(11.23) and (11.24), but with|B| replaced by a effective (scalar) magnetic fieldBeff(x),

∑

j

∣∣Ej (B,V )
∣∣� C1

∫

R3
Beff(x)

3/2V+(x)dx +C2

∫

R3
V+(x)5/2 dx. (11.25)

Roughly speaking,Beff(x) is a slow varying function which dominates|B(x)| pointwise.
Subsequently, Bugliaro et al. [21] and Shen [125,126] established (11.25) with aBeff(x)

whose energy is comparable to that of|B|, viz. ‖Beff‖L2 ≈ ‖B‖L2 (Shen showed that the
same holds for anyLp norm). The latter in particular implies the following estimate by
Lieb, Loss and Solovej [80].

THEOREM 11.4. Let V+ ∈ L5/2(R3) ∩ L4(R3) and letEj (B,V ) � 0, j = 1,2,3, . . . ,
denote the negative eigenvalues of the operatorPA − V (x) in L2(R3,C2). Then

∑

j

∣∣Ej (B,V )
∣∣

� aγ

∫

R3
V+(x)5/2 dx + bγ

(∫

R3
B(x)2 dx

)3/4(∫

R3
V+(x)4 dx

)1/4

(11.26)

for all 0 < 0 < γ , whereaγ = (23/2/5)(1 − γ )−1L3 and bγ = 31/42−9/4
πγ−3/8(1 −

γ )−5/8L3. One can takeL3, defined above, to be0.1156.

The estimate (11.26) and the estimate by Bugliaro et al. [21] (and Shen [125,126]) have
been very useful in the proof of stability of matter within the Pauli setting; in this case the
magnetic energy,

∫
|B|2, is also part of the total energy to be minimized and thus even the

second moment of the magnetic field is controlled [80].
Another reason why (11.23) cannot hold for an arbitrary magnetic field is due to the

existence of the zero modes [87], see Section 10. Indeed, for certain magnetic fields with
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nonconstant direction the Dirac operatorD := σ · (−i∇ + A) has a nontrivialL2-kernel.
If n(x) denotes the density of zero modes,n(x)=∑j |ψj (x)|2, where{ψj } is an orthonor-
mal basis in KerD, then under a small potential perturbation ofD2 the sum

∑
j |Ej (PA,V )|

behaves as
∫
n(x)V+(x)dx, i.e., it is linear inV+. Hence an extra term linear inV+ must be

added to (11.23) andn(x) has to be estimated; being an important characteristic by itself.
In the works [21,34,80,125,126,142,143] the densityn(x) is estimated by a function that
behaves quantitatively as|B(x)|3/2. In particular, in the strong field regime these estimates
are not sufficient to prove semiclassical asymptotics forPA,V (h, b) uniformly in b; they
give the asymptotics only up tob� const· h−1 [144].

The key task is thus to understand the density of Loss–Yau zero modes. Sincen(x) scales
like (length)−3 and|B(x)| scales like(length)−2 under the dilation of the space, a simple
dimension counting shows thatn(x), therefore

∑
j |Ej |, cannot be estimated in general

by |B(x)| or by its smoothed version. However, if an extra lengthscale is introduced, for
example, certain derivatives of the field are allowed in the estimate, then it is possible to
give a bound on the eigenvalue sum that grows slower than|B|3/2 in the large field regime.

The semiclassical formula for the sum of the negative eigenvalues,
∑
j |Ej (PA,V )|,

for a constant magnetic field behaves linearly in the field strength,|B|, see (11.7). This
fact suggests that

∑
j |Ej (PA,V )| may be bounded by an expression that grows with the

first power of|B| even for nonconstant magnetic fields and away from the semiclassical
asymptotic regime.

Two physical applications, especially, motivate the search for Lieb–Thirring inequalities
which are optimal in the strongB-field regime with respect to the field strength|B|, namely
strong magnetic fields in astrophysics, and quantum dots (in particular, artificial atoms).

Recently, Erdös and Solovej [39,40] obtained two qualitatively different Lieb–Thirring
inequalities which fulfill these conditions with as weak assumptions onB as possible and
no technical assumptions onV . The methods behind the proofs of these two estimates are
very different and they are somewhat complementary.

While both Lieb–Thirring inequalities are sharp as far as the potential and the strength
of the magnetic field are concerned, they require additional technical assumptions on the
magnetic field. These are usually formulated in terms ofvariation lengthscales, and practi-
cally they are regularity assumptions onB. This means that supremum norms of derivatives
of the magnetic field appear in the final Lieb–Thirring inequality.

The difference between the two inequalities is that the more involved bound, see Theo-
rem 11.7, contains only local supremum norms. Therefore it enjoys an importantlocality
property: the estimate is insensitive to the behavior of the magnetic field far away from the
support ofV+. The simpler inequality, Theorem 11.5, involves the globalC5-norm of the
direction of the magnetic field,n := B/|B|. In particular, irregular behavior ofn far away
from the support ofV+ renders our estimate large despite that it should not substantially
influence the negative spectrum. As a compensation, less assumptions on the regularity of
the field strength|B| are required and the proof is much shorter.

The simpler inequality. Consider the three-dimensional Pauli operator,PA,V = D2 − V ,
with a differentiable magnetic fieldB = ∇ × A, D := σ · (−i∇ + A) being the Dirac
operator. We make two global assumptions:



Schrödinger operators with singular potentials 501

ASSUMPTION 1. B(x) �= 0 for all x ∈ R3, i.e., the unit vector fieldn := B/|B| is well
defined.

ASSUMPTION2. The vector fieldn satisfies the following global regularity condition

L−1
n :=

5∑

γ=1

∥∥∇γ n
∥∥1/γ

∞ <∞, (11.27)

whereLn is called theglobal variation lengthscaleof n.

For anyL> 0, x ∈ R3, we also define

B∗
L(x) := sup

{∣∣B(y)
∣∣: |y − x| � L

}
+L · sup

{∣∣∇B(y)
∣∣: |y − x| � L

}
.

The simpler inequality takes the following form [40].

THEOREM 11.5 (Lieb–Thirring inequality without a locality property).For any
0<L� Ln, the sum of the absolute values of the negative eigenvalues,E1 �E2 � · · · � 0,
for PA,V satisfies

∑

j

∣∣Ej (PA,V )
∣∣ � c

(
L−1

∫

R3

(
B∗
L(x)+L−2)V+(x)dx

+
∫

R3
B∗
L(x)V+(x)3/2 dx +

∫

R3
V+(x)5/2 dx

)
(11.28)

with a universal constantc.

The involved inequality. Next we give the basic set-up necessary to present the more
involved Lieb–Thirring inequality.

We assume thatB ∈ C4(R3,R3), and define three basic lengthscales ofB. The Pauli
operator will be localized on these lengthscales. Letn := B/|B| be the unit vector field in
the direction of the magnetic field at all points whereB does not vanish. For anyL> 0 and
x ∈ R3, we define

BL(x) := sup
{∣∣B(y)

∣∣: |x − y| �L
}

(11.29)

and

bL(x) := inf
{∣∣B(y)

∣∣: |x − y| � L
}

(11.30)

to be the supremum and the infimum of the magnetic field strength on the ball of radiusL

aboutx.
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DEFINITION 11.6 (Lengthscales of a magnetic field). Themagnetic lengthscaleof B is
defined as

Lm(x) := sup
{
L> 0: BL(x)� L

−2}.

Thevariation lengthscaleof B atx is given by

Lv(x) := min
{
Ls(x),Ln(x)

}
,

where

Ls(x) := sup
{
L> 0:

Lγ sup
{∣∣∇γ

∣∣B(y)
∣∣∣∣: |x − y| � L

}
� bL(x), γ = 1,2,3,4

}
,

Ln(x) := sup
{
L> 0:

Lγ sup
{∣∣∇γ n(y)

∣∣: |x − y| � L,B(y) �= 0
}

� 1, γ = 1,2,3,4
}

(with the convention that sup∅ = −∞). Finally we set

Lc(x) := max
{
Lm(x),Lv(x)

}
. (11.31)

A magnetic fieldB :R3 → R3 determines three local lengthscales. The magnetic length-
scale,Lm, is comparable with|B|−1/2. The lengthscaleLs determines the scale on which
the strength of the field varies, i.e., it is the variation scale of log|B|. The field line struc-
ture, determined byn, varies on the scale ofLn. The variation lengthscaleLv is the smaller
of these last two scales, i.e., it is the scale of variation of the vector fieldB.

For weak magnetic fields the magnetic effects can be neglected in the final eigenvalue
estimate, so the variational lengthscale becomes irrelevant. This idea is reflected in the
definition ofLc; there is no need to localize on scales shorter than the magnetic scaleLm.

With these preparations we are ready to formulate the main result in [39].

THEOREM11.7 (Lieb–Thirring inequality with a locality property).Assume that the mag-
netic fieldB = ∇ × A is in C4(R3,R3). Then the sum of the negative eigenvalues of
PA,V = [σ · (P+A)]2 − V satisfies

∑

j

|Ej | � c

∫

R3
V+(x)5/2 dx + c

∫

R3

∣∣B(x)
∣∣V+(x)3/2 dx

+ c
∫

R3

(∣∣B(x)
∣∣+Lc(x)−2)Lc(x)−1V+(x)dx. (11.32)

For the proof we refer to the paper [39]. More estimates having different forms were
obtained in recent years [22,37]. In general, however, there is still no conjecture for the
form of Lieb–Thirring inequalities for arbitrary magnetic fields, optimal in all aspects.
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Lately much effort has been put into the search for bounds on
∑
j |Ej (PA,V )| which

grows like |B| even for nonconstant fields and away from the semiclassical asymptot-
ical regime. Such bounds would allow one to prove the semiclassic asymptotics for∑
j |Ej (PA,V )| uniformly in B ash̄ ↓ 0.
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Appendix. Basic facts from abstract spectral theory

A.1. Linear operators. Closed operators

Let H be a complex Hilbert space, letD ⊂ H be a linear subset, usually dense, and let
T :D → H be a linear (not necessarily continuous) map. For brevity,T is said to be a
linear operatorin H. The setD is denotedD(T ) and called thedomainof the operator. If
D0 is a linear subset ofD thenT0 = T |D0 is said to be arestrictionof T . The operatorT
is then called anextensionof T . We shall writeT0 ⊂ T .

OnD(T ) one can define thegraph normor T norm‖ · ‖T by

‖u‖2
T = ‖T u‖2 + ‖u‖2, u ∈ D(T ). (A.1)

T is said to be aclosed operatorif D(T ) is complete in theT norm. An equivalent defini-
tion is this:T is closed of itsgraphG(T )= {{u,v} ∈ H⊕H: u ∈ D(T ), v = T u} is closed
in H ⊕H. We say thatT is aclosable operatorif the closure of the graph ofT in H⊕H

is also the graph of an operator. An equivalent condition is that if{un}, whereun ∈ D(T ),
is a Cauchy sequence in theT norm and‖un‖ → 0 then‖un‖T → 0. The latter property
means that the topologies generated by the norm ofH and by theT norm onD(T ) are
compatible.

If T is closable then the operator�T defined byG(�T )= G(T ) is called theclosureof T .
If T is bounded then�T coincides with the extension ofT by continuity.

An operatorT from H1 into H2 is said to beboundedif there exists aC � 0 such that
‖T u‖H2 � C‖u‖H1 for all u ∈ D(T ). Any suchC is called aboundof T .

An operatorT from H1 into H2 is said to becompactif every bounded sequence{un}
from D(T ) contains a subsequence{unj } for which {T unj } is convergent.

By B(H1,H2) and B∞(H1,H2) we denote respectively the spaces of everywhere
defined bounded and compact operators acting fromH1 into H2; B(H) := B(H,H),
B∞(H) := B∞(H,H). Thenormof an operatorT in any of these spaces is given by

‖T ‖ = inf
{
C � 0

∣∣‖T u‖H2 � C‖u‖H1 for all u ∈ D(T )
}
.
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A.2. The adjoint operator

Let T be adensely definedoperator, i.e.,D(T )= H. Then theadjoint operatorT ∗ can be
constructed as follows. The domain ofT ∗ is

D
(
T ∗) :=

{
v ∈H

∣∣∃h ∈H: 〈T u, v〉 = 〈u,h〉 ∀u ∈ D(T )
}
. (A.2)

The vectorh is uniquely determined byv, and we seth= T ∗v. Thus

〈T u, v〉 =
〈
u,T ∗v

〉
∀u ∈ D(T ),∀v ∈ D

(
T ∗). (A.3)

As opposed to the case ofT ∈ B(H), this equality is used not only to describe the “action”
of T ∗ but, as we shall see, also to describe the domain ofT ∗.

The operatorT ∗ is always a closed operator, andD(T ∗)= H if and only ifT is closable.
If the latter holds then(T ∗)∗ = �T . If T0 ⊂ T andD(T0)= H thenT ∗

0 ⊃ T ∗.

A.3. Self-adjoint operators

An operatorT which fulfills T ∗ = T is said to beself-adjoint.
An operatorT , such thatD(T )= H and

〈T u, v〉 = 〈u,T v〉 ∀u,v ∈ D(T ), (A.4)

is calledsymmetric. These two notions are equivalent forT ∈ B(H). If T ∗ = �T thenT is
said to beessentially self-adjoint. If T is symmetric and�T �= T ∗ thenT ∗ is seen not to be
symmetric.

The self-adjointness of an operator can often be established by means of perturbation
theory, i.e., from the fact that the operator is close to another operator known in advance to
be self-adjoint.

A.4. Spectrum of an operator

Let T be a closed operator. By definition, theresolvent setρ(T ) consists of pointsλ ∈ C

such that there exists(T − λI)−1 ∈ B(H) (I being the identity operator inH). The com-
plementσ(T )= C\ρ(T ) of the resolvent set is called thespectrumof T . The setρ(T ) is
open andσ(T ) is closed. It is possible thatσ(T )= C or σ(T )= ∅. (ForT ∈ B(H) neither
of these possibilities can be realized.)

If T = T ∗ then the spectrum ofT is nonempty and lies on the real axis. The spec-
trumσ(T ) of a self-adjoint operator can be represented as the union of thepoint spectrum
σp(T ), i.e., the set of all eigenvalues, and thecontinuous spectrum

σc(T )=
{
λ ∈ R

∣∣ Im(T − λI) is a nonclosed set
}
. (A.5)
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The spectraσp(T ) andσc(T ) can have a nonempty intersection. Ifσp(T )= ∅ thenT has
a purely continuous spectrum. If the linear hull of the eigenspaces Ker(T − λI), where
λ ∈ σp(T ), is dense inH thenT has apurely point spectrum. In this case the continu-
ous spectrum coincides with the set of limit points of the point spectrum and, generally
speaking, is nonempty.

The union of the continuous spectrum and the set of eigenvalues of infinite multiplicity is
called theessential spectrumof a self-adjoint operatorT , denotedσess(T ). If σess(T )= ∅
thenT hasdiscrete spectrum. An equivalent condition forT to have discrete spectrum is
that(T − λI)−1 be a compact operator for someλ ∈ ρ(T ) (and then for all suchλ).

A.5. The spectral theorem

Suppose that associated with every Borel setΩ ⊂ R is an orthogonal projectionE(Ω)
in H. Let E(R) = I and let the following condition of countable additivity be fulfilled:
if {Ωn}, n= 1,2, . . . , are pairwise disjoint Borel sets, then

∑
nE(Ωn)=E(

⋃
nΩn). (The

series on the left-hand side converges in the strong operator topology.) Any such map
E :Ω �→ E(Ω) is called aspectral measurein H (defined on the Borel subsets of the real
axis).

If E is a spectral measure then, for anyu ∈ H, E(·)u is a vector-valued measure and
µu(·)= 〈E(·)u,u〉 is a scalar-valued Boreal measure normalized byµu(·)= ‖u‖2.

For anyu,v ∈H, µu,v(·)= 〈E(·)u, v〉 is a complex-valued Borel measure.
As in the case of scalar measures, thesupport of a spectral measure(suppE) can be

defined as the smallest closed subsetF ⊂ R such thatE(F) = I . The phrase “almost
everywhere with respect toE” (E-a.e.) has the standard meaning.

Let E be a spectral measure and letf be a Borel measurable scalar function defined
E-a.e. onR. Then one can define the integral

Jf =
∫
f dE

(
=
∫
f (s)dE(s)

)
, (A.6)

which is a closed operator inH with dense domain

D(Jf )= Df =
{
u ∈H

∣∣∣
∫

|f |2 dµu <∞
}
. (A.7)

The integral (A.6) can be understood, for example, in the “weak sense”, that is,〈Jf u,v〉 =∫
f dµu,v for u ∈ Dϕ andv ∈ H. The operatorJf is self-adjoint if and only iff is an

E-a.e. real-valued function.Jf is bounded if and only iff isE-a.e. bounded.
The followingspectral theoremplays a central role in the spectral analysis of self-adjoint

operators.

THEOREM A.1. To every self-adjoint operatorT there corresponds a unique spectral
measureET such that

T =
∫
s dET (s).
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One has thatsuppET = σ(T ).

Having a spectral measure, we can associate to any bounded Borel functionf on σ(T )
the operatorJf . This mappingf �→ Jf ≡ ϕ(f ) gives the following functional calculus
form of the spectral theorem which is very useful.

THEOREM A.2. LetT be a self-adjoint operator onH. Then there exists a unique mapϕ
from the bounded Borel functions onσ(T ) into B(H) having the following properties:

(i) ϕ is an algebraic∗-homeomorphism, i.e.,

ϕ(fg)= ϕ(f )ϕ(g), ϕ(λf )= λϕ(f ),
ϕ(1)= I, ϕ

(
f̄
)
= ϕ(f )∗.

(ii) ϕ is norm continuous, i.e., ‖ϕ(f )‖B(H) � ‖f ‖L∞ .
(iii) Let {fn} be a sequence of bounded Borel functions obeyingfn(x)→ x for eachx

(asn→ ∞) and|fn(x)| � |x| for all x andn. Then, for anyψ ∈ D(T ), limn→∞ ϕ(fn)ψ =
T ψ .

(iv) If fn(x) → f (x) pointwise and if the sequence{‖fn‖L∞} is bounded, then
ϕ(fn)→ ϕ(f ) strongly.

(v) If T ψ = λψ , thenϕ(f )ψ = f (λ)ψ .
(vi) If f � 0, thenϕ(f )� 0.

A.6. Various spectra

Let T be a self-adjoint operator inH and letET be the spectral measure ofT . One can
distinguish the following subspaces:Hp defined as the closure of the linear hull of all
eigenspaces ofT , Hac defined as the set of allu ∈ H such that the measureµTu (·) =
〈ET (·)u,u〉 is absolute continuous with respect to the Lebesgue measure, andHsc, the
orthogonal complement ofHp ⊕ Hac in H. If u ∈ Hsc thenµTu is a continuous measure
singular relative to the Lebesgue measure.

The subspacesHp, Hac andHsc are orthogonal to each other and invariant with respect
toT . The partsTp, Tac andTsc of T in these subspaces (for example,Tac= T |D(T )∩Hac) are
self-adjoint as operators inHp, Hac andHsc, respectively. They are called thepure point,
absolute continuous, andsingular continuouscomponents ofT . One can also speak about
the absolute continuous components of the spectrum, etc. If T = Tac then the spectrum
of T is said to beabsolute continuous.

A.7. Distribution function

Thedistribution function

N(I ;T )= dimRanET (I ) (A.8)
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(I ⊂ R being an arbitrary interval) serves as an important characteristic of the location
of the spectrum of a self-adjoint operatorT . The case whenN(I ;T ) <∞ is the most
interesting one. In this case, the spectrum ofT on I consists of finitely many eigenvalues
of finite multiplicity and (A.8) is equal to the sum of the multiplicities. IfN(I ;T ) = ∞
and I is a bounded interval, then the closure ofI contains at least one point belonging
to σess(T ). If I ∩ σess(T )= ∅ then the spectrum ofT is said to bediscrete onI .

For a lower semibounded self-adjoint operator, we set

N(λ;T )=N
(
(−∞, λ);T

)
∀λ ∈ R. (A.9)

A.8. Classes of compact operators

The following information on compact operators can be found in, e.g., [17], Chapter 11.
If T is a compact operator on some Hilbert spaceH andµj = µj (T ), j ∈ N, denote the

eigenvalues ofT enumerated counting algebraic multiplicity in the order of nonincreasing
moduli |µj |, then the nonzero eigenvaluessj = sj (T )=

√
µj (T ∗T ) of |T | are called the

singular numbersor singular valuesor s-numbersof T . If
∑
j sj (T ) <∞, thenT is called

a trace classoperator. For trace class operators, the series

trT =
∑

j

µj (T )

is absolutely convergent. The set of all trace class operators is denoted byS1 and it is an
∗-ideal inB(H), viz.

1. S1 is a vector space.
2. If T1 ∈ S1 andT2 ∈ B(H), thenT1T2 ∈ S1 andT2T1 ∈ S1.
3. If T1 ∈ S1, thenT ∗

1 ∈ S1.
If T ∈ S1 and{ϕn} is any orthonormal basis, then trT equals the sum

∑
n〈ϕn, T ϕn〉 which

also converges absolutely and the limit is independent of the choice of the basis. The map
tr :S1 → C, defined either way, obeys:

1. tr(·) is a linear map.
2. trT ∗ = trT .
3. trT1T2 = trT2T1 if T1 ∈ S1 andT2 ∈ B(H).

Let n(s, T ) = #{sj (T ) > s}, s > 0, be thecounting function. By the definition ofsj , one
has that

n
(
s2, T ∗T

)
= n(s, T ), (A.10)

and for any self-adjoint nonnegative operator, one hassj (T )= µj (T ). The counting func-
tion satisfies theWeyl inequality,

n(s1 + s2, T1 + T2)� n(s1, T1)+ n(s2, T2). (A.11)
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For 0< p < ∞ the trace class (or Neumann–Schatten class)Sp is a set ofT ∈
B∞(H1,H2) for which the following functional is finite

‖T ‖p
Sp(H1,H2

:=
∑

j

[
sj (T )

]p = p
∫ ∞

0
sp−1n(s, T )ds. (A.12)

If p � 1 then (A.12) defines a norm onSp and a quasinorm forp < 1. Evidently,T ∈
Sq(H1,H2) if and only if

tr
(
|T |q

)
= tr

((
T ∗T

)q/2)
<∞.

For 0<p <∞ the classSpw(H1,H2)⊂ B∞(H1,H2) is the set of all compact operatorsT
such that the following functional is finite:

‖T ‖S
p
w

:=
(
sup
s>0
spn(s, T )

)1/p
.

The functional‖ · ‖S
p
w

is a quasinorm. The classesSpw(H1,H2) are not separable (if

dimH1 = dimH2 = ∞); a separable subspaceS
p

0 ⊂ S
p
w is defined by

S
p

0 :=
{
T ∈ sp

∣∣ lim
s→+0

spn(s, T )= 0
}
.

Note thatSp ⊂ S
p

0 .
For a compact self-adjoint operatorT we set

n±(s, T )=N
(
(λ,∞);±T

)
. (A.13)

For operatorsT = T ∗ ∈ B∞ the following functionals are introduced:

∆(±)p (T ) := lim sup
s→∞

spn±(s, T ), (A.14)

δ(±)p (T ) := lim inf
s→∞

spn±(s, T ), (A.15)

so that 0� δ(±)p (T )�∆(±)p (T )� ∞. The functionals∆(±)p , δ(±)p are continuous insp and
do not change if their argument changes by an operator of the classS

p

0 .

A.9. Glazman’s lemma

The spectral theorem leads to the variational principle for the distribution function. There
are many different formulations of this principle, the one most convenient for our pur-
poses is called theGlazman lemma, which plays an important role in both qualitative and
quantitative spectral analysis.



Schrödinger operators with singular potentials 509

For an operator with quadratic formt[u], the number of points of the spectrum, finite or
infinite on some interval, is described by the dimensions of subspaces inD(t) where the
ratio t[u]/‖u‖H = χ[u] is controlled. In particular,N(λ;T ), for the operatorT defined by
the quadratic formt, equals the maximum of the dimensions of subspaces whereχ[u]< λ,
or minimum of the co-dimensions of subspaces whereχ[u] � λ. Construction of subspaces
satisfying these inequalities immediately gives estimates forN(λ;T ) from below, resp.
from above. Taken together, they, in particular, prove various versions of the Birman–
Schwinger principle; see Section 6.2.

LEMMA A.3. LetT be a lower(upper) semibounded self-adjoint operator andM ⊂ D(t)

be a linear subset, dense in theT -norm. Then

N±(λ,T )= maxdim
{
L⊂ M: ±

(
t[u] − λ‖u‖2)< 0, u ∈ L \ {0}

}
, (A.16)

N±(λ,T )= min codim
{
L⊂ D(t): ±

(
t[u] − λ‖u‖2)� 0, u ∈ L

}
. (A.17)

Here codimL for a subspaceL ⊂ D(t) denotes the minimal number of orthogonality
conditions which determineL. Minus and plus signs correspond to upper, resp. lower,
semibounded operators.

An important consequence of the Glazman lemma is that the distribution function de-
pends on the quadratic form in a monotone way. Let, for example, two operatorsT1 andT2

correspond to quadratic formst1[u], t2[u], so thatD(t1) ⊂ D(t2) and t1[u] � t2[u],
u ∈ D(t1). Then in (A.16), the set of subspaces over which we maximize is larger forT2

than forT1, and therefore,N(λ,T2)�N(λ,T1) for anyλ.
We collect some properties of the distribution function for the Schrödinger operator

HV = −�− V . The following lemma follows immediately from the Glazman lemma.

LEMMA A.4. (i) If V1 � V2 pointwise, thenN(−E;HV2) � N(−E;HV1) for all E � 0.
In particular, N(−E;HV )�N(−E;HV+).

(ii) For all α ∈ [0,1] andE � 0,

N(−E;HV )�N(−αE;H(V (x)−(1−α)E)+), (A.18)

where(V (x)− (1− α)E)+ denotes the positive part of the potentialV (x)− (1− α)E.

Looking at the graph ofN(−E;HV ) one sees that integratingN(−E;HV ) with respect
toE yields (minus) the sum of the negative eigenvalues. More generally, since

∂

∂E
N(−E;HV )= −

∑

j

δ(E −Ej ),

where{Ej }j denote the eigenvalues ofHV , one has the following result [84,85].
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LEMMA A.5. Letγ > 0 andSγ,d(V ) :=
∑
Ej<0 |Ej |γ . Then

Sγ,d(V )= γ
∫ ∞

0
Eγ−1N(−E;HV )dE. (A.19)

A.10. Birman–Schwinger principle

A variant of the method of forms based on the notion of a variational triple is useful in a
number of cases, in particular in the study of spectral problems of the form

Gψ = λH0ψ. (A.20)

A variational triple {H;h0,g} consists of a Hilbert spaceH with a metric formh0[u]
and a bounded sesquilinear Hermitian formg[u,v] in H. The relation

g[u,v] = h0[T u,v] ∀u,v ∈ H

assigns a unique operatorT = T (H;h0,g) to {H;h0,g}. The operatorT is bounded and
self-adjoint inH.

In particular, leth0 and g be the quadratic forms of operatorsH0 andG acting in a
Hilbert spaceH. More precisely, letH0 be a positive definite self-adjoint operator and
let h0 be its associated quadratic form. We assume thatG is a symmetric operator de-
fined on a dense setD ⊂ Q(h0) (in the simplest caseD = D(H0)) and the quadratic form
〈Gu,v〉 is bounded inQ(h0). Extending the form by continuity, we can obtain a bounded
form g[u] on Q(h0). Hence we have constructed a variational triple{H;h0,g}. The oper-
ator determined by the triple coincides withH−1

0 G :Q(h0)→ Q(h0) onD. It is therefore
natural to associate the spectrum of this operator with (A.20).

The study of the negative spectrum of the Schrödinger operator with a decreasing poten-
tial can be reduced to the investigation of the spectrum of an equation of the form

pψ = λ(−�ψ + εψ), ε � 0.

