


HANDBOOK
OF DIFFERENTIAL EQUATIONS

STATIONARY PARTIAL
DIFFERENTIAL EQUATIONS

VOLUME Il



This page intentionally left blank



HANDBOOK
OF DIFFERENTIAL EQUATIONS

STATIONARY PARTIAL
DIFFERENTIAL EQUATIONS

Volume |1

Edited by

M. CHIPOT

Institute of Mathematics, University of Zirich, Zirich, Switzerland

P. QUITTNER

Department of Applied Mathematics and Statistics, Comenius University,
Bratislava, Slovak Republic

ELSEVIER
NORTH
HOLLAND

2005

ELSEVIER
Amsterdam Boston- Heidelberg Londone New York « Oxford
Pariss San Diego San Francisce Singapore Sydneys Tokyo



ELSEVIER B.V. ELSEVIER Inc. ELSEVIER Ltd ELSEVIER Ltd

Radarweg 29 525 B Street, Suite 1900 The Boulevard, Langford Lane 84 Theobalds Road
P.O. Box 211 San Diego, CA 92101-4495 Kidlington, Oxford OX5 1GB London WC1X 8RR
1000 AE Amsterdam USA UK UK

The Netherlands
© 2005 Elsevier B.V. All rights reserved.
This work is protected under copyright by Elsevier B.V., and the following terms and conditions apply to its use:

Photocopying

Single photocopies of single chapters may be made for personal use as allowed by national copyright laws.
Permission of the Publisher and payment of a fee is required for all other photocopying, including multiple or
systematic copying, copying for advertising or promotional purposes, resale, and all forms of document delivery.
Special rates are available for educational institutions that wish to make photocopies for non-profit educational
classroom use.

Permissions may be sought directly from Elsevier's Rights Department in Oxford, UK; phone: (+44) 1865
843830, fax: (+44) 1865 853333, e-mail: permissions@elsevier.com. Requests may also be completed on-line
via the Elsevier homepage (http://www.elsevier.com/locate/permissions).

In the USA, users may clear permissions and make payments through the Copyright Clearance Center, Inc., 222
Rosewood Drive, Danvers, MA 01923, USA; phone: (+1) (978) 7508400, fax: (+1) (978) 7504744, and in the
UK through the Copyright Licensing Agency Rapid Clearance Service (CLARCS), 90 Tottenham Court Road,
London W1P OLP, UK; phone: (+44) 20 7631 5555; fax: (+44) 20 7631 5500. Other countries may have a local
reprographic rights agency for payments.

Derivative Works

Tables of contents may be reproduced for internal circulation, but permission of the Publisher is required for
external resale or distribution of such material. Permission of the Publisher is required for all other derivative
works, including compilations and translations.

Electronic Storage or Usage
Permission of the Publisher is required to store or use electronically any material contained in this work, including
any chapter or part of a chapter.

Except as outlined above, no part of this work may be reproduced, stored in a retrieval system or transmitted in
any form or by any means, electronic, mechanical, photocopying, recording or otherwise, without prior written
permission of the Publisher.

Address permissions requests to: Elsevier's Rights Department, at the fax and e-mail addresses noted above.

Notice

No responsibility is assumed by the Publisher for any injury and/or damage to persons or property as a matter
of products liability, negligence or otherwise, or from any use or operation of any methods, products, instruc-
tions or ideas contained in the material herein. Because of rapid advances in the medical sciences, in particular,
independent verification of diagnoses and drug dosages should be made.

First edition 2005

Library of Congress Cataloging in Publication Data
A catalog record is available from the Library of Congress.

British Library Cataloguing in Publication Data
A catalogue record is available from the British Library.

ISBN: 0 444 52045 7
Set ISBN: 0 444 51743 x

©The paper used in this publication meets the requirements of ANSI/NISO Z39.48-1992 (Permanence of Paper).
Printed in The Netherlands.



Preface

This handbook is Volume Il in a series devoted to stationary partial differential equations.
Similarly as Volume |, it is a collection of self-contained, state-of-the-art surveys written
by well-known experts in the field.

The topics covered by this handbook include existence and multiplicity of solutions of
superlinear elliptic equations, bifurcation phenomena, problems with nonlinear boundary
conditions, nonconvex problems of the calculus of variations and Schrédinger operators
with singular potentials. We hope that these surveys will be useful for both beginners and
experts and speed up the progress of corresponding (rapidly developing and fascinating)
areas of mathematics.

We thank all the contributors for their clearly written and elegant articles. We also thank
Arjen Sevenster and Andy Deelen at Elsevier for efficient collaboration.

M. Chipot and P. Quittner
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The Dirichlet problem for superlinear elliptic equations 3
0. Introduction

Boundary value problems for nonlinear elliptic partial differential equations have been
a major focus of research in nonlinear analysis for decades. In this survey we discuss
semilinear equations like

{—Au+a(x)u=f(x,u)» x €82, (0.1)

u=0 onos2,

where 2 is a domain inRY, N > 2, and f:2 x R — R is superlinear, that is,
f(x,1)/t = oo as|t| — oo. The model nonlinearity is the homogeneous function

fx,0)=1t1P"% with p> 2. (0.2)

The continuation method or other classical methods based on the Leray—Schauder de-
gree do not apply easily to (0.1) because there are no a priori bounds for the solutions.
This is inherent to superlinear nonlinearities. In fact, for the model nonlinearity (0.2) with
p>2,p<2N/(N —2) if N>3,ae L), and bounded?, there exist infinitely
many solutions which are unbounded in tHé norm. On the other hand, i? # R" is
star-shapedy(x) = const> 0, f is as in (0.2) withp > 2N /(N — 2), N > 3, then (0.1)
has no solution except the trivial ome= 0. Here we know a posteriori that the solutions
are bounded but the Leray—Schauder methods do not apply due to a lack of compactness.

After some initial work during the 1960s and early 1970s, Ambrosetti and Rabinowitz
established in the seminal paper [5] several variational methods to obtain solutions of (0.1)
on bounded domains, most notably the mountain pass theorem and variations thereof.
These methods have been refined and extended to deal, for instance, with unbounded do-
mains or the critical exponent cagéx, 1) = b(x)|r|* V=2t which is closely related to
the Yamabe problem from differential geometry. With these methods more complicated
partial differential equations with variational structure can now be investigated. Moreover,
gualitative properties of the solutions have been discovered in recent years, in particular,
on the nodal structure and the symmetry of the solutions.

The goal of this chapter is to present some basic ideas in a simple setting and to survey
selected results on the Dirichlet problem (0.1) with superlinear nonlinearity. The chap-
ter consists of three sections. In Section 1 we deal with positive solutions of (0.1), in
Section 2 with sign-changing solutions on bounded domains and in Section 3 we treat
the unbounded domaif2 = R". No effort is being made to be as general as possible.
Neither did we try to write a comprehensive survey on (0.1). For example, we do not
present results on the bifurcation of solutions nor for phkaplace operator, nor do we
treat singularly perturbed equations in detail. These topics require separate surveys. For-
tunately, there are a number of well written monographs about (0.1) where the reader can
find additional information and further references. We would like to mention the books by
Rabinowitz [79], Struwe [87], Chang [41], Ghoussoub [52], Kavian [56], Schechter [81],
Willem [95], Chabrowski [39,40], Kielhtfer [57]. We concentrate on topics not being cov-
ered in these monographs, although a certain overlap cannot be avoided for natural reasons.
Of course, the choice of topics is also influenced by our own research interests.
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0.1. Conditions on the nonlinearity

For the convenience of the reader we list here conditiong avhich we use at various
places in the chapter. The critical exponent is defined by

+o0 IfN=2,
2 = { ol
v IfNZ=3.
Givenf: 2 xR—->RweletF:2 xR — R, F(x,t) := fé f(x,s)ds, be the primitive
of f.
(fo) f:£2 x R — R is a Carathéodory function withf(x, r) = o(r) ast — 0. There
existC > 0 andp < 2* such that f (x, )| < C(|t| + |r|P" ) forall x € 2,1 € R.
(o) f:$2 xR — Ris differentiable inr € R, and the derivativef; is a Carathéodory
function with f;(x,0) = 0. There existC > 0 and p < 2* such that| f; (x, )| <
C(A+|t|P~? forallx € 2,7 eR.
(f1) For everyx € £2 the functionR \ {0} - R, t — f(x,1)/]t], is strictly increasing.
() filx,1) > f(x,1)/t for everyx € £2 and everyr # 0.
(f2) There existR > 0 and® > 2 such that O< 0 F(x,t) < f(x, )t for all x € £2,
lt| > R. If 2 =RY itis required that? = 0.
(f3) 1imsj— 00 F(x,1)/t2 = +00, uniformly in x.
(f4) There existsn > 0 so thatt — f(x, t) 4+ mt is strictly increasing for alk € £2.
(fs) infz0 f(x,1)/t > —o00.

1. Positive solutions
1.1. Existence of positive solutions

We consider first the problem

—Au+a@u=ul"1, xe,
u>0, x €8, (1.1)

where 2 is a smooth domain iRY, a € L®(£2) and 2< p < 2*. In order to obtain a

solution of (1.1) we assume thatA + a is positive, i.e., there exists> 0 such that, for
everyu € H}(£2),

/ |Vul? + a(x)u?dx >c/ u?dx. (1.2)
2 Q
Our main tool is the Rellich compactness theorem.

THEOREM 1.1. Let £2 be bounded and let < p < 2*. Then the injectionHol(Q) C
L?(£2) is compact
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THEOREM 1.2. Assume thaf? is bounded?2 < p < 2* and(1.2)is satisfied Then there
is a solution of(1.1).

PrRoOOF By Theorem 1.1 and lower semicontinuity, it is easy to verify that

uw= inf / IVv|? + a(x)v?dx (1.3)
veH[:)L(A’Z) Q
ol p=1

is achieved by some. After replacingv by |v|, we may assume that> 0. It follows from
the Lagrange multiplier rule that

—Ab+a(x)o=poP .

A solution of (1.1) is then given by = u/?=23%. Indeed,i > 0 on £2 by the strong
maximum principle. a

REMARK 1.3. There are other ways to prove Theorem 1.2. Instead of minimizing as
in (1.3) one can minimize the functional

qb(u)=%/9|w|2+a(x)u2dx—%/gw’dx
on the Nehari manifold
N ={ue H)(2): u#0,& wu =0}
= {u € H}(): u;éo,/g |W|2+a(x)uzdx=/Q |u|pdx}.

A critical point of the constrained functiondl| s is a critical point of®, hence a solution
of (1.1). The map,

1/(p-2)
{veHol(.Q): ||v||Lp=1}—>./\/, V> </ |Vv|2+a(x)v2dx) v,
Q

is a diffeomorphism with inverse

u

lullzr

N = {ve H3($2): vl =1},

It maps the minimized of (1.3) to the minimize& of ® on \/. The solution can also be
obtained via the mountain pass theorem from [5]. In fact,

@) = inf max® (fu) = inf max @(y(@)),
@) u#0 >0 (tu) yel t€[0,1] (7/( ))
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where I' consists of all continuous pathg:[0, 1] — H(;}(Q) with y(0) = 0 and

@(y (1)) < 0. These three different approaches are equally valid for (1.1). They allow
different generalizations. The mountain pass approach leads to the most general existence
results for positive solutions of Au + a(x)u = f(x, u) with Dirichlet boundary condi-

tions. This approach is most widely used in the literature. Minimizing over the Nehari
manifold requires more conditions on the nonlineayityWhen these are satisfied one can

find nodal solutions on the Nehari manifold and obtain useful additional information, in
particular on the nodal structure and the symmetry. Minimizing as in (1.3) only makes
sense for homogeneous nonlinearities.

The critical case = 2* and the supercritical cage> 2* are more delicate.

THEOREM1.4. Suppose thaV > 3, p > 2*, 2 # R is star-shaped with smooth bound-
ary, anda(x) = A > 0. Then there is no solution dfL.1).

PrROOF By the Pohozaev identity [78], if

{—Au:f(u) in 2,
u=0 onas2,

then

N-2 1
N/ F(u)dx——/ |Vu|2dx=—/ [Vu|?c - vdo,
Q 2 Jo 2 Joo

whereF (u) = fé‘ f(s)ds andv denotes the unit outward normal &s2. For a solutioru
of (1.1) we therefore obtain

N N-2 Vul?
—X/uzdx—i—(———)/mv’dx:/ | u|0~vda>0.
2 p 2 2 2 2

It follows thatu = 0 orx < 0, hencer = 0. If A =0, thenp =2* andVu =0 onas2, so

by (1.1)
O:—/ Audx:/upfldx,
Q Q

and thereforey = 0. O

REMARK 1.5. In the situation of Theorem 1.4, there is, in fact, no positive nor sign-
changing solutiom = 0 of

_ — |ylP—2
{ Au ~+ Au = |u| u, xe€s2, (1.4)

u=20 onos2.

As in the proof of Theorem 1.4, for a solutian O to exist we must have =0, p = 2*,
and thenvu = 0 ond£2. Now u = 0 follows from the unique continuation principle.
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We assume now tha?® is bounded and(x) = —X, where O< A < A1(£2) and

A1(£2) = min /|Vv|2dx.
UEH&(Q) Q
Il 2=1

We consider the minimization problem

Sy= inf /|vU|2—,\v2dx. (1.5)
UEH&(SZ) I?)
ol 2% =1

In order to solve this problem, we need two tools: the following Brezis—Lieb lemma
from [31] and the strict inequality, < S, where

S= inf f|vU|2dx.
veHI®RN) JRN
ol % =1

LEMMA 1.6. Let (u,) be a bounded sequencelr (£2), 1< p < oo, such thatu,, — u
a.e.onf2.Then

i p Py _ p
i (el = Nl =) = 1l

LEMMA 1.7. LetN >4 andA > 0.ThensS; < S.
PrOOF The instanton

_ NV -2 V2
V= i par

(1.6)

is a minimizer forS. SinceU | ¢ H&(Q), we have to use a truncatigh. We can assume
thatB,(0) C §2. Letyy € D(£2), ¥ > 0, be such thay = 1 on B, (0). Using

Ue(x) = Y (x)e @12y (g)

an asymptotic analysis shows tif&t< S. a

REMARK 1.8. WhenN = 3, the situation is more delicate. Consider the unit ak=
B1(0) c R3. Then we have

A1(82)

O0<A< Sy =S
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and

A1(82)

<A<M(2) = Si<S.

The next result is due to Brezis and Nirenberg [32].

THEOREM1.9. LetN >4, p=2%, 0< A < A1(£2) anda(x) = —A. Thens,, is achieved
and there exists a solution ¢1.1).

PrROOF Let(v,) C HC}(Q) be a minimizing sequence fo: [lv, ||, 2 =1,
/ [V, | — )»v,%dx — 5.
2

By Rellich’s theorem, we can assume, going if necessary to a subsequence:

vy = v in Hy(2),
vy — v in LA(R),

v, > v a.e.ons.
With p = 2* andw, = v, — v, we obtain from Lemma 1.6,
: P _ p
1- n||—>moo ||wn||L17 = ”v”LP'
It follows that
S = / |Vu|? — av?dx + lim /|an|2d.x
n—0o0
2 : 2
Z S lvllgy + S lim lwn 7 p
n—>oo
- 2 S(1— P \2/p
= Sillvllz, + ( ||v||Lp) .

Since, by Lemma 1.7§, < S, necessariM|v||f,, =1 andv is a minimizer forS,. As
before, (1.1) is solvable. |

The caser = 0 and p = 2* is more complicated. Using the instantotis , (x) =
£@=M/2y((x — y)/e) with U from (1.6) one shows that the infimusfy in (1.5) is not
achieved on a domaif? #R" (see, e.g., [95], p. 32). Bahri and Coron [8] showed that the
topology of the domain plays an important role.

THEOREM 1.10. Suppose2 ¢ RY is a bounded domain with nontrivial topology in
the sense that it has a nontrivial homology groHp($2; Z») # 0 for somek > 1. Then
(1.1)with a(x) = 0and p = 2* has a solution
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We now consider the cas@ = R"Y, a(x) =1, 2< p < 2* and the boundary value
problem

—Au+u=ul"l onRY,
u=>0 on RV, (1.7)

u(x) — 0, |x] = oo.

The corresponding minimization problem is

S,=inf f [Vv|? 4+ v2dr.
veHI®RN) JRN
lloll, p=1

Let us recall thaH1(RV) = H&(RN). We shall use the Schwarz symmetrization and radial
Sobolev inequalities.

Let Vy = m(B1(0)) be the Lebesgue measure of the unit ballRiff. The Schwarz
symmetrization of a measurable subgesf RV is defined by

A* = Bg(0), whereRr is given bym(Bg(0)) = Vy RN =m(A).
The Schwarz symmetrization of a measurable funatioR”Y — [0, ool is defined by
u*(x) = Sup{t >0 xe{u> t}*}.

THEOREM1.11. Letu :RY — [0, oo[ be measurable and let: [0, oo[ — R be continu-
ous Then

/RNf(u*)dxzéNf(u)dx.

Let1< p <ooandu € WHP(RN), u > 0. Then the Pélya—Szegé inequality holds
|vu*|,, <IVullze.

See [34] or [96] for a simple proof.

We denote byH,l(]RN) the space of radial functions @df1(R"). Let us recall that a
functionu is radial ifu = u(|x|). The Schwarz symmetrization of a measurable function is
radial.

The following results are due to Strauss [85].

LEMMA 1.12. Let N > 2. There existg(N) > 0 such thatfor everyu e H}(RN),

1/2 1/2
V2Ivul

S x|V ae onRY.

()| < c(N)[lull

THEOREM1.13. Let2 < p < 2*. Then there is a radial solution of problefh.7).
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PROOF. Let (v,) c HY(RY) be a minimizing sequence o, llvallr =1,
/ |Vun)? + v,zldx — Sp.
RN

By Theorem 1.11, we can replace,) by (v}). By Theorem 1.1 and Lemma 1.12, we can
assume, going if necessary to a subsequence:

v —=v in Hl(RN),
v > in L”(RN),

n

wherev is a radial function. Clearly; is a minimizer forS, and (1.7) is solvable.  [J

The existence of nonradial entire solutions H1(RV) of (1.1) and more general equa-
tions will be discussed in Section 3.

1.2. Uniqueness of positive solutions

The problem of uniqueness of positive solutions is mostly solved for symmetric domains
and is closely related to the symmetry of solutions. Let us first recall a celebrated result
proved in 1979 by Gidas, Ni and Nirenberg [53].

THEOREM 1.14. Let £2 be the unit ball inR". Assume thatf is C! and u € C3(£2)
satisfies

—Au= f(u), xef2,
u>0, x €S2,
u=~0 onas2.

Thenu is a radial function and/’(r) is negative
Consider the problem

—Au+ru=uPl, xe=B0),
u >0, x € 82, (1.8)
u=~0 onas2,

where$2 = B1(0) is the unit ball inR" . Uniqueness is proved when

A=0,2<p <2, Gidas, Niand Nirenberg [53], 1979,
A>0,2<p <2 Kwong[59], 1989,
A<0,2<p<2 Srikanth[84], 1993.
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Concerning problem (1.7), uniqueness for 2 < 2* is proved in [59] after the pioneering
work of Coffman [42] in 1972.

The situation differs whem2 is an annulus2 = {x € R": r < ||x|| < R} for some
R > r > 0. Let us recall a particular case of the principle of symmetric criticality proved
in 1979 by Palais.

DEFINITION 1.15. The action of a topological grodpon a normed spack is a contin-
uous map

GxX—X:(g,u)— gu
such that

l-u=u,

(ghyu = g(hu),

ur> gu islinear.

The action is isometric ifigu|| = ||u||. The orbit of an elemeni € X is the setGu :=
{gu: g € G}, and the space of fixed points is defined by

Fix(G) ={u e X: gu:uforallgeG}z{ueX: Gu:{u}}.
A functiong: X — R isinvariantifp o g = ¢ for everyg € G.

ExXAMPLE 1.16. Assume tha® is invariant by rotations: for every e SQN), g2 = 2.
The action ofSQN) on Hol(.Q) is defined by

gu(x) =u(g™"x).

The space FigSQ(N)) is the spacdi&r(ﬂ) of radial functions inHol(.Q). From Theo-
rem 1.1 and Lemma 1.12, it follows that the injectiﬂi&r(ﬂ) C LP(£2) is compact for
2 < p < 2*. Moreover, if©2 is an annulus

.Q:{xeRN: p<|x|<R}
or an exterior domain
.Q:{xeRN: p<|x|},
the injectionH&r C LP(£2) is compact for < p < oo.

Let us recall that, for every open subs2iof RV,

S(2):= inf |Vu|3=S
ueHo (£2)
Nl =1
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andS(£2) is never achieved except wheh=R" .
Since the “radial infimum” is achieved whéh is an annulus, we have

S= inf |Vul?, <pze,= min |Vul?,.
ueHY(®) ueH&r(Q)
HllHLz* =1 \IuI\Lz* =1
We deduce
pp= min [|Vul?, <pp,= min |[Vul|?, for2*—e<p<2* (1.9)
ueH&(.Q) uEH&r(Q)
lully p=1 llully p=1

Using the symmetric criticality principle, we construct, fox2p < oo, a radial solution
of the problem

—Au=uP1, er:{xeRN:r<||x||<R},
u>0, x €S2, (1.10)
u=0 onos2.

For 2 — ¢ < p < 2* inequality (1.9) yields a nonradial solution of problem (1.10). Thus
we have proved the following theorem.

THEOREM 1.17. For 2* — ¢ < p < 2*, problem(1.10) has at least two solution®ne
radial and one nonradialMoreoverthe least energy solution is nonradial

The above result is due to Brezis and Nirenberg [32]. Following their work, there are
related results for multiple positive nonradial solutions of semilinear elliptic equations on
expanding annular domains, by Coffman [43] f¥r= 2, by Li [62] for N > 4, and by
Byeon [35] (and Catrina and Wang [38] independently) for= 3. We set2, = {x €
R™: a < |x| < a + 1} and consider

—Au+u=ub1 X € 2,4,
u>0, X € 82,4, (1.11)
u=0, X € 082,

whereN >2,2< p < 2*.

THEOREM 1.18. The number of not rotationally equivalenbnradial solutions 0f{1.11)
tends to infinity as — oc.

In [38] the exact symmetry of these nonradial positive solutions was examined and pos-
itive solutions having a prescribed symmetry can be constructed from a local minimization
procedure. The article [93] has results for the critical exponent problems. More results on
multiple positive solutions will be mentioned in Section 1.6.
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1.3. The Nehari manifold

Let £2 c RY be a (not necessarily bounded) smooth domain. We consider the problem
{—Au—l—a(x)u:f(x,u), x €S2, (1.12)
u=~0 onas2,

wherea € L*°(£2). Concerning the nonlinearity we assume:

(fo) f:£2 xR — Ris a Carathéodory function witfi(x, ) = o(¢) ast — 0, uniformly
in x. There existC > 0 andp < 2* such that| f (x, 1)| < C(|¢t| + |¢|P~1) for all
xe R, telk.

(f1) For everyx € £2 the functionR \ {0} - R, r — f(x, t)/|t], is strictly increasing.

By (fo) the functional

®:E=H}2)—>R, @(u):%/ |Vu|2~|—a(x)u2dx—/ F(x,u)dx,
2 2

whereF (x,1) = fé f(x,s)ds, is well defined and’!. Critical points of® are weak solu-
tions of (1.12). The Nehari manifold is defined by

N= {u e E\{0}: @' (w)u = O}.
We define also
Ne={ueN:xu>0} and Bi:=inf{®w): ue N}

It is clear that\ contains all nontrivial critical points ab. Moreover, in order to find the
least energy positive (resp. negative) solution of (1.12), it suffices to minidina N,
(resp.N2).

We begin with a geometric description 4f. We assume thaf satisfies(fo) and (f1),

or the following differentiable versions:

(fo) f:2 xR — Ris differentiable inc € R with f(x, ) = o(z) ast — 0, uniformly
in x. The derivativef; is a Carathéodory function. There ex@&t>- 0 andp < 2*
suchthat f; (x, )| < C(A+ |t|P~2) forall x € 2, t € R.

() filx,0) > f(x,1)/t for everyx e §2 and every # 0.

Clearly, (fp) and(f)) imply (fo) and(f1). Foru € SE :={u € E: ||lu| = 1}, the map,

V. RT > R,
(1.13)
f(x,)\u)u

dr,
A

1
PN —q§/(ku)u:/ |Vu|2+a(x)u2dx—/
A Q 2

is strictly decreasing byf1). The set

U:={ue€SE: ¥,() <0 for some\ > 0}
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is an open subset &E. Foru € U there exists a uniqui, > 0 such that), (A,u) = 0,
that is,A,u e NV.

ProPOSITION1.19. (a)lf f satisfies(fg) and (f1) then the map
h:U— N, U AU
is @ homeomorphism with inversé — U, v v/||v].

(b) If £ satisfies(f}) and (f;) then\ is a C1-manifold with tangent spac&,\ =
{ve E: @ uw)lu,v] + @& (u)v = 0}. The maph is a C1-diffeomorphismif u € A is a
critical point of the constrained functionat |/, thenu is a critical point of®.
PROOF (a) is a simple consequence of the fact tiiatis strictly decreasing and that
Y, (X)) is continuous inu, A).

(b) Here® e C2(E) and the implicit function theorem applied to the map

U x RY, (u, A) = Yu (1)

yields thatu +— A, is C1. The claims follow becausg,\ is transversal t&®R*u. O

We can describe the s&tif f is superlinear:

(f2) There existR > 0 andf > 2 such that O< 6 F(x,t) < f(x,t)t for all x € £2,

|t| > R.

LEMMA 1.20. Supposegfp), (f1) and (f2) hold. ThenU = {u € SE: Q(u) > 0}, where
O@) == [,(IVul® + a(x)u?)dx. If —A +a is positive ther/ = SE and\ is bounded
away fromO.

The easy proof is left to the reader.

THEOREM1.21. If (fg) and(f1) hold thengy = inf,cns @ (1) > 0 and every minimizer of
@ on N, (resp NV_) is a positive(resp negative solution of (1.12).

We do not claim thapB.. is achieved. This requires additional conditions pranda;
see Theorem 1.23. Sing¥ is not, in general, a differentiable manifold, the Lagrange
multiplier rule is not applicable. We shall use a general deformation lemma. By definition
@ =P 1(]—00,c]) andSs = {u € X: dist(u, S) < 8}.

LEMMA 1.22. Let X be a Banach spac® € C1(X,R), S C X,ce€R, e > 0,8 > 0,such
that

Vue® Hlc—2e,c+2e) NSt @' w)| > %.

Then there exists € C([0, 1] x X, X) such that
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(i) ifr=00rifu¢ @ L([c—2e, c+2e]) N Sos thenn(t, u) = u;
(i) n@, ®°TENS) C PF;
(iii) n(t,-) is ahomeomorphism of Vvt € [0, 1];
(V) In(t,u) —ull <8 VueX,Vrel0,1);
(V) @(n(-,u)) is nonincreasingyu € X
(Vi) @((t,u)) <cVu e ®<NSs, Vi €[0,1].

A proof can be found in [95], Lemma 1.4.
PROOF OFTHEOREM1.21. The inequalitysy > O follows from the fact that the map,
from (1.13) is strictly decreasing. Now lete N’ be such tha® («) = 8. We shall prove
that®’(u) = 0.
It follows from assumptiorif1) that
O(su) <®u)=p4+ forO<s#1L
If ®'(u) #0, then there exist > 0 andA > 0 such that
lv—ul| <38 = @'(v)=2.
Clearly Bo = max{® u/2), ®(3u/2)} < B+. For ¢ = min{(B+ — Bo)/2, (18)/8} and
S = Bs(u), Lemma 1.22 yields a deformatignsuch that
o n(Lv)=vif vg @By — 26, By + 2¢)),
o (1, P+ N B(u, 8)) c dP+—¢,
o ®(n(1,v)) < ®(v) forallve H}($2).
Let us define, for 12 < s < 3/2,
h(s) = max{n(L, su), 0} € Hy(£2).

It is clear that

<D(h(s)) < B4.

max
1/2<5<3/2

We shall prove thak([1/2, 3/2]) N N'T # @, contradicting the definition g8,.. Since
s 1\ 1 _,(u
(E)G)-z ()
3 3 3 3u
DN\l =) )l =)=z =
(G)(E)=32(5)e<0

the existence of € (1/2, 3/2) with ®'(h(s))h(s) =0, i.e.,h(s) € N'T, follows from the
intermediate value theorem. O
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1.4. Existence of ground states

In order to prove the existence of a minimizerdfon Ay, we assume
(f3) iMoo F(x,1)/t? = 400, uniformly in x.

THEOREM 1.23. Suppose that? is bounded and thaif satisfies(fg) with p < 2*,
(f1) and (f3). Moreovey suppose that-A + a is positive Then there exists a minimizer
of @ on NV, and, hencea positive solution 0{1.12).

PROOF. Let (u,) C N, be a minimizing sequence (u,) — B.. Let us defing,, = ||lu,||
andv, = u,/t,. We can assume tha} — v in Hol(sz). Since, for evenk > 0,

2
R—( +/ av,%dx>—/ F(x, Rup) dv = (Ru,) < (uy),
2 2 2

we have

2

R—(1+/ a(x)vzdx> —/ F(x, Rv)dx < B4,
2 Q Q

so thatv # 0. If (#,,) is unbounded, we can assume that> +oo. We obtain, from(f3)
and Fatou’s lemma, the contradiction

2
+oo=/ Iiminf(_a(x)vn n F(x,tnvn))dx
2

2 12
< lim /(—a(X)v’%—i-F(x’;nvn))dx:}.
n—>oo [ 2 [ 2

It follows that (u,) is bounded inHol(Q). Going if necessary to a subsequence, we can
assume that, — u in H}(£2). By (fo), since(u,) C NV,

/f(u)udx: lim / S (up)u, dx
2 oo Jo

= lim <f a(x)uidx+|Vun|2> > 0.
2

n— o0
In particular,u # 0. Sincex > 0, there exists > 0 such thatu ¢ '™ and
@ (tu) < liminf @ (tu,) <liminf @ (u,) = B+.
n—00 n—00
Henceru is a minimizer of® on A, . O

Theorem 1.23 is due to Liu and Wang [67]. Note ttfa} is weaker thargf;). Efforts in
weakeningfz) have been made in [46,82] (see also the references therein).
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1.5. Symmetry of the ground state solution

In this section we assume th&tis invariant by rotationsg 2 = £2 for everyg € SQN).
Theorem 1.17 shows that, even whgis independent of, the ground state is, in general,
not radial. However wherf = f(|x|, u), a partial symmetry is always preserved by the
ground state.

We arbitrarily choose a fixed directiah in RV which we will refer to as the north pole
direction. LetR > 0 and & denote the standard measure @Bk (0). The symmetriza-
tion A* of a measurable set ¢ 3 Bg(0) is defined as the closed geodesic bald B (0)
centered at the north pole and whose-mieasure equals that @f. The foliated Schwarz
symmetrizationB* of a Borel set8 ¢ R" is defined on any sphessz (0) by

B*N3Bg(0) = (BN 3Bk (0)"*

and the foliated Schwarz symmetrization of a Borel functio/®Y — [0, oo[ is defined
by

u*(x) =supft > 0: x € (BR(0) N {u > 1})"}.

See [83] for the Pdélya—Szegd inequality corresponding to the foliated Schwarz sym-
metrization.

The following result is proved in [19] by combining an elementary symmetrization, the
polarization (see [34]) and the maximum principle.

THEOREM1.24. We assuméfy), (f1) and

(A1) f:£2 xR — Ris Hdlder continuous o2 x [—R, R] for everyR > 0,

(A2) £2 is radially symmetric

(A3) a and f (-, t) are radial functions for every € R.
Then every minimizes of @ on Ay or N_ is a foliated Schwarz symmetric solution
of (1.12).

A related result can be found in [76], Theorem 3.1.

1.6. Multiple positive solutions

Using a more topological argument Benci, Cerami and Passaseo [21,23] were able to estab-
lish the following result about the impact of the domain topology on the solution structure.
Consider

—Au+iru=uPl xe,
u >0, x € £, (1.14)
M:O, xea.Q,

on a bounded domaif? ¢ RV.
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THEOREM 1.25. Suppose the Lusternik—Schnirelmann category of the domain satisfies
cat(2) > 2.
(a) If 2 < p < 2* then fora sufficiently largg(1.14)has at leastat(s2) + 1 solutions
(b) If A > 0 then for p < 2* sufficiently close t@* (1.14) has at leastcat(2) + 1
solutions

The casep = 2* is of special interest. It is closely related to the Yamabe problem
from differential geometry. This critical case is analytically more difficult because the
embeddingHol(.Q) < L% (£2) is not compact. As discussed in Section 1.1, Brezis and
Nirenberg [32] obtained one solution for<0A < A7 if N > 4, and, in the cas&y = 3,
showed that there exists' € [0, A1) so that (1.14) has a solution faf < A < A1. In
the case. = 0 andp = 2*, Bahri and Coron [8] obtained one solution if the domain has
nontrivial homology:Hy (§2; Z2) # 0 for somek > 1. The existence of multiple positive
solutions of (1.14) fop = 2* is not known.

REMARK 1.26. More results about the effect of the topology and geometry of the domains
on the solutions structure have been given for the singularly perturbed nonlinear elliptic
equation

—2Au+axu=ul"1, xe,
u >0, x € £2, (1.15)
u=0, x €082,

and variations thereof. In fact, Theorem 1.25 can easily be reformulated for (1.15). Typical
results are concerned with the existence of multiple positive solutions and their limiting
shape ag — 0. This was first done for the least energy solutions in [75]. Singularly per-
turbed equations like (1.15) have been a very active area of research during the last fifteen
years and the number of papers abound. A discussion of this topic goes beyond the scope
of our survey.

1.7. The method of moving planes

This section is related to Section 1.5. We consider the problem

u=>0 in 2, (1.16)

:—Au:f(u) in 2,
u=0 onos2,

where the domait has some symmetry. We shall prove, by the method of moving planes,
that, under some assumptions, all the solutions of (1.16) inherit the symme®y of

The method of moving planes was introduced by Alexandrov in 1962 in the context
of minimal surfaces and was used by Serrin in 1971 and Gidas, Ni and Nirenberg [53]
in the study of semilinear elliptic equations. The method was extended and simplified by
Berestycki and Nirenberg [26]. We describe a result of [26], following [29].
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We shall need the maximum principle for small domains.iéte a solution of

{ —Aw+cx)w>0 ing,

w=0 onag2. (1.17)

The standard form of the maximum principle asserts thaipij > 0 in £2 thenw(x) >0
in £2. In Stampacchia’s form we use a weaker assumption. Let us recall that

S= inf |Vul3
ueH&(.Q)
llull e =1

is independent of?2.
LEMMA 1.27. Assume that € H1(£2) satisfieg1.17)with

lle—linj2 <S. (1.18)
Thenw > 0in £2.
ProoOF It suffices to multiply (1.17) byw_, to integrate by parts and to use (1.18). O

Assumption (1.18) is always satisfied|if_ || . < oo and|$2] is sufficiently small.

THEOREM 1.28. Let f be locally Lipschitz and let2 be boundedconvex in some
direction, say x1, and symmetric with respect to the plang = 0. Then any solution
u € C2(2) NC(R2) of (1.16)is symmetric with respect to, and du/dx1 < 0 for x; > 0
in 2.

PrROOFE Let us define

a:SUp{xli (x1,y) E.Q},
.Q;L:{(xl,y)e.Q: x1>k}, O<A<a,
w)»(-x):u(Z)‘_-xJ.’ y)_u(-xlv y)a er}w

The functionw,, is well defined on2,, sinces? is convex in the direction; and symmetric
with respect to the plane; = 0. We shall prove that

wy(x) >0 forO<Ai<a, x € £2;.

In order to see this, we define

wj (x1,y)

S )= fu@h—x1.y))
CA(.X) — If U))L(X) 7é 01
0 if wy (x) =0.
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The functionw; satisfies

—Aw) +cwy =0 ing2;,
{w;\ >0 on 92;.. (1.19)
Moreover, since: is bounded and is locally Lipschitz,
sup sup|cx(x)| < oo. (1.20)

O<i<ax€f;
Let us also define

A={0<Xt<a: w),>=0in2,}.
By (1.19), (1.20) and Lemma 1.2%, is not empty. ClearlyA is closed in(0, a). Let us
prove thatA is open. Letu € A and letK be a smooth compact subset®f, such that
|£2; \ K| is sufficiently small forx nearw. From

w,=2c>0 ink,
it follows that

w; >0 inK for A nearpu.
Lemma 1.27 implies that

wy, >0 in2;,\K.

Thusw; > 0 in §2, for A nearu. HenceA is open in(0,a) and A =10, a[. It follows
immediately that, on2,

u(—x1,y) = u(x1,y).

Sinceii(x1, y) = u(—x1, y) is also a solution of (1.16), one finds thdf1, y) = u(—x1, y).
It is easy to conclude that:/dx1 < O for x1 > 0 using Hopf’s lemma. |

REMARK 1.29. (a) Theorem 1.14 follows directly from Theorem 1.28. It is interesting to
note that Theorem 1.28 is applicable to domains like cubes.

(b) The method of moving planes is very flexible and has been adapted to a large variety
of problems. It is not possible to give a bibliography within this survey. The surveys by
Berestycki [24] and by Brezis [29] contain many references.

(c) With respect to Section 1.5 the assumptiongoand onf are somewhat stronger,
but the results are applicable to any positive solution.
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1.8. A priori bounds for positive solutions

Topological methods require the existence of a priori bounds for the set of all positive so-
lutions. In this section we briefly describe particular cases of three classical results. We
denote by1 the first eigenvalue of A on Hol(_Q) and byes > 0 the corresponding eigen-
function. Throughout this section we assume tf2ais a smooth bounded domain R
and thatf : 2 x Rt — R* is continuous.

The first result is due to Brezis and Turner [33]. The proof uses Hardy's inequality.

THEOREM1.30. Assume that

liminf few > X1 uniformly forx € 2,
U—00 u
and
. , . — N+1
lim UACIL)) =0 uniformly forx € £2, wherea = ;.
Uu— 00 u% N-1

Then there exists > 0 such that ifu Hol(Q) satisfies

—Au= f(x,u)+ter ing2,
u>0 in 2,
u=~0 onas2,

for somer > 0, we have||u ||« < c.

The second result is due to de Figueiredo, Lions and Nussbaum [51]. The proof uses the
Pohozaev identity.

THEOREM 1.31. Assume thaf? is convex f : Rt — R is locally Lipschitz and

Iimsupf(u) >XA and lim fx,u) =0, wherea = NL

U—>00 u u—oo Y% -2
Then there exists > 0 such thatif u satisfies

—Au= f(u) in§$2,
u>0 in £2,
u=0 onos2,

we have|ul| .~ < c.

The third result is due to Gidas and Spruck [54]. The proof uses a blow-up argument and
Liouville theorems for the spad@” or the half-spacRﬁ.
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THEOREM1.32. Assume that there exists a continuous funckiof2 — (0, o) such that

. ’ . _ N +2
lim fx,u) =h(x) uniformly forx e 2, wherel <o < i
u—o00 Y% N=2

Then there exists > 0 such thatif u € C2(£2) N C(£2) satisfies

—Au= f(x,u) in$2,
u>0 in 2,
u=0 onas2,

we have|ulls < c.

2. Nodal solutions on bounded domains

In this section we report on recent results concerning nodal solutions of

{_Au+a(x)u=f(x,u), x €8, (2.1)

u=20 onos2.

Here 2 is a bounded smooth domaini¥, N > 2, though some general results apply to
unbounded domains. In the first two subsections we present two ideas how to localize crit-
ical points of the associated functional outside of the set of positive or negative functions.
In the third subsection we give a nonlinear version of Courant’s nodal domain theorem for
eigenfunctions of the Laplace operator. This gives an upper bound on the number of nodal
domains of a solutions of (2.1) related to the min—max description of the critical value. In
the Sections 2.4 and 2.5 we prove the existence and some properties of least energy nodal
solutions. Finally, in Section 2.6 we study the existence of multiple nodal solutions.

2.1. A natural constraint

In this subsectio2 may be unbounded. We consider the problem (2.1) wiatisfying
(fo) and(f1) from Section 1.3. Recall the functiondl: E = Hol(.Q) — R and the Nehari
manifold

N = {u € E\{0}: @' (wu= 0}

from Section 1.3. In Theorem 1.21 we showed that a minimize®abn N = {u €
N: u > 0} is a positive solution of (2.1). In order to obtain nodal solutions, we consider
the nodal Nehari set

S={uecEuteN, u” eN}
={ueE u"#0£u", ' Wu"=0=0"(wu"}.
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Clearly,S c AV contains the set of all nodal solutions.

THEOREM2.1. Supposéfg) and(f1) hold. Theng :=inf @ (S) > 0, and every minimizer
of ® on S is a nodal solution 0f2.1).

In Section 2.4 we shall prove the existence of a minimize®an S. Since the maps
E — E, u u® are continuous but not differentiabl§,is not a differentiable manifold
even if A/ is one (as in Proposition 1.19).

PROOF OFTHEOREM 2.1. Clearly8 =inf®(S) > inf ®(N) > 0 by Theorem 1.21. Let
u € S be a minimizer and suppos® (1) # 0. As a consequence ¢f;), for anyv € NV,
the functionR, > 7 — @ (tv) € R achieves its unigue maximumat 1. Therefore

<1§(su+ + tu_) = @(su"') +®(tu") < q)(u+) + P )=Du) (2.2)

for (s,1) € Ri \ {(1, 1)}. By the continuity of®’ there existr, § > 0 such thaf|®’'(v)|| > «
for v € Uzs(u). Setting

p=(%2 L3k (s.0)=su™ +r1u”
N = - - X - - =
8 22 29 ) 8(s, su u,

(2.2) implies Bp := max® o g(dD) < B. For ¢ := min{ﬁ_zﬁo, @y and § = Us(u),
Lemma 1.22 yields a deformationsuch that); := (1, -): E — E satisfies:

e m) =vif () <p -2,

o N (PPN S) Cc phe,

e ®(n1(v)) < P(v)forallveE.
It follows that max® o 10 g(D) < B and thath :=n1 0 g = g on d D. We shall show that
h(D) NS # @, which gives the contradiction if| s < 8. Consider the map

VD — R?, Vs, t):= <§1<p/(h(s, D) (s, 07, %(P’(h(s, 17 )h(s, t)_>

and observe that (s, t) = (0, 0) is equivalent tdi(s, t) € S. For (s, t) € 9D we have
Vs, 1) = (D' (sut)u™, &' (tu")u")

becausé = g ondD. This implies de@y, D, (0, 0)) = 1, hencey (s, t) = (0, 0) for some
(s,t) e D. O

REMARK 2.2. (a) The proof of Theorem 2.1 is a two-dimensional version of the proof of
Theorem 1.21. A minimizer of® on N or A/~ is a local minimum of® on A/, hence

a critical point of mountain pass type. Though not being a maniflis a kind of co-
dimension 1 subset of/, a co-dimension 2 subset &f. Hence a minimizer o on S is

a critical point of Morse index 2 (if nondegenerate).
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(b) In [17], Lemma 3.2, Bartsch and Weth prove tifan H2(£2) is a co-dimension 2
submanifold ofE N H2(2) if f satisfies the conditiondy) and(f7).