The abstract scheme of such a reduction was developed by Birman [14]. We shall state
only the simplest result from [14].

THEOREM A.6 (Birman–Schwinger principle).Let H and H0 be semibounded self-
adjoint operators in a Hilbert spaceH and letH0> 0. Leth andh0 be the corresponding
quadratic forms, and letQ(h)= Q(h0)= K. Let Tε, whereε > 0, be the operator deter-
mined by the variational triple{K;h0[u] + ε‖u‖2

K
,g = h0 − h}. Then

N(−ε;H)= n+(1, Tε). (A.21)

If H0 is positive definite, then(A.21) is also valid forε = 0.
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The operatorTε is traditionally called theBirman–Schwinger operator. The proof of
Theorem A.6 can be reduced to comparing the formulae

N(−ε,H)= maxdim
{
L⊂ K: h[u] + ε‖u‖2< 0

}
,

n+(1, Tε)= maxdim
{
L⊂ K: g[u]> h0[u] + ε‖u‖2},

which follow directly from Lemma A.3. The assertion concerning the caseε = 0 can be
extended to anyH0 � 0, but the formulation becomes more involved (see [14]).

A.11. Asymptotic perturbation lemma

Generally, one should expect that if one perturbs an operator with a weaker one, the main
properties must not change. The lemma we give here (established first in [16]) assigns
concrete meaning to this vague statement, as it concerns asymptotics of the spectrum.

LEMMA A.7. Let K be a compact self-adjoint operator, and for someq > 0 and any
ε > 0,K may be represented a sum,K =Kε +K ′

e, where

lim
t→+0

n±(t,Kε)tq = c±(ε), lim sup
t→+0

n±
(
t,K ′

ε

)
tq � ε.

Then there exist limitslimε→0 c±(ε)= c± and limt→+0n±(t,K)tq = c±.

PROOF. Fix someδ > 0. The Weyl inequality (A.11) givesn+(t,K)� n+(t (1−δ),Kε)+
n+(tδ,K ′

ε). Passing to limsup, we obtain

c
(+)
+ = lim sup

t→0
n+(t,K)tq � c+(ε)(1− δ)q + δ−qε.

On the other hand, applying Weyl inequality toKε =K + (−K ′
ε), we obtainn+(t,K)�

n+(t (1+ δ),Kε)−n−(tδ,K ′
ε). Passing here to lim inf, we get forc(−)+ = lim inf t→0N+(t,

K)t−q

c
(−)
+ � lim

t→0
n+
(
t (1+ δ),Kε

)
tq − lim sup

t→0
n−
(
tδ,K ′

ε

)
tq

� c+(ε)(1+ δ)−q − δ−qε.

Thus

c+(ε)(1+ δ)−q − δ−qε � c(−)+ � c(+)+ � c+(ε)(1− δ)q + δ−qε. (A.22)

We set hereδ = ε1/(q+1) so thatδ−qε → 0. Then (A.22) givesc(−)+ = c(−)+ = lim c+(ε).
�
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The lemma plays a crucial role whenever one wants to establish an asymptotic formula.
Here the general scheme is to prove the asymptotic formula first for some regular case (say,
smooth and compactly supported potentials if one considers Schrödinger operators) and
then use some uniform estimate (say, the CLR estimate) in combination with Lemma A.7
to extend the asymptotics to more singular cases.
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Introduction

The aim of this survey relies on focusing some recent multiplicity results for nonlinear
problems with a lack of compactness which could probably find new and different appli-
cations. The corresponding existence results are well known long before but a full under-
standing of the multiplicity problem has required more specific and recent techniques. Here
we shall show those techniques by stressing on the geometric ideas underlying them. More
precisely, two main problems will be addressed:

1. Elliptic problems at critical growth on a bounded domain.
2. Elliptic problems at subcritical growth on the whole domain.

For both the above problems there is a lack of compactness which is due to the existence
of extremely concentrated solutions in case 1 and to the existence of solutions whose cen-
ters of mass escape to infinity in case 2. In both cases the existence results are available
thanks to suitable hypotheses on the linear term which make the compactness degeneracy
increase the functional which is going to be minimized. Thus deviation from compact-
ness is possible in principle but it is not advantageous, under different hypotheses on the
lower-order terms one would easily show nonexistence results. This survey includes the
results in [13,19,20,43], some parts of which are borrowed with minor modifications, and
it is in large part devoted to a careful analysis of the two above problems following mainly
[19] and [13]. For the common features shared by these problems, they well offer the op-
portunity to clarify and to focus the ideas and the techniques employed in those works.
Moreover, we shall make the exposition self-contained as far as possible and organized in
a heuristic way. Nevertheless, a good knowledge of the use of the variational and topolog-
ical methods in nonlinear analysis and some familiarity with the study of nonlinear elliptic
equations is required to the reader.

The exposition begins with an introductory part in which we recall the known facts con-
cerning the two already mentioned problems and, after introducing suitable concentration–
compactness tools, briefly sketches the main ideas which lead to prove the existence of a
nontrivial solution, recovering compactness thanks to suitable estimates on the energy lev-
els. In Section 2 we shall prove the compactness theorems which show how, substituting
the Palais–Smale sequences with the sequences of solutions of approximating problems,
the concentration–compactness tools introduced in the first section lead to complete com-
pactness results. Section 3 is devoted to the proof of some decay estimates, inspired by
the analysis of some particular cases, employed in the previous section. Section 4 con-
cerns the proof of the multiplicity theorems, which will be given after a preliminary part
in which the notion of genus, together with a recent variant, is introduced and employed to
construct the suitable min–max approach. Finally, in Section 5 some concluding remarks
are stated and a result which falls out of the main hypotheses assumed here is shown.
Further introductory indications are given at the beginning of each section.

Notation. Throughout the paper we make use of the following notation:
• Ω denotes a bounded subset ofRN .
• Lp(Ω), 1 � p � +∞, Ω ⊆ RN , denotes a Lebesgue space, the norm inLp(Ω) is

denoted by‖ · ‖p.
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• H 1
0 (Ω), Ω ⊂ RN , denote the Sobolev space obtained as closure ofC∞

0 (Ω), with
respect to the norm

‖u‖ =
[∫

Ω

|∇u|2 dx

]1/2

.

• H−1(Ω),Ω ⊂ RN , denotes the dual spaces ofH 1
0 (Ω).

• If u ∈H 1
0 (Ω), Ω ⊂ RN , and if there is no risk of ambiguity, we denote also byu its

extension toRN made by settingu≡ 0 onRN \Ω .
• S denotes the Sobolev constant, i.e.,S = inf{‖∇u‖2

2/‖u‖2
2∗ | u ∈H 1

0 (Ω),u �= 0}.
• We denote byλ1 < λ2 � λ3 � · · · � λn � · · · the sequence of the eigenvalues of

the Laplacian operator−� onH 1
0 (Ω) and byϕ1, ϕ2, . . . , ϕn, . . . the corresponding

sequence of orthonormal eigenvectors, we setEn = Span{ϕ1, ϕ2, . . . , ϕn}.
For every real numberc we shall say that a sequence(un)n∈N is a Palais–Smale

(briefly PS) sequence for the functionalI :H 1 → R at levelc if the following two con-
ditions hold:

(1) I (un)→ c;
(2) dI (un)→ 0 inH−1, where dI is the Fréchet derivative ofI .

We shall briefly say that(un)n∈N is a PS sequence if there exists a levelc ∈ R such that
(un)n∈N is a PS sequence at levelc.

1. Statement of the problems and sketch of the existence results

1.1. Elliptic problems at critical growth on a bounded domain

Let us consider the critical growth problem

{
−�u= |u|2∗−2u+ λu in Ω,

u= 0 on ∂Ω,
(CP)

whereΩ is an open regular subset (without any shape condition) ofRN (N � 3),
2∗ = 2N/(N − 2) is the critical Sobolev exponent for the embedding ofH 1

0 (Ω) into
Lp(Ω), andλ > 0. Several people have got involved with this problem (see [2,3]) and
here, for the reader’s convenience, we summarize the main known results in the field.

1. If λ� 0, the Pohozaev identity (see [37]) allows us to say that problem (CP) has, in
general (for a star-shapedΩ), no nontrivial solution.

2. There exists a constantλ∗ ∈ [0, λ1[ such that (CP) has a positive solution ifλ ∈
]λ∗, λ1[, whereλ1 is the first eigenvalue of−� defined onH 1

0 (Ω). WhenN � 4
thenλ∗ = 0 (see [11]). The existence of a nontrivial solution also forλ� λ1 has been
subsequently proved in [12]. In the three-dimensional case and whenΩ is a ball
thenλ∗ = λ1/4. Moreover, by using also in this case a suitable version of Pohozaev
identity we know that, forλ ∈]0, λ∗[, (CP) has no radial solution (see [11,12]) but it
is still unknown if there exist nonradial solutions (changing sign) to (CP).
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3. If N � 4 andΩ is a ball, then for anyλ > 0, (CP) has infinitely many changing sign
solutions (which sometimes cannot be radial, as shown in [2,3]) which are built by
using the particular symmetry of the domainΩ (see [24]).

4. If N � 7 andΩ is a ball, then for eachλ > 0, (CP) has infinitely many changing sign-
radial solutions, see [39] and a previous paper by Cerami, Solimini and Struwe [14],
where it is also shown that forN � 6, (CP) has at least two (pairs of ) solutions on
any smooth bounded domain.

5. When 4� N � 6 andΩ is a ball there exists a constantλ∗ > 0 such that (CP) has
no changing sign-radial solution ifλ ∈]0, λ∗[. So the boundN � 7 in the previous
result cannot be removed (see [2,3]).

6. In [19] the question about existence of infinitely many solutions to problem (CP), for
any bounded smooth domainΩ ⊂ RN in the caseN � 7, is affirmatively answered.
Furthermore, by the above mentioned result in [2,3], the compactness arguments,
which can be also employed in the radial case, cannot be extended to lower values
of N .

7. Finally, in [20] it is shown that, forλ ∈]0, λ1[ andN � 4, problem (CP) has at least
N
2 + 1 (pairs of ) solutions (N + 1 for λ close enough to 0) improving thus the result
in [14]. Such result has been extended in [15] to the caseλ� λ1.

The main difficulty in dealing with problem (CP) is the existence of noncompact Palais–
Smale sequences (PS sequences) of the corresponding functional

Iλ(u)=
1

2

∫

Ω

|∇u|2 − λ

2

∫

Ω

|u|2 − 1

2∗

∫

Ω

|u|2∗
, (1.1)

defined on the Hilbert spaceH 1
0 (Ω). The behavior of noncompact PS sequences has been

studied in [45] which, roughly speaking, assures the existence of a subsequence approx-
imated by its weak limit plus terms which tend to concentrate around a finite number
of points (see Theorem 1.6). This result allows a precise description of the behavior of
noncompact PS sequences of the functionalIλ and an estimate of their possible levels,
suggesting the idea to look forgood levelsin order to get compactness. We shall employ
this analysis in conjunction with other suitable compactness techniques to deal with the
multiplicity problem. Then, following [19], we shall show as, in dimensionN � 7, every
min–max admissible class produces precompact PS sequences. This will follow as a con-
sequence of a uniform bound theorem stated for bounded setsU of solutions to

{−�u= |u|p−2u+ λu in Ω,

u= 0 on ∂Ω,
(SP)

with p ∈ [2,2∗]. This result will require suitable a priori estimates on some norms of the
functions inU . Such estimates will be employed to the aim of finding a suitable control on
the functions and on their derivatives and, finally, a local Pohozaev identity will allow the
proof of the following uniform bound theorem.

THEOREM 1.1 (Uniform bound through concentration estimates).LetN � 7 andU be a
bounded set inH 1

0 (Ω) whose elements are solutions, for a fixedλ > 0, to problems(SP),
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for p varying in [2,2∗]. ThenU is uniformly bounded, i.e., there exists a constantC > 0
such that

sup
u∈U

sup
x∈Ω

∣∣u(x)
∣∣� C.

The above result is equivalent to a compactness property inH 1(Ω) (see [10]) which
allows uniformL∞ estimates in the case of a precompact set of solutions. Though there
is a lack of compactness for PS sequences, we have compactness for the bounded sets of
solutions. Thus the key idea, in the case of a critical growth, relies in using the variational
methods to solve slightly subcritical problems, where the usual arguments based on PS
sequences produce solutions, and then to pass to the limit on such a set of solutions. In the
light of these considerations, it becomes evident that Theorem 1.1 plays a crucial role in this
program of work, indeed its proof has involved the major difficulties. Furthermore, we shall
show how this technique allows to apply classical min–max arguments to problem (CP)
and to prove, in this way, the existence of infinitely many solutions, as it is stated in the
following theorem.

THEOREM1.2 (Infinitely many solutions to (CP) in large dimension).If N � 7, then prob-
lem(CP)admits infinitely many solutions.

As we have just observed, analogous multiplicity results, like the existence of infinitely
many radial solutions to (CP) whenΩ is a ball, can be obtained from Theorem 1.1 in the
same way as Theorem 1.2 and so the uniqueness result in [3], Theorem A, leads to the
following remark.

REMARK 1.1. The restrictionN � 7 in Theorem 1.1 cannot be removed. Indeed, the the-
orem is false forN � 6.

Theorem 1.2 does not give any answer to the existence of infinitely many solutions
to (CP) whenN � 6. In such a case it is only known the negative answer for radial solu-
tions and the affirmative one for symmetric domains. Here we shall show through different
techniques that whenN � 4, for λ ∈]0, λ1[, problem (CP) has at leastN2 + 1 (pairs of )
solutions (see [20]).

1.2. Elliptic problems at subcritical growth on the whole domain

Let us consider the problem

{
−�u+ a(x)u= |u|p−2u in RN ,

u ∈H 1
(
RN
)
,

(P)

whereN � 2, p > 2 andp < 2N/(N − 2) whenN > 2, and the potentiala(x) is a con-
tinuous function, positive inRN , except at most a bounded set, satisfying suitable decay
assumptions. We do not impose any symmetry property toa(x).
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Problems like (P) naturally arise in various branches of Mathematical Physics, indeed
the solutions to (P) can be seen as solitary waves (stationary states) in nonlinear equations
of the Klein–Gordon or Schrödinger type, moreover, they present specific mathematical
difficulties that make them challenging to the researchers.

The solutions to problem (P) can be searched as critical points of the energy functional
I :H 1(RN )→ R defined by

I (u)= 1

2

∫

RN

(
|∇u|2 + a(x)u2)dx − 1

p

∫

RN
|u|p dx. (1.2)

The usual variational methods, that allow to prove the existence of infinitely many solu-
tions to (P) in a bounded domain, cannot be straightly applied toI . Indeed, the embedding
j :H 1(RN )→ Lp(RN ) is continuous but not compact, therefore the basic Palais–Smale
condition is not satisfied byI at all the energy levels. This difficulty can be avoided when
a(x) enjoys some symmetry. Indeed, the first known results have been obtained consid-
ering a(x) = a(|x|) or evena(x) = a∞ ∈ R+ \ {0} (see [8,9,16,17,35,42]). In this case,
the restriction ofI to H 1

r (R
N ), the subspace ofH 1(RN ) consisting of spherically sym-

metric functions, restores compactness, because the embedding ofH 1
r (R

N ) into Lp(RN )
is compact. So, the existence of a positive solution to (P) can be proved either by using
mountain pass theorem or by minimization on a natural constraint, while the existence of
infinitely many solutions follows by standard minimax arguments. Moreover, it is worth
recalling that, still under the assumptiona(x) = a(|x|), one can also find the existence
of infinitely many nonradial changing sign solutions, breaking the radial symmetry of the
equation (see [6] and reference therein).

Whena(x) does not enjoy any symmetry property, the problem becomes more difficult
and even proving the existence of one positive solution is not a trivial matter. This situation
requires a deeper understanding of the nature of the obstructions to the compactness and
the use of more subtle tools. Most of the researches have been concerned with the case

lim
|x|→+∞

a(x)= a∞ > 0 (1.3)

so that (P) can be related to the “problem at infinity”,

−�u+ a∞u= |u|p−2u in RN . (P∞)

A first answer to the existence question has been given proving that, in some cases, being
true some inequalities relating (P) and (P∞), the concentration–compactness principle can
be applied and (P) can be solved by minimization [28]. This is the case, for instance, when
a(x) is a continuous function that, besides (1.3) and some decay assumptions, satisfies

0< δ1 � a(x)� a∞ ∀x ∈ RN . (1.4)

Subsequently, a careful analysis of the behavior of the Palais–Smale sequences (see [4,7])
has allowed to state that the compactness can be lost (in the sense that a PS sequence does
not converge to a critical point) if and only if such a sequence breaks into a finite number
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of solutions to (P∞) which arecenteredat points which go to infinity. As a consequence, it
has been possible to give an estimate of the energy levels in which the PS condition fails in
terms of the energy of such masses and to face better some existence and multiplicity ques-
tions for (P). Indeed, the existence of a positive solution to (P) has been proved (see [4])
even when a ground state solution cannot exist, that is, for instance, when, besides (1.3)
and suitably decay assumptions, the potential satisfies the conditiona(x) > a∞ ∀x ∈ RN ;
moreover, under conditions (1.3), (1.4) and a suitable decay at infinity, it has been shown
the existence of a changing sign solution in addition to the positive one (see [33]).

To conclude this brief review of known results, let us mention that there is some other
work involving the use of variational methods to deal with standing waves of nonlinear
Schrödinger equations. Some of these papers mainly deal with the existence of solutions
to (P) using mountain pass and comparison arguments. See, e.g., [21,38] as well as the
references therein. In particular, we point out that in [38] the existence of a positive and a
negative solution is proved, provided

(i) inf
RN
a(x) > 0, (ii ) lim

|x|→+∞
a(x)= +∞, (1.5)

while in [5] the existence of a third changing sign solution is shown.
Some other papers study cases in which the potentiala(x) possesses nondegenerate crit-

ical points and depends on a parameter, i.e., it appears likeah(x) = a(hx), and contain
results of multiplicity of positive solutions under restrictions on the size ofh (see [1,23,36]
and fora(x) of a special form [34]). Finally we remind that, under assumptions of period-
icity on a, (P) has been shown to posses infinitely many solutions (see [18]).

Following [13], we shall assume the functiona to satisfy the following conditions.
(a1) a ∈ C1(RN ,R);
(a2) lim inf |x|→+∞ a(x)= a∞ > 0;
(a3) ∂a

∂ 4x (x)e
α|x| −→

|x|→+∞
+∞ ∀α > 0, where∀x ∈ RN \ {0}, 4x = x/|x|;

(a4) there exists a constantc̄ > 1 such that

∣∣∇τxa(x)
∣∣� c̄ ∂a

∂ 4x (x) ∀x ∈ RN : |x|> c̄,

where∇τxa(x) denotes the component of∇a(x) lying in the hyperplane orthogonal to4x
and containingx.

Therefore, in such a setting, we shall prove the next theorems. The ingredients of the
proof recall the techniques and the estimates employed in the previous case for the problem
at critical growth on a bounded domain. The analogous of the subcritical problem (SP) is,
in this case, the same problem (P) on a bounded domain or, more specifically, on a ballBr
centered in the origin, with homogeneous Dirichlet boundary conditions. Givenr > 0, we
shall therefore consider the approximating problem

{−�u+ a(x)u= |u|p−2u in Br (0),

u= 0 on ∂Br (0).
(APr )
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The first theorem states a compactness property of the bounded sets of solutions to the
approximating problems.

THEOREM 1.3. Assume thata(x) satisfies(a1)–(a4). LetU ⊂H 1(RN ) be a bounded set
consisting of solutions to(APr ) for somer > 0.ThenU is a precompact subset ofH 1(RN ).

From such compactness property we shall deduce the infinite multiplicity result.

THEOREM 1.4. If a(x) satisfies the assumptions(a1)–(a4), then (P) has infinitely many
solutions.

Let us consider a sequence of balls inRN , Brn(0)= {x ∈ RN : |x|< rn}, rn −→
n→+∞

+∞,
and the related problems(Pn)= (APrn) approaching (P).

Since it is possible to prove that, for everyn, (Pn) possesses infinitely many solutions,
obtained by constructing infinitely many critical levels for the related functionals as min-
imax on suitable classes of functions, it is a natural idea considering sequences{un} of
solutions to (Pn), corresponding to minimax classes of the same type, and then trying to
pass to the limit.

Clearly, once again, we need to prove that such sequences are precompact. Hence some
additional tool is needed to control the situation. This is again a local Pohozaev-type in-
equality that, combined with some uniform decay estimates and integral bounds on any
bounded sequence of solutions to (Pn), allows to conclude that, under our assumptions,
the lack of compactness due to translations cannot occur for such sequences because it is
possible, in principle, but it is not convenient in order to minimize the functional.

REMARK 1.2. It is worth pointing out that, if in (P) we replaceRN by RN \ �Ω , where
Ω is any bounded smooth open set inRN , Theorem 1.4 is still true, because the arguments
we shall develop still hold after very simple modification.

1.3. Concentration–compactness tools

The presence of the critical exponent in the Sobolev embedding and the unbounded mea-
sure of the domain does not allow using the classical compactness techniques based on
Rellich theorem but requires more fine tools as the ones studied by Lions in [28,29]. Com-
pactness theorems are due to Struwe [45,46] for the problem at critical growth and to Benci
and Cerami [7] for the problem on the whole domain. We shall follow the approach pur-
sued in [42], where a sufficiently general statement including the two previous results is
given. To this aim let us begin by introducing some terminology.

We shall callscalingof centerx0 andmodulusσ the mappingρ :x �→ x0 + σ(x − x0).
In order to have always the possibility to compose two scalings, we shall include among
them also the translations, which are the product of two scalings with inverse moduli and
different centers. In such a case there is no center, the modulus is of course 1 and the func-
tion is determined by the translation vector. If(ρn)n∈N is a sequence of scalings we shall
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say that it isdiverging by concentrationif the corresponding sequence of the moduli di-
verges to+∞. We shall say that it isdiverging by vanishingif the corresponding sequence
of the moduli converges to zero and that it isdiverging by translationif the corresponding
sequence of the moduli is bounded and bounded away from zero and the corresponding se-
quence of the centers or of the translation vectors is diverging. We shall say that(ρn)n∈N is
divergingif every subsequence admits a subsequence which is diverging by concentration
or by vanishing or by translation. Two sequences of scalings(ρn)n∈N and(ρ′

n)n∈N are said
to be mutually divergingif the sequence((ρn)−1 ◦ ρ′

n)n∈N is diverging. Ifρ is a scaling
with modulusσ andu is a function defined onRN , for α ∈ R fixed, we shall refer to the
functionλαu ◦ ρ as the scaled functionu by ρ and we shall denote it by the symbolρ(u).
Fixed 1� p < +∞, we shall takeα = N/p in order to keep invariant theLp norm and
α = N/p∗, for p < N , to keep invariant theH 1,p norm. We shall transfer to the scalings
of the functions the same terminology which we have introduced for the scalings of the
variable.

It turns out that a sequence of scalings(ρn)n∈N is diverging if for everyu the sequence
(ρn(u))n∈N weakly converges to zero or, equivalently, if there exists at least one function
u �= 0 such that(ρn(u))n∈N weakly converges to zero. In such a case, we can pass to a
subsequence which is diverging by concentration or vanishing or translation.

DEFINITION 1.1. LetU ⊂ H 1,p(RN) be a bounded subset, we shall say thatU has a
bounded scaleif, for every diverging sequence of scalings(ρn)n∈N and for every sequence
(un)n∈N ⊂ U , the sequence of scaled functions(ρn(un))n∈N weakly converges to zero
in Lp

∗
(RN ).

The following theorem has been proved in [42].

THEOREM 1.5. Let (un)n∈N be a given bounded sequence of functions inH 1,p(RN), with
indexp satisfying1< p < N . Then, replacing(un)n∈N with a suitable subsequence, we
can find a sequence of functions(ϕi)i∈N belonging toH 1,p(RN) and, in correspondence
of any indexi, we can find a sequence of scalings(ρin)i∈N in such a way that the sequence
(ρin(ϕ)i)i∈N is summable inH 1,p(RN), uniformly with respect ton, and that the sequence
(un −∑i∈N

ρin(ϕ)i)n∈N converges to zero inLp
∗
. Moreover, we have that, for any pair of

indexesi and j , the two corresponding sequences of scalings(ρin)i∈N and (ρjn)i∈N are
mutually diverging, that

+∞∑

i=0

‖ϕi‖p1,p �M, (1.6)

whereM is the limit of(‖un‖p1,p)n∈N, and that the sequence(un −∑i∈N
ρin(ϕ)i)n∈N con-

verges to zero inH 1,p(RN) if and only if (1.6) is an equality.

REMARK 1.3. We notice that the above theorem still holds in the more general context
of Lorentz spacesL(p∗, q) for q > p, it does not hold in the caseq = p. Moreover,
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it is equivalent to state the compact embedding of bounded subsets ofH 1,p(RN) with a
bounded scale intoL(p∗, q) for q > p (see [42]).

REMARK 1.4. In the above theorem all the limitsϕi are the weak limits of(ρin)
−1(un).

Since for any two indexesi, j the corresponding sequences of scalings are mutually di-
verging, there exists at most one indexi such thatρin admits the limit scaling. We shall
denote by 0 such an index. Thus, it is not restrictive to assumeρ0

n = id and so thatϕ0 is the
weak limit of the sequence. We always reserve the index 0 to this aim, by takingϕ0 as the
weak limit of (un)n∈N even whenϕ0 = 0 and it does not need to be taken into account in
Theorem 1.5. Fori � 1 we can suppose, by passing to a subsequence, that every sequence
(ρin)n∈N is diverging by concentration or by vanishing or by translation.

It is quite clear from the above theorem that the deviation from compactness for a PS
sequence of the problem at critical growth on a bounded domain can be controlled by se-
quences of scalings only diverging by concentration. Whereas, for the subcritical problem
on the whole domain the analogous phenomenon can be controlled inLp by scalings only
diverging by translation.

DEFINITION 1.2. Let (un)n∈N ⊂ H 1,p(RN ) be a given sequence. We shall say that
(un)n∈N is a fragmented sequence inH 1,p or, respectively, inLq if there exists a finite
numberk � 1 of functionsϕ0, ϕ1, . . . , ϕk belonging toH 1,p(RN ) and in correspondence
of any indexi � 1, there exists a sequence of mutually diverging scalings(ρin)i∈N such that
the sequence(un − ϕ0 −∑i ρ

i
n(ϕ)i)n∈N converges to zero inH 1,p(RN ) or, respectively,

in Lq .

DEFINITION 1.3. Let (un)n∈N be a fragmented sequence. In the case all of theρin for
i � 1, are diverging by concentration, we shall say that the sequence is concentrating. If all
of theρi for i � 1, are diverging by translation we shall say that the sequence is broken.

Now we are in a position to apply the above results to the analysis of the two elliptic
problems under consideration. Let us begin with problem (CP).

1.3.1. Concentrating sequences.Givenσ > 0 andx̄ ∈ RN , let us consider the following
scaled function

ρ(u)= uσ :x �→ σN/2
∗
u
(
x̄ + σ(x − x̄)

)
,

where the choice of the exponentα = N/2∗ makes the scaling operationρ keep constant
the norms‖∇uσ‖2 and‖uσ‖2∗ .

In order to produce estimates on the values of solutionsu to (SP), we observe thatv = |u|
(extended by zero out ofΩ) solves

{
−�v � bv2∗−1 +A,
v ∈H 1

(
RN
)
, v � 0,

(EI)
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in the sense of distributions, whereb is any coefficient greater than one andA =
− inf(bs2

∗−1 − sp−1 − λs) (taken for 1� p � 2∗, s > 0) is a constant which does not
depend onu andp. Sinceb can be trivially normalized, we shall always takeb= 1 in (EI).
So most of the estimates employed for the solutions to (SP) will be derived for solutions
to (EI) in H 1(RN ) and this will let us free from caring about the sign ofu or taking into
account the domainΩ .