(c) In [67] Liu and Wang give a slightly different proof of the above result without using
the deformation lemma and therefore requiring less smoothness of the functional.

2.2. Localizing critical points

A basic idea for localizing critical points can be formulated in a very general setting. Let
X be a topological space antt G C [0, 00) x X — X be a continuous semiflow oK.
HereG = {(t,u) € [0,00) x X: 0<t < T(u)} is an open subset g0, co) x X, where
T (u) € (0, oo] is the maximal existence time of the trajectomy (¢, u). We often write
@' () =@t u).

Given B C A C X we call B positively invariant inA if, for u € B and T > 0 with
o' (u) e A, 0<t < T, it follows thate” (1) € B. If eveng! (1) € int B then B is said to
be strictly positively invariant. In the case = X, we simply call B (strictly) positively
invariant. The notion of invariant sets has also been exploited in [65].

Recall that a continuous maqx (C, D) — (A, B) between pair® c C, B C A of topo-
logical spaces is nullhomotopic if there exists a homotéapy(C x [0, 1], D x [0, 1]) —
(A, B) with H(x,0) = y(x) andH (x,1) € B forall x € C.

LEMMA 2.3. Let A C X be positively invariantB C A strictly positively invariant Let
f:(C, D) — (A, B) be not nullhomotopicC a metric( paracompadtspace Then

A(B):={xeC|3r>0:¢'(f(x) e B} #C.

PrROOFE We argue by contradiction. JA(B) = C then for eaclx € C there existg (x) >0
with o™ ( f(x)) € int4 B. Choose a neighborhodd, of x in C with

Pt (f(»)einta B forally e V.

Let (7)) es be a partition of unity subordinated t4,: suppr; C Vy;. Now we de-
fine 0:C — [0,00), o(x) := Zjejnj(x)t(xj), and H:C x I — A, H(x, f) :=
@™ (f(x)). This homotopy shows that is nullhomotopic. O
There also exists an equivariant version of Lemma 2.3 when a graagis ond andC.
The extension is straightforward and therefore omitted.
In a typical applicationg is the negative gradient flow of a functional: X — R, and

B contains a sublevel s€t”? = {u € X: J(u) < b}. A andB are closed and one wants to
find a critical point inA \ B. Forx € C \ A(B) andu := f(x), one then has

¢'(u) ¢ B, henced(¢'(u)) > b forallr.

Thenc :=lim,_ - @ (¢’ (1)) > b and there exists a sequenge~> oo with

d
[ve (e w)|*= g w) —o.

1=ty
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Thusu, := ¢™ (), n € N, is a(PS.-sequence im \ B. If u, — i thenu ¢ B because
otherwisei = @' () € inty B, henceg™ (u) € inty B for somet,, a contradiction. Thus
ueA\B.

We shall now present examples of strictly positively invariant sets which can be used
to find nodal solutions of (2.1). Thus we are interested in finding critical points of the
associated functiona outside of

PEf={ucE: +u>0a.e}. (2.3)
SinceP* and P~ have empty interior one cannot uBe= P* U P~.
EXAMPLE 2.4. Suppos&? is bounded, andf)) and

(f4) there existsn > 0 so that — f(x,t) + mt is strictly increasing for alk € £2
hold. We take

(U, V) == (Vu, Vo) 2 +m(u, v),2

as scalar product it and write || - ||, for the corresponding norm. Settingx, u) =
fx,u) +muandG(x, 1) = [y g(x,s)ds we can write® as

1
@ w) = Sl —/Qc<x,u>dx.

Thus the gradient o with respect to the above scalar product has the form

VO =Ild—K with K(u) = (—A +m) Y (g(-, u)).
By (fy), K leavesX = C(£2) N E invariant. The conesPy = X N P* have non-
empty interior inX because? is bounded. We writer < v if v —u € Py, andu < v
ifv—ue int(P;{). As a consequence of the strong maximum princiflés strictly order
preserving, that is,

u<v — Kwu)<«K@w) foru,velX.

We consider the differential equation

d
Ewt(u) ==Vo(¢' W) =—¢' W) + K(¢' W)

which induces a flow oiX (and E). SinceK is strictly order preserving the ss?;:f \ {0}
is strictly positively invariant. More generally, if € X is a subsolution, that is < K (1),
thenu + (P)j(E \ {0}) is strictly positively invariant. This follows from the fact that for> 0
the vector field-V® points atu + v into u + int Py,

u+v—Vowu+v)=Ku+v)>Ku).
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Similarly, if u is a supersolution then+ (P% \ {0}) is strictly positively invariant. In order
to find nodal solutions above some lewel- 0 one can work withB := % U P; U Py
which is strictly positively invariant fop if there are no nodal solutions at the leuel

EXAMPLE 2.5. Suppose? is bounded, andf}) and

(fs) infi2o f(x, 1)/t > —00
hold. Then we choose > 0 so thatf (x,7) + mz >0 forallt > 0, f(x,7) +mt <O for
all r < 0, and defind-, -),,,, X and the order relatior as in Example 2.4. The gradient
of @ with respect to this metric is not necessarily order preserving but it does satisfy

u>0 = Kuw>»0 and u<0 = K@u) k0.
It follows as in Example 2.4 that the conB% \ {0} are strictly positively invariant.

If £2 is unbounded or iff is only a Carathéodory function, the approach presented in
Example 2.4 does not work because then one cannot wakk=nC1(£2) N E. Either the
conesP)f have empty interior or there is no flow dhdue to a lack of regularity. Here one
can often replac@* by their open neighborhoods i.

DEFINITION 2.6. LetK : E — E be a continuous operator on a Banach spacé set
C C E is said to beK -attractive if there existsy > 0 so thatK (clos(U, (C))) C U.(C) =
{u e E: dist(u, C) < ¢} for 0 < ¢ < &p.

LEMMA 2.7. Let E be a Banach spac@ < C1(E) andC = C1U---UC, C E be afinite
union of convex setSuppos&v® = |d —K, and eachC; is K -attractive Then® has no
critical points inclog(U,,(C)) \ C, whereegg is from Definition2.6.Givene € (0, go] there
exists a pseudo-gradient vector fielt: E \ Fix(K) — E for @ so thatclogU.(C)) is
strictly positively invariant for the flow associatedtd/.

PROOF. Fore € (0, o] andu € 9U:(C;), we haveK (u) € U,(C;). SinceCy, ..., C, are
convex, a standard partition of unity argument yields a locally Lipschitz continuous map
K \ Fix(K) — E such that

K(u) e Us(Cj) foruedUe(Cj),j=1,...,n,

and

2

~ ~ 1
|u—Kw|<2|@'@|, &'@wu-Kw)= > |®' ()
foru € E\ Fix(K). O
Here are two examples & -attractive sets.

EXAMPLE 2.8. Suppose satisfies(fg) and (f5). Thus there existg: > 0 as in Exam-
ple 2.5, and we defin& (u) = (—A + m)~L(f (-, u) + mu). If lim sup,_olf(x,Dl/lt] <
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11(£2) uniformly in §2 then it has been proved in [12], Lemma 3.1, thRit = {u €
E: +u > 0 a.e} is K -attractive. We sketch the argument in a more complicated parameter
dependent situation (see Lemma 3.17).

EXAMPLE 2.9. Suppose’ satisfies(fg) and (f4). SetE = H(}(SZ) andK (u) = (—A +
m)~L(f (-, u) +mu) as in Example 2.4. In [44] it is proved for bound&xithat, for a strict
subsolutiony € E N W22, the cone: + P is K -attractive.

ExAMPLE 2.10. Whens2 is unbounded, neighborhoods of shifted positive and negative
cones in the directions of the first eigenfunctions have been proved fo-attractive

in [66]. The situation is more delicate here and some conditions on the spectrum of the
linear operator have be to assumed.

The Examples 2.4, 2.5 and 2.8 together with Lemma 2.7 yield strictly positively invariant
sets which can be used to find nodal solutions of (2.1) or (2.2) with the help of Lemma 2.3.
We shall do this in Sections 2.4 and 2.6.

2.3. Upper bounds on the number of nodal domains

In this subsectio2 ¢ RY may be unbounded. A nodal domain of a continuous function
u:§2 — R is a connected component &f \ z~1(0). We write nodu) € Ng U {oo} for the
number of nodal domains af and set no@:) =0 foru = 0.

LEMMA 2.11. Supposef satisfies(fg). Then every weak solutiane E of (2.1)is con-
tinuous If 29 C £2 is a nodal domain ofi thenu - xo, € H}($2).

PROOF First observe thaf (-, u)/u € L{Zéz(ﬂ) by (fg) and the Sobolev embedding the-
orem. The Brezis—Kato theorem [30] implies Ll‘foc(.Q) for every 2< g < oo and there-

fore f(-,u) € Lj,.(£2) for s > N/2. Thenu is continuous by elliptic regularity. The last

statement has been proved in [73], Lemma 1. O

Now we suppose thafp) and(f1) hold. Let AV be the Nehari manifold anf c A/ the
nodal Nehari set.

PrRoPOSITION2.12. Supposgfp) and (f1) hold. Let u be a critical point of® and fix
neN.

@) If () <inf@(S)+n -infd(N) thennodu) <n + 1.

(b) If @) < infy,,. 4, SUPP(C(v1,...,v,)) then nodu) < n. The infimum ex-
tends over alln-tuples of linearly independent elemenis,...,v, € E, and
Cvy,...,uy) = {Zyzl)‘i SV AL, .., Ay 20

(c) If fis odd and® (1) < infy kg dimv)=n SUPP (V) thennod(u) < n. Here the infi-
mum extends over atl-dimensional linear subspaces Bf
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PROOF (a) Letu havek nodal domains2y, ..., £2; such thatvy :=u - xe, > 0 and

v2i=u- X, <0.Clearlyv; :=u - xo; € N andvy + vz € S. Theorem 1.21 implies that
v; is not a minimizer ok on \V, hence

k
D) =PW1+v2) + Y D)) > infd(S) + (k — 2)inf & N).
j=3
This impliesk <n + 1.
(b) and (c) Suppose n¢d) > n and let$24,..., £2, be nodal domains of.. Then
vii=u- o € N and® (v;) = max,>o P (1v;). This implies

D) >Pwi+---+v,) > inf Sup@(C(vl,...,vn)).

V1,...,Up
If fis odd then® (v;) = max.r @ (Av;), hence

cb(u)>q§(v1+---+v,,)>ir\}fsupq§(V). 0

If ® e C2(E) then the Morse index provides a lower bound for the number of nodal
domains.

THEOREM2.13. Supposéf/) and(f;) hold and letx be a critical point of@ with Morse
indexu(u). Thennod(u) < u(u).

PROOF. Let24,..., £2, be nodal domains af and setv; :=u - xX2; e N.Then

q)”(u)[v‘,,vj]zf |ij|2dx—/ i wyvFdx
2 2

</ |Vv.,~|2dx—/ fx,vjv;dx
2 Q
=0

and thereforep (u) > n. O
The results of this section should be compared with Courant’s nodal domain theorem for
eigenfunctions of the Laplacian.
2.4. The existence of nodal solutions
In this subsection2 ¢ RY is required to be bounded.

THEOREM 2.14. Supposefy) with p < 2* and (f2) hold. If the second Dirichlet eigen-
valueiz(—A +a(x)) > 0,then(2.1) has a nodal solution
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PrROOF We first observe thatf;) and (f2) imply (fs), so there existsn > O with
fx, 0t +mt?2>0forr #0,x € 2. Proceeding as in Example 2.5 we consider the scalar
product(u, v),, := (Vu, Vv); 2 +m{u,v);2 ONE = Hol(Q) and lety’ be the correspond-
ing negative gradient flow of the energy functional associated to (2.1).

Letes > 0, ez be linearly independent elementsXf= £ N cl(2). By (f2), there exist
R > 0 so thatd (1) < 0 for u € spates, ez}, |lu|| > R. We define

C:= {u =se1+tez. s €[—R, R],t €0, R]}

and D := dC C sparey, e2}. Let E1 C E be the first eigenspace 6fA + a(x). Since
A2(—A +a(x)) > 0, there existy, p > 0 so that

du)>a forueEf, |ull=p.

SettingS :={u € Ell: llu|| = p} the inclusion(C, D) — (E, E \ S) is well defined and
not nullhomotopic. We fixg € (0, «) so that (2.1) has no nodal solutions on the |eself
no suchg exists the theorem is proved anyway.

As stated in Example 2.4, the flof leavesX invariant andB := (X N®#)U P U Py
strictly positively invariant. By construction we haven S = @ which implies that the
inclusion (C, D) — (X, B) is not nullhomotopic. Now Lemma 2.3 yields € C so
that ¢’ (1) ¢ B for everyt > 0. It follows that there exists a sequenge— oo with
IV® (" @) = 1§ P " )| — 0 asn — oco.

Thusu, := ¢™ ), n € N, is a(P9.-sequence for some > B, henceu,, — i in E
along a subsequence. By thelimit lemma from [10]u, — & in X. This impliesu ¢ B
because is a critical point of®, u, ¢ B, andB is strictly positively invariant. Thug is a
nodal solution of (2.1). O

THEOREM 2.15. Suppose(f)) with p < 2* and (f2) hold. If 0 ¢ o(—A + a(x)) then
(2.1)has a nodal solution

This theorem is a simple consequence of basic Morse theory which we recall here.

THEOREM 2.16. Let X be a Banach spaceb € C1(X,R), and ¢’ a (local) flow on X
with the properties

(GRAD) If @'(u) # 0thent — @ (¢’ (u)) is strictly decreasing

(COMP) If @ (¢! (u)) — c € R ast — oo then{e’(u): t > 0} is relatively compact
Let H, be any homology theory and 1€k (®, u) := Hy(®€, &€\ {u}), c = @ (u), be the
kth critical group of®@ at u. Finally, let B C X be strictly positively invariant such that
@ has only finitely many critical pointgs, ..., u; € X \ B. SettingP; := rankHy (X, B)
and By (u;) := rankCy (@, u;), there exist®) € Np[[¢]] such that

Z(Zﬁkw))tk =Y Pt + 1 +000).

k=0 \j=1 k=0
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The proof is a variation of standard arguments, cf. [41], Theorem 1.4.3.

PROOF OFTHEOREM 2.15. We conside®, ¢’ and X as in the proof of Theorem 2.14
and recall that the conditions (GRAD) and (COMP) hold. By Theorem 2.14, we may
assumer(—A + a(x)) < 0. Thenaes > 0 is a strict supersolution of (2.1) fer > 0
small. Heree; > 0 is a first Dirichlet eigenfunction ofA + a(x). By Example 2.4,
A= (xe1+ P;) U (—ae1 + Py ) is strictly positively invariant. Conditiortfz) implies
that Hy (X, @ ~#) = {0} for 8 > O large (see [41], Lemma I11.2.3), artye Z. (f2) also im-
plies® (ru) — —oo ast — oo for u # 0. It is now easy to show thadt := A U @ ¥ can be
deformed into? —# by a deformation of the forn, u) — ru foru € B, 0< ¢ < T'(u). As

a consequencHi (X, B) = {0}, k € Z. SinceB is strictly positively invariant, we can apply
Theorem 2.16. By assumption0X \ B is nondegenerate, hen€g (@, 0) # {0}, where
w is the Morse index of 0. It follows that there exists a critical paist X \ B, i # 0, with
Cu+1(®,it) # {0} or Cp,—1(P, i) # {0}. Clearlyi is a nodal solution of (2.1). O

Next we assuméfy), that is,r — f(x,t)/|t| is strictly increasing olR* and onR™.
Recall the nodal Nehari set

S= {ueE: ui;ﬁO,/ VuVuizf f(x,u)ui}
2 2
from Section 2.1.

THEOREM2.17. Supposé&f)) with p < 2%, (f}) and(f2) hold. If A2(—A 4-a(x)) > Othen
inf®(S) > 0 and it is achieved by a nodal solution with precisely two nodal domains and
Morse index2.

A minimizer of @|s is a least energy nodal solution. Geometric properties of these on
radial domains will be investigated in Section 2.5.

PROOF OFTHEOREM2.17. Consider a minimizing sequengec S, n € N, of @|g, and
define

Cn:={u=se] +1te;: s €[—Ru, Rul.1 €[0, Ry},

whereR, > 0 is chosen so thab (u) < 0 for u € spare;, e, }, |lull > R,. Observe that

@ (e,) = max® (C,) as in (2.2). Now, the same argument as in the proof of Theorem 2.14
yields a nodal solutiom,, € S with @ (u,) < @ (e,). Moreover,® (u,,) is bounded away
from 0. In fact,® (u,) > inf®o({u € Ell: lull = p}) > 0, wherekE is the first eigenspace

of —A +a(x) andp > 0 is small. Thugu,), is a minimizing sequence @#|s consisting

of critical points. Thus inf|s is achieved by the Palais—Smale condition and bec&use
closed inE. The equality not:) = 2 for a minimizeri follows from Proposition 2.12.

By Remark 2.2(b)S N H2(£2) is a submanifold ofE N H2(£2) with co-dimension 2.
The Hessiand” (i) of @ at a minimizeri of @|s is therefore positive semidefinite on

the tangent spac® := T;(S N H?2(£2)) c E N H?%(£2) which has co-dimension 2 in
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E N H2(2). It follows that @”(x) is positive semidefinite ovZ ¢ E which has co-
dimension 2 inE. a

REMARK 2.18. (a) The first existence results for one nodal solution under similar hy-
potheses as those considered here are due to [15,36,50]. Improved versions and related
results can be found in [17,37,45]. In [90] of Wang, besides the positive and negative solu-
tions given in [5] by Ambrosetti and Rabinowitz a third solution was found by two different
methods: linking and the Morse theory. No nodal information was given for the third so-
lution in [90], but the methods used there seem to be suggestive for the nodal nature of
the solution, motivating some of the results mentioned above. Using symmetries of the
domain, the existence of nodal solutions can be proved more easily. Results of this type
abound, in particular, for radially symmetric domains.

(b) Inthe recent paper [67] of Liu and Wang, it is proved thatig®) > 0 is achieved
by a nodal solution with precisely two nodal domains providig, (f1) and the condi-
tion (f3), that is, lim—c F(x, t)/t2 = oo uniformly in x € £2, hold. Observe that this
condition is weaker than the classical Ambrosetti—-Rabinowitz condifign Under the
same conditions a positive and a negative solutions are given as in Theorem 1.23. The
proofs is in the same spirit of that for Theorem 1.23.

2.5. Geometric properties of least energy nodal solutions on radial domains

We consider

{ —Au +a(|x|)u = f(|x|, u) in 2,

2.4
u=0 onos2, 24)

when 2 is a ball or an annulus andand f are radial. It is then natural to ask about the
symmetry of solutions of (2.4). We shall address this question for the least energy nodal
solution when it exists.

THEOREM 2.19. Suppose? is a ball or an annulusa € L*°(£2) and f are radial, and
f satisfiegfg) and (f1). Supposemoreoverthat f is Holder continuous o2 x [—R, R]
for everyR > 0. Then every least energy nodal solution is foliated Schwarz symmetric

This result is due to [19]. Its proof is based on an elementary symmetrization, the polar-
ization, and the maximum principle as the one of Theorem 1.24.

If f= f(u) is independent of the problem whether a least energy nodal solution is
radial has been settled recently by Aftalion and Pacella [1]. The remaining part of this
section contains several results from [1]. We begin with the following observation relating
the number of nodal domains to the Morse index.

THEOREM 2.20. Suppose? is a ball or an annulusand f € C1(R) satisfiesf (0) > 0.
Letu be a radial solution of

{—Au =f@u) ing,
u=0 onoas2.



32 T. Bartsch et al.

Then the Morse index afis at least(N + 1)(nod(z) — 1).

PROOF Let 2 = A(r,R) =intfx e RN: r <|x|] < R} and letr =rg<ry < --- <
rr—1 <rr = R be such thatA; = A(r;_1,r;), i =1,...,k =nodu), are the nodal do-
mains ofu. We consider the domainB; = A(r;_1,7;+1) and B;; = {x € B;: x; < 0},
i=1...,k—1,j=1,...,N.Letpy;; be the first Dirichlet eigenvalue 6fA — f’(u) in
B;; andv;; > 0, a corresponding eigenfunction. We claim that < 0. If this has been
proved letv;; € H&(B,-) - H&(Q) be the extension of;; which is odd inx;. Thenv;; is
a Dirichlet eigenfunction of-A — f’(u) in B; with eigenvalugu;; < 0. Sincev;; changes
sign, there exists a positive eigenfunctiog < H(}(Bi) - H(}(Q) of —A — f'(u) with
eigenvalueu;o < u;j < 0. It follows that the quadratic form— ((—A — f'(u))v, v);2 is
negative onspdm;;: i =1,...,k—1, j=0,...,N}.Sincethey;;,i=1,...,k—1,j =
0,..., N, are linearly independent by construction, the negative eigenspaeé ef f'(u)
in H&(Q) has dimension at leagt — 1)(N + 1) = (nod(u) — 1)(N + 1).

It remains to prove:;; < 0. Observe thai; := du/dx; solves—Au; = f'(uu; in 2.
Let 3oB; = {x € RV: |x| =r;11} be the outer boundary &;. Sinceu is radial,u;(x) =0
if x; =0. Supposex > 0 on A(ri,riy1) C B; andu < 0 on A(r;_1,r;) C B;. Then
uj(x) > 0forx e dB; with x; <0, andC;; := {x C B;;: uj(x) <0} C B;; is a nonempty
open subset oB;; with dC;; C B;; U {x: x; =0}.

It follows thatu ; = 0 ondC;;, henceu; € H}(C;;) C H}(B;j). Therefore

((=A — f'(w)v, U)LZ(Bij)

wi; = inf
Y veH}(Bij) ||U||L2(B,-_,-)
(A= f@)uj,uj)izc, —o
”uj“LZ(C,'j) 0

COROLLARY 2.21. Suppose&? is a ball or an annulusand f : R — R is independent of
x € §2 and satisfiegf)) and (f;). Then a least energy nodal solution (.1)is not radial

PROOF The proof of Theorem 2.17 shows that a minimize®obn S has Morse index 2.
Now the result follows from Theorem 2.20. O

THEOREM 2.22. Suppose? is a ball, and f = f(u) satisfies(f)) and (f;). Letu be a
least energy nodal solution @2.1). Then the nodal seflos(z~1(0) N £2) intersectsH 2.

PrROOFE Arguing by contradiction we supposehas constant sign nears2. By Theo-
rem 2.19, we may assume thais axially symmetric around the ax{§} x R ¢ RV. In
particular,u is even inx1, ..., xy—1. Now, as in the proof of Theorem 2.20, one sees that
the Morse index of: is at leastV. Thus we are done iV > 3 because the Morse index
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of u is 2. In the cas&v = 2, one can use the angle derivatiwe/00 and the fact that is
foliated Schwarz symmetric but not radial. Details can be found in [1]. O

REMARK 2.23. It is tempting to conjecture that in the situation of Theorem 2.22 and its
proof, the least energy nodal solutienbeing even irxy, ..., xy_1, is 0odd inxy and that
its nodal surface is the sét € £2: xy = 0}. For the singularly perturbed problem

{ —&2Au+u=ulP%u ing,
u=~0 onos2,

this has been proved by Wei and Winter [94% ifs small.

2.6. Multiple nodal solutions on a bounded domain

On an interval2 = (a, b) C R, the problem,
{—u +a(x)u= f(x,u) fora<x<b, 2.5)
u(a) =u(b) =0,

has infinitely many nodal solutions jf is superlinear in the sense @§). A rather general
result in this direction is due to Struwe [87]. It is an open problem whether (2.1) has
infinitely many solutions assumindp) with p < 2* and (f2). The existence of multiple
(nodal) solutions has been proved under additional conditions on the domainfoVde
present several such results in this and the next subsection.

THEOREM 2.24. Supposef satisfies(f)) with p < 2%, (f;) and (f2). If in addition f is
odd inu then there exists a sequent, k > kg, of nodal solutions of(2.1) with the
properties

(@) llugllg — oo ask — oo;

(b) 2< noduy) < k;

(c) if u < uy is a subsolution of2.1)thenu < 0;

(d) if u > uy is a supersolution of2.1)thenu > 0.

Herekg = n(—A +a(x)) +dimken—A +a(x)) + 1, whereu(—A +a(x)) denotes the
Morse index. The existence of infinitely many solutions as well as property (a) is a classical
result of Ambrosetti and Rabinowitz [5] based on the symmetric mountain pass theorem.
The fact that the solutions are nodal and properties (b)—(d) has been proved in [10,17]
where co-homological linking properties are being used; see also [61], where the existence
of nodal solutions is proved using the Lusternik—Schnirelmann theory. It is not known
whether nodi;) — oo ask — oo. In fact, it is not even known whether n@g) > 3 for
somek. In the following, we sketch the proof from [61] for the existence of infinitely many
nodal solutions using a variant of the symmetric mountain pass theorem.
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PROOF OF THEOREM 2.24. SetA; = A (—A + a(x)), E; = kern(—A + a(x) — A;),
Y, = @le E; andZ, = @72, E;. Thenitis easy to check that, for &lwith A, > 0, there
are p; > rr > 0 such that SURNB,, (0 @) <ap:=0andp; = infzknaBrk(()) D) >0

andb; — oo. Let X = C1(2) N E. ThenY, C X for anyk > 1. Let Py be as in Exam-
ple 2.4. ThenPf(E are invariant sets of the negative gradient flow. Moreoverkfar 2,

Zi N PE ={0}. This can be seen by noting that, for ale P* \ {0}, [Q u¢1 dx #£ 0 while

for u € Z, f_Q u¢1dx = 0, whereg; is the first eigenfunction of the Laplacian opera-
tor on 2. As a consequence of the Borsuk—Ulam theorem, the inclugipno B;) <
(E,®%°U PT U P7) is not nullhomotopic; herd, = {u € Yi: |lu| < p}. Lemma 2.3 or
the deformation lemma from [61] or the proof of [61], Theorem 3.2, yield a critical point
outside ofP™ U P~. In fact, it follows that

ci = inf sup D (u) = by
helk yen v uPy)

is a critical value with a critical point i€ \ (PT U P~); herel, ={h € C(By, X): his
odd, andh (i) = u if ||u| = px}. a

The idea in the above proof can be adapted for many other boundary value problems with
different nonlinearity; see [61] for more examples. See also [92] for an abstract version
of a variational principle in the presence of invariant sets of the flows. Nodal solutions
for nonlinear eigenvalue problems with superlinear nonlinearity have been studied in [47,
61,63].

Without symmetry of the domain or the nonlinearity it is not known whether the super-
linear problems considered here have “many”, even infinitely many solutions. Now we dis-
cuss the role of the domain. {2 is a radial domain angd = f (|x|, u) is radially symmetric
in x then one can look for radially symmetric solutiang) = v(]x|). Rewriting (2.1) as an
ordinary differential equation for(r), ODE methods can be applied. In this setting there
exist solutions with any prescribed number of nodal domains for a large class of superlinear
nonlinearities.

The following recent result gives a lower bound on the number of solutions when the
domain is large in the sense that it contains balls of large sizes.

THEOREM 2.25. Supposef = f(u) is independent ok € £2 and satisfies(f;) with
p <2, (f)), (f2), and f'(0) < 0. Then there exist® > 0 such that if2 contains a ball of
radius R then(2.1) has at leasB nodal solutions:y, uz, uz with nod(u1) = nod(uz) = 2,
2 < nodusz) < 3.

The proof can be found in [18]. This result is in some sense of the singularly perturbed
type; cf. Remark 1.26. It yields 3 nodal solutions of the singularly perturbed problem (1.15)
on any domain. As mentioned in Remark 1.26 there is a huge literature about singularly
perturbed problems, which we cannot present in this chapter.
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2.7. Perturbed symmetric functionals

It is natural to ask whether the solutions continue to exist if an odd function is perturbed,
e.g., f(x,u) = |[u|?~2u + g(x). This subsection is devoted to semilinear elliptic problems
of the type

{—Au: u|P~2u + h(x) in 2, (2.6)

where2 ¢ RY is a smooth and bounded domain<2p < 2* andh € L2(£2) is fixed.
Solutions of (2.6) are critical points of

1 1
cb(u)z—/ |Vu|2dx——/ |u|1’dx—/ hudx, ueHOl(.Q).
2)a rPla 2
Whenh = 0 andp < 2* the corresponding functional
1 2 1 1
Po(u) =~ [ |Vul“dx — — | [u|Pdx, ue Hy(£2),
2)o p

is odd and has infinitely many critical points. The following result is due to Bahri
and Lions [9] improving earlier work of Bahri and Berestycki [7] and, independently,
Struwe [86].

THEOREM2.26. If 2 < p < (2N — 2)/(N — 2) then for everyh € L?(£2), problem(2.6)
has infinitely many solutions

The proof is based on the idea thatis a kind of perturbation ofg. The symmetric
linking which is based on the Borsuk—Ulam theorem and used in the proof of Theorem 2.24
applies to®g and yields a nonsymmetric linking fab. A different approach to perturbed
symmetric functions is due to Bolle; see [27,28]. It is still not known whether (2.6) has
infinitely many solutions for any 2 p < 2* and anyk. However, Bahri proved in [6] the
following generic existence result for the full rangepof

THEOREM 2.27. If 2 < p < 2* then the set of € H~1(£2) such that problen(2.6) has
infinitely many solutions is a dense residual seHin(2).

3. Problems on the entire space

In this section we consider the problem

{_AM+V(x)u=f(x,u), x eRV, (3.1)

u(x)—>0 & |x| — oo.



36 T. Bartsch et al.

Depending upon the potential functidfh(x) we review the existence of signed solutions,
nodal solutions and multiplicity of solutions as well as their qualitative properties in some
cases. Let

1
& E— R, cp(u):—/ |Vu|2+V(x)u2dx—/ F(x,u)dx
2 RN RN

be the functional associated to (3.1). As usédl, 1) = fé f(x, s)ds. The nonlinearityf
will always satisfy(fp) and is subcritical, so tha is defined on the space

E= {u € Hl(RN): /N V(x)uldx < oo}
R

and is of clas<?. If V is bounded thert = H1(R") and the Palais—Smale condition
does not hold. On the contrary,¥(x) — oo as|x| — oo then® does satisfy the Palais—
Smale condition. This compact case is most closely related to the bounded domain case
in terms of the results and methods and will be dealt with in Section 3)1.dhd f are
radially symmetric it is natural to look for radially symmetric solutions. Constraitirtg
the spaceEaq of radial functionsu = u(|x|) compactness is recovered. We deal with the
symmetric case in Section 3.2. In fact, in both Sections 3.1 and 3.2 weaker conditions than
those just mentioned will be considered.

In the remaining subsections we deal with bounded, nonradial potentials, in particu-
lar with potentials which are periodic in the-variables. Sincef is subcritical this case
may be called locally compact, a notion going back to Lions’ seminal work [64]. Locally
the problems have compactness, and the compactness is only lost from the mass going to
infinity. Lions’ concentration—compactness principle is an important tool in dealing with
this and will be used. In Section 3.3 we consider potentials having a potential well whose
steepness is controlled by a parameter. In Section 3.4 we present two results on the ex-
istence of a ground state solution for bounded potentials. In the periodic case, one can
construct bound states having multibumps. The first result of this type is due to Coti Zelati
and Rabinowitz [48] who constructed positive multibump solutions. Here we present the
modified approach from [68] which can also be used to obtain nodal multibump-type so-
lutions and to control the number of nodal domains. So far we always assuniéed-iof
Finally we discuss the case wheveis periodic and negative somewhere. The periodic-
ity implies that the spectrum of A + V is purely continuous and consists of a disjoint
union of closed intervals. In Section 3.6 we deal with the case whérg- V has essential
spectrum below 0.

3.1. The compact case

We consider the spadé = {u € HL([R"): [pv V(x)u?dx < oo} together with the scalar
product

(u,v)E:/ Vu~Vv+/ V(x)uv.
RN RN



The Dirichlet problem for superlinear elliptic equations 37

In general the embedding frof into L? (R") is not compact, for example, whén is
bounded so thak = H1(RV). We present general conditions &hwhich guarantee that
the embedding is compact.

(Vo) Ve C(RY,R) and infyy V(x) > 0.

(V1) There existsg > 0 such that, for anys > 0,

lim m({xeRN |x—y|<r0,V(x)<M}) 0,

[y]—00

wherem denotes the Lebesgue measur&ih.
Without loss of generality we assumegnfV (x) =

LEMMA 3.1. Under (Vo) and (V1), the embedding fronk into L?(R") is compact for
2< p <2t

PROOF Let (u,) be bounded irE and assume,, — 0 weakly inE. We have to show that
u, — 0in LP(RVN) for 2 < p < 2*. By the interpolation inequality we only need to con-
sider p = 2. The Sobolev embedding theorem |mplte,s—> 0in LIOC Thus it suffices to
show that, for anyg > 0, there isR > 0 such thany ) un < &, hereBy(0) = RN\ Bg(0).

Let (y;) be a sequence of points Y satlsfylng]RN C U721 Bry(yi) and such that each
point x is contained in at most’2such ballsB,,(y;). Let Ag yy = {x € By | V(x) > M}
andBg p ={x € By | V(x) < M}. Then

1
f u,% < —/ V(x)u,%,
AR.M M RN

and this can be made arbitrarily small by choosMdarge. Chooseg such that 2 < 2*
and letq’ = g /(g — 1) be the dual exponent. Then for fixad > 0,

o0

[z 2
Br.m ; Br,mNBry(yi)

i=1

ad 1/q Ve
< Z(/ (|un|2‘1)> (m(Br.at 0 Bro(3))) ™
i=1 \YBr.MNBry(yi)

° 1/q
< €R <f |“n|2q>
Z Bg, MmBro(yl)

< Cep Z/ (IVun)? + u?)

i=1 ro()’l)

< C8R2NfN(|Vuiz|2+ |un|2)7
R
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where ex = sup, (m(Bg.y N B, (y))Y4'. Assumption(V;) states thatsg — O as
R — oo. Thus we may make this term small by choosiitarge. O

Concerning the nonlinearity we recall the following conditions.
(fo) f:RY x R — R is a Carathéodory function withi (x, r) = o(r) ast — 0. There
existC > 0 andp < 2N /(N — 2) such that f (x,1)| < C(|t| + |¢|?~1) for all x €
RV, teR.
(f1) Foreveryx € RV, the functionR \ {0} — R, 7 — f(x,1)/|¢], is strictly increasing.
(f2) There exist® > 2 suchthat &< 0F (x, 1) < f(x,t)t forallx e RV, all r e R.
The first result is concerned with minimizers&fon the Nehari manifold

N ={ueE\{0}: & (uu=0}.

In fact, we find a least energy positive and a least energy negative solution, that is, we
minimize @ on

Ni={ueN: +u>0}
THEOREM3.2. If (Vg), (V1), (fo) with p < 2*, (f1) and(f2) hold theninf{® (u): u € Ny}
is achievedhence(3.1) has a least energy positive solution and a least energy negative

solution

ProoOF Using the compact embedding lemma (Lemma 3.1) the proof proceeds as the one
of Theorem 1.23. a

Next we consider the nodal Nehari set

S= {ueE: u+eN,u7€N’}
={ueE ut#04u", ' Wu"=0=0"(wu"}

and find a least energy nodal solution.

THEOREM 3.3. Supposé&Vy), (V1), (fo) with p < 2*, (f1) and(f2) hold. Theninf @ |5 is
achieved by a nodal solution that has exactly two nodal domains

ProOOF Using the compact embedding Lemma 3.1 the proof proceeds as the one of The-
orem 2.17. O

REMARK 3.4. As commented in Remark 2.1®;) can be replaced by the weaker condi-
tion (f3). This is done in [67].

THEOREM 3.5. Assume(Vo), (V1), (fo) with p < 2%, (f1) and (f2). If f is odd inu,
then(3.1) has an unbounded sequence of nodal solutignsuch that2 < nod(uy) < k.

Details of the proofs of these and related results can be found in [12].
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REMARK 3.6. Under the stronger condition th@ty V(x)"1dx < 0o, a nonlinearity with

a combination of convex and concave terms was considered recently by Liu and Wang
in [69] in which multiplicity of nodal solutions was given.

3.2. The radially symmetric case
We consider the following class of symmetric functions. We fix a decomposition
N =Ni+---+ N; with N; > 2. Forx e RV, we write x = (x1, ..., x;) With x; € R
and define
Hslym(]RN) = {u € Hl(RN): u(x) = u(|x1|, e, |xk|)}.

fk=1 theanlym(RN ) consists precisely of the radial-functions.

THEOREM3.7. The embedding cﬁlslym(RN) into L?(RV) is compact for < p < 2*.
For the proof we need the following lemma due to Lions [64].

LEMMA 3.8. Let(u,) be a bounded sequencefnt(R"). Assume that there is> 0 and
2< g < 2* such that

limsup sup lun|? dx = 0.
n—oo yERN B-(y)

ThenIim,,_,oofRN lu,|? dx =0for 2 < p < 2*. If ¢ = 2%, p can be taken ag*.
Now we give the proof of Theorem 3.7.

PROOF OFTHEOREM3.7. Let(u,) be a bounded sequence[ujym(RN) which we may
assume converges weakly to Oﬂfym(RN ). We want to show thatu, ) converges to O
in L?(RY). By Lemma 3.8, ifu,, does not converge to zero i (RV) there arer > 0,
8 > 0 andy, € R" such that

Iiminf/ luy|P > 6.
n—00 By (yn)

Since the embedding/1(£2) — LP(£2) is compact for bounded domain8, we have
lv.| = oco. Up to a subsequence we may assume that there<is & k such that the
ith components, ; € RY: of (y,) go to infinity. Using the radial symmetry iRV, as
n — oo we find more and more disjoint balls of radiusn which theL?” norm ofu,, is the
same a#Br(yn) lu, |?, contradicting the fact that, is bounded ianlym(}RN) and therefore

in LP(RY). O
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(S) V(x) and f(x,u) are radially symmetric in each of the variables e RV,
i=1... k.
If (S) holds then a critical point ob constrained tcHslym(RN ) is a critical point of® by
the principle of symmetric criticality. Thus, with the compactness Theorem 3.7 available
we easily obtain existence results as in the last section. The proofs are very similar and we
omit them.

THEOREM3.9. AssuméVy), (fg) with p < 2%, (f1), (f2) and (S). Then the infimum op
onNEnN Hslym(IR{N) is achievedhence(3.1) has a least energy positive solution and a
least energy negative solution Hglym(RN ).

THEOREM3.10. Assumé&Vy), (fo) with p < 2%, (f1), (f2) and(S). Then(3.1)has a nodal
solution in Hslym(RN ) which has exactly two nodal domains

THEOREM 3.11. Assume(Vp), (fo) with p < 2%, (f1), (f2) and (S). If f is odd inu,
then (3.1) has an unbounded sequence of nodal solutianse Hslym(RN) with
2 < noduy) <k.

REMARK 3.12. If the equation is autonomous then radial solutions have been obtained by
Berestycki and Lions [25]. The autonomous case has been further investigated by many
authors. For more recent results, see the paper by Jeanjean and Tanaka [55] and the ref-
erences therein. Nonradial solutions have been obtained in dimengiend or N > 6

by Bartsch and Willem [20] provided is odd andV and f are radial functions of. In
dimensionN = 5 a nonradial solution can be obtained combining the idea from [20] with

the concentration—compactness method; see the paper [71] by Lorca and Ubilla. Whether
or not a nonradial solution exists in dimensidn= 3 is open.

3.3. The steep potential well case

In this section, we consider potentials depending on a parameter that controls the depth of
the potential well. More precisely, we want to find bound states of the equation

(8) —-Au+ (Aa(x) + 1)u = f(x,u) Iin RV,
We require the following assumptions on the potential functiptx) = La(x) + 1.
(a1) a: RN — R is continuousg > 0, £2 :=int a~1(0) # ¥, has smooth boundary and

2 =a10).
(ap) There existMg > 0 andrg > 0 such that

lim m({x eR: |x — y| < ro,a(x) < Mo}) < o0,

[y|—>o00

wherem denotes the Lebesgue measureRdh
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The set2 in assumption(a) is the bottom of the potential well. It is allowed thet is
unbounded. It is also allowed thatis bounded. In view of the results and the proofs
from the last section we need to study the compactness of the problem first. On the space
E={ueHRN): [pva(x)u?dx < oo} we use the norms

||u||§=/ (IVul? + (ha() + 1)u?)dr  for 1 >0,
RN

which are equivalent norms af. We shall occasionally writ&, for the Hilbert space:
equipped with the norni - ||,.. The functional associated {8,) is given by

&, (1) = %/IJRN(|VM|2+A(a(x)+l)u2)dx —/H;N F(x,u)dx

1
= E||u||§—/ F(x,u)dx. (3.2)
RN

If (fo) holds we havep, € C1(E;,R) for anyx > 0. We have the following parameter-
dependent compactness resultdgy.

PROPOSITION3.13. Supposéay), (a), (fo) and(fz). For anyCp > O there existsAg > 0
such thatd; satisfies thé€PS.-condition for allx > Ag and all ¢ < Cp.

Since the proof of Proposition 3.13 is rather technical we just refer the reader to [13,16].
The result should also be compared with Theorem 3.1 in which global compactness is
given.

THEOREM 3.14. Assumday), (&), (fo) with p < 2* and(fp). Then forx large, (S,) has
a positive solution and a negative solution

PrOOE If, in addition, (f1) holds then one obtains the positive and the negative solution
by minimizing on the positive (resp. negative) Nehari manifold as before, using the com-
pactness result from Proposition 3.13(fif) does not hold one may apply the mountain
pass theorem instead of minimizing. O

THEOREM 3.15. Assume(@), (&), (fo) with p < 2*, (f1) and (fz). Then fori large,
(S,) has a nodal solution which has exactly two nodal domains

PROOF Here we minimize on the nodal Nehari set associated to the problem and ob-
serve that at the minimal level the Palais—Smale condition holds farge by Proposi-
tion 3.13. O

Details of the proofs of these two results can be found in [13,14].