DEFINITION 1.4. Let(un)n∈N be a given sequence. We shall say that(un)n∈N is
• acontrolled sequenceif eachun is a solution to (EI),
• abalanced sequenceif eachun solves (SP) for somep ∈ [2,2∗].

REMARK 1.5. As we have already pointed out, the absolute value of every solution to (SP)
(under an extension by zero out ofΩ and multiplied by a constant) is also solution to (EI).
Therefore any sequence consisting, term by term, of the absolute value of a balanced se-
quence is a controlled sequence. On the other side, when we shall deal with controlled
sequences, we shall know that each term is positive and thatΩ = RN .

REMARK 1.6. Let(un)n∈N be any PS sequence forIλ. Then, if a sequence of functions
(ϕi)i∈N is as in Theorem 1.5, for everyi � 1, ϕi solves (CP) inH 1(RN ) with λ= 0 and,
in particular, (EI) withA= 0.

Since every solution to (EI) withA= 0 has theH 1
0 norm greater or equal to a positive

constant (see Remark 1.10), then from the above results we get the existence of a con-
stantC > 0 such that‖ϕi‖H1

0
> C for every i � 1. Since the sequence of such norms is

summable, one can conclude that there are only finitely manyϕi . Therefore we are lead to
recall the main result due to Struwe in [45] as a corollary of Theorem 1.5 and so we have
the following statement which is appropriate to deal with the present situation.

THEOREM 1.6. Let (un)n∈N be a noncompact PS sequence. Then, by replacing(un)n∈N

with a suitable subsequence, there exists a finite numberk, depending on a boundM on
‖un‖H1

0
(namelyk �MS−N/2, whereS is the Sobolev constant), of global solutionsϕi

to (CP) in H 1(RN ) with λ = 0 with correspondingk sequences of mutually diverging
scalings(ρin)n∈N with respective concentration pointsxin and diverging moduliσ in (i.e.,
limn→+∞ σ in = +∞) such that

un −
k∑

i=1

ρin(ϕi)→ ϕ0 in H 1
0 (Ω), (1.7)

whereϕ0 is the weak limit of the sequence and solves(CP).

PROOF. Let (un)n∈N be a PS sequence and letvn ∈ H 1
0 minimize the distance from∑k

i=0ρ
i
n(ϕi) in H 1(RN ) for every n ∈ N. Then we havevn − ∑k

i=0ρ
i
n(ϕi) → 0
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in H 1(RN ). We notice that(vn)n∈N is a PS sequence, since all of theϕi are solutions
to (CP) inH 1(RN ). Then, by an integration by parts, by denoting byεn a small term in the
H−1 norm, we get

∫

RN

∣∣∇(un − vn)
∣∣2 dx

=
∫

Ω

∣∣∇(un − vn)
∣∣2 dx

= −
∫

Ω

�(un − vn)(un − vn)dx

=
∫

Ω

(
|un|2

∗−2un − |vn|2
∗−2vn + λ(un − vn)+ εn

)
(un − vn)dx

=
∫

Ω

(
|un|2

∗−2un − |vn|2
∗−2vn + λ(un − vn)

)
(un − vn)dx

+
∫

Ω

εn(un − vn)dx.

Sinceun andvn are bounded inL2∗
, |un|2

∗−2un and|vn|2
∗−2vn are bounded inL2∗′

. More-
over, by Theorem 1.5 we know thatun − vn → 0 in L2∗

, so we have the first term on the
right-hand side converging to zero by duality. Furthermore, sinceun andvn are bounded
in H 1(RN ) andεn → 0 in H−1 we have that also the second term on the right-hand side
converges to zero inH 1 and so the thesis is proved. �

Theorem 1.6 says, in other terms, that from any noncompact PS sequence we can ex-
tract a concentrating sequence inH 1. Given any concentrating sequence, we shall also
consider the scalingsρin and the limit functionsϕi (which are not uniquely determined by
Theorem 1.6) as also given.

The next statement, which can be seen as a variant of Theorem 1.6, allows us to say that
also from a noncompact balanced sequence(un)n∈N we can always extract a concentrating
sequence, even if we do not know if(un)n∈N is a PS sequence.

LEMMA 1.1. Let (un)n∈N be a noncompact bounded balanced sequence inH 1
0 (Ω). Then

from (un)n∈N we can extract a concentrating subsequence inH 1
0 .

PROOF. Under a null extension ofun to the whole ofRN , we can use the structure theorem
for bounded sequences Theorem 1.5. Then we shall show that for everyi � 1, |ϕi | solves
(EI) with A = 0. Indeed,(ρin)

−1|un| → |ϕi | and |un| solves (EI). If we denote byνn the
modulus of(ρin)

−1 we haveνn → 0. By scaling|un|, we have

−�
(
ρin
)−1|un| �

(
ρin
)−1|un|2

∗−1 + ν(N+2)/2
n A, (1.8)
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which, passing to the weak limit, gives (EI) forv = |ϕi | andA= 0. This implies, in partic-
ular, that‖ϕi‖ � SN/4, whereS is the Sobolev constant, see Remark 1.10, so we have an
estimate on the number of the limitsϕi , i � 1. Finally, we can show that (1.7) holds as in
the proof of Theorem 1.6. �

REMARK 1.7. A more detailed argument, see [19], Lemma 6.2, shows that, while
ϕ0 solves (CP) onΩ , everyϕi for i � 1, is a solution to (CP) on the whole domain for
λ= 0 multiplied by the number

µ= lim
n
ν

−N(N−2)/4(1−pn/2∗)
n � 1.

From now on we shall denote byσ in the modulus of the scalingρin, so that for every
giveni we haveσ in → +∞ asn→ +∞.

For everyi, j , through a selection argument, we can suppose that, for everyn ∈ N,
σ in � σ

j
n (or vice versa), then we can order the indexes in such a way that, for everyn ∈ N,

it resultsσ 1
n � σ 2

n � · · · � σ kn . Therefore, with such an ordering, we have thatρ1
n cor-

responds to a function concentrating inx1
n in the slowest way. For everyn ∈ N, we set

σn = σ 1
n andxn = x1

n .
To the aim of establishing some local uniform estimates around the concentration points,

we perform the following construction. In view of making estimates at a distance of the
order ofσ−1/2

n from the concentration pointxn, we need to exclude that, for a suitable con-
stantc, someone of the functionsϕi , for i � 1, could have a concentration pointxin closer

to ∂B
cσ

−1/2
n
(xn) thanσ−1/2

n (let us recall thatxn corresponds to the function concentrating
in the slowest way), thus we argue as follows. For anyn ∈ N, let us considerk concentric
annuli of width 7σ−1/2

n and centered inxn. Since, by Theorem 1.6, the total number of
global solutionsϕi is k, we are sure that among those annuli there is at least one without
any concentration pointxin. Let A0

n be that annulus. Sincek �MS−N/2 does not depend
by n, this procedure allows, passing to a subsequence, to choose a constant�C, which
does not depend onn, such that 1� �C � 7k + 1 � 7MS−N/2 + 1, and such thatA0

n =
B
(�C+7)σ−1/2

n
(xn) \ �B�Cσ−1/2

n
(xn). Then we setA1

n = B
(�C+6)σ−1/2

n
(xn) \ �B

(�C+1)σ−1/2
n
(xn),

A2
n = B

(�C+5)σ−1/2
n
(xn) \ �B

(�C+2)σ−1/2
n
(xn), A3

n = B
(�C+4)σ−1/2

n
(xn) \ �B

(�C+3)σ−1/2
n
(xn), get-

ting in this way four sequences of annuli, of width 7σ−1/2
n , 5σ−1/2

n , 3σ−1/2
n andσ−1/2

n ,
respectively, such that, fori = 1,2,3, Ai−1

n is theσ−1/2
n -neighborhood ofAin. So when

i increasesAin gets thinner and we are going to establish finer estimates on it. Wheni = 0
we only know thatA0

n does not contain concentration pointsxin, we shall see in Section 2
how this rough estimate improves, in the case of a balanced sequence, fori = 1,2,3. When
we shall deal with a balanced sequence(un)n∈N, we shall assume to have fixed a constant�C
as above and so we shall consider the four sequencesAin as also given and we shall call
such setssafe regionsof (un)n∈N.
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1.3.2. Broken sequences.We pass now to the analogous analysis for problem (P). Let
us begin by considering some inequalities, related to (P), that will be useful in producing
estimates on the solutions to the approximating problems:





−�u+ a(x)u� up−1 in RN ,

u� 0 in RN ,

u ∈H 1
(
RN
)
,

(EI1)





−�u+ a∞u� up−1 in RN ,

u� 0 in RN ,

u ∈H 1
(
RN
)
.

(EI∞)

We remark that ifu is weak solution of
{

−�u+ a(x)u= |u|p−2u in Ω,

u ∈H 1
0 (Ω),

(PΩ )

Ω ⊆ RN , then|u|, extended by 0 out ofΩ , is a weak solution of (EI1).
According to the previous definitions, we shall say that(un)n∈N is a balanced sequence

if, for everyn, un is a nontrivial weak solution to (APrn ), where(rn)n∈N, rn ∈ R+, is any
sequence so thatrn > 0 and that it is a controlled sequence if, for eachn, un is a nontrivial
weak solution to (EI1). Once again we remark that to any balanced sequence(un)n∈N

there corresponds a controlled sequence(vn)n∈N, wherevn = |un| in Brn(0) andvn = 0
in RN \Brn(0).

REMARK 1.8. We see that, given any balanced sequence(un)n∈N and a sequence of trans-
lation vectors(tn)n∈N, tn ∈ RN , |tn| −→

n→+∞
+∞, if

u(·)= lim
n→+∞

un(· − tn) a.e. inRN ,

then|u| is a weak solution of (EI∞).

A basic tool to face problems in unbounded domains has been the analysis of the
PS sequences behavior and the information that in the framework of Theorem 1.5,
when (1.3) is satisfied, a noncompact PS sequence differs from its weak limit by one or
more sequences that, after suitable translations, go to a solution of (P∞) (see [7] and [4]).

Here, since our aim relies in finding solutions to (P) that are limit of balanced sequences,
we need to know how a noncompact bounded balanced sequence can look like. Moreover,
since we want to analyze a rather general case by working with (a2) instead than (1.3), we
cannot state the existence of a limit equation corresponding to (P). Nevertheless, by virtue
of the previous considerations about the behavior of the balanced sequences and taking
into account Remark 1.8, it is easy to realize that in our case the role of the limit problem
can be played by(EI∞). The following lemma gives the necessary information leading to
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the conclusion that the set of norms of the solutions to(EI∞) is bounded from below by a
positive constant.

LEMMA 1.2. There exists a positive constantC0> 0 such that for any nontrivial solution
ϕ to (EI∞)

‖ϕ‖p � C0 (1.9)

holds.

PROOF. Let ϕ be a nontrivial solution to(EI∞), thenϕ satisfies

‖∇ϕ‖2
2 + a∞‖ϕ‖2

2 � ‖ϕ‖pp.

By using Sobolev embedding theorem and by interpolating theLp norm (taking into ac-
count that 2<p < 2∗) we have

S‖ϕ‖2
2∗ + a∞|ϕ|22 � ‖ϕ‖pp �

(
‖ϕ‖α2∗‖ϕ‖1−α

2

)p
,

whereS denotes the best Sobolev constant andα ∈ (0,1) is such thatα/2∗ + (1− α)/2=
1/p. By applying Young inequality, we get

‖ϕ‖α2∗‖ϕ‖1−α
2 � α‖ϕ‖2∗ + (1− α)‖ϕ‖2

� k1
[(√

S‖ϕ‖2∗ + √
a∞‖ϕ‖2

)2]1/2

� k121/2(S‖ϕ‖2
2∗ + a∞‖ϕ‖2

2

)1/2
,

wherek1 is chosen so thatk1 � max(α/
√
S, (1− α)/√a∞ ). Hence,

(
S‖ϕ‖2

2∗ + a∞‖ϕ‖2
2

)p/2−1
�

1

k12p/2

and so we deduce, as desired,‖ϕ‖p � C0 > 0, whereC0 is a constant not depending
onϕ. �

Taking advantage of Lemma 1.2 and by using the previous arguments, we can state the
following assertions as corollaries of Theorem 1.5. Such results provide the desired picture
of the controlled and therefore of the balanced sequences behavior.

PROPOSITION1.1. Leta(x) satisfy(a1) and(a2). Let(un)n∈N be a noncompact controlled
sequence bounded inH 1(RN ). Then, there exists a subsequence(still denoted byun) for
which the following holds: there exist an integerk > 0, nontrivial solutions to(EI∞) ϕi ,
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1� i � k, sequences(t in)n∈N, 1� i � k, such that

un −
k∑

i=1

ϕi
(
· − t in

)
→ ϕ0 in Lp

(
RN
)
,

(1.10)∣∣t in
∣∣ −→
n→+∞

+∞,
∣∣t in − tjn

∣∣ −→
n→+∞

+∞, 1� i �= j � k.

Now we are going to apply the same idea, used in dealing with the concentrating se-
quences, to the present case of diverging sequences. Specifically, we shall proceed in or-
dering the sequence of translation vectors and in constructing suitable regions on which
we shall establish local uniform estimates. Thus, given any broken sequence(un)n∈N, we
assume as given also the functionsϕi and the translation vectorst in (even if they are not
uniquely determined) that appear in (1.10). Through a selection argument, we can suppose
that, for everyn ∈ N, |t in| � |tjn | (or vice versa), then we can order the indexes in such a
way that, for everyn ∈ N, it results|t1n | � |t2n | � · · · � |tkn |. For everyn ∈ N, we settn = t1n
the basic sequence of translations. In view of constructing the safe regions of the space to
associate to any broken sequence, we introduce the following terminology.

DEFINITION 1.5. LetA⊂ RN be a subset ofRN andv ∈ RN a pointv /∈A. We callcone
of vertexv generated byA the smallest set containingA and positively homogeneous with
respect to the vertexv, i.e., the set

{
w ∈ RN |w = v+ λ(x − v), x ∈A,λ ∈ R+}.

Let (un)n∈N be a broken sequence and let(tn)n∈N be the above defined sequence. In
view of making estimates involving diverging sequences, we shall work in thesafe regions
connected with the basic sequence of translations in which we can deduce some a priori
estimates which are not affected by the presence of other masses which are escaping to
infinity. This time we shall not be concerned with annuli (so set differences of concentric
balls) centered inxn but with set differences of coaxial cones with the axis parallel totn.
In order to avoid the other masses, we have to perform a similar argument to the one used
for (CP). To this aim we proceed in constructing the following sequences of subsets ofRN

related to(tn)n∈N. For anyn ∈ N, let us consider the coneCn with vertextn/2 and generated
by a ballBRn(tn). We begin by taking the coneC1,n generated by the ballB1,n = Brn(tn),
where

rn = γ̂

k

|tn|
2

with 0< γ̂ <min

(
1

5
,

1

4(c̄+ 1)

)
, (1.11)

c̄ being the constant appearing in (a4). If ∂C1,n ∩ Brn/2(t in)= ∅ for all t in �= tn, 1� i � k,
we setCn = C1,n andRn = rn, otherwise we consider the larger coneC2,n having vertex
tn/2 and generated byB2rn(tn). Since|tn| � |t in|, 1 � i � k, for any indexi for which
∂C1,n ∩ Brn/2(t in) �= ∅, we haveBrn/2(t

i
n) ⊂ C2,n, and we setCn = C2,n if ∂C2,n does not

touch any of the other ballsBrn/2(t
i
n), t

i
n �= tn. Otherwise we pass to the coneC3,n, having
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vertextn/2, generated byB3rn(tn) that surely contains the balls, of radiusrn/2 centered at
the pointst in, touching∂C2,n.

We iterate this procedure and, since the number of the functionsϕi is k, we are sure
that after at mostk steps, we can associate totn a coneCn, having vertextn/2, generated
by a ballBRn(tn), with γ̂

k
|tn|
2 = rn � Rn � krn = γ̂ |tn|

2 , having the property that∂Cn ∩
Brn/2(t

i
n)= ∅, for any indexi, 1� i � k, such thatt in �= tn.

REMARK 1.9. Letθn denote the width angle of the coneCn. We emphasize that, since
Rn = |tn|

2 tanθn, then

0<
γ̂

2k
� tanθn � γ̂ <min

(
1

5
,

1

4(c̄+ 1)

)
.

Now we introduce some tools which will be useful in dealing with problem (P). Let
s ∈ R andn ∈ N, we consider the cones

Cs,n = Cn − s4tn (1.12)

and the regions around the boundary ofCn

S2s,n = Cs,n \ C−s,n. (1.13)

Lastly we set

Sn = RN
/ k⋃

i=0

Brn/2
(
t in
)
. (1.14)

1.4. Natural constraint

The existence and the multiplicity results related to problems (CP) and (P) will be achieved
by working with variational methods on the so-called natural constraint manifold, which is
a subsetV of H 1

0 which contains all the critical points of a functionalI and such that every
constrained critical point ofI onV is a critical point with respect to the whole space. We
shall introduce this concept for the case of (CP), the other case is analogous.

Let

I (u)= 1

2

∫

Ω

|∇u|2 − λ

2

∫

Ω

|u|2 − 1

p

∫

Ω

|u|p (1.15)

be the functional corresponding to (SP). We introduce thenatural constraintV for the
functionalI as the manifold defined by

V =
{
u | u �= 0,∇I (u) · u= 0

}
. (1.16)
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Then the defining equation for the natural constraint is

Φ(u)=
∫

Ω

|∇u|2 − λ
∫

Ω

|u|2 −
∫

Ω

|u|p = 0. (1.17)

PROPOSITION1.2. For everyu ∈ V , the following properties hold true:
(i) I (u) > 0;

(ii) I (u) > c > 0, if λ < λ1;
(iii) I (u)� 1

N
SN/2, if λ= 0 andp = 2∗, whereS is the Sobolev constant.

PROOF. By (1.17), a simple computation gives that, for everyu ∈ V ,

I (u)=
(

1

2
− 1

p

)(∫

Ω

|∇u|2 − λ
∫

Ω

|u|2
)

=
(

1

2
− 1

p

)∫

Ω

|u|p > 0. (1.18)

So by (1.18), (i) follows. Ifλ < λ1, then

∫

Ω

|∇u|2 − λ
∫

Ω

|u|2 � c‖u‖2
H1(Ω)

� c‖u‖2
p

and hence, by (1.17),

‖u‖2
p � c‖u‖pp, (1.19)

from which we have by the Sobolev embedding‖u‖p � c. Finally, by combining this last
inequality with (1.18) we have

I (u)=
(

1

2
− 1

p

)∫

Ω

|u|p � c

and so we get (ii). Moreover, whenλ = 0 andp = 2∗, u ∈ V implies ‖∇u‖2
2 = ‖u‖2∗

2∗

therefore, by the Sobolev inequality, we haveS � ‖u‖2∗−2
2∗ and so‖u‖2∗

2∗ � S2∗/(2∗−2) =
SN/2. Then, by (1.18), we finally get

I (u)=
(

1

2
− 1

2∗

)
‖u‖2∗

2∗ �
1

N
SN/2

from which (iii) follows. �

REMARK 1.10. The proof of (iii) also applies to positive solutions to (EI) whenA � 0,
since we only use the inequality‖∇u‖2∗

2 � ‖u‖2∗
2 , trivially implied by (EI).

The main property ofV is stated in the following proposition.

PROPOSITION1.3. Let (un)n∈N ⊂ V be a constrained PS sequence forIλ. Then(un)n∈N

is a PS sequence forIλ.



538 S. Solimini

PROOF. Passing to a subsequence we can assumeI (un) → c � 0. If c = 0, by (1.18)
we get ‖u‖p → 0, so ‖u‖2 → 0 by Hölder inequality and finally‖u‖H1 = (‖u‖pp +
λ‖u‖2

2)→ 0 by the constraint equation (1.17). Soun → 0 and therefore(un)n∈N is a PS
sequence. Thus let us assumec > 0. For everyn ∈ N, we have

∇I (un)= µn∇Φ(un)+ rn,

wherern is an infinitesimal term inH−1(Ω) andµn is the Lagrange multiplier. Then, for
everyn ∈ N,

∇I (un)= µn
(
∇2I (un) · un + ∇I (un)

)
+ rn. (1.20)

After an easy computation, multiplying both the sides of (1.20) byun and integrating, we
get from (1.20)

(1−µn)
(∫

Ω

|∇un|2 − λ
∫

Ω

|un|2 −
∫

Ω

|un|p
)

= µn
(∫

Ω

|∇un|2 − λ
∫

Ω

|un|2 − (p− 1)
∫

Ω

|un|p
)

+
∫

Ω

rn · un,

and, by taking into account the constraint equation (1.17), we have

(p− 2)µn

∫

Ω

|un|p =
∫

Ω

rn · un.

Now, by estimating the term on the right-hand side of the previous equation and by (1.17),
we obtain

∫

Ω

rn · un � ‖rn‖H−1(Ω)‖un‖H1(Ω)

� ‖rn‖H−1(Ω)

(
‖un‖pp + λ‖un‖2

2

)1/2
,

wherec is a positive constant. So by Hölder inequality,

(p− 2)µn � c‖rn‖H−1(Ω)

(
‖un‖−p/2

p + ‖un‖1−p
p

)
.

Since‖rn‖H−1(Ω) → 0 and‖un‖pp → 2p
p−2c > 0, by virtue of (1.18) and the condition

c > 0, we getµn → 0 asn→ ∞. �

COROLLARY 1.7. Letu ∈ V be a constrained critical point forIλ. Thenu is critical point
for Iλ.
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1.5. Existence of a nontrivial solution for the problem at critical growth

In this subsection we shall only sketch the main arguments involved in the existence theory
in the caseN � 4 andλ < λ1, we refer to [46] and the references therein for a more detailed
treatment of the subject. On the other hand, the existence result is trivially implied by the
multiplicity theorem which we are going to prove in Section 4 and which does not make
use of this existence result. The only reason for which we are giving this sketch is to show
the difference between a compactness argument based on a level estimate, which is enough
to give the existence of a nontrivial solution and the compactness techniques required for
the multiplicity results.

We recall that forλ < λ1, since zero is an isolated point forV , we also have infV Iλ > 0.
To prove the existence of a nontrivial solution to the minimization problem forIλ we shall
assume to work with any minimizing sequence onV and then, by applying the results of
Section 1.3 and after some estimates, we shall conclude that along any of such a sequence
the functional cannot reach a level corresponding to a noncompact PS sequence and so, by
recovering compactness, the standard variational methods allow to state the existence of a
solution.

COROLLARY 1.8. Let (un)n∈N be a noncompact PS sequence forIλ. Then Iλ(un) →
c�N−1SN/2 asn→ ∞.

PROOF. Let (un)n∈N be a noncompact PS sequence, by Theorem 1.6 we know thatun →
ϕ0 +∑k

i=1ϕi , whereϕ0 solves the differential equation in (CP) onΩ and the functionsϕi ,
i = 1, . . . , k, are concentrated solutions onRN with λ= 0. Then

Iλ(un)→ Iλ(ϕ0)+
k∑

i=1

I0(ϕi)

asn→ ∞ and can easily estimate the terms in which the functional is split in the limit.
Indeed, by virtue of Proposition 1.2(iii), we have that for everyi � 1,

I0(ϕi)�N
−1SN/2.

So we can conclude that
∑k
i=1 I0(ϕi) � N−1SN/2. Since Iλ(ϕ0) � 0, we have the

thesis. �

At this stage to conclude the argument regarding the existence of a nontrivial solu-
tion to (CP) we only have to show that really infV Iλ < N

−1SN/2. To this aim we set
N � 4 and we consider the family ofTalenti functionsuσ , that is,uσ (x)= σ (N−2)/2u(σx),
whereu(x) = (N(N − 2))(N−2)/4(1 + |x|2)(2−N)/2. We may assume that 0∈Ω and we
can chooseη ∈ C∞

0 (Ω) be a fixed cut-off function such thatη = 1 in a neighborhood
BR(0) of 0. We setu∗

σ = ηuσ . After some computations based on the fact thatuσ op-
timize the Sobolev embedding and soI0(uσ ) = N−1SN/2, we get that, forσ > 0 large
enough, supα∈R Iλ(αu

∗
σ ) < N

−1SN/2. Indeed, the negative contribution due to the subcrit-
ical term−λ

∫
Ω

|u|2 turns out to be less infinitesimal than the positive variation ofI0(ηuσ )
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with respect toI0(uσ ) = N−1SN/2, due to the presence of the cut-off functionη, when
σ is sufficiently large. So we can findα ∈ R such thatαu∗

σ ∈ V and therefore we have
infV Iλ < N−1SN/2 and infV Iλ > 0 if λ < λ1. Consequently we get the existence of a
nontrivial solution to (CP).

1.6. Existence of a nontrivial solution for the problem on the whole domain

Also in this case we shall only give a brief sketch of the proof in a particular case, with the
same motivations as in the previous part.

Let

I (u)= 1

2

∫

RN

(
|∇u|2 + a(x)u2)dx − 1

p

∫

RN
|u|p dx

be the functional associated to the problem (P). Let us assume that lim|x|→+∞ a(x) =
a∞ > 0, a(x) < a∞ for everyx ∈ RN and let us consider the corresponding functional at
infinity

I∞(u)=
1

2

∫

RN

(
|∇u|2 + a∞u2)dx − 1

p

∫

RN
|u|p dx

which is associated to problem

−�u+ a∞u= |u|p−2u in RN . (P∞)

We introduce the natural constraintsV andV∞ related toI andI∞, respectively. By argu-
ing as in the previous case, sinceu= 0 is an isolated point forV , we begin by observing
that

I (u) > 0 ∀u ∈ V .

We setc∞ = infu∈V∞ I∞(u). As we have previously observed, in this case the failure of
compactness for a PS sequence can be controlled by scalings diverging by translation
and, in order to get the existence result, we have to exclude this case for a constrained
minimizing sequence onV . Thus, let(un)n∈N be a noncompact PS sequence forI ; by
Theorem 1.6, we know thatI (un)→ I (ϕ0) +

∑k
i=1 I∞(ϕi), whereϕ0 solves the differ-

ential equation in (P), and the functionsϕi , i = 1, . . . , k, are solutions to (P∞) and the
sequences of scalingsρin(ϕi) are diverging by translation. So, for such a sequence we have
I (un)→ c � c∞ and this shows that compactness is achieved for energy levels strictly
lower thanc∞. Therefore, to get the existence of a nontrivial solution to (P), it remains to
show that infV I (u) < c∞. To this aim letu∞ be a ground state solution to (P∞), fix α ∈ R

such thatαu∞ ∈ V . Then we haveI∞(u∞)= maxα∈R I∞(αu∞) and so

I (αu∞) < I∞(αu∞)� I∞(u∞)= c∞,

from which the condition infV I (u) < c∞ follows.
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2. Approximating problems and compactness of balanced sequences

This section is devoted to the proof of the two compactness theorems (Theorems
1.1 and 1.3), which are the most relevant step for proving the multiplicity of solutions
(the variational approach through approximating problems discussed in Section 4 presents
some difficulties but uses more standard ideas). We shall make use here of some estimates
on the solutions which we shall justify roughly, by explaining why we can expect them, but
which will be rigorously proved in the next section, which must be therefore considered as
an essential part of the present one and which will make the proofs complete. Nevertheless,
we prefer to develop the estimates in a separate section at the end, letting the reader already
know how they should be and should be used. Let us begin by pointing out that no similar
compactness result holds for PS sequences, as stated in the following easy remark.

REMARK 2.1. Problems(CP)and (P)admit noncompactPSsequences.

PROOF. For (CP) we just have to consider the cut-off Talenti functionηuσ considered in
the end of Section 1.5 by lettingσ = σn → +∞. For (P), whena has limita∞ at infinity,
we just have to fix a solution̄u to (P∞) and takeun(x)= ū(x + tn) with |tn| → +∞. �

The impossibility of proving complete compactness results for PS sequences is the rea-
son for which we are working with balanced sequences. The elements of a PS sequence
are close to be solutions of the problem while the elements of a balanced sequence arereal
solutions of a close problem and this makes a big difference: when we deal with the terms
of a balanced sequence, we know that we cannot have even a small improvement of some
functional of the same type under any local modification of the same order.

On the other hand, when some masses are concentrating or escaping to infinity, we shall
be able to produce a local modification which improves the value of the functional by
respectively perturbing the concentration parameter or the translation vector. From this
contradiction we shall be able to deduce the compactness theorems. The variation of the
functional under such a local modification will be evaluated by a local Pohozaev inequality
and the a priori decay estimates on the terms of a balanced sequence which will be found
in the next subsection, carried in such inequalities, will formally produce the contradiction.

2.1. Avoiding concentration

In this subsection, we shall test the presence of concentrations which would prevent us to
find solutions to (CP) as limits of a balanced concentrating sequence. To this aim, we shall
evaluate the infinitesimal variation of the functional corresponding to (SP) under a scaling
of a concentrated part ofun. Such a variation must be null because we are dealing with a
balanced sequence.

2.1.1. Local Pohozaev identity.The property that the variation of the functional under
a scaling operation is null or reduced to a boundary term is equivalent to the well-known
Pohozaev identity [37] which we must establish in a local form (namely without using
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boundary conditions) since it shall be tested on a small concentrated part of the func-
tionsun. We fix a general open smooth setB in RN and shall consider, more in general,
a semilinear elliptic equation of the form

−�u= g(u). (2.1)

LEMMA 2.1. Let u be a smooth solution to(2.1)on a smooth domainB and letG(u) be
a primitive of the functiong(u). Then the following equation holds true

N

∫

B

(
G(u)+ 1

2∗ g(u)u
)

= −
∫

∂B

(
1

2
|∇u|2(x · 4n)−G(u)(x · 4n)

)

+
∫

∂B

(∇u · x)(∇u · 4n)+ N

2∗

∫

∂B

(∇u · 4n)u. (2.2)

PROOF. Multiplying by u and integrating by parts, we get
∫

B

|∇u|2 =
∫

B

g(u)u+
∫

∂B

(∇u · 4n)u, (2.3)

where4n is the outward normal to∂B. Multiplying (2.1) for∇u · x, since

∇ ·
(
(∇u · x)∇u

)
=�u(∇u · x)+

(
∇(∇u · x)

)
· ∇u,

using the divergence theorem and by integrating by parts, we get
∫

B

−�u(∇u · x)

= −
∫

∂B

(∇u · x)(∇u · 4n)+
∫

B

∇u ·
(
∇2u · x + I · ∇u

)

= −
∫

∂B

(∇u · x)(∇u · 4n)+
∫

B

∇
(

1

2
|∇u|2

)
· x +

∫

B

|∇u|2

= −
∫

∂B

(∇u · x)(∇u · 4n)+ 1

2

∫

∂B

|∇u|2(x · 4n)+ 2−N
2

∫

B

|∇u|2. (2.4)

On the other side, integrating by parts we get
∫

B

g(u)(∇u · x)=
∫

B

∇G(u) · x =
∫

∂B

G(u)(x · 4n)−N
∫

B

G(u). (2.5)

Combining (2.18) with (2.5) we obtain

N

2∗

∫

B

|∇u|2 = N
∫

B

G(u)−
∫

∂B

G(u)(x · 4n)

−
∫

∂B

(∇u · x)(∇u · 4n)+ 1

2

∫

∂B

|∇u|2(x · 4n). (2.6)
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Finally, multiplying (2.3) for−N/2∗ and summing (2.6), we have (2.2). �

In the present case (i.e.,g(u)= |u|p−2u+ λu), (2.2) becomes
(
N

p
− N

2∗

)∫

B

|u|p + λ
∫

B

|u|2

= 1

p

∫

∂B

|u|p(x · 4n)+ λ

2

∫

∂B

|u|2(x · 4n)+
∫

∂B

(∇u · x)(∇u · 4n)

− 1

2

∫

∂B

|∇u|2(x · 4n)+ N

2∗

∫

∂B

(∇u · 4n)u. (2.7)

By a translation, we can move the origin to any fixed pointx0 ∈ RN and we can for-
get, beingp � 2∗, the positive term(N

p
− N

2∗ )
∫
B

|u|p, in order to obtain the following
“Pohozaev-type” inequality

λ

∫

B

|u|2 �
1

p

∫

∂B

|u|p
(
(x − x0) · 4n

)
+ λ

2

∫

∂B

|u|2
(
(x − x0) · 4n

)

+
∫

∂B

(
∇u · (x − x0)

)
(∇u · 4n)

− 1

2

∫

∂B

|∇u|2
(
(x − x0) · 4n

)
+ N

2∗

∫

∂B

(∇u · 4n)u, (2.8)

which we shall apply to the termsun of a balanced sequence, which enjoys (2.8) for
p = pn, on a suitable ballB = Bn.

2.1.2. Decay tools. The choice of the setBn in (2.8) is a crucial point in order to produce
the contradiction. We shall take asBn a ball around the concentration pointxn trying to let
Bn contain most of the concentrating mass, making the left-hand side of (2.8) consistent.
On the other hand, we must force the right-hand side to be small and, to this aim, we have
to take into account two opposite indications: (a)Bn must have a suitably small radius in
order to keep the measure of the integration domain∂Bn small; (b)Bn must have a suitably
large radius to keep the points of∂Bn far away from the concentration in order to make the
termu and∇u which appear in the integrals small. In order to guess a convenient choice
of the radius, we can focus on the simple case in which the numberk which appears in
Definition 1.2 is 1,un = ϕ0 + ρ1

n(ϕ1) exactly andϕ1 is a Talenti function (defined at the
end of Section 1.5). Sinceϕ0 is a smooth function, we easily find the bound

∀n ∈ N, ∀x ∈Ω:
∣∣un(x)

∣∣� c
(

1+
(

σn

1+ (σn|x − xn|)2
)(N−2)/N)

. (2.9)

So the values of|un| are of the order of 1 when|x − xn| reaches the order ofσ−1/2
n . In

such points we also have the bound

∀n ∈ N, ∀x ∈Ω:
∣∣un(x)

∣∣� cσ 1/2
n . (2.10)
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So a natural choice is to takeσ−1/2
n as the radius ofBn and to bring (2.9) and (2.10) into

the right-hand side of (2.8). In the general situation we must take care of several singulari-
ties corresponding to unknown functionsϕi and of the differenceun−∑k

i=0ρ
i
n(ϕi) which

is infinitesimal only inH 1. So we shall work on the safe regionsAin which are annuli at
a distance of the order ofσ−1/2

n from the less concentrated mass and avoid the other con-
centrations. In the next subsection we shall prove the following lemma which essentially
gives (2.9) in the most general setting.

PROPOSITION2.1. Let (un)n∈N be a controlled concentrating sequence. Then there exists
a constantC > 0 such that for anyn ∈ N and for anyx ∈ A2

n,

un(x)� C.

Passing to the smaller annulusA3
n we can also give (2.10) in an integral form.

PROPOSITION2.2. Let (un)n∈N be a controlled concentrating sequence. Then there exists
a constantC > 0 such that for anyn ∈ N,

∫

A3
n

|∇un|2 � Cσ
(2−N)/2
n . (2.11)

A simple mean value argument allows us to deduce the following corollary which
gives (2.10) in a boundary integral form.

COROLLARY 2.1. Let (un)n∈N be a controlled concentrating sequence. For any n ∈ N

there existstn ∈ [�C + 2,�C + 3] such that, denoting byBn the setB(xn, tnσ
−1/2
n ),

∫

∂Bn

|∇un|2 � Cσ
(3−N)/2
n , (2.12)

whereC is the constant in the above proposition.

REMARK 2.2. The ballBn appearing in the previous corollary is not yet, in general, the
set on which (2.8) is going to be tested. Indeed, we are not sure thatBn ⊂Ω . This inclusion
is not relevant as far as we work with a controlled sequence, whose terms can be assumed
defined on the whole ofRN , but must be forced if we want to deal with a balanced sequence
in view of applying the Pohozaev inequality (2.8).

2.1.3. Proof of Theorem 1.1. In this subsection we shall use the local Pohozaev identity
to prove that concentrations are not possible for balanced sequences in dimensionN � 7.

LEMMA 2.2. If N � 7 no concentrating sequence can be balanced.

PROOF. Let a concentrating sequence(un)n∈N be given and assume by contradiction that
it is balanced. Let us fixn ∈ N, we shall use (2.8) onBn = B(xn, tnσ−1/2

n ) ∩Ω , where
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tn is the same as in Corollary 2.1, and we shall split∂Bn = ∂iBn ∪ ∂eBn, where∂eBn
(empty in the case in which the concentration pointxn of the basic rescaled functionϕ is
sufficiently far from∂Ω) is ∂Ω ∩ �Bn. When∂eBn = ∅, to the aim of applying (2.8), we
shall takex0 equal to the concentration pointxn. Otherwise we shall takex0 out ofΩ such
thatd(x0, xn)� 2tnσ

−1/2
n and

∀x ∈ ∂eBn : 4n · (x − x0) < 0, (2.13)

where 4n is the outward normal to∂Bn (roughly speakingx0 is the “symmetric” ofxn
with respect to∂Ω). We want to show that (2.8) cannot hold true, in contradiction to the
assumption that the sequence is balanced. To this aim, we give a lower bound to the left-
hand side of (2.8) and a smaller upper bound to the right-hand side. For the first one, we
shall restrict the integral on the ballB ′

n = B(xn, σ−1
n ), which is contained inΩ for n large.

Then we have
∫

B(xn,σ
−1
n )

u2
n = σ−2

n

∫

B(xn,1)

((
ρin
)−1
(un)

)2
� const,

since, by Remark 1.4,(ρin)
−1(un)→ ϕi �= 0 andxn is bounded inRN , we see that the

left-hand side of (2.8) has a lower bound of the formCσ−2
n , for a suitable constantC.

Passing to the right-hand side, we firstly evaluate the possible contributions of∂eBn. On
such a set only two of the integrals must be taken into account because we haveun = 0
on ∂eBn ⊂ ∂Ω . For the same reason,∇un has the direction of4n and so the whole sum,
from (2.13), can be written as

1

2

∫

∂eBn

|∇un|2(x − x0) · 4n� 0.

So we can focus our attention to the integrals extended to∂iBn. Hence from Proposi-
tion 2.1, we get

λ

2

∫

∂iBn

|un|2
(
(x − x0) · 4n

)
+ 1

p

∫

∂iBn

|un|p
(
(x − x0) · 4n

)

� C

∫

∂iBn

(
(x − x0) · 4n

)
�Cσ

−N/2
n ,

and from Corollary 2.1 and our choice ofBn,

∫

∂iBn

|∇un|2|x − x0| � Cσ (2−N)/2
n .

Finally, from both Proposition 2.1 and Corollary 2.1, by the Hölder inequality,

∫

∂iBn

(∇un · 4n)un �

(∫

∂iBn

|∇un|2
)1/2(∫

∂iBn

|un|2
)1/2

� Cσ
(2−N)/2
n .



546 S. Solimini

Combining these estimates, we see that the right-hand side of (2.8) is therefore bounded
byCσ (2−N)/2

n . So (2.8) requires

λσ−2
n � Cσ

(2−N)/2
n , (2.14)

which whenN > 6, sinceσn → ∞, is clearly false forn large. �

Theorem 1.1 is an immediate consequence (essentially a restating which does not use
the terminology introduced in this chapter) of the above lemma.

PROOF OFTHEOREM 1.1. Let us suppose, by contradiction, that there exists a bounded
balanced sequence(un)n∈N such that

sup
n∈N

sup
x∈Ω

∣∣un(x)
∣∣= +∞.

A standard regularity argument [10] shows thatun cannot be compact inH 1, so
by Lemma 1.1 it has a balanced concentrating subsequence and this is excluded by
Lemma 2.2. �

2.2. Avoiding escaping masses

We shall now take into exam the case of a balanced sequence related to problem (P) and
we shall assume by contradiction that the sequence is broken, according to Definition 1.3.
This means, roughly speaking, that there are some massesϕi which are escaping to infinity.
So we are going to study the variation of the functional under a small translation of one of
such masses which brings it back to the origin.

2.2.1. Local Pohozaev identity for translations.The variation of the functional under the
translation of a solution is evaluated by a Pohozaev-type formula. Since we only want to
translate a part of the function, corresponding to one of the escaping masses, we must prove
such a formula in a local version, namely without assuming boundary conditions, as stated
in the next lemma.

We fix a general open smooth setB in RN and shall consider, more in general, a semi-
linear elliptic equation of the form

−�u= g(x,u). (2.15)

LEMMA 2.3. Letu be a smooth solution to(2.15)on a smooth domainB and letG(x, s)
be a primitive with respect tos of the functiong(x, s). Then the following equation holds
true

−
∫

B

∇xG(x,u) · 4t

=
∫

∂B

(
1

2
|∇u|2 −G(x,u)

)(
ν · 4t

)
−
∫

∂B

(∇u · ν)
(
∇u · 4t

)
. (2.16)
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PROOF. We have

∫

B

(
−�u+ g(x,u)u

)(
∇u · 4t

)
dx = 0. (2.17)

Now integrating by parts, we obtain

∫

B

−�u
(
∇u · 4t

)
dx =

∫

B

(
∇u · ∇

(
∇u · 4t

))
dx −

∫

∂B

(∇u · ν)
(
∇u · 4t

)
dσ .

Then, taking into account that4t does not depend onx, again using divergence theorem,
we get

∫

B

(
∇u · ∇

(
∇u · 4t

))
dx =

∫

B

(
∇u ·

(
∇2u · 4t

))
dx

= 1

2

∫

B

(
∇|∇u|2 · 4t

)
dx

= 1

2

∫

∂B

|∇u|2
(4t · ν

)
dσ

and then

∫

B

−�u
(
∇u · 4t

)
dx

= 1

2

∫

∂B

(
|∇u|2

(4t · ν
))

dσ −
∫

∂B

(∇u · ν)
(
∇u · 4t

)
dσ . (2.18)

Analogously we deduce

∫

∂B

G(x,u)ν · 4t =
∫

B

∇G(x,u) · 4t =
∫

B

∇xG(x,u) · 4t +
∫

B

g(x,u)∇u · 4t .

So

∫

B

g(x,u)∇u · 4t =
∫

∂B

G(x,u)ν · 4t −
∫

B

∇xG(x,u) · 4t .

Therefore

1

2

∫

∂B

(
|∇u|2

(4t · ν
))

−
∫

∂B

(∇u · ν)
(
∇u · 4t

)

=
∫

∂B

G(x,u)ν · 4t −
∫

B

∇xG(x,u) · 4t . �
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In the case of problem (P) we can takeG(x, s)= 1
p
|s|p − a(x)

2 s
2.

COROLLARY 2.2. Let a(x) satisfy(a1) and u be a solution to(P). Then the following
identity

1

2

∫

B

u2(∇a(x) · 4t
)
dx = 1

2

∫

∂B

(
|∇u|2 + a(x)u2)(ν · 4t

)

−
∫

∂B

(∇u · ν)
(
∇u · 4t

)
− 1

p

∫

∂B

|u|p
(
ν · 4t

)
, (2.19)

whereν is the outward normal to∂B, holds.

2.2.2. Drift estimates tools. As for the case of (CP), we must now choose a convenient
setB on which (1.10) leads to a contradiction. Again the contradiction will follow from the
fact that the boundary integrals are too small with respect to the volume integral and this
analysis is based on suitable decay estimates. Solutions to (P) have an exponential decay at
infinity. One can guess that therefore we should find an uniform exponential decay on the
terms of a balanced sequence of functions if we keep far away from the escaping masses.
This means that the bound we are going to find is not of the type of e−α|x| but of e−ασn(x),
where the functionσn defined by

σn(x)= inf
0�i�k

∣∣x − t in
∣∣, x ∈ RN , (2.20)

will be calleddrift distancefunction and measures how muchx is escaping from all the
masses in whichun gets broken. Note thatt0n = 0 soσn(x)� |x| for all n ∈ N. Indeed in
Section 3 we shall prove the following exponential decay result.

PROPOSITION 2.3. Let a(x) satisfy (a1) and (a2). Let (un)n∈N be a broken controlled
sequence bounded inH 1(RN ). Then for any constantα ∈ (0,√a∞ ), there exists a constant
cα > 0 such that forn large enough,

un(x)� cαe−ασn(x) ∀x ∈ Rn. (2.21)

The above estimate suggests to apply (2.19), whereu = un is a term of a balanced
sequence of functions, to a setB = Dn whose boundary is far away from all the masses,
as it happens with the conesCn and the other regions introduced in the end of Section 1.3.
We must take into account thatun solves the problem onBρn , so we have to take the trace
of such cones onBρn . As in the case of the critical growth problem, the choice ofBn will
follow from a gradient estimate in an integral form. Indeed, in Section 3 we shall also prove
the following estimate.
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PROPOSITION 2.4. Let a(x) satisfy (a1) and (a2). Let (un)n∈N be a broken controlled
sequence bounded inH 1(RN ). Then there exist constantsα∗ > 0 andc∗ > 0 such that for
all n ∈ N,

∫

S1,n

|∇un|2 dx � c∗e−α∗|tn|, (2.22)

whereS1,n is as defined in(1.13).

Also in this case a mean value argument allows to pass to a boundary integral.

PROPOSITION2.5. Let a(x) and (un)n∈N be as in Proposition2.3.Then there exist con-
stantsα∗ > 0, c∗ > 0 and a sequence(sn)n∈N, sn ∈ (−1

2,
1
2) such that for alln ∈ N,

∫

∂Csn,n

|∇un|2 dx � c∗e−α∗|tn|, (2.23)

where, for all n, Csn,n is as defined in(1.12).

Then, it makes sense setting

Dn = C̃n ∩Bρn(0),

whereC̃n denotes the coneCsn,n. We remark that, for largen, the vertextn2 ∈ Dn; indeed,
even ifρn < |tn|, for all n, |tn|−ρn � C for some constantC, otherwiseun(· − tn) ⇀

n→+∞
0

contradicting the choice oftn. Moreover, we remark that∂Dn consists of an “internal part”

(∂Dn)i = ∂C̃n ∩Bρn(0)

and an “external” one

(∂Dn)e = C̃n ∩ ∂Bρn(0).

We finally point out that by using (2.21) we easily get the following integral estimate,
whose detailed proof is in Section 3.

PROPOSITION 2.6. Let a(x) satisfy (a1) and (a2). Let (un)n∈N be a broken controlled
sequence bounded inH 1(RN ) and Sn be as in(1.14). Then, for all p � 2, there exist
constants̃α > 0 and c̃ > 0 such that forn large enough,

∫

Sn

(un)
p dx � c̃e−α̃|tn|. (2.24)
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2.2.3. Proof of Theorem 1.3. We are now ready to combine the local Pohozaev for-
mula (2.19) with the exponential decay estimates in the previous propositions to the aim
of proving Theorem 1.3. Let us begin with a lemma which is the only step in which we
use (a4).

LEMMA 2.4. Let a(x) satisfy(a1) and (a4). Let (un)n∈N be a noncompact balanced se-
quence. Then, for largen, the inequality

∫

Dn

(
∇a(x) · 4tn

)
u2
n dx �

1

2

∫

Dn

∂a

∂ 4x (x)u
2
n dx (2.25)

holds.

PROOF. Denoting by(4tn)τx the component of4tn lying in the space orthogonal to4x and
containingx, using (a4) we get, for largen,

(
∇a(x) · 4tn

)
=
(
∇a(x) · 4x

)(4tn · 4x
)
+
(
∇τxa(x) ·

(4tn
)
τx

)

�
∂a

∂ 4x (x)
(4tn · 4x

)
− c̄ ∂a
∂ 4x (x)

∣∣(4tn
)
τx

∣∣

= ∂a

∂ 4x (x)
[(4tn · 4x

)
− c̄
∣∣(4tn
)
τx

∣∣].

In order to evaluate[(4tn · 4x)− c̄|(4tn)τx |], let us first supposex ∈ B2Rn(tn), so that|x− tn|<
2Rn < γ̂ |tn|, with γ̂ as in (1.11), then we have

(4tn · 4x
)
=
(
tn

|tn|
· tn + x − tn

|x|

)
�

|tn| − |x − tn|
|x| �

|tn| − |x − tn|
|tn| + |x − tn|

�
1− γ̂
1+ γ̂

(2.26)

and since

4tn = x

|tn|
+ tn − x

|tn|
,

∣∣(4tn
)
τx

∣∣� |tn − x|
|x| < γ̂ . (2.27)

On the other hand, we can assert that, by homothety, (2.26) and (2.27) are also true for
all x belonging to the coneK having as vertex the origin and generated byB2Rn(tn). Then,
in particular, (2.26) and (2.27) are true for allx ∈ Dn, beingDn ⊂ C̃n ⊂ K.

Thus (2.25) follows because we have, by the choice ofγ̂ , 3
4

1−γ̂
1+γ̂ >

1
2 and1−γ̂

1+γ̂ − 4c̄γ̂ > 0.
�

We can combine the previous lemma with Corollary 2.2 obtaining the following result.
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LEMMA 2.5. Leta(x) and(un)n∈N be as in Lemma2.4.Then the inequality

1

4

∫

Dn

∂a

∂ 4x (x)u
2
n(x)

�
1

2

∫

(∂Dn)i

(
|∇un|2 + a(x)u2

n

)(
νn · 4tn

)

−
∫

(∂Dn)i

(∇un · νn)
(
∇un · 4tn

)
− 1

p

∫

(∂Dn)i

|un|p
(
νn · 4tn

)
(2.28)

holds.

PROOF. Combining (2.19) and (2.25) we obtain

1

4

∫

Dn

∂a

∂ 4x u
2
n �

1

2

∫

∂Dn

(
|∇un|2 + a(x)u2

n

)(
νn · 4tn

)

−
∫

∂Dn

(∇un · νn)
(
∇un · 4tn

)
− 1

p

∫

∂Dn

|un|p
(
νn · 4tn

)
. (2.29)

Now, for all n, un solves (PBρn (0)), un = 0 on∂Bρn(0) ⊃ (∂Dn)e, so∇un andνn have
the same direction, moreover, on(∂Dn)e it is (νn · 4tn)� 0, thus we deduce

∫

(∂Dn)e

a(x)u2
n

(
νn · 4tn

)
= 0=

∫

(∂Dn)e

|un|p
(
νn · 4tn

)
(2.30)

and

1

2

∫

(∂Dn)e

|∇un|2
(
νn · 4tn

)
−
∫

(∂Dn)e

(∇un · νn)
(
∇un · 4tn

)

= 1

2

∫

(∂Dn)e

|∇un|2
(
νn · 4tn

)
−
∫

(∂Dn)e

(∇un · θ∇un)
(

1

θ
νn · 4tn

)

= −1

2

∫

(∂Dn)e

|∇un|2
(
νn · 4tn

)
� 0. (2.31)

Hence (2.28) follows inserting (2.30) and (2.31) in (2.29). �

Taking the decay estimate in (2.28) we can finally deduce the compactness of a balanced
sequence.

LEMMA 2.6. Let a(x) satisfy(a1)–(a4) and (un)n∈N be a bounded balanced sequence.
Then(un)n∈N is relatively compact.

PROOF. We argue by contradiction and we assume that(un)n∈N is not compact. Then, by
Proposition 1.1, up to a subsequence, it is broken inLp and, by Lemma 2.5, the inequal-
ity (2.28) must be true.
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Let us consider, forn large, the right-hand side of (2.28). First of all, let us observe that,
by (a2), a(x)� 0 for all x ∈ (∂Dn)i so, taking into account that(νn · 4tn)� 0 on(∂Dn)i , we
have

∫

(∂Dn)i

(
|∇un|2 + a(x)u2

n

)(
νn · 4tn

)
� 0. (2.32)

Moreover, by using Proposition 2.5, we deduce

−
∫

(∂Dn)i

(∇un · νn)
(
∇un · 4tn

)
dσ

�

∫

(∂Dn)i

|∇un|2 dσ �

∫

∂C̃n

|∇un|2 dσ � c∗e−α∗|tn|. (2.33)

Let us now show that there exist constantsα′ > 0 andc′ > 0, independent onn, so that

−
∫

(∂Dn)i

|un|p
(
νn · 4tn

)
dσ �

∫

(∂Dn)i

|un|p dσ � c′e−α′|tn|. (2.34)

Since(∂Dn)i ⊂ ∂C̃n and, for largen, ∂C̃n ⊂ Sn, using Proposition 2.3 we infer

−
∫

(∂Dn)i

|un|p dσ

�

∫

∂C̃n

|un|p dσ � cα

∫

∂C̃n

e−ασn(x)p dσ � cα

k∑

i=1

∫

∂C̃n

e−αp|x−t in| dσ , (2.35)

α ∈ (0,√a∞ ), cα > 0.
Setting, forh� 1 andi = 0,1, . . . , k,

Ah,i =
{
x ∈ ∂C̃n: 2h−1 rn

2
<
∣∣x − t in

∣∣< 2h
rn

2

}
(2.36)

and denoting by|Ah,i | the(N − 1)-dimensional (Hausdorff ) measure ofAh,i , we have for
i = 0,1, . . . , k,

|Ah,i | � C
[
2h
rn

2

]N−1

, C ∈ R, (2.37)

because it is not difficult to understand that,∀h, |Ah,i | can be estimated by the surface of
the cylinder having height and basis diameter measure equal torn

2 2h.
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Thus, in view of (2.36) and (2.37), we deduce

∫

∂C̃n

e−αp|x−t in| dσ �

∞∑

h=1

∫

Ah,i

e−αp2h−1rn/2 dσ

� C

∞∑

h=1

e−αp2h−1rn/2
[
2h
rn

2

]N−1

(2.38)

hence, inserting (2.38) in (2.35), we obtain as desired,

∫

(∂Dn)i

|un|p dσ � c′αkr
N−1
n e−αprn/2

∞∑

h=0

e−αp2h2h(N−1) � c′e−α′|tn|. (2.39)

On the other hand, denoting bỹρn = max{ρn, |tn|} and by

D̃n = C̃n ∩Bρ̃n(0),

we have, for largen,

∫

Dn

∂a

∂ 4x (x)u
2
n dx � inf

Dn

(
∂a

∂ 4x (x)
)∫

Dn

u2
n dx � �C inf

D̃n

(
∂a

∂ 4x (x)
)∫

D̃n

u2
n dx,

(2.40)

�C > 0 constant, because, as remarked at the beginning of the section,(||tn| − ρn|)n∈N is
bounded from above. Moreover, in view of Proposition 1.1 and of the choice oftn, we infer

lim inf
n→+∞

∫

D̃n

u2
n dx � λ > 0, λ= const. (2.41)

Then, combining (2.28) with (2.32)–(2.34), (2.40) and (2.41), we obtain

1

4
λ�C inf

D̃n

(
∂a

∂ 4x (x)
)

� c∗e−α∗|tn| + c′

p
e−α′|tn| � c̄e−ᾱ|tn|,

ᾱ = min(α∗, α′), and this is impossible by (a3). �

PROOF OFTHEOREM 1.3. If the statement is not true, we can extract fromU a balanced
sequence which is not precompact and therefore, by Proposition 1.1, has a broken subse-
quence. Then we get in contradiction to the previous lemma. �

3. Decay estimates

This section completes the previous one by proving the estimates stated in Sections
2.1.2 and 2.2.2.
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3.1. Decay estimates near concentration points

We start by considering a balanced sequence related to problem (CP) and establishing the
estimates in Section 2.1.2. We recall that we can always substitute the termsun with their
absolute value, extended by 0 on all ofRN , passing to the weaker assumption that the
sequence is controlled but getting free from caring about the sign of the function or the
shape ofΩ .