THEOREM 3.16. Assume(ay), (&), (f)) with p < 2%, (f1) and (f2). If f is odd inu,
then for any integerk, there is A, such that forx > A, equation(S;) hask pairs of
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nodal solutions:;, j =1, ..., k, such that the number of nodal domains:gfis bounded
byj+ 1.

For the existence of multiple nodal solutions we need to use a combination of a minimax
procedure and invariant sets of the gradient flow as was done in [12]. We dgfing:=
(—A + V,)"L£ (-, u), and consider the flow oA associated to

St () = =} () + K;. (n} (),
ng(u) =u.

We claim that the coneB* = {u € E: +u > 0} are K, -attractive in the sense of Defini-
tion 2.6. This is in fact independent bf For anyM C E ande > 0, M, denotes the closed
g-neighborhood of\, i.e.,

M, :={u € E: dist, (u, M) < ¢}.

LEMMA 3.17. Assuméday), (a) and (fp). Then there existsy > 0 such that
Ky ((P*),) cint((P*),) forall0<e<eo,A>0,

so P* is K; -attractive uniformly in.. Consequently
ni ((P¥),) Cint((P*),) forallz>0,0<e<gandr>0.

PROOE We write Vi (x) = da(x) + 1. Foru € E, we denotev = K; (1) andu™ =
maxo0, u}, u~ = min{0, u}. Note that, for any: € E and 2< p < 2%,

lu"llzr = inf Jlu—wlre. (3-3)
wePt

Since

™12 = (v, v7)x =/ (Vv- Vv~ + Vv )dx = / fx,u)v™ dx,

RN RN

the fact thab* € P™ andv — vt = v~ implies

dist, (v, P*) - o™ I < ™12 </ flrumy dr, (3.4)

RN

As a consequence dfp) there exists @ > 0 andC1 > 0 such that

flx,s) = @A—98)s + C1|s|2*_2s fors <O0.
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Thus

f fx,u")v" dx
RN

< / (A= 8)u™ +Calu™ > "2~ )v ™ dx

RN

<@ =8l Mgl Mgz + Callw™ 155 vl 2+ (3.5)

From the Sobolev embedding and (3.3)—(3.5),
dist, (v, P*) - v~
<@=8) inf fu—wlallo” Il +Co inf lu—wiZ v,

which implies (if||v™ |, # 0)

-1

dist (v, PT) < (1—-6) inf — Co inf - "
t(v, PT) <( )weP+|IM w2+ 2w€P+||M wll;2

<@L—8) inf u—wl, +Cz inf flu—wl®?
wePt wePt

= (L—8)dist, (u, PT) + Ca(dist, (u, PT))* .
Therefore, there existg) > 0 such that if dist(x, PT) < gg then
dist, (v, P*) < dist, (u, PT). 0

The proof of Theorem 3.16 is based on Lusternik—Schnirelmann methods similar to
those used in the proof of Theorem 2.24 and the above compactness result.

REMARK 3.18. Theorem 3.16 still holds when one replaces the potekdial 1 by

ra + ag With ag € L (RY) and such that-A + aq is invertible. In this case 0 is a saddle
point instead of a local minimum of the functional. The invariant sets given in Lemma 3.17
do not work, but one can use the invariant sets constructed in [66] in this case.

3.4. Ground state solutions for bounded potentials

In this section we consider bounded potentlalahich cause some compactness problems.
We shall present two results on the existence of a ground state solution. In order to keep
the presentation simple we only deal with the case of a homogeneous nonlinearity. Thus
we want to find a ground state solutiore E = H1(RV) of the equation

—Au+V)u = ulP2u, (3.6)

where 2< p < 2*. We shall first treat a periodic potential and assume
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(V3) V is 1-periodic in each of its variables.
The case wher& is T;-periodic inx;, i =1, ..., k, can be easily reduced to the period 1
case.

THEOREM3.19. AssumégVy) and (V3). Then(3.6) has a least energy positive solution

PROOF. We consider the following minimization problem @h= H1(RV):

nu:Mf/ IVul? + V(u?dx, M={uekE: |ullLr=1}.
ueM JrN

The Sobolev inequality implies > 0. A minimizer of m gives a solution of (3.6) by a
simple scaling factor. We show next thatis achieved. Lefu, ) be a minimizing sequence
for m. Then up to a subsequengg — u weakly in E. Since|lu,||.» = 1, by Lemma 3.8
there isr > 0,8 > 0 and(y,) ¢ R" such that

Iiminff luy|P > 6.
n—00 Br(Yn)

By increasingr we may assume that ajl, have integer coordinates. Setting(x) =
u,(x + y,) we see thatv,) is also a minimizing sequence far becauséV is periodic.
After passing to a subsequence we may assumethat v weakly. It follows from

Iiminf/ [P =6
n—o00 B,(0)

thatv #£ 0. If |v||L» = 1 we are done. lfiv||.» < 1 we produce a contradiction as follows.
By the Brezis—Lieb lemma we have

1= Jlvp — v}, + Ilvlf, +0(1) asn — oo.

Seta = ||v||i,, so that||v, — v||€,, —1—aasn— oc.
o = [ 1Vu Vel
RN

=/ wﬁ+vumﬁ+/|wW—wF+wmm—mhmm
RV RV

> m(lvlZs + lva — vlFs) +0(D).
Passing to the limit we get > m(a%? + (1 — a)%?), a contradiction. O

Now we consider nonperiodic potentials satisfying
(Va) iMoo V(x) = Voo :=SURn V(1) < 00.

THEOREM 3.20. If (V) and(V4) hold then(3.6) has a least energy positive solution
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PROOF. We consider again the minimization problem Br= H1(RV),

m = inf |Vu|? + V (x)u? dx
ueM JpN

and compare it with

Moo = inf |Vul? + Vaou? dx,
ueM JpN

whereM = {u € E: ||ul.r =1} is as before. The Sobolev inequality yields> 0, and it
is easy to see that a minimizermafgives a solution of (3.6). I¥ (x) = V., we may use the
last theorem to get the existence of a positive solution. Thus we may asstme: Vo
somewhere. Then using the minimizermf, as a test function we obtam < m.,. We
show next thatz is in fact achieved oM. Let (u,,) be a minimizing sequence far. Then
up to a subsequeneg, — u weakly in E. Since||u,| L» = 1, by Lemma 3.8 there exist
r>0,8>0and(y,) c R" such that

liminf lun|P > 6.
n—00 By (yn)

We claim that there exists a bounded sequange If this is not true, we have = 0 and
u, — 0in LL (RN). Then

loc

m+mn=f |Vitn|? + V() |un|?dx
]RN
=/ |Vun|2+voo|un|2dx+/ (V) — Vo)l 2l
RN RN

= [ 190012+ Vool 2l + 00D
RN

> Mmoo +0(1).
Passing to the limit we have a contradiction with< m,. Thus we proved thaty,) is
bounded which implies # 0. If ||u||L» = 1 we are finished. lfu|.» < 1 we can produce
a contradiction as in the proof of the last theorem. O
3.5. More on periodic potentials
In this subsection we describe the multibump type solutions for the periodic nonlinear
Schrddinger equation constructed by Coti Zelati and Rabinowitz in [48] and recent gener-
alizations of the results by Liu and Wang in [68],

—Au+Vx@)u= f(x,u). 3.7)

Throughout this section we assur\és), (fy), (f2) and
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(Vp) Ve Cl®N,R) and infy V(x) > 0.
(fe) f e CLRN x R, R) is 1-periodic in each of its-variables.
The periodicity conditions imply that (3.7) &" -invariant. The weak solutions of (3.7)
correspond to critical points of

@) = %/RN(|W|2+ V (x)u?) dx —/

F(x,u)dx
RN

in E = HY(RY). Define the mountain pass valuas

c=Iinf sup &(g(1)),
8€l’ 1e[0,1 ()

where
r={geC([0,1],E)|g(0)=0,®(g(1)) <0}.

In the homogeneous cagéx, u) = |u|”~2u this is just the minimizer o> on the Nehari
manifold. In [48] it was proved that (3.7) has infinitely maiypump solutions. In partic-
ular, we have the following theorem.

THEOREM 3.21. K,’zgfg/ZN is infinite for anyk > 2, provided the following condition is
satisfied
(%) there isa > 0 such that’Cct/ZV is finite

HerekC2 denotes the set of critical points &f between the levels andb.

In [48,68] it is proved that(;“™*/Z" contains infinitely many nodal solutions. There
one can also find estimates on the number of nodal domains of these multibump type
solutions.

In the following we review the modified approach given by Liu and Wang in [68]. This
modified approach gives the one sign solutions and the nodal solutions in a uniform fash-
ion, and it is easier for obtaining estimates on the number of nodal domains compared with
the original approach by Coti Zelati and Rabinowitz [48].

Fora > 0, thea-neighborhood of a sed C E is defined by

Ny(A) = {u €E: lu—A| < a},

whose closure and boundary are denotedVpy.4) and dN, (A), respectively. Forj =
(1. ..., jn) € ZV, we define the translation d&" by

Tju(x) =u(x1+ ji,...,xn + jn).
For a finite subsek of E and an integet > 1, we denote
J

Ti(ED) =) v 1<j <l € Er,k eZV {.
i=1
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Consider the positive conR™ and the negative con®~ in E defined by
PEr={uecE: +u>0).
Any u € K\ (Pt U P™) will be a nodal solution of (3.7).

LEMMA 3.22. (i)thereisv > 0 such thatju| > v forall u € K\ {0};

(i) there isc > 0 such that® (u) > ¢ forall u € K\ {0};

(i) forall u e K\ {0} with @ () < b: ||u|l < (20b/(6 — 2))V/2;

(iv) for anyb > 0, there isv; > 0 depending orb such tha.t”MiHLZ(RN) > vq for all
uelk\ (PTUP™) with ®(u) <b.

See the proofs in [48] and [68].

Let A: E — E be given byA(u) := (—A + V)" f(-,u(-))] for u € E. Then the gra-
dient of @ has the formd®’(«) = u — A(u). Note that the set of fixed points ¢f is the
same as the set of critical points @f, which isC. By the proof of [48], Proposition 2.1,
®': E — E is locally Lipschitz continuous.

Using Lemma 3.17, the behavior of PS sequences in the whole gpa=well as
in N,(P*) can be studied.

LEMMA 3.23. Let (u,,) C E be such that? (u,,) — b > 0 and ®’(u,,) — 0. Then there
is an/ € N (depending o), v1, ..., v € K\ {0}, a subsequence af, and corresponding
ki, eZN,i=1,...,1,such that

l
Upm — kaﬁnvi — 0 asm — oo, (3.8)
i=1
!
> @) =b. (3.9)
i=1
and fori # j,
|k, —k,j;,| — 00 asm — oo. (3.10)

Moreovey there exists ami € (0, ag] (depending orb) such that if (u,,) C IVal(PJF)
(Ngy (P7), resp) thenva, ..., v € (K\ {0 NPT ((K\ {0)h N P, resp).

Fora € [0, a1], we define
I ={g C(10,1], Ny (P¥)): g(0) =0 and®(g(1)) <0}
and

:t .
cr= inf max ®&(g(@9)).
¢ gerFoeln ()
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Fora =0, N,(P¥) = P*. Inthis case, we denote* = I'j" andc™ = c3. Then we can
prove thaicF is independent of for a small.

LEMMA 3.24. There exista; € (0, a1) such thater = ¢* for all a € (0, az].

DenoteK’ = K N P for i € {+, —}. We will also use the notationk’’)? = K! N &?,

(KHhb = KN @b and Ki(¢') = K(c') N P! for i € {+, —}. Instead of(x), we need the
following condition.

(¥)+ There ise > 0 such thatkc)< +*/zN is finite.

Choose a representative fhfrom each equivalent class {#ft!)¢' t* /Z" and denote the
resulting set by’ i € {4+, —}. Letc > 0 be the number from Lemma 3.22 which satisfies
@(u) > c for all u € K\ {0}. Denotel* = [(¢* + «)/c]. According to [48], Proposi-
tion 2.57, (7= (F*)) = inf{llu — wll: u #w € T=(F*)} > 0. Using this a deformation
lemma in N, (P*) can be given. The proof of the deformation lemma is similar to the
proof of [48]. However, we need to construct a descending flow wfhich makesV, (P’)
positively invariant so that the deformation is frav (P?) to itself.

Then by using the descending flow, one obtains the following theorem which asserts the
existence of one-bump positive and negative solutions at the mountain pass level. These
one-bump solutions will be used later to construct multibump nodal solutions.

THEOREM 3.25. Let (x)+ be satisfiedThenc® are critical values of@ and there are
critical pointsu® € KT such that® (ut) = ¢*.

REMARK 3.26. This theorem shows the existence of a solution near the mountain pass
level regardless of whethéx). is satisfied or not.

Now, by (x)+, there is anxy € (0, @) such that
()t = K ().

LEMMA 3.27. Let (%) be satisfied Then there exist finite setd™ c KX (cT) and
A~ C K~ (c™) having the property that for amst < a1/2,r1 < 751(Z=(F*)) andp €N,
there is areq € (0, 1) and gy € I'* such that

(i) maxgero.1) @ (87 (0)) < c* +¢1/p;

(i) if @(g7(9)) > c* —e1thengi (8) € N, (A™).

Let A = AT U A~ with AT given in Lemma 3.27. For any fixed integer> 2 we
fix two positive integersc™ andk~ such thatk = k™ + k—. DenoteA™ = {1,...,k™},

“={kt+1,...,k}. Let j; e ZN fori =1, ..., k be fixed such thaj; # j,, fori #m
andifv; e AT fori e AT andv; e A~ fori € A~ then

kv
L U; 23 and <

(Zrhv,> (Kt +k7c7)

NI R
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Define

M(jr, s ks AKT KT

k
= {er[v,-: vieAtforie AT, v,e A= forie A~
i—1

and
by =kTct+k c™.
The main theorem in [68] reads as follows.

THEOREM 3.28. Let (x)+ be satisfied Then there is ang > 0 such that for any
r € (0, rg),
Ne(M(Lj, - L, ALK KT)) 0 (KD JZN) # 0

bp—a

for all but finitely many € N.

We sketch the proof of Theorem 3.28. For= (01,...,6;) € [0, 1%, let O = (61,
ey 0;21,0,60;41,...,0)and L = (61, ...,0;-1,1,6;41,...,6r), 1 <i < k. Letay be as
in Lemma 3.24 and < [0, a2] and define

@) ={G=g1+ - +g: g satisfiesg)~(gs), 1 <i <k},

where
(@) & € C([0, 1], Ny(P™)) fori € A%,
(G2) &i(0)=0and®(g;(1;)) <0, 1<i <k,
(g3) there are bounded open sé?s, 1< i <k, such thatO; N O; =@ if i # j and
suppg; (8) C O; for all 6 € [0, 1],

LEMMA 3.29. Let (%)+ be satisfiedDefine

br(@)= _inf max @(G(0)).
Gelk(a)gel0, 1)k

Thenbi(a) =by =kTcT + k= ¢~ fora e (0, az].

From here on we argue by contradiction. Thus assume that there are infinitely many
such that the conclusion of the theorem is false. The proofs go with the construction of a
specialG, which is chosen as close to the levgla) as possible, the deformation of this
specialG under the gradient flow, modification of the deform@dso that finally we get
a map in the familyl; (a) satisfying max®(G) < by, which is a contradiction with the
definition of b, (a). We refer for the details to [68].

Next we state a result of [48,68] which is used in establishing more detailed nodal prop-
erties of these solutions.
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THEOREM 3.30. In the above theorenif r is sufficiently small and sufficiently largewe
may replace the-neighborhood inE with r-neighborhood inX := C1(RV).

The proof of this uses some elliptic estimates.

THEOREM3.31. Supposéx)+ holds For multibump nodal solutions d3.7),the number
of nodal domains is bounded by the number of burlipparticular, the two-bump nodal
solutions have exactly two nodal domaiioreover there are infinitely manygeometri-
cally different two-bump nodal solutions which have exactly two nodal domains

The proof of this theorem is a consequence of the following lemma from [68].

LEMMA 3.32. If r is small enough andis large enough therfor the solutions: given in
Theoren.28,the number of nodal domains is bounded above by the number of bumps of
the solutions

The techniques for the above theorem can be used to establish the nodal property of the
solutions in another two cases. First, we consider (3.7) on a cylinder dathaiw x R
and we writex = (x/, xy) with x’ = (x1, ..., xy_1), Wherew is a bounded smooth domain
in RV=1. We assumeVy), (fy), (f2), (f3), and(Vs) and(fe) are satisfied with the period-
icity only in the xy direction. The space will b& = H&(Q). Then we can still define the
mountain pass values > 0. The problem now ig invariant.

(+*)+ Thereisx > 0 such thaﬂCCi“‘/Z is finite.

THEOREM 3.33. Supposgx')+ holds Then for any integersk > m > 2, (3.7) has in-

finitely many geometrically differentk-bump nodal solutions inI,'jffj which have ex-
actly m nodal domainsMore preciselygiven any positive integefg, ko, ..., k,, such that
Y " ki =k > 2, there are infinitely manygeometrically differentk-bump nodal solu-
tions in Ilfffc‘j which have exactly: nodal domainsD;, i =1,...,m, such that|p, is a

k;-bump positive or negative solution

Another case can be considered is when (3.7) has diffarelgpendence in different
directions. We assum@/o), (f), (f2), (f3) and
(Vs5) V is periodic inxy and radially symmetric ifix1, ..., xy—1).
(f7) f e CLRN x R, R) is periodic inxy and radially symmetric ifix1, ..., xy_1).
ThenZ acts via translations on they-variable, and the problem B-invariant. With
x=(x',xy) andx’ = (x1, ..., xy_1), we work with the space

E = {u € Hl(RN): u(x’,xN) = u(|x’

,xN),/ V(x)u?dx < oo},
RN

that is, functions irE are radially symmetric in the firgt — 1 variables. We can still define
the mountain pass value$ in the space:.
(+")+ There ise > 0 such thatcc™ ¢ /7Z is finite.
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THEOREM 3.34. Supposg*”)+ holds Then for any integek > 2, (3.7) has infinitely
many geometrically differentt-bump nodal solutions im,’;;‘fg such that the numbers of

their nodal domains are bounded betwdép2] + 1 andk. In particular, there are nodal
solutions such that the numbers of their nodal domains tend to infinity

We refer the details of the proofs to [68].

3.6. Strongly indefinite potentials

In this section we consider problem (3.1) whe&nand f are periodic in thec-variables
but V is not positive anymore. For periodic the operatorA + V has a band spectrum.
More precisely, the spectrum efA + V on L?(R") is purely continuous, bounded below
and consists of a disjoint union of closed intervals. We require:

(Vs) V e C(RY,R) is 1-periodic in each of its variables and the linear operator,

H?RN) — L%RN), U —Au+ V(xu,

is invertible.
By (Vs) the operator—A + V (x) is self-adjoint onL?(R") and may have continuous
spectrum on the negative real axis with O in a spectral gap.

THEOREM 3.35. Supposd&Vs) and (fg) with p < 2%, and (f2) hold. Then problen(3.1)
has a nontrivial solution irH1(RY).

Theorem 3.35 is due to Kryszewski and Szulkin [58]. An earlier version requiring a
stronger growth condition orf has been obtained by Troestler and Willem [89]. If O is
a left end point of a spectral gap, thatig @ (—A + V) and(0,¢) C R\ o (—A + V) then
a solution of (3.1) has been found in [11] under additional growth conditiong.orhe
solution then does not lie i1 (RY) but only in HZ (RY) N LI(RY) for p < g < 2*.

THEOREM3.36. SupposéVs) and(fg) with p < 2*, and(f2) hold. If in addition f is odd
in u then problen(3.1) has infinitely many geometrically different solutionsHi(R"Y).

Here two solutions:1, uo are said to be geometrically different if there does not exist
k € 7" with us(x) = u1(x + k) for everyx e RY. Also Theorem 3.36 is due to [58] and
has been extended in [11] to the case where 0 is a left end point of a spectral gap.
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Abstract

We study existence of minimizers for problems of the type
inf{/ f(x,u(x),Du(x))dx: ueuo—f-Wg’p(.Q;RN)}, P)
Q

whereug is a given function.

After recalling some basic facts about existence of minimizers when the fungtiisn
convex (quasiconvex), we turn our attention to the case wfiégsenot convex (quasiconvex).

We start by presenting the general tool of relaxation, which gives generalized solutions
of (P).

We next discuss some differential inclusions, where we look for solutiogsug +
Wy (82; RN) of

Du(x) e E a.e.in2,

whereE c RV *" s a given compact set.