3.1.1. Integral estimates for controlled concentrating sequences.So we shall work with
a controlled concentrating sequence(un)n∈N. The boundedness of the sequence inH 1

0 , and
so inL2∗

, cannot hold inLp for p > 2∗, because of the presence of concentrations. On the
other hand, such concentrations are small inLp for p < 2∗, so that, modulo an infinitesimal
term,un can be split in a part which keeps bounded inLp for largep and in a part which
is infinitesimal inLp for smallp.

In order to guess what kind of estimate we are going to find, we can assume thatun =
ϕ0 + ρ1

n(ϕ1) exactly and thatϕ1 is a Talenti function, as in the beginning of Section 2.1.2.
In such a case,ϕ0 ∈ Lp for everyp, while ϕ1 ∈ Lp only for p > 2∗/2 = N/(N − 2). If
p1> 2∗, then‖ϕ0‖p1 � const and if 2∗/2<p2< 2∗, then

∥∥ρ1
n(ϕ1)

∥∥
p2

= σ 1
n

N/2∗−N/p2‖ϕ1‖p2 = σ 1
n

N/2∗−N/p2
.

If one has several concentrating massesϕi , then

∥∥∥∥∥

k∑

i=1

ρin(ϕi)

∥∥∥∥∥
p2

�

k∑

i=1

∥∥ρin(ϕi)
∥∥
p2

�

k∑

i=1

σ in
N/2∗−N/p2‖ϕ1‖p2

� const· σN/2
∗−N/p2

n . (3.1)

So we are lead to introduce the following definition.

DEFINITION 3.1. Letp1,p2 ∈]2,+∞[ be real numbers such thatp2 < 2∗ < p1, α > 0
andσ > 0. We consider an inequalities system

{‖u1‖p1 � α,

‖u2‖p2 � ασN/2
∗−N/p2,

(3.2)

which will let us introduce a norm depending onp1,p2 andσ , by setting

‖u‖p1,p2,σ = inf
{
α > 0 | ∃u1, u2 such that (3.2) is satisfied and|u| � u1 + u2

}
.

The above norm will be briefly denoted by‖u‖σ whenp1 andp2 can be supposed to be
given.
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REMARK 3.1. Letp1,p2 ∈]2,+∞[ real numbers such thatp2 < 2∗ < p1 andσ > 0,
then, by definition, for any functionu, we get

‖u‖σ � ‖u‖p1, ‖u‖σ � ‖u‖p2σ
N/p2−N/2∗

.

We can easily see from (3.1) that for everyp1, p2 such that2
∗
2 <p2< 2∗ <p1,

∥∥∥∥∥ϕ0 +
k∑

i=1

ρin(ϕi)

∥∥∥∥∥
p1,p2,σn

� const.

The main goal of this section is to show that the same bound holds forun, which differs
from ϕ0 +∑k

i=1ρ
i
n(ϕi) by an infinitesimal term inH 1

0 which is not a priori even bounded
in the norm‖ · ‖p1,p2,σn . Thanks to the assumption that(un)n∈N is also controlled, we shall
be able to prove the following Brezis–Kato-type regularity result (see [10], Theorem 2.3):

PROPOSITION 3.1. Let (un)n∈N be a controlled concentrating sequence, then for any
p1,p2 ∈]2∗

2 ,+∞[, p2 < 2∗ < p1, there exists a constantC(p1,p2) depending on the
sequence and on the exponentsp1 andp2, such that for anyn ∈ N,

‖un‖σn � C.

To this aim, we shall state three preliminary lemmas: a continuity lemma, a bootstrap
lemma and the relative initialization lemma.

LEMMA 3.1. Let u andv ∈H 1(RN ) anda ∈ LN/2(RN ) be three positive functions such
that

−�u� a(x)v.

Then for eachp1,p2 ∈]2,+∞[, there exists a constantC(N,p1,p2), depending on the
dimensionN and on the exponentsp1 andp2, such that for anyσ > 0,

‖u‖σ � C(N,p1,p2)‖a‖N/2‖v‖σ .

PROOF. Let u, v be as in the statement of the lemma and let fixσ > 0 andε > 0. Let
v � v1 + v2 such thatv1 andv2 satisfy (3.2) forα = ‖v‖p1,p2,σ + ε. Let us consider, for
i = 1,2, the solutionui ∈H 1(RN ) to −�ui = avi . Then

‖ui‖pi � C(N,pi)‖a‖N/2‖vi‖pi
and, being−�u1 − �u2 = av1 + av2 � av � −�u, by the maximum principle, we
haveu � u1 + u2. Since the functionsui satisfy (3.2) withα = C(N,p1,p2)‖a‖N/2 ×
(‖v‖σ + ε), with C(N,p1,p2)= max(C(N,p1),C(N,p2)), by the arbitrariness ofε we
get the thesis. �

The bootstrap argument relies in the use of the following lemma.
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LEMMA 3.2. Letp1,p2 ∈]N+2
N−2,

N
2
N+2
N−2[ such thatp2< 2∗ <p1 and letqi be defined, for

i = 1,2, by

1

qi
= N + 2

N − 2

1

pi
− 2

N
. (3.3)

If u andv are two positive functions whose support is contained in a bounded setΩ and
such that

−�u� v2∗−1 +A,

then there exists a constantC(N,p1,p2,Ω) such that for anyσ > 0,

‖u‖q1,q2,σ � C(N,p1,p2,Ω)
((

‖v‖p1,p2,σ

)(N+2)/(N−2) + 1
)
. (3.4)

PROOF. By proceeding as in the previous lemma, we considerv = v1 + v2 where the
functionsvi satisfy (3.2) forα = ‖v‖p1,p2,σ + ε andε is a real strictly positive number
arbitrarily small. Letu1 andu2 be two functions inH 1

0 (Ω) such that

−�u1 = 24/(N−2)v
(N+2)/(N−2)
1 +A,

−�u2 = 24/(N−2)v
(N+2)/(N−2)
2 .

Since

−�u � v(N+2)/(N−2) +A
� 2(N+2)/(N−2)−1v

(N+2)/(N−2)
1 +A+ 2(N+2)/(N−2)−1v

(N+2)/(N−2)
2

= −�u1 −�u2,

by the maximum principle,u � u1 + u2 follows. Hence, we have to estimate‖u1‖q1

and‖u2‖q2. We have, using (3.3) and beingN+2
N−2 <pi <

N
2
N+2
N−2 ,

‖u1‖q1 � C(N,p1)
∥∥v(N+2)/(N−2)

1 +A
∥∥
Lp1(N−2)/(N+2)

� C(N,p1)
(
‖v1‖(N+2)/(N−2)

p1 +A|Ω|1/p1(N+2)/(N−2))

� C(N,p1,Ω)
((

‖v‖p1,p2,σ + ε
)(N+2)/(N−2) + 1

)
.

Analogously, if we use the equality

N

2∗ − N

q2
=
(
N

2∗ − N

p2

)
N + 2

N − 2
,
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we get

‖u2‖q2 � C(N,p2)
(
‖v2‖p2

)(N+2)/(N−2)

� C(N,p2)
[(

‖v‖p1,p2,σ + ε
)
σN/2

∗−N/p2
](N+2)/(N−2)

= C(N,p2)
(
‖v‖p1,p2,σ + ε

)(N+2)/(N−2)
σ (N/2

∗−N/p2)(N+2)/(N−2)

= C(N,p2)
(
‖v‖p1,p2,σ + ε

)(N+2)/(N−2)
σN/2

∗−N/q2.

Sou1 andu2 solve (3.2) forC = C(N,p1,p2,Ω)((‖v‖p1,p2,σ + ε)(N+2)/(N−2) + 1); this
concludes the proof by the arbitrary choice ofε. �

Now we need to initialize the exponents through the following lemma.

LEMMA 3.3. Let (un)n∈N be a controlled concentrating sequence then there exists a con-
stantC and exponentsp1,p2 ∈]2∗

2 ,+∞[, p2< 2∗ <p1, such that for anyn ∈ N,

‖un‖σn �C. (3.5)

PROOF. This proof will follow a Brezis–Kato-type argument (see [10]) in order to get free
from an infinitesimal term which is the only real obstacle to our estimates, as explained
in the beginning of this section. For anyn ∈ N, we can consider using a homogeneous
notation,un = u0

n + u1
n + u2

n, where
• u1

n stands for the weak limitϕ0,
• u2

n stands for the sum of rescaled functionsϕi , u2
n =∑k

i=1ρ
i
n(ϕi),

• u0
n = un − u2

n − ϕ0 is, by definition of concentrating sequence, an infinitesimal term
in L2∗

norm.
We shall overcome the difficulty due to the presence ofu0

n by taking advantage of the
assumption that we are dealing with a controlled concentrating sequence. Letu be one of
the termsun, ui = uin andai = max(1,3(6−N)/(N−2))ui

4/(N−2) for i = 1,2,3, andσ = σn.
The infinitesimal character ofu0

n shall allow us to considera0 as small as we want in the
LN/2 norm ((3.5) is easily checked on a finite number of terms, see [10] and [25]). Being

a = u2∗−2 � max
(
1,3(6−N)/(N−2))(|u0|4/(N−2) + u4/(N−2)

1 + u4/(N−2)
2

)
,

we can consideru as a solution to−�u � (a0 + a1 + a2)u+ A, so by the monotonicity
of the Green operatorG (G :H−1(Ω)→H 1

0 (Ω) denotes the inverse operator of−�) we
have

u� G(a0u)+ G(a1u+A)+ G(a2u). (3.6)

SinceΩ is a bounded set anda1 ∈ L∞, we get thatG(a1u+A) is bounded inW2,2∗ →֒ Lp1

for anyp1 such that

1

p1
�

1

2∗ − 2

N
= N − 6

2N
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and so (see Remark 3.1)

∥∥G(a1u+A)
∥∥
σ

�
∥∥G(a1u+A)

∥∥
p1

� C. (3.7)

Now let 2∗′ <p2< 2∗ be given. We consider the indexr such that

1

p2
= 1

r
+ 1

2∗ − 2

N
,

from p2> 2∗′ we getr > N
4 . The decay speed of the solutionϕ = ϕi (see [25]) allows us

to say thata2 ∈ Lr and, if we want to estimate theLr norm ofa2, we just have to take into
account the less concentrated term, namelyρn(ϕ), as follows fromr < N

2 , which is in turn
a consequence ofp2< 2∗. By easy computations we have

‖a2‖Lr � Cσ 2−N/r ,

which, taking into account that 2−N/r =N/2∗ −N/p2, implies

∥∥G(a2u)
∥∥
p2

� C‖a2‖Lr‖u‖L2∗ �CσN/2
∗−N/p2, (3.8)

therefore, from Remark 3.1,

∥∥G(a2u)
∥∥
σ

� σN/p2−N/2∗∥∥G(a2u)
∥∥
p2

� C. (3.9)

Now we point out that with the above choice forp1 andp2 we get

∥∥G(a0u)
∥∥
σ

�
1

2
‖u‖σ . (3.10)

Indeed, by Lemma 3.1, we get

∥∥G(a0u)
∥∥
σ

� C‖a0‖N/2‖u‖σ �
1

2
‖u‖σ , (3.11)

under a suitable choice of the bound on the norm ofa0. So by (3.6), (3.10) and the triangular
inequality, we finally obtain

‖u‖σ � 2
∥∥G(a1u+A)

∥∥
σ

+ 2
∥∥G(a2u)

∥∥
σ
,

which, combined with (3.7) and (3.9), gives the thesis. �

PROOF OFPROPOSITION3.1. Let (un)n∈N be a controlled concentrating sequence. By
applying the initialization Lemma 5.2, we can find a constantC > 0 and two exponents,
p1 and p2 ∈]N+2

N−2,
N
2
N+2
N−2[, p2 < 2∗ < p1, such that (3.5) holds. Using the bootstrap

Lemma 3.2 we can repeatedly enlarge the interval]p2,p1[ to ]q2, q1[, where the expo-
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nentsqi are given by (3.3), obtaining (3.4). This procedure allows us to manage, in a finite
number of steps, every exponentp1,p2 ∈]2∗

2 ,+∞[. �

3.1.2. Local uniform bounds on controlled concentrating sequences.We are now go-
ing to establish the local uniform bound on the terms of a controlled concentrating se-
quence on the safe regionsA2

n stated in Proposition 2.1, whose proof is the main goal of
this section.

The proof is a simple variant of the argument used in [41] and in [25] and shall require
some preliminary steps. We begin by establishing a weaker estimate.

PROPOSITION3.2. Let (un)n∈N a controlled concentrating sequence. Then there exists a
constantC > 0 such that, for anyn ∈ N and for anyx ∈A1

n,

un(x)� Cσ
(N−2)/4
n .

PROOF. We shall proceed by contradiction: let(yn)n∈N be a sequence such thatyn ∈ A1
n

for anyn ∈ N and

lim
n→+∞

un(yn)σ
(2−N)/4
n = +∞, (3.12)

and let us scale the functionsun in such a way to carry the pointyn in the origin and
normalize the value of the functions. The required scaling sendsun in ũn defined as

ũn(x)= ρN/2
∗

n un(ρnx + yn),

where

ρn =
(
un(yn)

)2/(2−N) =
(
un(yn)

)−2∗/N
,

so thatũn(0)= 1. Note that, using (3.12), we have

lim
n→+∞

ρn

σ
−1/2
n

= 0. (3.13)

Therefore, sinceyn ∈ A1
n, there is no concentration point which approximatesyn at a dis-

tance less than or equal toσ−1/2
n and so of the order ofρn, we can deduce thatũn⇀ ũ= 0.

The contradiction will be archived by showing that we can choose the pointsyn in such a
way to havẽu �= 0. This shall possibly force us to work on a(εσ−1/2

n )-neighborhood ofA1
n,

but this change will obviously not make any relevant difference in the above argument. The
choice will consist in forcing the property

ũn(y)� 2
(
= 2ũn(0)

)
∀y ∈ Bρ(0), (3.14)
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for some givenρ > 0. Then by using that̃un still satisfies (EI) and by estimating the
variation of the mean value ofun, we have for 0< r � ρ,

−
∫

∂Br

ũn = ũn(0)+
∫ r

0

1

NbN tN−1

(∫

Bt

�ũn

)
dt

� 1−C
∫ r

0

1

tN−1

∫

Bt

(
22∗−1 +A

)
dt = 1−Cr2 �

1

2
,

wherebN stands for the(N − 1)-dimensional measure of the unit sphere inRN , provided
we chooser conveniently small. So the weak limitũ cannot be zero. Therefore we only
have to prove (3.14). To this aim, let us fixρ > 0 and assume that, for a givenn ∈ N,
yn does not satisfy (3.14). Then we must fireyn and look for a better point to hire for the
same job. Since (3.14) is false, we can findzn ∈ Bρ(0) such that

ũn(zn)= ρ(N−2)/2
n un(ρnzn + yn)� 2. (3.15)

The first candidate to replaceyn is

y(1)n = ρnzn + yn

which leads us to replaceρn by

ρ(1)n =
[
un
(
y(1)n
)]2/(2−N)

� 22/(2−N)ρn. (3.16)

We can be sure thaty(1)n is at least as good asyn to let (3.12) hold since (3.15) implies that

un
(
y(1)n
)
� 2un(yn). (3.17)

Moreover, beingzn ∈ Bρ(0), we get

∣∣y(1)n − yn
∣∣= |znρn| � ρρn. (3.18)

We can definẽun as before by substitutingyn andρn with y(1)n andρ(1)n , respectively. If
this newũn satisfies (3.14) we do not have to look for other choices. Otherwise, we repeat
the same argument and we choose a second candidatey

(2)
n by arguing in the same way. For

any fixedn ∈ N, we proceed recursively finding a sequencey(1)n , y
(2)
n , . . . , y

(k)
n , . . . as far as

we do not find a successful choice, which lets us claim (3.14). We can easily see that this
process cannot go on indefinitely. Indeed (3.16) becomes in the general case, fori > 0,

ρ(i+1)
n � 22/(2−N)ρ(i)n

and (3.18),

∣∣y(i+1)
n − y(i)n

∣∣� ρρ(i)n .
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Then one easily sees, by taking the sum of a geometric sequence, thaty
(i)
n converges to a

pointy(∞)n asi→ +∞ but, by construction, we haveun(y
(i)
n )→ +∞, in contradiction to

the smoothness ofun. Finally, for everyi > 0, we have

∣∣y(i)n − yn
∣∣� ρρn

+∞∑

j=0

22/(2−N)j < εσ−1/2
n

for n large. So all the pointsy(i)n are in the(εσ−1/2
n )-neighborhood ofA1

n and so can be
used to replaceyn. �

PROPOSITION3.3. Let (un)n∈N be a controlled concentrating sequence, then there exists
a constantC > 0 such that, for anyn ∈ N and for anyr ∈ [�Cσ−1/2

n , (�C + 5)σ−1/2
n ],

−
∫

∂Br (xn)

un � C.

PROOF. By continuity, being(un)n∈N bounded inL2∗ ⊂ L1, we can suppose

∫

B1(xn)

un � C

with a constantC independent fromn. So, for anyn ∈ N, there existrn ∈ [1
2,1], such that

−
∫

∂Brn (xn)

un = C.

We are going to use Proposition 3.1 forp1 =N N+2
N−2 andp2 = N+2

N−2 , so, for anyn ∈ N, we
chooseu1 = u1,n andu2 = u2,n such that (3.2) is satisfied forσ = σn and with a constantα
that does not depend onn. Estimating the spherical mean variation fromrn to r and taking
into account that(�C + 5)σ−1/2

n < 1/2, i.e.,r < rn for n large, we find

−
∫

∂Br (xn)

un = C +
∫ r

rn

d

dt
−
∫

∂Bt (xn)

un dt = C +
∫ rn

r

1

NbN tN−1

∫

Bt (xn)

−�un dt

� C +
∫ 1

�Cσ−1/2
n

1

NbN tN−1

∫

Bt (xn)

(
u2∗−1
n +A

)
dt

� C +
∫ 1

�Cσ−1/2
n

24/(N−2) 1

NbN tN−1

∫

Bt (xn)

u
(N+2)/(N−2)
1,n dt

+
∫ 1

�Cσ−1/2
n

24/(N−2) 1

NbN tN−1

∫

Bt (xn)

u
(N+2)/(N−2)
2,n dt + A

N

∫ 1

0
t dt

= C + 24/(N−2)

NbN
(A1 +A2)+

A

2N
,
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where, fori = 1,2,

Ai =
∫ 1

�Cσ−1/2
n

1

tN−1

∫

Bt (xn)

u
(N+2)/(N−2)
i,n dt .

Beingu1,n ∈ LN(N+2)/(N−2), by the Hölder inequality, we get

A1 �C

∫ 1

0

1

tN−1

(
tN
)1−1/N‖u1,n‖(N+2)/(N−2)

LN(N+2)/(N−2) dt �Cα � C.

On the other side, beingu2,n ∈ L(N+2)/(N−2), i.e.,u(N+2)/(N−2)
2,n ∈ L1 we have

A2 �

∫ 1

�Cσ−1/2
n

1

tN−1

[
ασ

(N/2∗−N(N−2)/(N+2))
n

](N+2)/(N−2) dt

= α(N+2)/(N−2)σ
(2−N)/2
n

∫ 1

�Cσ−1/2
n

1

tN−1
dt � C,

and this concludes the proof. �

From Proposition 3.3 we see, by integrating with respect tor , that

−
∫

A1
n

un � C. (3.19)

Since,∀x ∈ A2
n: Bσ−1/2

n (x)
⊂ A1

n and the measure of the two sets are of the same order,
from (3.19) we deduce that

∀x ∈A2
n: −

∫

B
σ
−1/2
n

(x)

un � C. (3.20)

Since

un(x)= lim
ρ→0

−
∫

Bρ (x)

un,

Proposition 2.1 follows from (3.20) if we estimate the variation of−
∫
Bρ (x)

un for 0 �

ρ � σ
−1/2
n .

PROOF OFPROPOSITION2.1. Let us fix an indexn ∈ N and a pointx ∈ A2
n. If un(x)�

2−
∫
B
σ
−1/2
n

(x)
un, by (3.20) we have done. Otherwise, setting for anyρ > 0,

m(ρ)= −
∫

∂Bρ(x)

un and m(0)= un(x),
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we deduce that

∃ρ̄ � σ
−1/2
n such that m(ρ̄)�

1

2
m(0)= 1

2
un(x).

Then we takeρ1 andρ2 ∈ [0, ρ̄] such thatm(ρ) attains its maximum inρ1, andρ2 is the
least value ofρ � ρ1 such thatm(ρ)� 1

2m(ρ1).
Beingun solution to (EI), andBρ2(x)⊂ A1

n, we have on such a set, by Proposition 3.2,

u
4/(N−2)
n � Cσn. So we find, forn sufficiently large,

1

2
m(ρ1) =

∫ ρ1

ρ2

(
d

dρ
−
∫

∂Bρ(x)

un

)
dρ =

∫ ρ2

ρ1

1

NbNρN−1

∫

Bρ(x)

−�un dρ

�

∫ ρ2

ρ1

1

NbNρN−1

∫

Bρ(x)

(
u

4/(N−2)
n un +A

)
dρ

�
1

NbN

∫ ρ2

ρ1

1

ρN−1

((
sup
Bρ(x)

un
4/(N−2)

)(∫

Bρ (x)

un

)
+AbNρN

)
dρ

� C

∫ ρ2

ρ1

1

ρN−1

(
σn

∫

Bρ(x)

un +AρN
)

dρ

� C
(
m(ρ1)σn +A

)∫ ρ2

ρ1

ρ dρ �Cm(ρ1)σn
(
ρ2

2 − ρ2
1

)
,

therefore(ρ2
2 − ρ2

1) > Cσ
−1
n and soρ2 − ρ1 > Cσ

−1/2
n . Denoting byA the annulus cen-

tered inx of radii ρ1 andρ2 we have that measure ofA is of the order ofσ−N/2
n , i.e., of

the same order ofA1
n and so as in (3.20) we have

−
∫

A

un � C.

On the other hand,

−
∫

A

un �m(ρ2)=
1

2
m(ρ1)

and so

un(x)=m(0)�m(ρ1)� C. �

3.1.3. Gradient estimates. In this subsection we shall prove the integral bound for the
derivatives of every termun of a controlled concentrating sequence in its safe regionsA3

n

stated in Proposition 2.2. One can easily guess that, sinceun and�un are uniformly
bounded onA2

n and the width ofA2
n is of the order ofσ−1/2

n , ∇un can be expected to
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be of the order ofσ 1/2
n as stated in an integral form in (2.11). Such an estimate can be

easily proved in a rigorous way by a Caccioppoli-type inequality.

PROOF OFPROPOSITION2.2. Let us fixn ∈ N and considerϕn :RN → [0,1] a smooth
positive mollifier radially symmetric aroundxn such that

(1) ϕn = 1 onA3
n,

(2) ϕn = 0 out ofA2
n,

(3) �ϕn � Cσn.
By (2) we haveϕn = 0 and∇ϕn = 0 on∂A2

n, and so, integrating by parts, by (1) we get

∫

RN
−�ununϕn =

∫

A2
n

|∇un|2ϕn +
∫

A2
n

∇un · ∇ϕnun

�

∫

A3
n

|∇un|2 +
∫

A2
n

∇
(

1

2
u2
n

)
· ∇ϕn

=
∫

A3
n

|∇un|2 − 1

2

∫

A2
n

�ϕnu
2
n.

Therefore, beingun solution to (EI), by Proposition 2.1 and (3), we have

∫

A3
n

|∇un|2 �

∫

A2
n

(
|un|2

∗ +Aun
)
ϕn + 1

2

∫

A2
n

�ϕnu
2
n � C(1+ σn)

∣∣A2
n

∣∣.

(3.21)

Sinceσn � 1 for n large, one has (2.11). �

3.2. Decay estimates at drift points

The purpose of this second part is to establish the decay estimates and integral bounds,
concerning bounded controlled sequences contained in Propositions 2.3, 2.4 and 2.6.

3.2.1. Uniform estimates. The first step is proving a lemma that allows to obtain an uni-
form upper bound on the values of the Laplacian on a controlled sequence.

LEMMA 3.4. Leta(x) satisfy(a1) and(a2). Let(un)n∈N be a controlled sequence bounded
in H 1(RN ). Then(un)n∈N is bounded inL∞(RN ).

PROOF. By (a1) and (a2), there exist a constant̃a ∈ (0, a∞) and a positive function
c(x) ∈ C0(R

N ) such thata(x)� ã − c(x) ∀x ∈ RN . Thereforeun weakly solves

−�un + ãun � u
p−1
n + c(x)un in RN ,
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moreover, by the maximum principle, for any weak positive solutionvn ∈H 1(RN ) to

−�v+ ãv = up−1
n + c(x)un in RN , (3.22)

the relation

un(x)� vn(x) in RN (3.23)

holds.
Now, let us consider a sequence(vn)n∈N, vn ∈H 1(RN ), such that for alln ∈ N,

vn solves (3.22). By (3.23), the claim follows proving that(|vn|∞)n∈N is bounded.
Sinceun ∈ H 1(RN ) andc(x) ∈ C0(R

N ), we can assumeup−1
n + c(x)un ∈ L2∗/(p−1),

so by regularity resultsvn ∈W2,2∗/(p−1)(RN ). Now, the spaceW2,2∗/(p−1)(RN ) embeds
continuously inLq̂(RN ), where 1

q̂
= p−1

2∗ − 2
N

and, since 2∗
p−1 >

2∗
2∗−1 = 2N

N+2 = 2∗′,
q̂ > N2∗′

N−2·2∗′ = 2∗. Then, by (3.23),un ∈ Lq̂(RN ) with q̂
2∗ > 1, and

|un|q̂ � |vn|q̂ � k1
∣∣up−1
n + c(x)un

∣∣
2∗/(p−1) < k2.

By iterating the same argument, we gradually increase the regularity properties of
un andvn, obtaining also uniform bounds to the norms in the respective spaces. After a
finite number of steps we obtainvn ∈W2,q̃(RN ) with q̃ > N

2 and‖vn‖W2,q̃ < k3, k3 not
depending onn.

Then the Sobolev embedding theorem givesvn ∈ C0,µ(RN ) for someµ ∈ (0,1), and
‖vn‖C0,µ(RN ) < k4.

This last relation with theL2 summability allows to obtain anL∞ uniform bound
on (vn)n∈N and, in turn, on(un)n∈N as desired. �

COROLLARY 3.1. Let (un)n∈N anda(x) be as in Lemma2.3.Then there exists a constant
c1> 0 such that for alln ∈ N, the relation

−�un � c1 (3.24)

weakly holds.

The proof of Proposition 2.3 is carried out through some estimates, on bounded con-
trolled sequences, proved in a slightly general setting. In order to do this we introduce the
following definition.

DEFINITION 3.2. Given a sequence of functions(un)n∈N, un ∈H 1(RN ), and a sequence
(xn)n∈N, xn ∈ RN , we say that(xn)n∈N is a sequence ofdrift pointsfor (un)n∈N if

un(· − xn)⇀ 0 weakly inH 1(RN
)
. (3.25)



566 S. Solimini

REMARK 3.2. If un �⇀ 0, a sequence of points(xn)n∈N is a drift sequence if and only if
σn(xn)→ +∞ and, sinceσn(xn)� |x|, (xn)n∈N is unbounded. In general,σn(xn)→ +∞
is equivalent to(xn)n∈N being an unbounded drift sequence.

The following lemma guarantees that the values that a controlled bounded sequence
takes around the drift pointsxn of a sequence are small.

LEMMA 3.5. Let a(x) satisfy (a1) and (a2) and let (un)n∈N be a controlled sequence
bounded inH 1(RN ). Let (xn)n∈N be a drift points sequence for(un)n∈N and let δn =
σn(xn). Then for allh ∈ (0,1),

lim
n→+∞

sup
Bhδn (xn)

un(x)= 0. (3.26)

PROOF. We argue by contradiction and we assume that there exist real numbersh ∈ (0,1),
η > 0 and a sequence(yn)n∈N, yn ∈ Bhδn(xn), such that for largen,

un(yn) >
(

sup
Bhδn (xn)

un(x)
)

− 1

n
> η.

The above relation, combined with (3.24), allows to conclude that, for largen and
ρ small enough,

−
∫

Bρ (yn)

un dx = 1

|Bρ(yn)|

∫

Bρ(yn)

un dx >
η

2
,

where|Bρ(yn)| denotes the LebesqueN -dimensional measure ofBρ(yn).
Henceun(·−yn)⇀ v �= 0 asn→ +∞. This is impossible because, by the choice ofδn,

h andyn and by Definition 3.2un(· − yn)⇀ 0 inH 1(RN ). �

Next lemma contains the key estimate for proving Proposition 2.3.

LEMMA 3.6. Let a(x) satisfy (a1) and (a2) and let (un)n∈N be a controlled sequence
bounded inH 1(RN ). Let (xn)n∈N be an unbounded drift points sequence for(un)n∈N.
Then, for all α ∈ (0,√a∞ ), there exists a constantĉα > 0 such that for alln,

un(xn)� ĉαe−ασn(xn). (3.27)

PROOF. Let α ∈ R, 0< α <
√
a∞, be fixed, and let us chooseh ∈ ( α√

a∞
,1) and ᾱ ∈

(α,
√
a∞h).

Then, by using Lemma 3.5, we obtain that, for anyn large enough,un weakly satisfies

�un � a(x)un − up−1
n > ᾱ2h−2un � 0 inBhδn(xn), (3.28)
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whereδn = σn(xn). Thus, sincehδn > 1 for largen, we have

un(xn)�

∫

∂Br (xn)

un dσ ∀r: 0< r � 1, (3.29)

and we deduce

un(xn)�

∫ 1

0

[∫

∂Br (xn)

un dσ

]
dr =

∫

B1(xn)

un dx.

So, in order to obtain (3.27) for largen, it is enough to show that a constantc̄α > 0 exists
such that

∫

B1(xn)

un dx � c̄αe−αδn . (3.30)

To do this, let us consider the functions

vn(ρ)=
∫

Bρ (xn)

un dx, wn(ρ)=
(hδn)

NωN

eᾱδn
eᾱρ/h,

whereωN is the Lebesgue measure of the unitary ball inRN , and let us remark thatvn(1) is
just the left-hand side of (3.30), while

wn(1)=
(hδn)

NωN

eᾱδn
eᾱ/h � hωNe

√
a∞ δNn

eᾱδn
� c̄αe−αδn

for n large enough. So (3.27) follows, by provingvn(1)� wn(1) and taking into account
that for any finite setun(xn), n < n̄, (3.27) is obviously true for a suitable choice of the
constant̂cα .

Let us then show that forn large

vn(ρ)�wn(ρ) ∀ρ ∈ [0, hδn]. (3.31)

First, let us observe that

vn(0)�wn(0) ∀n ∈ N,

and that forn large, by Lemma 3.5,

vn(hδn)�
∣∣Bhδn(xn)

∣∣ sup
Bhδn (xn)

un(x)� ωN (hδn)
N =wn(hδn).
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Now, if for some point in[0, hδn] (3.31) were false, then the function(vn − wn)(ρ)

should have a maximum point,ρ̄n ∈ (0, hδn), for which (vn−wn)(ρ̄n) > 0 and, of course,
v′′(ρ̄n)−w′′(ρ̄n)� 0. Let us show that this is impossible. Indeed, since

vn(ρ)=
∫

Bρ (xn)

un(x)dx =
∫ ρ

0

[∫

∂Br (xn)

un dσ

]
dr,

we have

v′
n(ρ)=

d

dρ
vn(ρ)=

∫

∂Bρ(xn)

un dσ,

moreover,

−
∫

∂Bρ(xn)

un dσ = 1

NωNρN−1

∫

∂Bρ(xn)

un dσ = v′
n(ρ)

NωNρN−1

and, by using divergence theorem,

−
∫

∂Bρ(xn)

un dσ =
∫ ρ

0

1

NωN rN−1

[∫

∂Br (xn)

∂

∂ν
un dσ

]
dr

=
∫ ρ

0

1

NωN rN−1

[∫

Br (xn)

�un dx

]
dr.

So

d

dρ

v′
n(ρ)

NωNρN−1
= 1

NωNρN−1

∫

Bρ (xn)

�un dx,

from which, using (3.28), we obtain

v′′
n(ρ)

ρN−1
+ (1−N)v

′
n(ρ)

ρN

= d

dρ

(
v′
n(ρ)

ρN−1

)
= 1

ρN−1

∫

Bρ(xn)

�un dx �
α2h−2

ρN−1
vn(ρ).

Hence, taking into account thatv′
n(ρ) > 0 andN > 1,

v′′
n(ρ)� α

2h−2vn(ρ) ∀ρ ∈ (0, hδn) (3.32)

follows.
Let now ρ̄n ∈ (0, hδn) be a maximum point for(vn − wn)(ρ) for which (vn −

wn)(ρ̄n) > 0 then by (3.32), we get

v′′
n(ρ̄n)−w′′

n(ρ̄n)� α
2h−2(vn(ρ̄n)−wn(ρ̄n)

)
> 0,
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and we are in contradiction. �

PROOF OF PROPOSITION 2.3. Arguing by contradiction, we assume that there are
α ∈ (0,√a∞ ), (xn)n∈N and a sequence of integerskn ∈ N such that

ukn(xn) > ne−ασkn (xn)

or, by replacing(un)n∈N by the subsequence(xkn)n∈N,

un(xn) > ne−ασn(xn).

By Lemma 3.4 we getσn(xn)→ +∞ so we get in contradiction to Lemma 3.6 whose
assumptions are fulfilled by(xn)n∈N. �

PROOF OF PROPOSITION 2.6. By using Proposition 2.3, we deduce that, forn large
enough andα ∈ (0,√a∞ ),

∫

Sn

(un)
p dx � cα

∫

Sn

e−αpσn(x) dx

� cα

k∑

i=0

∫

Sn

e−αp|x−t in| dx

� cαk

∫ +∞

γ̂
4k |tn|

e−αpt tN−1 dt � c̃e−α̃|tn|.
�

3.2.2. Gradient estimates. Also in this case, a Caccioppoli-type inequality allows to pass
to an integral estimate of the gradient.

PROOF OFPROPOSITION2.4. For any fixedn ∈ N, letϕn ∈ C∞(RN , [0,1]) be a function
fulfilling the following conditions:





(i) ϕn = 1 on S1,n,

(ii) supp(ϕn)⊂ S2,n,

(iii) �ϕn � C, C ∈ R.

(3.33)

Sinceun weakly solves (EI) andϕn = 0 in RN \ S2,n, we have

∫

S2,n

(−�un)(unϕn) =
∫

RN
(−�un)(unϕn)

�

∫

RN

(
u
p
n − a(x)u2

n

)
ϕn (3.34)

=
∫

S2,n

(
u
p
n − a(x)u2

n

)
ϕn. (3.35)
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On the other hand, taking into account that by (3.33)(ii),ϕn = 0 and∇ϕn = 0 on∂S2,n

and using (3.33)(i), we get

∫

S2,n

(−�un)(unϕn) =
∫

S2,n

|∇un|2ϕn +
∫

S2,n

(∇un · ∇ϕn)un

�

∫

S1,n

|∇un|2 +
∫

S2,n

(
∇
(

1

2
u2
n

)
· ∇ϕn

)

=
∫

S1,n

|∇un|2 − 1

2

∫

S2,n

(�ϕn)u
2
n. (3.36)

So, inserting (3.34) in (3.36), using (3.33)(iii) and taking into account that, ifn is large
enough,S2,n ⊂ Sn anda(x) > 0 onSn, we deduce for largen,

∫

S1,n

|∇un|2 �

∫

S2,n

(
u
p
n − a(x)u2

n

)
ϕn + 1

2

∫

S2,n

(�ϕn)u
2
n

�

∫

Sn

u
p
nϕn + 1

2

∫

Sn

(�ϕn)u
2
n

�

∫

Sn

u
p
n + 1

2
C

∫

Sn

u2
n.

Then, applying Proposition 2.6, taking also into account that for any finite set of in-
dexes (2.22) is true for a suitable choice of the constantc∗, we obtain the thesis. �

4. Multiplicity results

This section is devoted to the proof of the two multiplicity theorems (Theorems 1.2 and 1.4).
The proofs will be achieved by using the compactness results proved in Section 2 and well-
known variational tools, employed for the approximating problems, based on the use of
Krasnoselskii genus. Traditionally this approach is used for searching constrained critical
points, however we shall use a recent variant of this method which works with uncon-
strained min–max classes [43]. This will make working with several functionals at the
same time easier, will simplify the use of the Morse index and will let us make a final
application in the next section in a case in which the constrained approach is made difficult
by a lack of regularity of the constraint manifold.

So we shall begin by introducing the classical Krasnoselskii genus, then we shall pass to
the variant introduced in [43], we shall show how the min–max approaches on the natural
constraintV are equivalent to an unconstrained min–max, we shall introduce the double
natural constraintW showing that it enjoys the same property and finally we shall give
an estimate on the Morse index. After this introductory parts, in the last two parts of this
section we shall give the proof of the two multiplicity theorems.
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4.1. Krasnoselskii genus

We recall some well-known facts about the Krasnoselskii genus in view of its application
to semilinear elliptic equations of the type addressed here, moreover, we introduce some
generalizations of those concepts introduced in [43] which will be useful in the following.
We refer to [26] and [46] for a more comprehensive treatment of the subject. Throughout
this subsection we shall denote byE any given Banach space.

Let A⊂ E be a symmetric subset ofE, i.e.,A= −A, we defineΛk(A) as the space of
Krasnoselskii test maps onA of dimensionn as follows

Λk(A)=
{
ϕ ∈ C

(
A,Rn

)
| ϕ(x)= −ϕ(−x)

}
.

We shall call Krasnoselskii genus ofA the numberγ (A) so defined

γ (A)= inf
{
n ∈ N | ∃ϕ ∈Λk(A): 0 /∈ ϕ(A)

}
.

We notice that, from the above definitions, for any givenϕ ∈ Λk(A), if k < γ (A) then
0 ∈ ϕ(A), whereas ifk � γ (A) then there existsϕ ∈Λk(A) such that 0/∈ ϕ(A). The main
properties of the Krasnoselskii genus, which will be useful for the subsequent arguments,
rely on the following statements.

PROPOSITION 4.1. Let A be any given symmetric subset of a Banach space and let
η :A→E be a given odd map. Thenγ (η(A))� γ (A).

PROOF. Let k < γ (A) and let ϕ ∈ Λk(η(A)). Since ϕ ◦ η ∈ Λk(A), then we have
0∈ ϕ(η(A)) and thereforeγ (η(A)) > k. The thesis follows from the arbitrariness ofk. �

PROPOSITION4.2. LetS ⊂E be any closed subspace of co-dimensionk ∈ N. If A⊂E is
any symmetric subset such thatγ (A) > k, thenA∩ S �= ∅.

PROOF. Let S⊥ be the orthogonal complement ofS in E, which is isomorphic toRk , and
letP :E→ S⊥ be the orthogonal projection map. ThenP ∈Λk(A) and 0∈ P(A) so, since
P−1(0)= S, we have thatS ∩A �= ∅. �

PROPOSITION4.3. γ (Sk−1)= k.

PROOF. Let ϕ ∈ Λk−1(S
k−1), by the Borsuk theorem we have 0∈ ϕ(Sk−1) and so

γ (Sk−1) > k − 1. On the contrary, the canonical injectioni :Sk−1 → Rk belongs to
Λk(S

k−1) and 0/∈ i(Sk−1), thereforeγ (Sk−1)� k. �

The next proposition states a trace property for the Krasnoselskii genus.

PROPOSITION4.4. Let A ⊂ E be any given symmetric subset and letϕ ∈ Λk(A), with
k < γ (A). Thenγ (ϕ−1(0))� γ (A)− k.
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PROOF. Firstly, let us notice thatϕ−1(0) is a symmetric set. We takeh < γ (A)− k and
ψ ∈ Λh(ϕ−1(0)). By virtue of the Tietze extension theorem,ψ may be extended to an
odd mapψ̄ ∈ C(A,Rk). We introduce the mapϕ × ψ̄ :x �→ (ϕ(x), ψ̄(x)) ∈ Rk+h, with
k + h < γ (A). Sinceϕ × ψ̄ is a Krasnoselskii test map we have that 0∈ (ϕ × ψ̄)(A) and
this means that 0∈ ψ(ϕ−1(0)). So γ (ϕ−1(0)) > h and by arbitrariness ofh we get the
thesis. �

4.2. Genus of a symmetric set

For anyk ∈ N, we adopt the following notation:Qk = [−1,1]k , F i± = {x ∈Qk | xi = ±1}.
Given n, k ∈ N, for every x ∈ Rn+k , we shall splitx as x = (x0, x1, x2, . . . , xk) with
x0 ∈ Rn andxi ∈ R for i = 1, . . . , k. Analogously, ifϕ(x) ∈ Rn+k , we shall writeϕ(x)=
(ϕ0(x),ϕ1(x), . . . , ϕk(x)) with ϕ0(x) ∈ Rn andϕi(x) ∈ R for i = 1, . . . , k. Sometimes, we
shall also use the notationx = (x0, x

′), ϕ(x)= (ϕ0(x),ϕ
′(x)) instead of the previous one,

by assumingx′, ϕ′(x) ∈ Rk . We shall setBn = {x ∈ Rn | |x| � 1}, Sn = ∂Bn+1 = {x ∈
Rn+1 | |x| = 1} and we shall denote byE any given Banach space.

For any givenk ∈ N, we setIk = {1,2, . . . , k} and we denote byPk the set of all the
involutive permutations onIk , i.e.,π ∈Pk if and only if π : Ik → Ik andπ ◦π = id. Given
anyπ ∈Pk , we introduce the map̂π :Rk → Rk so defined

π̂ (x1, x2, . . . , xk)= (xπ(1), xπ(2), . . . , xπ(k)).

We have

π̂
(
π̂(x)

)
= π̂ (xπ(1), xπ(2), . . . , xπ(k))= (xπ(π(1)), xπ(π(2)), . . . , xπ(π(k)))= x,

which meansπ̂ ◦ π̂ = id. Furthermore, given any Banach spaceE, let us define the map
πE :E × Rk →E × Rk such thatπE : (x0, x

′) �→ (−x0, π̂(x
′)). It is easily seen thatπE is

involutive too, indeed

πE
(
πE(x)

)
= πE

(
−x0, π̂

(
x′))=

(
x0, π̂

(
π̂
(
x′)))=

(
x0, x

′)= x

and so we also haveπE ◦πE = id. We shall set̃π = πE if E = Rn. Now, letA⊂E be any
symmetric subset and letϕ :A×Qk → Rn+k andπ ∈ Pk be given, we set

ϕπ = π̃ ◦ ϕ ◦ πA :x �→ π̃
(
ϕ
(
πE(x)

))
,

whereπA :A × Qk → A × Qk is the restriction ofπE . We shall refer toϕπ as to the
π -symmetricof ϕ. We shall say thatϕ is π -symmetricif ϕ = ϕπ and thatϕ is symmetricif
there existsπ such thatϕ = ϕπ . We note that(ϕπ )π = π̃ ◦ (π̃ ◦ ϕ ◦ πA) ◦ πA = ϕ.

REMARK 4.1. We observe that ifπ = id ϕ is π -symmetric if
(S1) ϕ0(−x0, x

′)= −ϕ0(x0, x
′) ∀x ∈A×Qk ,

(S2) ϕ′(−x0, x
′)= ϕ′(x0, x

′) ∀x ∈A×Qk .
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DEFINITION 4.1. LetA⊂ E be any given symmetric subset, for anyk ∈ N we shall say
that a symmetric functionϕ ∈ C(A×Qk,Rn+k) is a test function of dimensionn for A if
the following condition holds

(T) ±ϕi(x)� 0 ∀x ∈A× F i±, ∀i = 1, . . . , k.

We shall denote byΛ∗
n(A) the set of then-dimensional test functions forA, obtained

for any value ofk. Then we are ready to define thegenusof a setA as the number

γ ∗(A)= inf
{
n ∈ N

∣∣∃ϕ ∈Λ∗
n(A)

∣∣ s.t. 0/∈ ϕ(A×Qk)
}
.

Firstly, we remark that, sinceΛ∗
n(A) is a larger set than the setΛn(A) of the test maps

related to the Krasnoselskii genus (indeed the last one coincides with the subset of the
former one which contains the test functions constructed by takingk = 0), we have that, in
general,γ ∗(A)� γ (A). By definition, given anyϕ ∈Λ∗

n(A) with n < γ ∗(A), 0∈ ϕ(A).
In view of proving the analogous statement of Propositions 4.1–4.4 for the genusγ ∗, we

prove some useful lemmas stating some properties of the test functions.

LEMMA 4.1. Let ϕ : A×Qk → Rn+k satisfy(T) and letπ ∈ Pk be given, thenϕπ also
satisfies(T).

PROOF. Let x = (x0, x
′) ∈A× F±

i for i = 1, . . . , k. Thenπ̂ (x′) ∈ F±
π(i) and, sinceϕ sat-

isfies (T), we have

±ϕπ(i)
(
πE
(
x0, x

′))= ±ϕπ(i)
(
−x0, π̂

(
x′))� 0.

By the previous definitions we know thatϕπ(i) = (π̃ ◦ ϕ)i and so±(π̃ ◦ ϕ)i(πE(x))� 0,
that is,±(ϕπ )i(x)� 0, as stated in the thesis. �

LEMMA 4.2. Let A ⊂ E be any given symmetric subset. Then every test functionϕ ∈
Λ∗
n(A) can be extended to a map inΛ∗

n(E).

PROOF. Firstly, by virtue of the Tietze–Dugundji theorem (see [22]) we take an extension
of the componentsϕi on E × F±

i valued inR± keeping the sign property (T), then we
extend them andϕ0 continuously on all ofE ×Qk so getting a map̄ϕ :E ×Qk → Rn+k

which, obviously, satisfies (T). By Lemma 4.1, the mapϕ̄π , which is an extension ofϕπ ,
satisfies (T) and the same happens forϕs = 1

2ϕ̄+ 1
2ϕ̄π :E×Qk → Rn+k , whereπ ∈Pk is

such thatϕ is π -symmetric. Obviously,ϕs is symmetric since

(ϕs)π = 1

2
ϕ̄π + 1

2
(ϕ̄π )π = 1

2
ϕ̄π + 1

2
ϕ̄ = ϕs,

so ϕs ∈ Λ∗
n(E). If x ∈ A ×Qk thenϕ(x) = ϕπ (x), henceϕ(x) = ϕ̄(x) = ϕ̄π (x) and so

ϕ(x)= ϕs(x). Thereforeϕs extendsϕ to all ofE. �

The property in Proposition 4.1 also holds forγ ∗.
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PROPOSITION4.5. LetA⊂E be any given symmetric subset and letη :A→E be a given
odd continuous map. Thenγ ∗(η(A))� γ ∗(A).

PROOF. Let n < γ ∗(A), ϕ ∈ Λn(η(A)) and let η̄(x0, x
′) = (η(x0), x

′), η̄ :A × Qk →
η(A)×Qk . Givenπ ∈Pk , we have

πE
(
η̄
(
x0, x

′)) =
(
−η(x0), π̂

(
x′))=

(
η(−x0), π̂

(
x′))

= η̄
(
−x0, π̂

(
x′))= η̄

(
πE
(
x′))

and soπη(A) ◦ η̄= η̄ ◦ πA. We takeϕ̄ = ϕ ◦ η̄ :A×Qk → Rn+k , then

ϕ̄π = π̃ ◦ ϕ̄ ◦ πA = π̃ ◦ ϕ ◦ η̄ ◦ πA = π̃ ◦ ϕ ◦ πη(A) ◦ η̄= ϕπ ◦ η̄.

Therefore, if we fixπ such thatϕ is π -symmetric, that is,ϕ = ϕπ , thenϕ̄π = ϕ ◦ η̄ = ϕ̄,
hence alsōϕ is symmetric. Sincēη(A×F±

i )= η(A)×F±
i , we deduce that̄ϕ satisfies (T).

Thusϕ̄ ∈Λ∗
n(A), hence

0∈ ϕ̄(A×Qk)= ϕ
(
η̄(A×Qk)

)
= ϕ

(
η(A)×Qk

)
.

It follows that n < γ ∗(η(A)) by the arbitrariness ofϕ and, consequently,γ ∗(A) �
γ ∗(η(A)) by the arbitrariness ofn. �

Proposition 4.2 directly applies toγ ∗ sinceγ ∗(A)� γ (A).
In order to prove the analogous of Proposition 4.3 we need a topological lemma which

states a more general property than the Borsuk theorem.

THEOREM 4.1. Let f :Bn ×Qk → Rn+k be a continuous map symmetric on∂Bn ×Qk
(i.e., such that for someπ ∈Pk , f (x)= fπ (x) ∀x ∈ Sn−1×Qk) and assume that(T) holds
for ϕ = f andA= Bn. Then there existsx ∈ Bn ×Qk such thatf (x)= 0.

PROOF. The first step consists in introducing a suitable change of variables which will
allow to deal with the symmetry properties involved in the most convenient way.

For givenk ∈ N andπ ∈ Pk , let us introduce the sets

I0 =
{
i ∈ Ik | i = π(i)

}
, I1 =

{
i ∈ Ik | i < π(i)

}
.

We note that, ifki = ♯Ii , k0 + 2k1 = k. Let us introduce the functionsp1 andp2, both
defined onRk as

p1(x)= (xi + xπ(i))i∈I1 + (xi)i∈I0, p2(x)= (xi − xπ(i))i∈I1.

We haveRk ∼= p1(R
k)⊕ p2(R

k). Then for everyx ∈ Bn ×Qk , we set

x1 =
(
x0,p2

(
x′)), x2 = p1

(
x′),
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and so we havex = (x0, x
′) ∼= (x1,x2). Analogously, for anyf = (f0, f

′) ∈ Rn+k , we
define the functions

f1 =
(
f0,p2 ◦ f ′), f2 = p1 ◦ f ′,

and sof ∼= (f1, f2). Now we observe thatx1 = 0 if and only ifx0 = 0 and, for everyi ∈ Ik ,
xi = xπ(i), that(−x1,x2)∼= (−x0, π̂(x

′))= π̃(x) and that, consequently,f π -symmetric
means

f (−x1,x2)= π̃
(
ϕ(x1,x2)

)
=
(
−f1(x1,x2), f2(x1,x2)

)
. (4.1)

We assume by contradiction that

0 /∈ f
(
∂(Bn ×Qk)

)
= f

(
(
Sn−1 ×Qk

)
∪

k⋃

i=1

(
Bn ×

(
F+
i ∪ F−

i

))
)
.

In such a case, we shall show that the topological degree off in zero is different from
zero, that is, deg(Bn × Qk, f,0) �= 0. The first step in this direction consists in forcing
the assumption (T) to be satisfied with strict inequalities, by adding tof ′ the functionεx′

with ε > 0 suitably small in order to keep the value of the topological degree. We just
remark that the functiong : (x0, x

′) �→ (0, x′) is π -symmetric, as it can be easily seen.
Then, through a linear homotopy, we can pass fromf to 1

2(f +fπ ), which we will continue
to denote byf . By Lemma 4.1 we know that the symmetrization does not change the
degree sincef is not modified on∂Bn×Qk andfi and(fπ )i have a fixed sign onBn×F±

i .
By a standard perturbation argument we can also assumef ∈ C1(Bn ×Qk,Rn+k). We

setX = {x ∈ Rn+k | x1 = 0}. We shall introduce further modifications off which make
f−1(0) ∩X contain only regular points. Firstly we know that, by the oddness off1 with
respect to the variablex1 stated in (4.1),f1 = 0 onX and so the zeros off onX are the
zeros off2. Then we observe that, since after the previous symmetrizationf2 is even with
respect to the variablex1, so the partial Jacobian matrixJx1f2(x) is identically zero for
everyx ∈X. Then, for anyx ∈X, by Laplace rule we get|Jf (x)| = |Jx1f1(x)||Jx2f2(x)|.
We can force|Jx2f2| �= 0 on everyx ∈ X such thatf2(x) = 0 by subtracting fromf2 a
small regular valueh ∈ p1(R

k), given by the Sard theorem. Note that this perturbation
does not affect the symmetry properties off and, ifh is taken sufficiently small, does not
change the value of the topological degree. In particular, we get thatf−1(0)∩X is a finite
set and therefore the setL which contains all the eigenvalues ofJx1f1(x) in the points of
f−1(0) ∩ X is also finite. Then we can force the determinant|Jx1f1(x)| to be different
from zero in such points by adding tof1 the function−λx1 with λ ∈ R\L. Again, this new
perturbation preserves the symmetry properties off and, if λ is sufficiently small, does
not change the value of deg(Bn ×Qk, f,0) and the zeros off2 remain of course the same.
So we can be sure thatf has only regular zeros onX.

Now, sincef2 satisfies the hypotheses of the Miranda theorem (see [33]) onX ∼=Qk0+k1,
we can state thatf−1(0) ∩X is composed by an odd number of regular zeros. By conti-
nuity, we have that there exists a smallε > 0 such that the closed tubular neighborhood



576 S. Solimini

Xε = {x ∈ Bn ×Qk | d(x,X)� ε} contains only regular zeros. In order to force 0 to be a
regular value forf we have to deal with the set(Bn ×Qk) \Xε and, to this aim, we argue
as follows.

Let A±
i = {x ∈ Bn ×Qk | ±xi1 � ε

n
}, where, fori = 1, . . . , n+ k1, xi1 is the component

of x1 of indexi. One can easily see that

(Bn ×Qk) \Xε ⊂
n+k1⋃

i=1

(
A+
i ∪A−

i

)
.

We are going to perform a new perturbation off , which keeps the symmetry properties
and is too small to change the topological degree or to introduce singular zeros inXε,
in order to exclude the presence of singular zeros off also onA±

1 . Let S be the set of
singular values off . By the Sard theoremS ∪ π̃(S) is a negligible set, so we can take
h1 ∈ Rn+k \ (S ∪ π̃ (S)) arbitrarily small. Letg :R → [0,1] be a smooth function such
thatg(x)= 0 for x � 0 andg(x)= 1 for x � 1. Letψ :Rn → Rn+k be defined asψ(x)=
g(n
ε
x1

1)h1+g(−n
ε
x1

1)π̃(h1). One easily sees thatψ(x)= h1 if x ∈A+
1 andψ(x)= π̃(h1) if

x ∈A−
1 . So the functionf̄ :x �→ f (x)−ψ(x) has no singular zeros onA+

1 ∪A−
1 . Moreover,

f̄ keeps the symmetry properties off . The value of the degree and the regularity of the
zeros inXε are preserved by stability, providedh1 is taken suitably small.

We proceed in this construction throughn+k1 steps, fromi = 1 to i = n+k1. Thanks to
the stability property of the regular points, we are sure that at each step the regularity gained
at the previous step onXε ∪⋃i−1

j=1(A
+
j ∪ A−

j ) is kept, provided the perturbation termhi
given by the Sard theorem is chosen sufficiently small. Therefore, we can conclude that we
have regularity everywhere onBn×Qk and so 0 is a regular value forf . Finally, we know
that f−1(0) ∩ X is made by an odd number of points and, sincef−1(0) = π̃(f−1(0)),
f−1(0) \ X is made by an even number of points, indeedπ̃(x) �= x for x /∈ X. Then we
can conclude that deg(Bn ×Qk, f,0) is odd and so we get the thesis. �

REMARK 4.2. It is worth to notice that the previous theorem reduces to the Borsuk the-
orem whenk = 0 and to the Miranda theorem whenn= 0 andπ = id. If it is easy to see
that Miranda theorem can be deduced from the Borsuk theorem, nevertheless reconducing
the above statement to the Borsuk theorem does not seem to be an obvious task.