Finally combining the relaxation theorem and the study of differential inclusions, we give

necessary and sufficient conditions for existence of classical minimizers of (P) as well as
several examples.
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1. Introduction

We discuss the existence of minimizers for the problem
inf{l(u) :/ £ (%, u(x), Du) dr: u € uo+ Wy (£2; RN)}, (P)
Q

where
e 2 C R"is a bounded open set, with Lipschitz boundasy;
o u:2 >RV,

u=ulx)=u(x1,...,x,) = (ul(x), ey uN(x))
(if N =1 or, by abuse of language sif= 1, we will say that it isscalarvalued while

if N,n>2,we will speak of thevectorvalued case);
Du denotes its Jacobian matrix, i.e.,

ot ot
gyt \ 1SSV ax1 9
Du = <8 ) = : i |erRVwy
Xj/1gj<n ¥
0x1 dxp

f:02 xRN x RV*" 5 Ris continuousf = f(x, u, £);
e 1< p<ooandWl?(£2;RN) denotes the usual space of Sobolev maps, where

o oul
W, P2y, i=1....N.j=1.....n:
0x; J
J

ug € Whr(2; RN) is a given map;
u€ug+ Wé”’(ﬂ; RY), meaning thatt € W17 (£2; RY) andu = up on 32 in the
Sobolev sense.

This problem is the fundamental problem of the calculus of variations and it has received
a considerable attention since the time of Fermat, Newton, Bernoulli, Euler and all along
the 19th and 20th centuries.

The most general way of proving existence of minimizers of (P), meaning ta:find

ug + W&”’(Q; RN) so that

(i) < I(u)

among all admissible € ug + W&”’(SZ; RM), is the so-calledlirect methods of the calcu-

lus of variations These methods rely on some kind of convexity condition of the function

& — f(x,u,&). There are numerous examples showing that in absence of convexity the
problem (P) has no minimizers. At the moment let us quote three elementary examples
where nonexistence occurs.
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EXAMPLE 1. LetN =n=1,
fau e =fE& =t
and
1
inf{l(u) =/ £/ () dx: ue Wy, 1)}. (P)
0
EXAMPLE 2. LetN =n=1,
Feug) = fu, g =u*+ (82— 1)°
and
1
inf{[(u) =/ £ (@), u' () dx: ue Wy, 1)}. (P)
0
This example is due to Bolza.
EXAMPLE 3. Letn =2,N =1, 2 = (0, 1),
Fou8) = f&) = fELE) = (6 —1)° + &
and

inf{[(u) =/ f(Du(x))dx: u e W01’4(.Q)}. (P)
2

We now continue this introduction by discussing only the scalar case (i.e., Whei

orn = 1), the general vectorial case will be discussed in the next sections. We moreover,
in order to simplify the presentation, consider the case where there is no dependence on

lower-order terms, i.e.f (x,u, &) = f(&).
When dealing with nonconvex problems, tfiest stepis the relaxation theoremes-

tablished by L.C. Young, Mac Shane, Ekeland and others. This consists in replacing the

problem (P) by the so-called relaxed problem

inf{l_(u)=/ Cf(Du(x))dx: u € ug+ W&’p(.Q)}, (QP)
2
whereCf is theconvex envelopef 1, namely

Cf =supg < f: g convey.
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Therefore the direct methods, which do not apply to (P), apply to (QP). It can be shown
(cf. Theorem 15) that

inf(P) = inf(QP)

and that minimizers of (P) are necessarily minimizers of (QP), the converse being false. In
the three above examples we have
(i) Cf(€) =0, inf(P)=inf(QP) =0 and any € W, (0, 1) is a solution of (QP);
(i) Cfu, &) =u*+1[£2~ 112, inf(P) = inf(QP) = 0 andu = 0 is a solution of (QP);
(i) Cf(&)=[£2—1]2 + &3, inf(P) = inf(QP) = 0 andu = 0 is a solution of (QP);
where, forx € R,

x ifx>0,

[x]+:{o if x <0.

The second stefin proving the existence of minimizers for (P) is to see if among all
solutions of (QP), if any, at least one of them is also a solution of (P). This amounts in
finding i € uo + Wy ” (2) so that

f Cf(Dii(x)) dx = inf(P) = inf(QP)
2

and at the same time in solving the first-order differential equation (called, following
Dacorogna and Marcellini [31implicit partial differential equatioh

Cf(Du(x)) = f(Du(x)) a.e.xeSf.

After this brief and informal introduction, we discuss the organization of the article.

In Section 2 we discuss all the notions of convexity that are involved in the vector valued
case, in particular the so-callgdasiconvexity

In Section 3 we present the relaxation theorem in the vector valued case, introducing all
the needed generalization of the notion of convex envelope.

In Section 4 we give some existence theorems for implicit differential equations of the
above type.

In Section 5 using the results of the two preceding sections, we discuss necessary and
sufficient conditions for the existence of minimizers for nonconvex problems.

In Section 6 we show how to apply the abstract results to scalar problems; obtaining
sharper theorems in the case of single integrals {i.e.1).

In Section 7 we present several examples involving vector valued functions (i.e.,
n, N > 2) which are relevant for applications.

The subject is very large and we do not intend to be complete and we refer to the bibli-
ography for more details. Let us quote some of the significant contributions to the subject.
The scalar casei(= 1 or N = 1) has been intensively studied notably by Aubert and
Tahraoui [4—6], Bauman and Phillips [10], Buttazzo, Ferone and Kawohl [13], Celada and

Perrotta [14,15], Cellina [16,17], Cellina and Colombo [18], Cesari [20,21], Cutri [22],
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Dacorogna [26], Ekeland [39], Friesecke [40], Fusco, Marcellini and Ornelas [41],
Giachetti and Schianchi [42], Kl6tzler [47], Marcellini [50-52], Mascolo [54], Mascolo
and Schianchi [56,57], Monteiro Marques and Ornelas [58], Ornelas [64], Raymond
[67-69], Sychev [75], Tahraoui [76,77], Treu [78] and Zagatti [80].

The vectorial case has been investigated for some special examples notably by Allaire
and Francfort [3], Cellina and Zagatti [19], Dacorogna and Ribeiro [35], Dacorogna and
Tanteri [37], Mascolo and Schianchi [55], Miller and Sverak [61] and Raymond [70].
A more systematic study was achieved by Dacorogna and Marcellini in [27,31,32], as well
as in Dacorogna, Pisante and Ribeiro [34].

We have always considered in the present article the two important restrictions:

e f does not depend on lower-order terms, ifx, u, &) = f(&);

e the boundary datumyg is affine, i.e., there existy € RV*" so that

Dug = &o.

In the above-mentioned literature, some authors have considered either of these two
more general cases. The results are then much less general and essentially apply only to
the scalar case.

2. Preliminaries and notations

2.1. The different notions of convexity

We start with the different definitions of convexity that we will use throughout this chapter
and we refer to Dacorogna [26] for more details.

DEFINITION 4. (i) A function f:RV*" — R = R U {400} is said to beank one convex
if

FAE+@A—=Mn) <AfE+ AN f(1)

for everya € [0, 1], £, n € RVN*" with rank{e — n} < 1.
(i) A Borel measurable and locally integrable functign RV*" — R is said to be
guasiconvexf

1
measD/Df(§+D<P(X))dx

fé) <

for every bounded domaiP c R”, for everyé € RV*" and for everyp e W(}"”(D; RM).
(iii)y A Borel measurable and locally integrable functigh RV>*" — R is said to be
quasiaffindf f and— f are quasiconvex.
(iv) A function f:RV>*" — R = R U {+o0} is said to bepolyconvexf there exists
g:R"™N) 5 R convex, such that

F&=g(T®),
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whereT :RV*" _ RN js such that

T(é) = (év adj2i:’ LR adjnANS)~

In the preceding definition, adj stands for the matrix of al x s minors of the matrix
EeRN 2<s<nAN=min{n, N}, and

nAN

T, N)=Y_a(s),

s=1

N m——
W= )T e = — s

REMARK 5. (i) The concepts were introduced by Morrey [59,60], but the terminology is
the one of Ball [7]; note however that Ball calls quasiaffine functions, null Lagrangians.
(i) These notions are related through the following diagram

where

fconvex = f polyconvex

— f quasiconvex —> f rank one convex.

In the scalar case,= 1 or N = 1, these notions are all equivalent and reduce therefore to
the usual notion of convexity. However in the vectorial casey > 2, these concepts are
all different, meaning that there are counterexamples to all the above implications. The last
counter implication being known, thanks to the celebrated example from Sverak [72], only
whenn > 2 andN > 3; the caseV =2, n > 2 being still open.

(iii) Note that in the cas&v = n = 2, the notion of polyconvexity can be read as fol-
lows:

{ t(n,N)=1(2,2)=5 sincesc(1)=4,0(2) =1,
T (&)= (&, dets).
(iv) Observe that, if we adopt the tensorial notation, the definition of rank one convex-

ity can be read as follows,

()= f(+1a®D)

is convex int for everyg € RV*" and for everya € RV, b € R”, where we have denoted
by

1Ki<N

a ®b= (aib“)lgagn'

(v) One should also note that in the definition of quasiconvexity if the inequality holds
for a given domainD c R”, then it holds for every such domain.
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(vi) If the function f:R¥*" — R, i.e., f takes only finite values, is convex or poly-
convex or quasiconvex or rank one convex, then it is continuous and even locally Lipschitz.
(vii) It can be shown that a quasiaffine function is necessary of the form

fE=(;TE)+8

for some constantg € R* andg € R and wherg-; -) stands for the scalar productRt;
which in the cas&V = n = 2 reads asd = (@11, @12, @21, @22, a5) € RS)

2
fE =" aij&j +oasdets + B.

ij=1

(viii) An equivalent characterization of polyconvexity can be given in terms of the sep-
aration theorem (cf. Theorem 1.3 in Dacorogna [26], p. 107). A funcfioRY*" — R is
polyconvex if and only if for everg € RV *" there exists. = A(£) e R™V-" so that

fE+M = fE —(MTE+n—TE)>0 foreveryn e RV 1)

(ix) When the functionf depends on lower-order terms as in the Introduction, i.e.,
fi2 xRN x RV 5 Rwith f = f(x,u, &), all the above notions are understood only
with respect to the variablg, all the other variables being kept fixed. For example in the
case of quasiconvex functions, one should read

1
f (x0, u0, &) < D /Df(xo,uo,é + Do(x)) dx

for every bounded domaiP c R”, for every(xo, uo, £) € 2 x RN x RN*" and for every
¢ € Wy (D;RV).

The important concept from the point of view of minimization in the calculus of vari-
ations is the notion of quasiconvexity. This condition is equivalent to the fact that the
functional 1, defined in the Introduction, isséquentially weakly lower semicontinuous
in WP (£2; RY) meaning that

I(w) <liminf I(u,)
V—> 00

for every sequence, — u in Wi7.
Important examples of quasiconvex functions are the following.
(i) Thequadratic case Let M be a symmetric matrix iRV x> (Nxn) gnd

f(&)=(M§;§),
whereg € RV*" and(-; -) denotes the scalar product®? *”. Then

f quasiconvex <=  f rank one convex.
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(i) The Alibert—Dacorogna—Marcellini examplf. [2]). Here we haveV =n =2
and

f&) = £1%(1&1? — 2y detg),

where|&| stands for the Euclidean norm of the matrix gng: 0. Then

) 2
fisconvex <= y<y.= éx/i

fispolyconvex <— y<y,=1,
fisquasiconvex <= y <y,, Wwherey,>1,
. 2
fisrankoneconvex < y <y, =—.
r \/§

(iii) Let f:RVN>*" R, @ :RV*" R be quasiaffine and:R — R be such that
@ =g(@®)
(in particular if N = n, one can take (¢) = det¢), then

f polyconvex <= f quasiconvex

<= frankoneconvex < g convex.
(iv) Let N =n+ 1 and fors e R"+D*" denote
adj,é = (dete!, —deté?, ..., (—~D*deté, ..., (—1)" 2 dete" L),
whereé* is then x n matrix obtained frong by suppressing theth line (whené = Du,

adj, Du represents, geometrically, the normal to the hypersurface)g LRt *! — R be
such that

f (&) =g(@dj,§)
then

f polyconvex <<= f quasiconvex

<= frankone convex <> g CONVex.

(v) Let 0< A1(8) < -+ < A, (&) denote thesingular valuesof a matrixé € R"*",
which are defined as the eigenvalues of the magix' )/2. The functions

E—>Y n@E and £ [[u©E. v=1...n

i=v i=v
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are respectively convex and polyconvex (note {fdt; A; (§) = | dets|). In particular, the
functioné — A, (&) is convex and in fact is the operator norm.

2.2. Some function spaces

The following notations will be used throughout.
e For 1< p < oo, we will let Wh7(2; RV) be the space of maps. 2 ¢ R” — RN
such that

i\ 1IN
ou ) e LP(2,RV*).

ueLP(Q,RN) and Du:<
Xj

A

e For1< p < oo, Wol”’(Q; RY) will denote the closure of§°(£2; RY) with respect
to the| - ||y, norm.

Wy (2; RY) = whoo(2; RN) n Wyt (2; RY).

Affoiec(£2; RN) will stand for the subset o> (2; RV) consisting of piecewise
affine maps.

Céiec(ﬁ; RY) will denote the subset oW 1> (£2;RY) consisting of piecewise
! maps.

2.3. Statement of the problem

We will be concerned with existence of minimizers for the problem

inf{/ f(Du(x))dx: u€u§0+W3’°°(.Q;RN)}, (P)
2

where
e 2 C R" is a bounded open set with Lipschitz boundary,
e u: 2 — RY and thusDu e RVN*",
e f:RN*" 5 Ris lower semicontinuous, locally bounded and nonnegative,
e & € RV*" andug, is an affine map such tha@tug, = &.
The hypothesig > 0 can be replaced, with no changes, by

f® > TE)+p foreverys e RV,
for some constantg € R* andg € R and where(-; -) stands for the scalar productRf.
This hypothesis is made to avoid to have to deal with quasiconvex envelppes—oo.
3. Relaxation theorems

We now present the relaxation theorem, which corresponds to the first step described in the
Introduction. But before that we need to introduce the notions of envelopes correspond-
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ing to the different concepts of convexity that we introduced in the previous section. The
reference book for this part is still Dacorogna [26].

3.1. The different envelopes

We now define

Cf =supg < f: g convey,

Pf =supg < f: g polyconvey,

Of =supg < f: g quasiconvey
<

Rf =supg < f: g rank one conveyx

they are respectively theonvex polyconvexquasiconvexrank one convex envelopé f.
In view of the results of the previous section, we have

CISPf<SQf<SRf</

As already said, we will always assume, in the sequel, that0. We then have the
following characterizations of the different envelopes.

THEOREMG6. Let f:RVN*" - R =R U {+00}.

Part 1. Let for any integer

N
Ay = {A:(Al,...,kx): A >0and Zx,:l},
i=1

then
Nn+1 Nn+1
Cf<s>=inf{ Y oufE)e= ) tisi,teANnH},
i=1 i=1

+1 T+1
Pf(§) =inf{2tif<si>: TE) =) tTE) ¢ eArH}.

i=1 i=1
Part 2. Let Rof = f and define inductively faran integer

Rit1f(€) =inf{tR; f(61) + (L= R f(§2): 1 €[0,1], & =11+ (1 - )é2,
rank(é1 — £} =1},
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then
Rf (&) =;2§Rif(é).

THEOREM 7 (Dacorogna formula).If f:R¥*" — R is locally bounded and Borel mea-
surable then

1
meas2

Qf<s>=inf{ fgf(§+D<p(x))dx: weW&""’(Q;RN)},

where$2 C R" is a bounded domairn particular, the infimum is independent of the choice
of the domain

REMARK 8. (i) The representation formula fo€f is standard and follows from
Carathéodory theorem. The inductive way of represeniifigwas found by Kohn and
Strang [48]. The formulas foPf and Qf (and a similar to that of Kohn and Strang
for Rf) were established by Dacorogna (cf. [26]).

(ii) Using the separation theorems one can establish other formulas/fand Pf,
cf. [26].

3.2. Some examples

We now discuss some examples that will be used in Section 7. We start with the following
theorem established by Dacorogna [26] (cf. also [23] and [24]).

THEOREMO9.

Part1. Let f:RV*" - R, @ :RV*" — R be quasiaffine ang : R — R be such that
fE&=g(®®)

(in particular if N = n, one can taked (§) = det), then
Pf(E)=Qf () =Rf(§) =Cg(P(&)).

Part2. LetN =n+1, f:RV*" 5 R andg:R"*! — R be such that
f (&) =g(adj,$),

then

Pf(&) =Qf (&) =Rf (&) =Cg(adj$).



Nonconvex problems of the calculus of variations and differential inclusions 69
The next result, established by Dacorogna, Pisante and Ribeiro [34], concerns functions
depending on singular values. We lét=n and we denote by1(§), ..., 1, (&) the sin-

gular values ot € R"*" with 0 < 11(€) < --- < A, (&) (which are the eigenvalues of the
matrix (£&£ T)Y/2) and by Q the set

0={x=(2....x0-1) eER"Z 0<xp< < Xp—1}
which is the natural set, where to consides (&), ..., A,_1(§)) for & e R"*",

THEOREM 10. Letg: 0 x R — R, g = g(x, s), be a function such that — g(x,s) is
continuous and bounded from below for @k R. Let f : R"*" — R be defined by

fE&) =g(22(), ..., kn-1(6), dets),

then

Pf(§)=0Qf(&)=Rf(&)=Ch(dets),
whereh :R — R is given byhi(s) =infcp g(x, 5).

REMARK 11. We remark that if some dependencergror A, is allowed, then no simple

and general expression for the envelopes is known; see [34], when there is dependence
on A1, and Theorem 3.5 by Buttazzo, Dacorogna and Gangbo [12], when there is depen-
dence on,,.

The next result concerns the Saint Venant—Kirchhoff energy function, which is par-
ticularly important in nonlinear elasticity. The function, up to rescaling, is given by,
v € (0, 1/2) being a parameter,

F© =168 =1+ =518 =n)*

or in terms of the singular values,0Ar1(§) < --- < A, (&), of £ e R™*7,
n n 2
— 2_124_ Y 2 _
&= -1+ (g} n) .

i=1

Le Dret and Raoult [49] have computed the quasiconvex envelope whehorn = 3
and they have shown the following.

THEOREM12. If n =2 0rn =3, then

Qf ) =Cf ().
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Whenmn = 2 it is given by

f® if § ¢ D1U Dy,
CrE=PfE=0fE=RfE) =1 £ (03-1)° ifeeD,
0 if £ € Dq,

where

D1 = {£ e R (1= )]+ v[226)]” < Landrz(€) < 1}
= {& e RP*Z 0q(6) < r2(8) < 1),

Do ={§ €R¥Z (1—v)[M®) " +v[22®)]” < Landia ) > 1}.

The last example is related to a problem of optimal design and has been studied by Kohn
and Strang [48].

THEOREM13. Letn =N =2 and

1482 if € #0,

f(g):{o if £ =0.

ThenPf =Qf =Rf and

1+ g2 if |£]2 + 2| detz| > 1,

Of (&)= { 2(|E|2+2| det§|)1/2—2|detél if |E|2+2| dett| < 1.

REMARK 14. The above result is still valid whek > 3, it suffices to replace détby
adjt e R(2).

3.3. The main theorem

We now turn our attention to the relaxation theorem. We recall our minimization problem
inf{[(u)=/ f(Du(x))dx: u€uog+ W&’p(Q;RN)}, P)
2

where 1< p < oo.
We define theelaxed problenassociated to (P) to be

inf{l_(u) =/ Of (Du(x))dx: u € uo+ W&’p([Z; RN)}' (@QP)
2
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THEOREM 15 (Relaxation theorem).et 2 c R" be a bounded open setet f:
RN*" _ R be Borel measurable and nonnegative satisfyfogl < p < oo,

0< f(§) <a1(l+£|7) foreverys e RV, )

whereas > 0is a constant and fop = oo it is assumed thaf is locally bounded
Let

Of =supg < f: g quasiconvex
be the quasiconvex envelopef©fThen
inf(P) = inf(QP).

More precisely for everyu € Wl7($2; RY), there exists a sequende”}°, C uo +
Wy'”(2; RV) such that

/ f(Du"(x)) dx — / Qf(Du(x)) dx asv— oco.
2 2
REMARK 16. (i) If we add in the theorem a coercivity condition

a2(=1+[E17) < f&) Ser(1+817),

whereaz > 0 andp > 1, we can infer that (QP) has a minimizer and that the sequence
{u"}2 4 further satisfies

u’ —u in Wl'p(.Q; RN) asy — oo.

(ii) The theorem remains also valid if the functighdepends on lower-order terms,
i.e., f = f(x,u,&). The quasiconvex envelope is then to be understood as the quasiconvex
envelope only with respect to the varialjlethe other variableéx, u) being kept fixed.

PROOF OFTHEOREM15. We divide the proof into two steps.

Stepl. We start with an approximation of the given function_et ¢ > 0 be arbitrary, we
can then find disjoint open sef?y, ..., 2, C 2, &1,...,& € RV*" |y independent of

andv € u + Wol’P(Q; R¥) such that

mea$2 — i_; 2] <e,
lullwer, IVllwrr <y, llu—vlypL<e, ()
Dv(x)=§& ifxef.
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By taking e smaller if necessary we can also assume, using the continu®y'adnd the
growth condition onf, that

/Q|Qf(Du(x)) — 0f (Dv(x))|dx <, (4)

0< / " [/ (Dv(x)) — Qf (Dv(x))]dx <e. (5)
2-Ui—1 2

Indeed let us discuss the cas& < oo, the casep = oo being easy. As is well known
(cf. Lemma 2.2 in [26], p. 156) any quasiconvex function is locally Lipschitz continuous
and if it satisfies (2), then there exigts> 0 such that

|Qf (Du) — Qf (Dv)| < B(L+ |DulP~* + | Dv|P~Y) | Du — Du|.