PROPOSITION4.6. γ ∗(Sn)= n+ 1.

PROOF. We know thatγ ∗(Sn) � γ (Sn) � n+ 1. On the other hand, letϕ ∈Λ∗
n(S

n) and
let Sn+ = {(x1, . . . , xn+1) ∈ Sn | xn+1 � 0}. Sn+ is homeomorphic toBn and so, by Theo-
rem 4.1, there existsx ∈ Sn+ ×Qk such thatϕ(x)= 0. Son < γ ∗(Sn). �

Also the trace property in Proposition 4.4 is enjoyed byγ ∗.

PROPOSITION4.7. Let A ⊂ E be any given symmetric subset and letϕ ∈ Λk(A), with
k < γ ∗(A). Thenγ ∗(ϕ−1(0))� γ ∗(A)− k.
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PROOF. Let k � n < γ ∗(A) andψ ∈ Λ∗
n−k(ϕ

−1(0)), ψ :ϕ−1(0) × Qh → Rn−k+h. By
Lemma 4.2,ψ can be extended tōψ defined on all ofE (and so onA) and such that
ψ̄ ∈Λ∗

n−k(A). Let us consider the functionϕ × ψ̄ :A×Qh → Rn+h defined as

(
ϕ × ψ̄

)
(x)=

(
ϕ(x0), ψ̄(x)

)
=
((
ϕ(x0), ψ̄0(x)

)
, ψ̄ ′(x)

)
.

It is easily seen thatϕ × ψ̄ satisfies (T), since the components involved in such condition
only belong toψ̄ . Moreover, ifπ ∈ Ph then

π̃
((
ϕ × ψ̄

)(
πE(x)

))
= π̃

((
ϕ(−x0), ψ̄0

(
πE(x)

)
, ψ̄ ′(πE(x)

)))

=
((

−ϕ(−x0),−ψ̄0
(
πE(x)

)
, π̂
(
ψ̄ ′(πE(x)

))))

=
((
ϕ(x0),

(
π̃ ◦ ψ̄

)
0

(
πE(x)

)
,
(
π̃ ◦ ψ̄

)′
πE(x)

))

=
(
ϕ × ψ̄π

)
(x).

Therefore(ϕ × ψ̄)π = ϕ × ψ̄π , hence sinceψ̄ is symmetric, then alsoϕ × ψ̄ satisfies
the same condition. Thusϕ × ψ̄ ∈ Λn(A) and then 0∈ (ϕ × ψ̄)(A × Qh), that is, 0∈
ψ̄(ϕ−1(0)×Qh).

By the arbitrariness of̄ψ , we getn− k < γ ∗(ϕ−1(0)) and by the arbitrariness ofn, the
thesis follows. �

A different trace property, which actually is the main motivation for passing to the
present variant of the notion of genus, can be now also proved.

PROPOSITION 4.8. Let A ⊂ E be any symmetric subset and letσ :A × Qk → E and
ϕ :E→ Rk be given. If there existsπ ∈Pk such that

(a) ∀x ∈A×Qk : σ(πE(x))= −σ(x),
(b) ∀u ∈E: ϕ(−u)= π̂(ϕ(u)),
(c) ∀x ∈A× F±

i : ±ϕi(σ (x))� 0 ∀i = 1, . . . , k,
thenγ ∗(σ (A×Qk)∩ ϕ−1(0))� γ ∗(A).

PROOF. Firstly we observe that conditions (a) and (b) allow to state respectively that
σ(A × Qk) andϕ−1(0) are symmetric subsets ofE and so the assertion makes sense.
We fix n < γ ∗(A) and a test functionψ of dimensionn defined on(σ (A×Qk)∩ ϕ−1(0))
and extended by Lemma 4.2 onE. Thenψ :E ×Qh → Rn+h satisfies (T) and is sym-
metric for someπ1 ∈ Ph. Let us defineρ ∈ Pk+h such thatρ(i) = π1(i) if i � h and
ρ(i)= h+ π(i − h) if i > h. In this way, ifx′ ∈ Rh+k is decomposed asx′ = (z′, y′) with
z′ ∈ Rh andy′ ∈ Rk , we haveρ̂(x′)= (π̂1(z

′), π̂(y′)). We defineϑ :A×Qh+k → Rn+h+k

by setting

ϑ
(
x0, x

′)= ϑ
(
x0, z

′, y′)=
(
ψ
(
σ
(
x0, y

′), z′
)
, ϕ
(
σ
(
x0, y

′))),

that is,ϑ0 = ψ0 andϑ ′ = (ψ ′, ϕ). We are going to prove thatϑ ∈Λ∗
n(A). Sinceψ satis-

fies (T), we have that, fori � h, ±ϑi = ±ψi � 0 if z′ ∈ F±
i , whereas condition (c) states
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that ±ϑh+i = ±ϕi � 0 if y′ ∈ F±
i and soϑ satisfies (T). Moreover, by (a), (b) and the

symmetry ofψ ,

ϑ
(
ρE(x)

)
= ϑ

(
−x0, π̂1

(
z′
)
, π̂
(
y′))

=
(
ψ
(
σ
(
−x0, π̂

(
y′)), π̂1

(
z′
))
, ϕ
(
σ
(
−x0, π̂

(
y′))))

=
(
ψ
(
σ
(
πE
(
x0, y

′)), π̂1
(
z′
))
, ϕ
(
σ
(
πE
(
x0, y

′))))

=
(
ψ
(
−σ
(
x0, y

′), π̂1
(
z′
))
, ϕ
(
−σ
(
x0, y

′)))

=
(
ψ
(
(π1)E

(
σ
(
x0, y

′), z′
))
, π̂
(
ϕ
(
σ
(
x0, y

′))))

=
(
π̃1
(
ψ
(
σ
(
x0, y

′), z′
))
, π̂
(
ϕ
(
σ
(
x0, y

′))))

=
(
−ψ0

(
σ
(
x0, y

′), z′
)
, π̂1
(
ψ ′(σ

(
x0, y

′), z′
))
, π̂
(
ϕ
(
σ
(
x0, y

′))))

=
(
−ψ0

(
σ
(
x0, y

′), z′
)
, ρ̂
(
ψ ′(σ

(
x0, y

′), z′
))
, ϕ
(
σ
(
x0, y

′)))

=
(
−ϑ0(x), ρ̂

(
ϑ ′(x)

))

= ρ̃
(
ϑ(x)

)
.

Then ϑ is symmetric and soϑ ∈ Λ∗
n(A) as claimed above and, sincen < γ ∗(A),

0 ∈ ϑ(A × Qh+k). This means that there existx0 ∈ A, y′ ∈ Qk and z′ ∈ Qh such that
ψ(σ(x0, y

′), z′)= 0 andϕ(σ(x0, y
′))= 0. So 0∈ ψ(((σ (A×Qk) ∩ ϕ−1(0)))×Qh). By

the arbitrariness ofψ , one getsn� γ ∗(σ (A×Qk)∩ϕ−1(0)) and by the arbitrariness ofn,
one gets the thesis. �

4.3. Min–max classes on the natural constraint

Let I :H → R be one of the functionals related to the problem (CP) or to the problem (P),
with H = H 1

0 (Ω) or H = H 1(RN ), respectively. LetV be the natural constraint defined
in (1.16). For any fixedn we introduce the class of sets

Γ V
n =

{
A⊂ V |Acompact, γ ∗(A)� n

}

and denote bycn the corresponding min–max level, that is,

cn = inf
A∈Γ V

n

sup
u∈A

I (u).

We assumecn > 0. Such an assumption will let us find a neighborhoodC− of 0 such that
for everyu ∈ C−,

I (u)�
cn

2
, ∇I (u) · u� 0,

in conjunction to which we take a neighborhood of infinityC+ such that for everyu ∈ C+,

I (u)� 0 and therefore ∇I (u) · u� 0.
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Let us observe that, given anyu ∈ V , the functionα �→ I (αu) is strictly increasing
between 0 and 1, strictly decreasing after 1 and tends to−∞ asα→ +∞. So two con-
stantsε, c > 0 such thatεu ∈ C− andcu ∈ C+ always exist. Moreover, ifA is any compact
subset ofV , ε andc can be uniformly fixed foru ∈A, alsoε can be fixed in maximal way
andc can be fixed in minimal way such that both the values turn out to be considered as
functions ofA. We introduce the functionσA :A× [−1,1] →H , defined as

σA(u,α)=
(
ε+ (α + 1)

c− ε
2

)
u,

satisfying the conditions

σA(u,−1)= εu, σA(u,1)= cu ∀u ∈A

and the set

ΣA = σA
(
A× [−1,1]

)

which will be namedsimple homothetic expansion of A. Let us notice that ifA ∈ Γ V
n then

σA belongs to the class of continuous functions defined by

Fn =
{
σ : A× [−1,1] →H

∣∣A ∈ Γ V
n ,

∀u ∈A: σ(−u,α)= −σ(u,α),
σ (u,−1) ∈ C−, σ (u,1) ∈ C+}

andΣA belongs to the class of sets defined by

Γn =
{
X ⊂H \ {0}

∣∣∃A ∈ Γ V
n ,

∃σ :A× [−1,1] →H,σ ∈ Fn, s.t.X = σ
(
A× [−1,1]

)}
.

Let us introduce two further classes of continuous functions and sets, namely

F∗
n =

{
ϕ :H → R

∣∣ϕ(−u)= −ϕ(u),
ϕ(u)� 0 ∀u ∈H ∩C−, ϕ(u)� 0 ∀u ∈H ∩C+},

Γ ∗
n =

{
X ⊂H \ {0}

∣∣X compact,X = −X, ∀ϕ ∈ F∗
n : γ ∗(X ∩ ϕ−1(0)

)
� n
}
.

LEMMA 4.3. Γn ⊂ Γ ∗
n .

PROOF. Let ϕ ∈ F∗, A ∈ ΓW
n , σ :A ×Q1 → H , σ ∈ Fn be fixed. By virtue of Theo-

rem 4.8 we haveγ ∗(σ (A ×Q1) ∩ ϕ−1(0)) � n. By the arbitrariness ofϕ ∈ F∗, we get
σ(A×Q1) ∈ Γ ∗

n . �

LEMMA 4.4. For everyA ∈ Γ ∗
n , we haveA∩ V ∈ Γ V

n .
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PROOF. To prove the statement it suffices to note that the functionϕ :u �→ ∇I (u) · u be-
longs toF∗

n and hence, by the definition ofΓ ∗
n , the thesis follows. �

LEMMA 4.5. If A ∈ Γ V
n thensupΣA I = supA I .

PROOF. The assertion trivially follows from the definition ofΣA. �

LEMMA 4.6. infA∈Γn supu∈A I (u)= infA∈Γ ∗
n

supu∈A I (u)= cn.

PROOF. By virtue of the inclusionΓn ⊂ Γ ∗
n , we have

inf
A∈Γ ∗

n

sup
u∈A

I (u)� inf
A∈Γn

sup
u∈A

I (u).

Moreover, for everyX ∈ Γ ∗
n , from Lemma 4.4 we have

cn � sup
u∈X∩V

� sup
u∈X

I (u)

and so, by the arbitrariness ofX, cn � infA∈Γ ∗
n

supu∈A I (u). Finally, by Lemma 4.5 we
have that, for everyX ∈ Γ V

n , sinceΣX ∈ Γn,

inf
A∈Γn

sup
u∈A

I (u)� sup
u∈ΣX

I (u)= sup
u∈X

I (u).

By the arbitrariness ofX in Γ V
n , we have

inf
A∈Γn

sup
u∈A

I (u)� inf
A∈Γ V

n

sup
u∈A

I (u)= cn.
�

PROPOSITION4.9. Γn andΓ ∗
n are two admissible min–max classes.

PROOF. Since cn > 0, we can find deformationsη reducing the levelcn and leav-
ing unchanged the sublevel ofcn2 . Obviously such deformations do not change the sets
C− andC+. It follows that if σ ∈ Fn andϕ ∈ F∗

n thenη ◦ σ ∈ Fn and so ifA ∈ Γn then
η(A) ∈ Γn and ifA ∈ Γ ∗

n thenη(A) ∈ Γ ∗
n . �

By the above results we can state that, for everyn, the min–max levels of the classes
in Γ V

n are all critical levels provided they satisfy the Palais–Smale condition, regardless any
regularity property of the constraint since they are levels of the unconstrained admissible
min–max classesΓn andΓ ∗

n . The corresponding critical points have also a characterization
of unconstrained min–max points with the relative properties like estimates of the Morse
index or others. Moreover, the three classes are equivalent from the point of view of the
localization of the critical points near the maximum points of the terms of a minimizing
sequence of sets, as stated in the next proposition.
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PROPOSITION4.10. If (An)n∈N is any minimizing sequence inΓ V
n , i.e., for everyn ∈ N,

An ∈ Γ V
n and limn(supu∈An I (u)) = cn, then the sequence of the homothetic expansions

(ΣAn)n∈N is a minimizing sequence inΓn (and so, in particular, in Γ ∗
n ).

PROOF. The assertion easily follows by Lemma 4.5 and by Proposition 4.9. �

PROPOSITION4.11. If (An)n∈N is any minimizing sequence inΓ ∗
n (and so, in particular,

in Γn) then the sequence of the traces onV(An ∩ V)n∈N is a minimizing sequence inΓ V
n .

PROOF. The assertion easily follows by Lemma 4.4 and by Proposition 4.9. �

4.4. Min–max classes on the double natural constraint

In this subsection we shall apply the above introduced notion of genus to the study of
the min–max classes on the double natural constraint. To this aim we fixπ ∈ P2, π �= id,
so that we simply haveπ(1) = 2, π(2) = 1, and consequently we fix the mapsπ̂ and
πE as defined in the previous subsection. LetΩ ⊂ RN be given and letI :H → R be
the functional defined in (1.15), related to problem (SP), withH = H 1

0 (Ω). For every
x ∈Ω , we set, as usual,u+(x) = max(u(x),0), u−(x) = max(−u(x),0). Let λ1 be the
first eigenvalue of−� onΩ , we supposeλ < λ1. Let W be the double natural constraint
so defined

W =
{
u
∣∣u± �= 0,∇I (u) · u± = 0

}
⊂ V, (4.2)

we set forn� 1,

ΓW
n =

{
A⊂ W

∣∣A compact,γ ∗(A)� n
}

and

cn = inf
A∈ΓW

n

sup
u∈A

I (u).

Sinceλ < λ1 then there exists a ground state levelc̄ > 0 so, for everyn, cn > 2c̄ since, for
everyu ∈ W , I (u±)� c̄ (see [14]). Let us introduce the sets

C− =
{
u ∈H \ {0}

∣∣∣ I (u)� c̄

3
,∇I (u) · u� 0

}
,

C+ =
{
u ∈H \ {0}

∣∣ I (u)� 0
(
and so∇I (u) · u� 0

)}
,

Ln =
{
u ∈H \ {0}

∣∣∣ I (u)� cn − c̄

3

}
.

Let us observe that, beingλ < λ1, given anyu ∈H \ {0}, the functionα �→ I (αu) grows
with a positive derivative forα small as far as it reaches its maximum, then it has a negative
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derivative and tends to−∞ asα → +∞. So two constantsε, c > 0 such thatεu ∈ C−

and cu ∈ C+ always exist. Moreover, ifA ⊂ H \ {0} is any compact set,ε and c can
be uniformly fixed foru ∈ A, as well as, ifA ⊂ W , for u ∈ A± = {u± | u ∈ A}, since
A± turn out to be also compact sets which do not contain 0. Furthermore,ε can be fixed
in a maximal way andc can be fixed in a minimal way so that both the two values can be
considered as functions ofA. We introduce the functionσA :A×Q2 →H , defined as

σA(u,α,β)=
(
ε+ (α + 1)

c− ε
2

)
u+ −

(
ε+ (β + 1)

c− ε
2

)
u−

and the sets

CA = σA(A× ∂Q2) and ΣA = σA(A×Q2).

We shall refer toΣA as to thedouble homothetic expansion of A. Let us notice that if
A ∈ ΓW

n and supA I < cn + c̄
3 , thenσA belongs (see Lemma 4.9) to the class of functions

defined by

Fn =
{
σ :A×Q2 →H

∣∣A ∈ ΓW
n and 1,2,3 hold

}
,

where
(1) σ(πH (x))= −σ(x) ∀x ∈A×Q2,
(2) σ(u,α,β) ∈ Ln andσ(u,α,β)+ ∈ C± if α = ±1,
(3) σ(u,α,β) ∈ Ln andσ(u,α,β)− ∈ C± if β = ±1.

ThereforeΣA belongs to the class of sets defined by

Γn =
{
X ⊂H \ {0} | ∃A ∈ ΓW

n ,

∃σ :A×Q2 →H,σ ∈Fn, s.t.X = σ(A×Q2)
}
.

Let us introduce two further classes of continuous functions and sets, namely

F∗ =
{
ϕ :H → R2 | 1∗,2∗,3∗ hold

}
,

where
(1*) ϕ(−u)= π̂(ϕ(u)),
(2*) ±ϕ1(u)� 0 if u ∈ Ln andu+ ∈ C±,
(3*) ±ϕ2(u)� 0 if u ∈ Ln andu− ∈ C±,

and

Γ ∗
n =

{
X ⊂H \ {0} |X compact,

X = −X and∀ϕ ∈ F∗
n : γ ∗(X ∩ ϕ−1(0)

)
� n
}
.

LEMMA 4.7. Γn ⊂ Γ ∗
n .
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PROOF. Let ϕ ∈ F∗, A ∈ ΓW
n , σ :A ×Q2 → H , σ ∈ Fn be fixed. By virtue of Theo-

rem 4.8, we haveγ ∗(σ (A×Q2) ∩ ϕ−1(0)) � n. By the arbitrariness ofϕ ∈ F∗, we get
σ(A×Q2) ∈ Γ ∗

n . �

LEMMA 4.8. For everyA ∈ Γ ∗
n , we haveA∩W ∈ ΓW

n .

PROOF. Let g(u) = ∇I (u) · u cut off by a positive constant near 0 so thatg(0) > 0. To
prove the statement it suffices to note that the functionϕ± :u �→ −g(u±) ∈ R2 belongs
to F∗ and hence by the definition ofΓ ∗

n the thesis follows. �

LEMMA 4.9. If A ∈ ΓW
n thensupΣA I = supA I andsupCA I � supA I − 2

3 c̄.

PROOF. Of course,A⊂ΣA so supA I � supΣA I . Conversely, ifu ∈ΣA, u has the form
u= µū+ + νū− with ū ∈A. Sinceū± ∈ V , we have

I (u)= I
(
µū+)+ I (νū−)� I

(
ū+)+ I (ū−)= I (ū)� sup

A

I.

If u ∈ CA, then{µ,ν} ∩ {ε, c} �= ∅ so I (ū±)− I (u±)� c̄− c̄
3 for at least one of the “+”

and “−” sign. �

LEMMA 4.10. The min–max levels of the above defined classes are the same, i.e.,

inf
A∈Γn

sup
u∈A

I (u)= inf
A∈Γ ∗

n

sup
u∈A

I (u)= cn.

PROOF. By virtue of the inclusionΓn ⊂ Γ ∗
n , we have

inf
A∈Γ ∗

n

sup
u∈A

I (u)� inf
A∈Γn

sup
u∈A

I (u).

Moreover, for everyX ∈ Γ ∗
n , from Lemma 4.8 we have

cn � sup
u∈X∩W

� sup
u∈X

I (u)

and so, by the arbitrariness ofX, cn � infA∈Γ ∗
n

supu∈A I (u). Finally, by Lemma 4.9 we
have that, for everyX ∈ ΓW

n , sinceΣX ∈ Γn,

inf
A∈Γn

sup
u∈A

I (u)� sup
u∈ΣX

I (u)= sup
u∈X

I (u).

By the arbitrariness ofX in ΓW
n , we have

inf
A∈Γn

sup
u∈A

I (u)� inf
A∈ΓW

n

sup
u∈A

I (u)= cn.
�

PROPOSITION4.12. Γn andΓ ∗
n are two admissible min–max classes.
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PROOF. Sincecn > 0, we can find a cut-off functionϕ such thatϕ(cn)= 1 andϕ(s)= 0
for s � cn− c̄

3 (see [44,46]). By multiplying the gradient∇I (u) byϕ(I (u))we obtain a cut-
off gradient flowη :R ×H →H which lets the points at levelcn move along the reverse
gradient direction and leaves the points inLn fixed. It follows that, settingηt :x �→ η(t, x),
if σ ∈Fn andϕ ∈ F∗

n thenηt ◦ σ ∈ Fn andϕ ◦ ηt ∈ F∗
n . So ifA ∈ Γn thenηt (A) ∈ Γn and

if A ∈ Γ ∗
n thenηt (A) ∈ Γ ∗

n . �

By the above results we can state that, for everyn, the min–max levels of the classes
in ΓW

n are all critical levels provided they satisfy the Palais–Smale condition, regardless
any regularity property of the constraint since they are levels of the unconstrained admis-
sible min–max classesΓn andΓ ∗

n . The corresponding critical points also have a charac-
terization of unconstrained min–max points with the relative properties like, for instance,
the direct estimates of the Morse index in the whole space. Moreover, the three classes
are also equivalent from the point of view of the localization of the critical points near
the maximum points of the terms of a minimizing sequence of sets, as stated in the next
proposition.

PROPOSITION4.13. If (Ai)i∈N is any minimizing sequence inΓW
n , i.e., for everyi ∈ N,

Ai ∈ ΓW
n andlimi(supu∈Ai I (u))= cn, then the sequence of the double homothetic expan-

sions(ΣAi )i∈N is a minimizing sequence inΓn (and so, in particular, in Γ ∗
n ) for i large.

PROOF. The assertion easily follows from Lemmas 4.9 and 4.10. �

PROPOSITION4.14. If (Ai)i∈N is any minimizing sequence inΓ ∗
n (and so, in particular,

in Γn) then the sequence of the traces onW(Ai ∩W)i∈N is a minimizing sequence inΓW
n .

PROOF. The assertion easily follows from Lemmas 4.8 and 4.10. �

It is worth to remark that the two previous propositions imply, in particular, that the
admissible min–max classesΓn andΓ ∗

n produce Palais–Smale sequences inW .

4.5. An estimate on the Morse index

As an example of the utility of working without constraints and in view of an application in
remaining part of this subsection, we shall briefly show a rough estimate which states that
at the levelcn we can find critical points in which the augmented Morse index is greater
or equal ton− 1 (the sharp estimate would give: greater or equal ton). The proofs follow
the ideas in [27], to which we refer for more details. Firstly we shall take into account the
case in which at levelcn we only have nondegenerate critical points. In such a case we
shall show that each one of such points can be avoided, in the sense that every minimizing
sequence can be modified in order to have an empty intersection with a neighborhood
of such a point, if it has a Morse index smaller thann − 1. If all the points are in this
situation, we can find a minimizing sequence of sets far away from all the critical points
at levelcn, getting in contradiction in case of compactness. This argument is based on a
simple topological lemma, see [27].
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LEMMA 4.11. LetC ⊂ RN−1 be a compact set and letf :C→ RN \ {0} be a continuous
map. Thenf has a continuous extension fromRN−1 to RN \ {0}.

PROOF. By the Dugundji theorem [22]f has a continuous extension̄f from RN−1 to RN

which isC1 out of C. By the Sard theorem̄f (RN−1 \ C) is a negligible set because it
cannot contain regular values. By compactness we know that a positive numberr > 0 such
thatBr(0)∩ f (C)= ∅ can be chosen. Then

Br(0) �⊂ f (C)∪ f̄
(
RN−1 \C

)
= f̄

(
RN−1).

So we can findȳ ∈ Br(0) \ f̄ (RN−1). We denote byp the projection ofBr(0) from ȳ

on ∂Br (0) extended by the identity out ofBr(0). Thenp ◦ f̄ is the desired extension.�

Now, let ū be a regular critical point at levelcn and letE− andE+, respectively, denote
the subspaces ofH 1

0 spanned by the eigenvectors corresponding to the negative and positive
eigenvalues of∇2I (ū), so that we can find a constantm> 0 such that

∀u± ∈E± : ±∇2I (ū)(u±) · u± �m‖u±‖2. (4.3)

For two givenr± > 0, letB± = Br±(0) ∩E±, S± = ∂B± in E±, B ′ = ū+ B− + B+ and
B = ū+ (B 1

2r−
(0) ∩E−)+B+. We shall splitu ∈ B ′ asū+ u+ + u− with u± ∈ B±. Let

us divideB ′ in two parts,

B1 =
{
u ∈ B ′ | ∇2I (ū)(u+) · u+ � −2∇2I (ū)(u−) · u−

}
,

B2 = B ′ \B1.

Note that by (4.3),

∀u± ∈ B1: ±∇2I (ū)(u) · u+ �
m

2
‖u+‖2 � const· ‖u‖2, (4.4)

∀u± ∈ B2: ±∇2I (ū)(u) · u− � −m‖u−‖2 � −const· ‖u‖2. (4.5)

So, if we fix r± conveniently small, we can respectively deduce that

∀u± ∈ B1: ±∇I (u) · u+ � 0, (4.6)

∀u± ∈ B2: ±I (u)� I (ū)= cn. (4.7)

Furthermore, by also choosingr− suitably smaller thanr+ we can also assume that

inf
ū+B−+S+

I � sn > cn. (4.8)

In a more regular context the following lemma can be proved in a slightly easier way by
using Morse lemma instead of the previous construction.
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LEMMA 4.12. Let ū be a nondegenerate critical point ofI at level cn. Then for every
A ∈ Γ ∗

n such thatsupA I < sn there existsA′ ∈ Γ ∗
n such that

A′ \
(
B ′ ∪ −B ′)=A \

(
B ′ ∪ −B ′), (4.9)

A′ ∩ �B ⊂ ū+E, (4.10)

sup
A

I � sup
A′
I. (4.11)

PROOF. Let η :B ′ → B ′ be defined by

η(u)= η(ū+ u− + u+)= ū+ u− + α(u)u+, (4.12)

whereα(u) = ( 2
r− ‖u−‖ − 1)+. Soη = id on ū+ S− + B+. We defineη in a symmetric

way near the symmetric critical point−ū and we extend it by identity on all ofH 1
0 . We can

assume thatB ′ does not touchC±, soη leaves the two sets fixed. The mapη so extended
turns out to be discontinuous only on the sets±(ū + B− + S+) where the functionalI
takes values greater or equal tosn. SoA∩ ((ū+B− +S+)∪−(ū+B− +S+))= ∅ and we
can modifyη in order to restore the discontinuity without modifying the values onA. Let
A′ = η(A). Sinceη is odd and leaves the setsC± fixed,η(A) ∈ Γ ∗

n . Moreover, (4.9) follows
by easy considerations sinceη= id onA \ (B ′ ∪ −B ′), (4.10) holds because ifu ∈ �B then
α(u)= 0 andη(u)= ū+ u− ∈ ū+E−. Finally, (4.11) trivially follows from

∀u ∈ B ′ : I
(
η(u)

)
� max

(
I (u), cn

)
, (4.13)

as we are going to check. Indeed by (4.6),

I (u)− I
(
η(u)

)
=
∫ 1

α(u)

∇I (ū+ u− + su+) · u+ ds � 0,

if ū+ u− + α(u)u+ = η(u) is inB1. Otherwise by (4.7),I (η(u))� cn. �

The above result can be improved by the use of Lemma 4.11, if we assume that the
Morse index ofū, namely dimE−, is smaller thann− 1.

PROPOSITION4.15. Let ū be a nondegenerate critical point at levelcn and letdimE− <
n − 1. Then we can find two arbitrarily small neighborhoodsB and B ′ of ū such that
(4.9)and (4.11)and

A′ ∩B = ∅ (4.14)

hold.