Using the Hoélder inequality we obtain
/ﬂ|Qf(Du) — Qf (Dv)|dx

Jp—1) (p=D/p 1/p
<ﬁ[/ [(1+ DulP7t + [DvP~1)]7/'P ] [/ |Du—Dv|/’:|
2 2

and (4) follows therefore from (3). The inequality (5) follows from (3) and a classical
property of the integrals (cf. Lemma 1.4 in [26], p. 19).

Step2. Now use Theorem 7 on evefy; to find ¢; € W&"X’(Qi; RM)

1
meas; /_Qif(éi—i-D@i(x))dx
1
> 0fE) > —e+ meas?; /9[_ f(& + Dg;(x)) dx.

Setting
v(x)+oi(x) ifxef,i=1..., k,
wix _{v(x) if xe 2 -k, 2,

we get thatw € u + Wy ¥ (2; RY) and (using (5))

og/k . [f(Dw(x))—Qf(Dv(x))]dx<8mea{LkJ.Qi:|,

Uiz $2i

0

N

/ [f(Dw(x)) — Qf (Dv(x))] dx

2-UL 2

/ . [F(Dv) = of (Dv()]dx <e.
2-Uiz1 2
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In other words, combining these inequalities, we have proved that
0< / [f(Dw(x)) — Qf (Dv(x))]dx < e(1+ meas?).
2

Invoking (4), we find

/ [f(Dw(x)) — Of (Du(x))]dx| < £(2+ meas?).
2

Settinge = 1/v with v € N andu” = w, we have indeed obtained the theorem. |

We now discuss the history of this theorem (for precise references see [26]).

In the caseV = n = 1, this result has been proved by L.C. Young and then generalized
by others to the scalar cagé,= 1 orn = 1, notably by Berliochi and Lasry, Ekeland, loffe
and Tihomirov and Marcellini and Sbordone. Note that in this context

of=Cf=f",

whereCf is the usual convex envelope ¢f The problem (QP) can then be rewritten as
inf{l**(u) = f f**(Du(x)) dx: u eug+ Wé’p(.Q; RN) } (P**)
2

The result for the vectorial case (i.&/, n > 1, recall also that, in general, we now have
Qf > Cf) was established by Dacorogna in [25]. Following a different approach it was
later also proved by Acerbi and Fusco [1].

In the present context the equivalence between (QP) &ftijlihot any more valid, one
has in general

inf(P) = inf(QP) > inf(P™).

The inequality is, in general, strict as in the simple example wheten > 2 and f (§) =
(det£)2. We indeed have

[()=0f (&) =(dett)”> and f*(&) =0.
Therefore if deDug > 0, then, using the Jensen inequality, we have
inf(P) = inf(QP)
1 2
> measfz(—/ detDuo(x)dx)
meas? Jo
>0= inf(P**).

Closely related to this approach is the notion of parametrized or Young measure, that we
do not discuss here.
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4. Implicit partial differential equations
4.1. Introduction

We now discuss the existence of solutions W1 (2; RV), for the Dirichlet problem
involving differential inclusions of the form

{ Du(x) e E a.e.ing,
ulx)=¢(x), xe€ds2,

whereg is a given function andz ¢ R¥*" is a given compact set.
To relate this study with what we said in Section 1, one should imagine that

E={§cRV™ 0f (&) =f(®)]

and therefore the differential inclusion is equivalent to the implicit partial differential equa-
tion

Qf(Du(x)) = f(Du(x)) a.ex € £2.
In the scalar casei(= 1 or N = 1) a sufficient condition for solving the problem is
Do(x) e EUINtCOE a.e.ing2,

where intcaE' stands for the interior of the convex hull &f. This fact was observed by
several authors, with different proofs and different levels of generality; notably in [11,17,
28,29,31,38,40]. It should be noted that this sufficient condition is also necessary, when
properly reformulated.

When turning to the vectorial case,(V > 2) the problem becomes considerably harder
and no result with such a degree of elegancy and generality is available. The first general
results were obtained by Dacorogna and Marcellini (see the References, in particular, [31]).
At the same time Muller and Sverak [61] introduced the method of convex integration of
Gromov in this framework, obtaining also similar existence results.

4.2. The different convex hulls

We recall the main notations that we will use throughout the present section and we refer,
if necessary, for more details to Dacorogna and Marcellini [31].

Classically theconvex hullof a given setE is the smallest convex set that contaifis
and it is denoted by cB. We will now do the same with the other notions of convexity
that we have seen earlier. This is not as straightforward as it may seem and there is not a
general agreement on the exact definitions. We will not enter in abstract considerations and
we will use as definition of the different hulls a consequence of these abstract definitions.
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NOTATION 17. We let, forE ¢ RV ",
Fe={fRV" > R=RU{+oo}: flr <0},
Fe={f: RV" 5> R: flg<0}.

We then have respectively tlwwnvex polyconvexrank one convexand (closure of the)
guasiconvex hulldefined by

COE = {£ e RV*": f(&) < O for every convexf € Fr},
PCOE = {& e RV f(£) < 0 for every polyconvexf € Fr},
RCcoE = {& e RN*": f(£) < 0 for every rank one conveg € Fr},

QcoE = {& e RV*": f(&) < O for every quasiconvey € Fg}.
We should point out that by replacinz by 7 in the definitions of c& and Pcct
we get their closures denoted B§ E andPcoE. However if we do so in the definition of
RCOE we get a larger set than the closure of BcdMVe should also draw the attention that
some authors call the set
€ e RY*": (&) <0 for every rank one conveg € Fr |
the lamination convex hull, while they reserve the name of rank one convex hull to the set
{€ e RV*": f(£) < O for every rank one conveg € Fg}.
We think however that our terminology is more consistent with the classical definition of
convex hull.

In general we have, for any setc RV,

E C RCOE C PCOE C COE,
E C RCOE C QCOE C PCOE C COE.

4.3. Some examples of convex hulls

We now give several examples that will be used in the applications of Sections 6 and 7. Let
us start with the scalar case.

EXAMPLE 18 (Convex Hamiltonian). LeF :R" — R be convex and let
E={&eR": F(§) =0},
then

COE ={¢£ e R": F(§) <0}
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ExampPLE 19 (Nonconvex Hamiltonian). Consider, fére R”, the nonconvex Hamil-
tonian

n
2
F@& =Y [E)*—1]
i=1
and
E={&eR": F(§) =0},
then
COE =[-1,1]".

We now turn to some examples in the vectorial case. The following result is due to
Dacorogna and Tanteri (cf. [36] and also [31]), it concerns singular values. We recall that
we denote by & A1(§) < --- < A, (§) the singular values of a matréixe R™*", which are
defined as the eigenvalues of the matgx " )1/2.

THEOREM20. Let
E={§ R ,E)=a;, i=1,...,n},
where0 < a3 < --- < a,,. The following equalities then hold

COE = {E e R™™; Xn:)»l(é) <Xn:a,~, v:l,...,n},

i=v i=v
n n
PcoE = QCOE = RCOE = !g e R Hki(g) gl—[ai, v:l,...,n},
i=v i=v

n n
intRCOE = {g e R Hki(é) < Hai, v:l,...,n},

i=v i=v
whereint RcoE stands for the interior of the rank one convex hullmf

This result admits some extensions (it corresponds in the theorem below-te 8),
cf. Dacorogna and Tanteri [37] and Dacorogna and Ribeiro [35].

THEOREM21. Leta < B, 0<az < --- < a, be constants so that

n
az [ ai = max{|el, 181}
i=2
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Let
E={& eR"": dett €{a, B}, i(§)=a;, i=2,...,n},
then

PcoE = QcoE = RcoE

= {seR"X”: dett € [o, B1. [[1®) <[ [a. v=2,...,n}.

In particular if o« = 8,

PcoE = QCOE = RCOE
n n
= {gewx": dett =, [[1:®) <[ ]a v:2,...,n}.
i=v i=v

REMARK 22. Itis interesting to note some formal analogy between the above result (with
o = B) and some classical theorems of Weyl, Horn and Thompson (see [44], [45], p. 171,
or [53]). Their result states that if we denote, as above, the singular values of a given matrix
EeR™" by 0 A1(8) < --- < Ay (8), and its eigenvalues, which are complex in general,
by u1(€),..., u, (&) and if we order them by their modulus €01 (8)| < -+ < |ua (8)])

then the following result holds

[Tw®|<[]rn®©. v=2...n

[T®|=]]r®.
i=1 i=1

for any matrix§ € R"*".

We will see several other examples in the next subsections.

4.4. An existence theorem

We start with the following definition introduced by Dacorogna and Marcellini [30] (cf.
also [31]), which is the key condition to get existence of solutions.

DEFINITION 23 (Relaxation property). LeE, K c RV*". We say thatk has therelax-
ation propertywith respect tok if for every bounded open s&2 c R”, for every affine
functionu, satisfying

Dug(x)=£§ € K,
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there exists a sequeneg € Af fpiec(2; RY),
uy €ug + Wy (2;RY),  Du,(x)e EUK ae.ing,

uv—*\ug in whoo, / dist(DuU(x);E)dx—>0 &Y — 00.
22

REMARK 24. (i) It is interesting to note that in the scalar case=(1 or N = 1) then
K =intcoE has the relaxation property with respectdo

(ii) Inthe vectorial case we have thatkf has the relaxation property with respecifto
then necessarily

K C QCOE.

Indeed first recall that the definition of quasiconvexity implies that, for every quasiconvex
f€FE,

f(é)meast/Qf(Duv(x))dx.

Combining this last result with the fact thigbu, } is uniformly bounded, the fact that any
quasiconvex function is continuous and the last property in the definition of the relaxation
property, we get the inclusioki C QCoE.

The main theorem is the following one.

THEOREM 25. Let 2 c R” be openlet E, K ¢ RV*" be such thatE is compact and
K is bounded Assume tha' has the relaxation property with respect fo. Let ¢ €
Af foiec($2; RY) be such that

Dp(x)e EUK ae in$2.
Then there existé dense set 9fu € ¢ + W&’OO(Q; RY) such that
Du(x) e E ae.in .
REMARK 26. (i) According to Chapter 10 in [31], the boundary datyncan be more
general if we make the following extra hypotheses:
e inthe scalar case, i is openg can be even taken iW1>°(2; RY), with Dg(x) €
E UK (cf. Corollary 10.11 in [31]); _
¢ in the vectorial case, if the sét is open,p can be taken irt[?éiec(Q; RM) (cf. Corol-

lary 10.15 or Theorem 10.16 in [31]), witbe(x) € E U K. While if K is open and
convex,p can be taken i1 (£2; RY) provided

Dy(x) e C a.e.ins2,

whereC C K is compact (cf. Corollary 10.21 in [31]).
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(ii) Inthe scalar case (cf. Theorem 29) the hypothesis on the compactnEssanf be
dropped.

(iii) This theorem was first proved by Dacorogna and Marcellini [30] (cf. also Theo-
rem 6.3 in [31]) under the further hypothesis that

E={teRV" F(§)=0,i=12,...,1},

whereF; :RV*" - R, i =1,2,..., I, are quasiconvex. This hypothesis was later removed
by Sychev [74] using the theory of convex integration (see also Muller and Sychev [63]).
Kirchheim in [46] pointed out that using a classical result (Theorem 38) then the proof of
Dacorogna and Marcellini was still valid without the extra hypothesi€oKirchheim’s

idea, combined with the proof of [31], was then used by Dacorogna and Pisante [33] and
we will follow this last approach.

PROOF OFTHEOREM25. We letV be the closure i.>°(§2; RY) of
V ={u € Affpiec(2; RY): u=¢ ond2 andDu(x) e EUK}.
V is nonempty since € V. Let, fork € N,

_ 1
vk = int{u ev: / dist(Du(x); E) dx < %},
2

where the “int” stands for the interior of the set. We claim tké4t in addition to be open,

is dense in the complete metric spaéePostponing the proof of the last fact for the end
of the proof, we conclude by Baire category theorem that

o0
ﬂ vkc {ueV: dist(Du(x),E)=0ae.in2}cV
k=1

is dense, and hence nonempty,WnTl]e result then follows sincE is compact.
We now show thaV’* is dense inV. So letu € V ande > 0 be arbitrary. We wish to
find v € V¥ so that

llu —vllze <e.
We recall (cf. Section 4.6) that

wp(a) = lim sup  |Dv—Dwl 1g
=0y, weBy(@,6)

where

Boo(CiJS) = {u € V: ||I/l —O{”Loo <8}
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o We start by findingr € V, a point of continuity of the operatdd, so that
&
llu—allre < 3

This is always possible by virtue of Corollary 40. In particular, we have that the os-
cillation wp () of the gradient operator atis zero.
e We next approximate € V by 8 € V so that

e 1
1B —allL= < 3 and wp(B) < %

This is possible since, by Proposition 37, we know that for e¥esy0 the set
25 ={ueV: opu) <e}
is open inV.

e Finally we use the relaxation property on every piece whegeis constant and we
then construct € V, by patching all the pieces together, such that

Ip-vli~<g  op@ <y and [ dis(DuwiE)d <.
2k o k

wl ™

Moreover, sincevp (v) < % we can finds = §(k, v) > 0 so that

1
o=Vl <8 = IDv=Dyll< o

and hence,
1
/ dist(Dy (x); E) dx </ dist(Dv(x); E) dx + | Dv — Dyl 1 < .
2 2

for everyy € Boo (v, 8); which implies thaw e V*.
Combining these three facts we have indeed obtained the desired density resuli.

To conclude this subsection we give a sufficient condition that ensures the relaxation
property. In concrete examples this condition is usually much easier to check than the
relaxation property. We start with a definition.

DEFINITION 27 (Approximation property). Lef ¢ K(E) c R¥*". The setsk and
K (E) are said to have thepproximation propertyf there exists a family of closed sefs
andK (Es), 8§ > 0, such that

(1) Es C K(Es) CintK(E) foreverys > 0;

(2) for everys > 0 there exist$g = §p(¢) > 0 such that dig; E) < ¢ for everyn € E;
ands € [0, 8o];
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(3) if n eintK(E), thenn € K(Es) for everys > 0 sufficiently small.

We therefore have the following theorem (cf. Theorem 6.14 in [31], and for a slightly
more flexible one see Theorem 6.15).

THEOREM 28. Let E ¢ RV*" be compact andRcoE has the approximation property
with K (Es) = RcoEs, thenintRcoE has the relaxation property with respect o
4.5. Some examples of existence of solutions

We now give several examples of existence theorems that follow from the abstract ones.
The first one concerns the scalar case, where we can even get sharper results (cf. [11,17,
28,29,31,38,40)).

THEOREM29. Let2 c R” be a bounded open set aidc R”. Letg € W (£2) satisfy
Dg(x) e EUINtCOE aexe$ (6)

(whereintco E stands for the interior of the convex hull &%), then there exists € ¢ +
Wy > (£2) such that

Du(x) e E ae xeS2. )

REMARK 30. The theorem is in fact much less restrictive than the abstract one, here
we do not need, for examplé; to be compact. For a proof we refer to Dacorogna and
Marcellini [31].

We now show that (6) is in fact also a necessary condition, at least wheraffine,
for the general case see Section 2.4 in [31]. For the affine case the result is implicit in the
above-mentioned articles, but we follow here Bandyopadhyay, Barroso, Dacorogna and
Matias [9].

THEOREM 31. Let £2 C R” be a bounded open seE C R", & € R” and u € ug, +
Wy ™ (£2) (ug, being such thaDug, = £o) so that

Du(x)e E aexeS2,
then
& € EVUintcoE.

PROOF Assume thakg ¢ E, otherwise nothing is to be proved. It is easy to see that, by
the Jensen inequality and sinbe:(x) € E,

1
meas2

£o = / Du(x) dx € COE.
2
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Let us show that we cannot hage < 3(CoE). If we can prove this, we will deduce that
&y € INtTOE. Since inToE = intcoE (cf. Theorem 6.3 in Rockafellar [71]), we will have
the result.

If & € (COE), we find from the separation theorem that there existsR”, o # 0,
such that

(a;z—&y) >0 VzeCTOE.

We therefore have that

<(x; Du(x) — 50) >0 aexef.

Recalling that: € ug, + Wé’o"(.@), we find that

/ <O{; Du(x) — éo)dx =0
2
which coupled with the above inequality leads to

(a; Du(x) — 50) =0 aexef.
Applying Lemma 57, we get that = ug, and hencep € E, a contradiction with the
hypothesis made at the beginning of the proof. Therefgré d(COE) as claimed and
hence the theorem is proved. |

Theorem 29 applies to the following case.

COROLLARY 32 (Convex Hamiltonian)Let 2 c R" be a bounded open set ard:
R" — R be convex and such thBim ¢ o F(§) =400. Lety € w1°(£2) be such that

F(Dg(x)) <0 aexef.
Then there exists € ¢ + Wé"”(!z) such that

F(Du(x))=0 aexef.

The next one deals with the singular values case that we have encountered in Section 4.3.

The next theorem is due to Dacorogna and Ribeiro [35].

THEOREM 33 (Singular values)Let £2 c R" be a bounded open set < 8 and 0 <
ap < --- < ay, be such that

n
max{ |«|, |8} <a21_[ai.

i=2
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1 O

Letp € Cpiec($2: R™) be such thatfor almost every € 2,
n n
o < detDo(x) < 8, 1_[)"' (Dgo(x)) < Ha[, v=2...,n.
i=v i=v

Then there exists € ¢ + W§’°°(9; R™) so that for almost every € £2,

detDu(x) € {a, B}, XV(Du(x)) =a,, V=2,...,n.

REMARK 34. (i) If « = —8 < 0 and if we set

" —1
al=/3|:l_[ai:| ,
=2

we recover the result of Dacorogna and Marcellini [31], namely that if

n n
HM(D(p(x)) < nai, v=1,...,n,
i=v i=v

then there exists € ¢ + W(}’O"(.Q; R") so that

M(Du)=a,, v=1,...,n, a.e.inf.

(ii) If « =B # 0 we can also prove, as in Dacorogna and Tanteri [37], that if
n n
detDy(x) = «, HM(D(p(x)) <1_[al~, v=2,...,n,
i=v i=v

then there exists € ¢ + W&’OO(Q; R™) so that

M(Du)=a,, v=2,...,n, and deDu=o a.e.inf2.

4.6. Appendix

In this appendix we recall some well-known facts about the so-called functions of first class
in the sense of Baire, with particular interest in their application to the gradient operator.
We start recalling some definitions.

DEFINITION 35. LetX, Y be metric spaces anfl: X — Y. We define thescillationof f
atxpe X as

wrxo)=1lim  sup dy(f(y), f(x)),

804, yeBx(x0,5)
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whereBy (xo, 8) := {x € X: dx(x, xg) < 8} is the open ball centered & anddy, dy are
the metric on the spacasandY, respectively.

DEFINITION 36. A function f is said to be ofirst class(in the sense of Baire) if it can
be represented as the pointwise limit of an everywhere convergent sequence of continuous
functions.

In the next proposition we recall some elementary properties of the oscillation func-
tion wy.

PrROPOSITION37. Let X, Y be metric spaceand f: X — Y.
(i) f iscontinuous akg € X if and only ifw (xg) = 0.
(i) The sem} ={x e X: wr(x) <¢e}isanopen setiX.

Using the notion of oscillation and Proposition 37 we can write thé>sebf all points
at which a given functiory is discontinuous as ah, set as follows

o0

o) >t
D/.:U{xeX. wf(x)>n}. (8)

n=1

We therefore have the following Baire theorem for functions of first class (for a proof
see Theorem 7.3 in Oxtoby [65], Yosida [79], p. 12, or Dacorogna and Pisante [33]).

THEOREM 38. Let X, Y be metric spaces leX be complete angf: X — Y. If f is
a function of first classghenD; is a set of first category

REMARK 39. From Theorem 38 and the Baire category theorem follows in particular that
the set of points of continuity of a function of first class from a complete metric spaoe

any metric spac#, i.e., the seD‘f‘. complement oDy, is a dense&5;s set. Indeed for any

e > 0, the set

Q; = {x eX:wr(x) < 5}
is open and dense iX.

In the proof of our main theorem we have used Theorem 38 applied to the follow-
ing, quite surprising, special case of function of first class. This result was observed by
Kirchheim [46] for complete sets of Lipschitz functions and the same argument gives in
fact the result for general complete subséts> (£2) functions.

COROLLARY 40. Let £2 c R" be a bounded open set and l&tc Wl1>°(2) be a
nonempty complete space with respect to ff8@ metric Then the gradient operator
D:V — LP(£2;R") is a function of first class for any < p < cc.
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PROOFE Forh #0, we let
D"=(D},....D}):V — LP(2;R")
be defined, for every € V andx € £2, by

he))— P .
Dlux) = the) —ux) it dist(x, £2¢) > |hl,
1

0 elsewhere,

fori=1,...,n,whereey, ..., e, stand for the vectors from the Euclidean basis.