PROOF. LetA′, B, B ′ be as in the previous lemma. We shall show thatA′ \ (B ∪−B) still
belongs toΓ ∗

n and therefore it satisfies the properties in the thesis. Indeed, assume to have
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ϕ ∈ F∗ andψ ∈ Λn−1((A′ \ (B ∪ −B)) ∩ ϕ−1(0)) such that 0/∈ ψ(((A′ \ (B ∪ −B)) ∩
ϕ−1(0))×Qk). By (4.10),

T =
(
A′ \ (B ∪ −B)

)
∩
(
A′ ∩ �B

)
∩ ϕ−1(0)⊂ ū+E.

We haveψ : ((A′ \ (B ∪ −B) ∩ ϕ−1(0)) × Qk → Rn−1+k \ {0}. We want to extendψ
to ((A′ ∩ B) ∩ ϕ−1(0))×Qk and we must extend it fromT ×Qk which is the common
boundary of the set on whichψ is already defined and the set to which it must be extended.
We can firstly extend, by the Dugundji theorem, the components±ψi , i = 1, . . . , k, to
((A′ ∩ �B)∩ ϕ−1(0))×F±

i to positive values and then all the other components in order to
have

ψ : (T ×Qk)∪
((
A′ ∩ �B ∩ ϕ−1(0)

)
× ∂Qk

)
→ Rn−1+k \ {0}.

Since

(T ×Qk)∪
((
A′ ∩ �B ∩ ϕ−1(0)

)
× ∂Qk

)
⊂ (ū+E−)× Rk

and (ū + E−) × Rk is a linear space of dimension strictly smaller thann − 1 + k, by
Lemma 4.11 we can extendψ to (T ×Qk) ∪ ((A′ ∩ B ∩ ϕ−1(0)) ×Qk) with values in
Rn−1+k \ {0}. Symmetrically, we can also extendψ to ((A′ ∩ −B ∩ ϕ−1(0))×Qk) and
therefore to all of(A′ ∩ ϕ−1(0))×Qk with values inRn−1+k \ {0}, in contradiction to the
conditionA ∈ Γ ∗

n . �

By iterating this flattening and excision procedure, ifI has only (a finite number of )
nondegenerate critical points at levelcn and all of them have the Morse index strictly
smaller thann− 1, we can easily find a minimizing sequence(Ai)i∈N in Γ ∗

n whose terms
have an empty intersection with a fixed neighborhoodV of the setKcn of the critical points
at levelcn, getting in contradiction in case of compactness.

In the general case, one can take advantage of the Marino–Prodi perturbation argument,
(see [27,32,40] and [41], Chapter 3, Section 5) which allows one to reduceKcn to a set of
nondegenerate critical points and to consequently deduce the following result

PROPOSITION4.16. If I satisfies PS at levelcn there exists̄u in Kcn which has an aug-
mented Morse index greater or equal ton− 1.

4.6. Multiple solutions to the problem at critical growth

We can now give the proof of Theorem 1.2. Let us choose a sequence(pn)n∈N in ]2,2∗[
such thatpn → 2∗ and introduce the functionals

Inλ (v)=
1

2

∫

Ω

|∇v|2 − λ

2

∫

Ω

|v|2 − 1

pn

∫

Ω

|v|pn ,

whose critical points are solutions to problems (SP) forp = pn.
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Let V be as defined in Section 1.4 andVn the analogous constraint forI = Inλ . Let

ck = inf
A∈Γ V

k

sup
v∈A
Iλ(v)

and

cnk = inf
A∈Γ Vn

k

sup
v∈A
Ink (v).

By the results of Section 4.3, we see that everyck can be also regarded as the min–max
level ofI on the class of setsΓk orΓ ∗

k . The same conclusion holds forcnk and, by a suitable
choice of the setsC− andC+ which can be uniformly fixed with respect ton, cnk can be
seen as the min–max levelInλ on the same classesΓk andΓ ∗

k as before which, therefore,
do not depend onn.

LEMMA 4.13. If λ < λk thenck > 0 and, for everyn ∈ N, cnk > 0.

PROOF. Let A ∈ Γ V
k , by Proposition 4.2A ∩ E⊥

k−1 �= ∅. Let u ∈ A ∩ E⊥
k−1 ⊂ V ∩ E⊥

k−1.
By the constraint equation,

Iλ(u)=
1

N

(∫

Ω

|∇u|2 − λ
∫

Ω

|u|2
)

�
1

N

(
1− λ

λk

)∫

Ω

|∇u|2. (4.15)

The constraint equation also implies

∫

Ω

|u|2∗ =
∫

Ω

|∇u|2 − λ
∫

Ω

|u|2 �

(
1− λ

λk

)∫

Ω

|∇u|2,

which implies

(
‖u‖2∗

)2∗−2
�

(
1− λ

λk

)
S

and therefore

sup
A

I � I (u)= 1

N

∫

Ω

|u|2∗
�

1

N

((
1− λ

λk

)
S

)N/2
.

Taking the infimum forA ∈ Γ V
k we finally have

ck �
1

N

((
1− λ

λk

)
S

)N/2
> 0.

The second part of the thesis can be proved in the same way. �

The proof of Theorem 1.2 will follow from the following two lemmas.
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LEMMA 4.14. limn→+∞ cnk = ck for anyk as in the previous lemma.

PROOF. Let us fixk ∈ N andA ∈ Γk , then for anyu ∈A, Inλ (u)→ Iλ(u). BeingA compact
and the functionals equicontinuous,

sup
u∈A

Inλ (u)→ sup
u∈A

Iλ(u).

Then lim supn∈N c
n
k � supu∈A Iλ(u) and, beingA an arbitrary set inΓk , we get

lim sup
n→+∞

cnk � ck.

Since fors > 0 the functionh(s) = 1
pn
spn − 1

2∗ s
2∗

gets its maximum value ins = 1, we

haveh(s)� 1
pn

− 1
2∗ for all s > 0. Therefore for everyu ∈H 1

0 ,

Iλ(u)� I
n
λ (u)+

(
1

pn
− 1

2∗

)
|Ω|

so, for anyk ∈ N,

ck � lim inf
n→+∞

cnk

and we have the thesis. �

LEMMA 4.15. limk→+∞ ck = +∞.

PROOF. We want to remark that such a result is not based on compactness properties be-
cause, if we prove the statement forλ > 0, i.e., when we have compactness, the statement
itself is obviously true whenλ � 0 and compactness fails. Moreover, this lemma is also
true in lower dimension, as we can see, in the same way, by adding a suitably big sub-
critical term. On the other side, the use of compactness techniques takes advantage of the
previous results in this chapter. Let us suppose, by contradiction, that the sequence(ck)k∈N

is bounded, hence it converges to a real numberc. For anyk ∈ N, by Lemma 4.14 there
existsnk > k such that|cnkk − ck|< 1

k
; hence

lim
k→+∞

c
nk
k = lim

k→+∞
ck = c (4.16)

and the sequence(nk)k∈N is diverging, i.e.,

lim
k→+∞

nk = +∞.

Let unk be a solution of (SP) at levelcnkk . Using the Morse index estimates on min–max
points as in Section 4.5, we can select the sequence(unk )k∈N such that everyunk has an
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augmented Morse index greater or equal tok − 1. By our assumptions, we can claim that
the sequence(unk )k∈N is bounded inH 1

0 (Ω). Indeed, beingunk a solution to (SP) we have

I
nk
λ (unk )=

(
1

2
− 1

pnk

)∫

Ω

|unk |pnk → c, (4.17)

which gives the boundedness of−�unk in H−1 and, in turn, the boundedness ofunk
on H 1

0 . So the sequence(unk )k∈N is uniformly bounded by Theorem 1.1 and therefore
the Morse index ofunk must keep bounded, in contradiction to our construction. �

PROOF OFTHEOREM 1.2. Fixedk ∈ N, we take, for anyn ∈ N, un = unk a critical point
at levelcnk for the functionalInλ . First we use Lemma 4.14 and the analogous of (4.17) to
have(un)n∈N bounded inH 1

0 . The sequence(un)n∈N, by Theorem 1.1, is then uniformly
bounded, so by standard compactness arguments we can find a converging subsequence to
a solutionūk to (CP) at levelck , as follows from Lemma 4.14. By Lemma 4.15, we have
infinitely many distinct values ofck for k ∈ N and so the proof is concluded. �

4.7. Multiple solutions to the problem on the whole domain

This part is devoted to the proof of Theorem 1.4 which states the existence of infinitely
many solutions to problem (P).

Let us fix a sequence(rn)n∈N, rn ∈ R+ such thatrn → +∞ and consider the problems
(Pn)= (APrn) defined in Section 1.2.

Beside the functionalI defined in Section 1.2, we introduce the functional

In(u)=
1

2

∫

Brn (0)

(
|∇u|2 + a(x)u2)dx − 1

p

∫

Brn (0)
|u|p dx,

and the min–max levels

ck = inf
A∈Γ V

k

sup
v∈A
I (v)

and

cnk = inf
A∈Γ Vn

k

sup
v∈A
In(v),

whereV is the natural constraint related to the functionalI andVn is the natural constraint
related toIn or, equivalently,Vn = V ∩H 1

0 (Brn(0)).
Since (a1) and (a2) widely imply that(a − 1

2a∞)
− = sup(−(a − 1

2a∞),0) ∈ LN/2, we
know that the eigenvalue problem

{
−�u= µ

(
a − 1

2a∞
)−
(x)u in RN ,

u ∈H 1
(
RN
)
,

(LP)
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has a diverging sequence of eigenvaluesµ1 < µ2 � µ3 � · · · � µn � · · · , see [30]. So
we can findk such thatµk > 1. Also in this situation we have the analogous statement of
Lemma 4.13.

LEMMA 4.16. If µk > 1 thenck > 0.

PROOF. The proof is formally equal to that of Lemma 4.13, provided we take the func-
tions ϕi as the eigenvectors given by (LP) corresponding to the eigenvaluesµi and
Ei = Span{ϕ1, ϕ2, . . . , ϕi}. By the constraint equation, ifu ∈ V ∩E⊥

k−1,

I (u) =
(

1

2
− 1

p

)∫

RN

(
|∇u|2 + a(x)u2)

�

(
1

2
− 1

p

)∫

RN

(
|∇u|2 + 1

2
a∞u2 −

(
a − 1

2
a∞

)−
(x)u2

)

�

(
1

2
− 1

p

)((
1− 1

µk

)∫

RN
|∇u|2 +

∫

RN

a∞
2
u2
)
. (4.18)

So

‖u‖p �

(
1

2
− 1

p

)(
1− 1

µk

)∫

RN
|∇u|2 + a∞

2

∫

RN
u2

�

(
1

2
− 1

p

)((
1− 1

µk

)
S‖u‖2

2∗ + a∞
2

‖u‖2
2

)
. (4.19)

On the other hand, by the Hölder and Young inequalities,

‖u‖2
p � ‖u‖2(2∗(p−2))/(p(2∗−2))

2∗ ‖u‖2(2(2∗−p))/(p(2∗−2))
2

�
2∗(p− 2)

p(2∗ − 2)
‖u‖2

2∗ + 2(2∗ − p)
p(2∗ − 2)

‖u‖2
2. (4.20)

Therefore, combining (4.19) and (4.20), one easily gets

‖up‖2 � const· ‖u‖pp

and finally,

I (u)=
(

1

2
− 1

p

)∫

RN
|u|p � const.

Since, for everyA ∈ Γ V
k , one has by Proposition 4.2 thatA ∩ E⊥

k−1 �= ∅, by fixing u ∈
A∩E⊥

k−1 ⊂ V ∩E⊥
k−1, we have

sup
A

I � I (u)� const (4.21)
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and, taking the infimum,ck � const> 0. �

In this second case we always have

ck � cnk (4.22)

becauseVn = V ∩H 1
0 (Brn)⊂ V . Moreover, the property of Lemma 4.13 still holds.

LEMMA 4.17. If µk > 1 thenck = limn c
n
k .

PROOF. Let k be given and letA ∈ Γ Vn
k . SinceA is a compact set, for everyε > 0 A has

a finiteε-netF contained inD(Ω). Forn large,F ⊂H 1
0 (Brn). Let Pn be the orthogonal

projection ofH 1(RN ) ontoH 1
0 (Brn). We know that, for everyx ∈ A, ‖x − Pn(x)‖ < ε.

SinceA⊂ V , for v ∈ Pn(A),

α(v)=
(∫

RN
|∇v|2 −

∫
RN
a(x)v2 dx∫

RN
|v|p dx

)1/(p−2)

> 0, (4.23)

providedε is taken sufficiently small. Then the mapηn :A→H 0
1 (Brn) ∩ V = Vn defined

by

ηn :u �→ α
(
Pn(u)

)
Pn(u) (4.24)

is an odd map. Soγ ∗(ηn(A)) � γ ∗(A) � k and therefore,ηn(A) ∈ Γ Vn
k . One can also

easily see that for anyδ > 0, by taking a conveniently small value ofε to haveηn(A) close
enough toA,

cnk � sup
ηn(A)

I � sup
A

I + δ (4.25)

for n large. Taking the infimum forA ∈ Γ V
k andδ > 0 we finally find

lim sup
n

cnk � ck, (4.26)

which, combined with (4.22), gives the thesis. �

We can also formally use the same proof of Lemma 4.13 to see that, also in this second
case, the sequenceck is diverging. The same argument used for the proof of Theorem 1.2
gives now Theorem 1.4.

PROOF OFTHEOREM 1.4. Letk be as in Lemma 4.16. For everyn we can find a solu-
tion un to (Pn) at levelcnk . Since

cnk = In(un)=
(

1

2
− 1

p

)
‖un‖pp → ck
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asn→ +∞, then(un)n∈N is bounded inLp, so also

∫

RN
|∇un|2 +

∫

RN
a(x)u2

n � const

and finally,

∫

RN
|∇un|2 + 1

2
a∞

∫

RN
u2
n � const+

∫

RN

(
a − 1

2
a∞

)−
u2
n

� const+
∥∥∥∥
(
a − 1

2
a∞

)−∥∥∥∥
(p/2)′

‖un‖2
p

� const,

so (un)n∈N is bounded inH 1(RN ). Then by Theorem 1.3,(un)n∈N has a converging sub-
sequence to a solutionuk to (P) at levelck . Since(ck)k∈N is diverging, (P) has infinitely
many solutions. �

5. Concluding remarks

We conclude this exposition with some comments on the assumptions employed for the
two problems and indicating what one knows or what one can expect without them. In
the second part of the section we shall show what kind of multiplicity results are already
known for (SP) in nonsymmetric cases when the fundamental restrictionN � 7 on the
dimension is not assumed.

5.1. Review on the assumptions and open problems

We have considered the critical growth problem only from the point of view of taking into
exam the presence of subcritical terms which make the concentrations to be not conve-
nient. The techniques discussed here have no application (so far) to problems in which
the concentrations are avoided thanks to assumptions on the shape of the domain or other
geometric conditions. Easy extensions are possible to similar equations involving other
operators as, for instance, thep-Laplacian or more general elliptic operators. The most
delicate point is concerned with the bound on the dimension. The dimension seven has no
particular meaning as happens, for instance, with the minimal surface problems, but de-
pends on the linearity of the subcritical perturbation termλu. A nonlinear subcritical term
would require a different bound on the dimension. Let us point out thatN � 4 is enough
for the existence of a nontrivial solution for everyλ but three more dimensions are needed
for the multiplicity results. The reason is due to the fact that as we have seen in Section 1.5,
starting on dimension 4, the gain due to the quadratic term−λ

∫
Ω
u2 in the functional is

more consistent than the cost of a cut-off term which brings a Talenti function to zero
within the boundary ofΩ . On the other hand, if one wants to perform a similar test for the
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multiplicity problem, one must cut off the function in order to reach a value of opposite
sign and so the cost of the cut-off is considerably more expensive.

As we have seen in Section 2, the existence of infinitely many solutions to (CP) is as-
sured for everyΩ ⊂ RN only forN � 7 and relies on a compactness theorem which cannot
be extended to lower dimensions. This circumstance does not mean that the existence of in-
finitely many solutions cannot be proved through different tools as it happens, for instance,
in the case of symmetric domains (see [24]). Such a result is false if one looks for particular
solutions as, ifΩ is a ball, the radial ones (see [2]), which certainly exist ifN � 7, and this
suggests, in the general case, to search for solutions which change sign near the boundary,
so excluding the radial symmetric functions. This approach was pursued in [14] in order to
show the existence of two (pairs of ) distinct solutions forN � 4 andλ < λ1.

A result in this sense will be shown in the second part of this section.
In the case of problem (P) the assumptions (a1) and (a2) let the superquadratic term of the

functional bounded in terms of the quadratic part and allow the proof of Proposition 1.1.
The smoothness asked in (a1) is more than what we need to this aim (a− ∈ LN/2(RN )
would be more than enough) but it is required for the other assumptions. Condition (a3) is
the equivalent of the boundN � 7 for (CP). The proof of the multiplicity results without
this assumption would probably require completely different arguments. One can possibly
show even uniqueness results in some particular cases, as happens for (CP) with the radial
symmetry. On the contrary (a4) has been only used for the proof of Lemma 2.4 to the
aim of passing from an integral of the function∂a

∂4t to an integral of∂a
∂ 4x . It can certainly be

weakened, the question if some assumption of this kind is necessary for the multiplicity
result or what is the minimal condition is open.

5.2. Estimates in lower dimension

Now we shall prove, following [20], that the estimate in [14] increases up to at leastN
2 + 1

solutions or even toN + 1 if λ is suitably close to zero. This result has been recently
extended in [15] to the caseλ� λ1. In any case, there is no reason to suppose that such a
result may be optimal and the problem of proving the existence of infinitely many solutions,
or even of getting an optimal estimate on the number of solutions, remain, as far as we
know, largely open forN � 6. We shall work with the double natural constraint introduced
in Section 4.4.

LEMMA 5.1. Let (un)n∈N be a PS sequence inW at levelc < 2
N
SN/2, then the sequence

cannot converge weakly to zero.

PROOF. Since(un)n∈N is a PS sequence inW andλ ∈]0, λ1[, we have‖∇u±
n ‖ � const

therefore an eventual strong limit of the two sequences(u±
n )n∈N cannot be zero. We have to

extend this claim to the case of a weak limit, which brings a weaker information when the
sequence is not compact. We know that the “bad” levelsc for noncompact PS sequences
detected by Theorem 1.6 in]0, 2

N
SN/2[ arec = c′ + 1

N
SN/2 with c′ critical level for Iλ

and the weak limitϕ0 of the sequence is a solutionu to (P) at levelc′. The obstruction to
the compactness of(un)n∈N is given by scaled copies of a global solutionϕ1 which has a
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constant sign and disappears if we restrict ourselves tou±
n for one of the+ or − signs. So,

in one of the two cases, we haveu±
n → u± strongly and sou �= 0, according to the assertion

in the beginning of the proof. Therefore orc or c− 1
N
SN/2 is a nonnull critical level which

corresponds to the strong or respectively to the weak limit of the sequence(un)n∈N. �

We set

c0 = inf
u∈V

Iλ(u).

LEMMA 5.2. For all k ∈ {1, . . . ,N + 1}, we have

2c0 � ck <
2

N
SN/2.

PROOF. The finite sequence of sets(Γk)k∈{1,...,N+1} is decreasing and therefore we must
only prove that 2c0 < c1 and cN+1 <

2
N
SN/2. The first inequality is obvious since, for

all u ∈ W , u+, u− ∈ V and Iλ(u) = Iλ(u
+) + Iλ(u

−) � 2c0. We start by determin-
ing a constant̄c < 1

N
SN/2 such thatcN < 2c̄, namely we can find a setA ∈ ΓN such

that supA Iλ � 2c̄ < 2
N
SN/2. Let B = BR be a ball with radiusR > 0 contained in

Ω which, in order to use a simpler notation, will be assumed, without any restriction,
to be centered in the origin. For anyν ∈ SN−1 = ∂B, we consider two ballsBν1 and
Bν2 of radius R2 contained inB and tangent to∂B respectively inν and in −ν. Let
us consider the functionϕ : ∂B → W such that for anyν ∈ ∂B, ϕ(ν) = uν :Ω → R,
where (uν)+ and (uν)− are respectively the functionu∗

σ found in Section 1.5 inBν1
andBν2 and let us callc̄ = Iλ((uν)+) = Iλ((uν)−). In this way, we map∂B into a set
A ⊂ W in an odd continuous way, thereforeγ (A) � γ (∂B) = N . Moreover,∀ν ∈ ∂B:
Iλ(u

ν)= Iλ((uν)+)+ Iλ((uν)−)= 2c̄ < 2
N
SN/2.

From the boundcN < 2c̄ we shall now pass to show thatcN+1 is below 2
N
SN/2. Actu-

ally we shall find in this new case the boundcN+1 � c̄+ 1
N
SN/2, by extending the above

introduced mapϕ from ∂B to anN -dimensional sphere. From the construction in Sec-
tion 1.5, one can easily see thatū1 can be modified continuously to the analogous function
ūs1, which has a support on the ballBν(s) concentric withBν1 and radiuss, belongs toV
and keeps the propertyIλ(ūs1) <

1
N
SN/2. Of courseIλ(ūs1)→ 1

N
SN/2 ass→ 0.

We shall firstly extendϕ toB, namely we shall find a continuous homotopy with values
in W from ϕ to a constant map. This homotopy will be performed in two steps.

Firstly we shall shrink the radius ofBν1 to a conveniently small radiusρ by taking

H1(s, ν)= ūs1 − ū2

with s ∈ [0, R2 ]. Then we shall translate the ballsBν(ρ) andBν2 bringing the two centers
on the origin, obtaining the homotopy

H2(t, ν)= x �→ ū
ρ
1

(
x + t ν

2

)
− ū2

(
x − t ν

2

)
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for t ∈ [0,1].
The very different scales of̄uρ1 andū2 make infinitesimal the mixed terms in the evalu-

ation ofIλ, so we have, for allt ∈ [0,1],

Iλ
(
H2(t, ν)

)
= Iλ

(
ū
ρ
1

)
+ Iλ(ū2)+ ε1(ρ)= c̄+ 1

N
SN/2 + ε2(ρ), (5.1)

where fori = 1,2, εi(ρ)→ 0 whenρ → 0. The definition ofH2 should still be changed
by multiplying the positive and the negative part ofH2(t, ν) by coefficientsα±(t) in such a
way to provide thatH2(t, ν) ∈ W for all t ∈ [0,1]. Since the functionα±(t) are clearly con-
tinuous andα±(t)→ 1 asρ→ 0, as we can see by arguing as in (5.1), we still keep (5.1)
after this small correction.H2(1, ν) gives the same function whatever isν ∈ ∂B, so the
homotopy connectsϕ to a constant map.

We have in this way an extension ofϕ toB and so to a hemisphere in dimensionN + 1.
By an odd extension we defineϕ on the whole sphere.

Then the set of the functions obtained via this transformation is a compact symmetric
set contained inW whose genus is greater or equal toN + 1, moreover, on this set the
functionalIλ is bounded bȳc+ 1

N
SN/2 + ε2(ρ) < 2

N
SN/2 and the thesis follows. �

REMARK 5.1. If we work on the larger constraintV , we can add one more step to the
previous construction showing that even the constrained levelcN+2 is in such a case lower
than 2

N
SN/2. Indeed, one can easily find a homotopy from the mapϕ, extended to the

sphere inN + 1 dimension to a constant map, by arguing as follows. Fors ∈ [0,1] one
performs the same construction as before by multiplying bys the functionu∗

σ taken in
Bν2 and then normalizing the wholeuν by multiplying it by a normalization constantα(s)
which letsα(s)uν ∈ V . Analogously, one normalizesHi(s, ν). In this way we can, roughly
speaking, “kill” the negative part of the function remaining only with scaled copies of
u∗
σ on some balls contained inB. Then it is easy to modify such functions continuously

reconducing all of them to the functionu∗
σ defined as in Section 1.5 on the whole ball. This

homotopy extendsϕ to a hemisphere in dimensionN+2. In any case, even with the present
approach, we gain a further critical level by adding to the levelsc1, c2, . . . , ck+1 detected
onW the level, which we have denoted byc0, obtained as the infimum ofI onV , so that
the difference apparently relies in a shift of the index which runs from 0 toN + 1 rather
than from 1 toN + 2. However, the further information that, fori � 1, ci is a critical level
corresponding to a PS sequence inW will allow the use of Lemma 5.1 and motivates the
choice of working on the double natural constraint. Nevertheless, approaching the problem
onV would only give the further difficulty of avoiding the level1

N
SN/2 in Lemma 5.1 and

would finally lead to prove the same result as Theorem 5.1 in even dimension but to find
one solution less in odd dimension. On the other hand, Theorem 5.2 can be proved also in
this other way.

We shall now observe that if two different levelsci coincide, then (P) must necessar-
ily have infinitely many solutions, even if the [P.S.]ci condition fails. Note that this lack
of compactness make us unable even to say that such a level must be critical, however
Lemma 3.2 permits to conclude that the number of solutions at a possibly lower level is
necessarily infinite.



Multiplicity techniques for problems without compactness 597

LEMMA 5.3. If there existi, j ∈ {1, . . . ,N + 1}, i �= j , such thatci = cj , then (P) has
uncountably many solutions.

PROOF. We can reduce ourselves to the case in whichj = i + 1 with i ∈ {1, . . . ,N}.
We shall prove that, in this hypothesis, we can find a solution to (P) which is orthogonal
to every given functionv ∈ H 1

0 (Ω). Let (An)n∈N ∈ Γ N

i+1 be a minimizing sequence, i.e.,
lim supn(supAn Iλ)= ci+1. Let us fixv ∈H 1

0 (Ω) and consider for everyn ∈ N

A′
n =An ∩ v⊥.

The sequence(A′
n)n∈N is, by Lemma 4.3, a sequence inΓi and, being

lim sup
n

(
sup
A′
n

Iλ

)
� lim sup

n

(
sup
An

Iλ

)
= ci+1 = ci,

it is a minimizing sequence. Let(un)n∈N be a constrained PS sequence at levelci close
to the sequence(A′

n)n∈N (i.e., limn d(un,An) = 0), then by Lemma 5.1 its weak limit
ū is a nontrivial solution to (CP) which is orthogonal tov. If (CP) has a only countably
many solutions, the set of the functions which are orthogonal to some solution to (CP) is
a first category set. So we can find a functionv ∈H 1

0 (Ω) whose scalar product with every
nontrivial solution is not null and we find a contradiction. �

THEOREM 5.1. Let N � 4, then (CP) has at leastN2 + 1 distinct ( pairs of) solutions
∀λ ∈]0, λ1[.

PROOF. Taking into account Lemma 5.3, we can suppose that∀i, j ∈ {1, . . . ,N + 1}, ci �=
cj so that we haveN + 1 distinct levelsci for i = 1, . . . , k + 1. Adding the ground state
level c0, obtained as minimal level onV , we haveN + 2 distinct levels

0< c0< c1< · · ·< cN+1<
2

N
SN/2.

By Lemma 3.2, we know that for everyi ∈ {1, . . . ,N + 1} we have the following alterna-
tive: or ci or c′i = ci − 1

N
SN/2 is a nonzero critical level, so we can deduce that at most

two different valuesci can determine the same solution, so we get at leastN+2
2 = N

2 + 1
solutions to (CP). More precisely, whenN is even we have at leastN2 +1 pairs of solutions
to (CP) while ifN is odd we get at leastN+1

2 + 1 pairs of solutions to (CP). �

THEOREM 5.2. LetN � 4, then there exists a positive numberλ̄ ∈]0, λ1[ such that prob-
lem(CP)has at leastN + 1 distinct( pairs of) solutions for everyλ ∈]0, λ̄[.

PROOF. The proof is obvious taking into account that there existsλ̄ ∈]0, λ1[ such that
for all λ ∈]0, λ̄[ 2c0 > 1

N
SN/2. This last property implies that∀i ∈ {2, . . . ,N + 1},

ci − 1
N
SN/2< c1, so the only critical value which can be given by two different min–max

approaches of the type considered above isc0. �
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