The claim will follow once we will have proved that for any fixédthe operatoD” is
continuous and that, for any sequetice> 0,

f!iLnO” Dj'u — Di””Lp((z) =0

foranyi=1,...,n,ueV.
The continuity of D" follows easily by observing that for every=1,...,n, ¢ > 0 and

u,v €'V we have that

“ Dihu - DihUHLP(_Q)
1 1/p

< (/ |u(x)—v(x)+u(x+he,~)—v(x+hei)|pdx)
1Al \J e,

2(meas2)Y/r

lu — vl Lo(2),
7]

X

where$2, = {x € 2: dist(x, 2°) > |h|}.
For the second claim we start observing that, for amys2;, and for anyu € V, we have

|u(x + he;) —u(x)| < || DiullLoo) bl
This implies that
I D?MHLOC(Q) < IDjullLee(2) < +o0.
Moreover, by Rademacher theorem, for any sequénee0,

lim Df’u(x) =D;u(x) a.execSf.
h—0

The result follows by Lebesgue dominated convergence theorem. a
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5. Existence of minimizers
5.1. Introduction

We now discuss the existence of minimizers for the problem
inf{/ f(Du(x))dx: ueugo+W&’Oo(.Q;RN)}, P)
2

where 2 c R" is a bounded open set with Lipschitz boundamy,2 — RY, f:
RN>" _ R is lower semicontinuous, locally bounded and nonnegativeugns a given
affine map (i.e.Dug, = &, wheregg € RV " is a fixed matrix).

If the function f is quasiconvey, i.e.,

fU f (& + Dp(x)) dx > f(§) measU)

for every bounded domaity c R”, § e RV*" andg € W§'°°(U; RY), then the prob-
lem (P) trivially hasug, as a minimizer. We also recall that in the scalar case (L or
N =1), quasiconvexity and ordinary convexity are equivalent.

We now study the case wheyefails to be quasiconvex. The first step in dealing with
such problems is the relaxation theorem (cf. Theorem 15). It has as a direct consequence
(cf. Theorem 41) that (P) has a solutiare ug, + Wy ™ (2; RY) if and only if

f(Da(x))=Qf (Di(x)) aexeg,
| 0f(pice) de = 0f co) mease,
whereQf is thequasiconvex envelopd f, namely

Of =supg < f: g quasiconvek

The problem is then to discuss the existence or nonexistenca sh#isfying the two
equations. The two equations are not really of the same nature. The first one is what we
called in Section 4 an implicit partial differential equation. The second one is more geo-
metric in nature and has to do with sonwiasiaffinity of the quasiconvex envelop@f.

In the present section we will discuss some abstract necessary and sufficient conditions
for the existence of minimizers for (P) and in Sections 6 and 7 we will see several examples.
We will follow in the present section the approach of Dacorogna, Pisante and Ribeiro [34].

5.2. Sufficient conditions

With the help of the relaxation theorem and of Theorem 25, we are now in a position to
discuss some existence results for the problem (P). The following theorem (cf. [27]) is
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elementary and gives a necessary and sufficient condition for existence of minima. It will
be crucial in several of our arguments.

THEOREM41. Let£2, f andug, be as abovgn particular, Dug, = &. The problem(P)
has a solution if and only if there exisises ug, + W&"’O(.Q; R™) such that

f(Di(x)) = 0f (Di(x)) aexe, (9)
/Q Of (Dii(x)) dr = Qf (§0) meass?. (10)

PrRoOOF By the relaxation theorem and singg, is affine, we have

inf(P) = inf(QP) = O f (&) meas?.

Moreover, since we always haye> Qf and we have a solution of (9) satisfying (10), we
get thatx is a solution of (P). The fact that (9) and (10) are necessary for the existence of
a minimum for (P) follows in the same way. O

The previous theorem explains why the set

K ={seRV™ Qf (&) < [}

plays a central role in the existence theorems that follow. In order to ensure (9) we will
have to consider differential inclusions of the form studied in the previous section, namely:
find it € ug, + Wy (£2; RV) such that

Du(x) edK a.exef2.

In order to deal with the second condition (10) we will have to impose some hypotheses of
the type “Qf is quasiaffineon K.
The main abstract theorem is the following one.

THEOREM42. Let 2 ¢ R” be a bounded open sé&h € RV**, f:R¥*" R, a lower
semicontinuoudocally bounded and nonnegative function and let

K={neRY": 0f(m) < f}.

Assume that there exisk C K such that
e &0 € Ko,
¢ Ky is bounded and has the relaxation property with resped o) 9K,
e Of is quasiaffine orkp.

Letug,(x) = &ox. Then the problem

inf{l(u)Z/ £(Du(x)) dx: ueusoJrW&’“’(Q;RN)} (P)
2
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has a solutioni € ug, + Wy ™ (2; RY).

REMARK 43. (i) Although this theorem applies only to functiofighat takes only finite
values, it can sometimes be extended to functipn®V*" — R = R U {4o00}.
(ii) The last hypothesis in the theorem means that

/ﬂ 0F (& + Do) dx = Of (¢) meas2

for everys e Ko, everyp € Wy ™(2; RV) with
£+ Dp(x) e Ko ae.ing.

PROOF OF THEOREM 41. Since& € Ko and Ko is bounded and has the relaxation
property with respect t&o N 9K, we can find, appealing to Theorem 25, a mag
ug, + Wy (2; RY) satisfying

Diie KoNdK a.e.ins2,

which means that (9) of Theorem 41 is satisfied. Moreover, sintés quasiaffine orko,
we have that (10) of Theorem 41 holds and thus the claim. |

The second hypothesis in the theorem is clearly the most difficult to verify, nevertheless
there are some cases when it is automatically satisfied. For examflesibounded, we
can takeKg = K.

We will see that, in many applications, the $&turns out to be unbounded and in order
to apply Theorem 42 we need to find some weaker condition& dhat guarantees the
existence of a subséfy of K satisfying the requested properties. With this aim in mind
we give the following notation and definition.

NOTATION 44. LetK c R¥*" be open and € RV*",

(i) For& € K, we denote byLg (&, A) the largest segment of the foffn+z1, & +sA],
t <0<s, sothat(é + 1A, & +sA) C K.

(i) If Lg(&,2) is bounded, we denote by (§) < 0 < 7 (§) the elements so that
Lig(&,1) =& +1t_X, & +1t:)]. They therefore satisfy

E4+1t:Aa€dK and £4+trie K Vie(t_,ty).
(iii) If HCK, we let

Lg(H ) =] Lk ).

EeH

DEFINITION 45. LetK c RV*" be opengp € K andx e RV*",
(i) We say thatk is bounded atg in the directiona if Lg (&g, 1) is bounded.



Nonconvex problems of the calculus of variations and differential inclusions 89

(i) We say thatK is stably bounded ap in the rank-one direction. =« ® 8 (with
a € RY andg € R") if there existse > 0 so thatLx (§9 + o @ B, A) is bounded, where
we have denoted by

Eo+a® B, ={& e RV £ =0+ ® b with |b] < e}

Clearly a bounded open skt is bounded at every poifte K and in any direction.
and consequently it is also stably bounded.

We now give an example of a globally unbounded set which is bounded in certain direc-
tions.

EXAMPLE 46. LetN =n =2 and
K=|¢ e R?*?: ¢ < dett <B}.

The setK is clearly unbounded.
() If & =1 thenK is bounded, and even stably bounded;x@tin a direction of rank
one, for example, with

10 0 O
(3 0) o 2=(30).

(ii) However if &g = 0, then K is unbounded in any rank one direction, but is bounded
in any rank two direction.

In the following result we deal with set& that are bounded in a rank-one direction
only. This corollary says, roughly speaking, thakifis bounded afg in a rank-one direc-
tion A and this boundedness (in the same direction) is preserved under small perturbations
of & along rank one.-compatible directions, then we can ensure the relaxation property
required in the main existence theorem.

COROLLARY 47. Let2 C R" be a bounded open segf : RV>*" — R a lower semicontin-
uous functionlocally bounded and nonnegative andégte K, where

K={s R 0f () < f(©)).

If there exist a rank-one directiohe RY*" such that
(i) K is stably bounded & in the directionh = o ® 8, _
(i) Qf is quasiaffine on the sétf. Definition45) Lk (0 + o ® Be, 1), then the problem

inf{[(u)zf f(Du(x)) dx: ucug + W&’OO(Q;RN)} P)
2

has a solutioni € ug, + Wol"’o(.Q; RM).
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PrOOF We divide the proof into two steps.

Stepl. Assume thatB| = 1, otherwise replace it byg/|8|, and letg; € R", k > n, with
|Bc| = 1, be such that

O€ H :=intcofB, =B, B3. ..., B} C B1(0) = {x e R": |x| < 1}.
Let then, fore > 0 as in the hypothesis,
Ko:=(o+a®eH)U[dKNLk(Eo+a®eH, 1)
We therefore have thgph € Ko and, by hypothesis, thad, is bounded, since
KoC KoC Lg(50+a® B, 1).
Furthermore we have
KoNdK =3dK NLk(§o+a®eH, ).

In order to deduce the corollary from Theorem 42, we only need to showkihagas the
relaxation property with respect & N 9 K. This will be achieved in the next step.

Step2. We now prove thaKg has the relaxation property with respectkg N 9K . Let
& € Ko and let us find a sequengg € Af fpiec(£2; RM) so that

uy €ug + Wy (2;RY),  Du,(x)e (KoNdK)UKo ae.ine,

(11)

uv—*\ug in whoe, fdist(Duv(x);I?oﬂaK)dxao &V — 0.
Q

If £ € dK N Lg(§0+ o ® eH, 1), nothing is to be proved; so we assume that &y +
o ® ¢ H. By hypothesis (i), we can find_(§) < 0 < ¢, (£) so that

&L =&4+1t3:A€0K and &£+4+trAeK Vie(t_,ty)
and hencé.. € Ko N dK. We moreover have that

= s 4 M b Wither e Kon ok, (12)

-t te —t_

Furthermore, sincé € & + @ ® ¢ H, we can findy € ¢ H such that
E=b+a®y.

The setH being open we have tha@s;(y) C ¢ H, for every sufficiently smalb > 0. More-
over, since for every > 0, we have

0 §H =intco{(+58, 883, ..., 8Bk}
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and since for every sufficiently smallk> 0, we have
+8 € cof{£(t4 — t-)B} C co{£(t4 —1-)B. 8B, ..., 8Bk},
we get that
0€8H =intco{+58, B3, ..., 86k} Cintcof{£(ty —t-)B, 83, ..., 5Bk}
We are therefore in a position to apply Lemma 48 to

-t
a=a, b=(ty —1t_)B, bj=48p; forj=3,.. .k t= ,
fp—1t_

A= =6+ — a@@ —1)p=E+(1-Dadb,

ty —1_

B=§_ =§+ a@® (1 —1-)p=§—1a®b,
te—t_

and findus € Af fpiec($2; RY), open set€2,, 2_ C £, such that

|meas2; U 2_) — meas2| <,

us(x) =ug(x), x€dR, and |us(x)—uz(x)| <38, x€2,
Dus(x) =&+ a.e.inf24,

Dus(x) eé+{tia®@B,1_ 0 RB,a®3P3, ..., ®3Pr} a.e.ing2.

Sincet. € KoNaK and

E+a®@dpjeé+a®SH=£60+a® (y+8H)
Cé+a®eHCKg forj=3, ...,k

we deduce, by choosinh= 1/v asv — oo, from (13), the relaxation property (12). This
achieves the proof of Step 2 and thus of the corollary. |

We finally want to point out that, as a particular case of Corollary 47, we find the exis-
tence theorem (Theorem 3.1) proved by Dacorogna and Marcellini [27].

We have used the following result due to Miller and Sychev [63] and which is a refine-
ment of a classical result.

LEMMA 48 (Approximation lemma)Let £2 c R"” be a bounded open sédtetr € [0, 1]
andA, B € RV*" such that

A—B=a®b
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with @ € RY and b € R". Let b, ..., by € R", k > n, such thatO € intco{b, —b, b3,
..., bi}. Lety be an affine map such that

Do(x)=&=tA+(1—-1)B, xeQ

(e, A=&+ (1—1a®band B =&y —ra ® b). Then for everye > 0, there exists a
piecewise affine map and there exist disjoint open se®, 25 C 2, such that

|meas2, — r meas?|, [meas2z — (1— ) meas?| <,
u(x)=¢(x), xe€0d82, and |u(x)—<p(x)|<8, x €82,

A in 2y,

B in 2p,
Du(x)eéo+{(1-1a®b,—ta®b,a®@bs,...,a@b;} aein.

Du(x) = {

5.3. Necessary conditions

Recall that we are considering the minimization problem
inf{](u) =/ f(Du(x)) de: u € ug, + W§~°°(Q;RN)}, (P)
2

where$2 is a bounded open set Bf', ug, is affine, i.e.,Dug, = & and f :RV*" — R is
a lower semicontinuous, locally bounded and nonnegative function. In order to avoid the
trivial case we will always assume that

Of o) < f(éo).

Most nonexistence results for problem (P) follow by showing that the relaxed prob-
lem (QP) has aniquesolution, namely:g,, which is by hypothesis not a solution of (P).
This approach was strongly used in Marcellini [51], Dacorogna and Marcellini [27] and
Dacorogna and Pisante [34]; we will follow here [34]. We should point out that we will
give an example (see Proposition 78 in Section 7.5) related to minimal surfaces, where
nonexistence occurs, while the relaxed problem has infinitely many solutions, none of them
being a solution of (P).

The right notion in order to have uniqueness of the relaxed problem is the following
definition.

DEFINITION 49. A quasiconvex functiorf : RV>*" — R is said to bestrictly quasiconvex
at&g e RV*", if for some bounded domaili ¢ R” the following equality holds

fU f(&0+ De(x)) dx = f(§0) measl)

for somep € Wy (U; RY), then necessarily = 0.
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We should observe that as in Remark 5(v) the notion of strict quasiconvexity is indepen-
dent of the choice of the domalih, more precisely we have the following proposition.

PROPOSITIONSO0. If a function f:RV*" — R is strictly quasiconvex ajg € RV*" for
one bounded domaiti C R” it is so for any such domain

PROOF LetV c R"” be a bounded domain ande W&’O"(V; RY) be such that

/V f(€o+ Dy (x)) dx = f (§0) meagV) (14)

and let us conclude that we necessarily héve 0.
Choose first: > 0 sufficiently large so that

VCQi=(—a,a)
and then define

{1//()6) fxeV,
v(x) = .
0 fxeQ,—-V,

so thatv € Wy ™ (Qq; RY).
Let thenxg € U and choose sufficiently large so that

1 a a\"
x0+-Qa=x0+|——,—-) CU.
vV vV v
Define next

%v(v(x—xo)) ifxexo—i—%Qa,
plx) = , 1
0 Ifer—[xo—i—;Qa].

Observe thap W&'o"(U; RV) and
/U f(§0+ Dg(x)) dx

1
= f(&) mea:(U— |:xo+ —Qa]> +/ f(éo—l—Dv(v(x —xo))) dx
v [xo+ 3 Qal

a 1
) f(EO)[meaW) - %w)] D / 7 (Eo+ Du(y)) dy
= f(Eo)[meas;U) _ me:j\lea) N mea:sgna _ V)}

1
t e f(&o+ Dy (y)dy.

n v
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Appealing to (14), we deduce that
/U [0+ Do(x)) dx = f (&) meagU).

Since f is strictly quasiconvex agg € RV*" for the domainU, we deduce thap = 0,
which in turn implies that

v(y)=0 foreveryye Q,.
This finally implies thaty = 0 as claimed. O

We will see further some sufficient conditions that can ensure strict quasiconvexity, but
let us start with the elementary following nonexistence theorem.

THEOREM 51. Let f:RV*" — R be lower semicontinuoysocally bounded and non-
negative £o € RV *" with Qf (£0) < f(£0) and Qf be strictly quasiconvex &b. Then the
relaxed problen{QP)has a unique solutigmamelyug,, while (P) has no solution

ProOOF The fact that (QP) has only one solution follows by definition of the strict quasi-
convexity of Qf and Proposition 50. Assume for the sake of contradiction that (P) has
a solutionu € ug, + W&""’(Q;RN). We should have from Theorem 41 that (writing
iu(x) = éox + ¢(x))

6o+ Do(x)) = Of (fo+ De(x)) a.exe,

/Q Of (80 + De(x)) dx = Qf (§0) meas?2.

SinceQf is strictly quasiconvex &, we deduce from the last identity that= 0. Hence
we have, from the first identity, tha® /' (¢&o0) = f (£0), which is in contradiction with the
hypothesis. O

We now want to give some criteria that can ensure the strict quasiconvexity of a given
function. The first one has been introduced by Dacorogna and Marcellini [27].

DEFINITION 52. A convex functionf : RVN*"* — R is said to bestrictly convex attg €

RN in at leastN directionsif there existsa = (o )ISISN e RV of £ 0, for every
i =1,..., N, such that: if for someg e RV *" the identity

1 1, 1
5/ €0+ + 5 f(€0) = f(so + En)

holds, then necessarily

<ai;ni)=0, i=1...,N.
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In order to understand better the generalization of this notion to polyconvex functions
(cf. Proposition 58), it might be enlightening to state the definition in the following way.

PROPOSITION5S3. Let f:RV>*" — R be a convex function andor & € RVN>", denote
by a1 (¢) the subdifferential off at &. The two following conditions are then equivalent
(i) f is strictly convex akg € RV*" in at leastN directions

(i) there existax = (a/)1SISN ¢ RV*7 with o # 0 for everyi =1,..., N, so that
whenever

f@Eo+mn) — fEo)— (A n)=0

for somen € RV*" and for some. € 3f (£o), then
(@'sn')=0, i=1,...,N.

PROOF

Stepl. We start with a preliminary observation that if

1 1 _ 1 15
5f(§o+n)+§f($o)—f<$o+§n) (15)

then, for every € [0, 1], we have

tfGo+n) + A —1)f() = f(o+1n). (16)

Let us show this under the assumption that1/2 (the case < 1/2 is handled similarly).
We can therefore find < (0, 1) such that

1
E:at+(1—a)0=at.

From the convexity off and by hypothesis, we obtain

1 1 1
Ef(éo +n)+ Ef(éo) = f(Eo + 577) <afo+tn)+ 1A —a)fEo.
Assume, for the sake of contradiction, that

fGo+1tn) <tf(Eo+n)+ 1 —1)f (o).

Combine then this inequality with the previous one to get

1 1
>/ Got+m+5fG) < aftfGo+m+ Q-1 f(E)]+ (1 —a)f(&)

1

1
=5/ Go+m+ 570
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which is clearly a contradiction. Therefore the convexityfoind the above contradiction
implies (16). This also implies that

fGo+1n) — f(0)
t

f'(Go,m) I=tifg+ = f(&o+n — f (o).

Applying Theorem 23.4 in Rockafellar [71], combined with the fact thatso) is non-
empty and compact, we get that there existsd f (&o) so thatf (s +n) — f(&0) = (A; )
and hence

fEo+1m) — fo) —1{a;n)=0 Vi[O, 1]. a7

We have therefore proved that (15) implies (17). Since the converse is obviously true,
we conclude that they are equivalent.

Step2. Let us show the equivalence of the two conditions.
(i) = (ii). We first observe that for any € RV*" we have

1 1 1
Ef(go-i- n + Ef(%'o) - f<€o+ E’l)
1 1 1
= E[f(éo-l- n — f&) — (usn)] — [f(éoJr 5") — f(%o) — é(u; n)}
(18)
Assume that, fok € 9f (&0), we have

fEo+n) — f(Eo) — (A:m) =0.

From (18) applied tw = A, from the definition 0B f (¢&9) and from the convexity of, we
have

O<l 1 1
< éf(50+77)+§f(‘§o)—f<§o+ E’?)

= L L A <0
- —[f<50+§n> - o) - 51 ,n>} <o,

Using the above identity, we then are in the framework of (i) and we deducédhat
ny=0,i=1,..., N, and thus (ii).
(i) = (i). Assume now that we have (15), namely

1 1 1 _0
5f(§o+n)+§f($0)—f<$o+ 5?7) =0,

which, by Step 1, implies that there exigtg 9/ (§o) so that

fEo+1tn) — fo)—t{k;n) =0 Vrel0,1].
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We are therefore, choosing= 1, in the framework of (i) and we gef’; ') =0, i =
1,..., N, as wished. O

Of course any strictly convex function is strictly convex in at lestlirections, but
the above condition is much weaker. For example, in the scalar 8ase€l, it is enough
that the function is not affine in a neighborhood&f to guarantee the condition (see
Corollary 55).

We now have the following result established by Dacorogna and Marcellini [27].

PROPOSITION54. If a convex functionf : RV *" — R is strictly convex akg € RV*" in
at leastN directions then it is strictly quasiconvex &b.

Theorem 51, combined with the above proposition, gives immediately a sharp result for
the scalar case, hamely the following corollary.

COROLLARY 55. Let f:R" — R be lower semicontinuoukcally bounded and nonneg-

ative, &9 € R" with Cf (&) < f (&) and Cf not affine in the neighborhood &§. Then

(P) has no solution

REMARK 56. In the scalar case this result has been obtained by several authors, in par-
ticular, by Cellina [16], Friesecke [40] and Dacorogna and Marcellini [27]. It also gives
(cf. Theorem 66), combined with the result of the preceding section, that, provided some
appropriate boundedness is assumed, a necessary and sufficient condition for existence of
minima for (P) is thatf be affine on the connected componentsf Cf (&) < f (&)} that
containsgg.

Before proceeding with the proof of Proposition 54 we need the following elementary
lemma.

LEMMA 57. Let£2 be a bounded open setl&f andy € W&’O"(Q; RY) be such that
(o' Dg'(x))=0 aexef,i=1...,N,
forsomex’ #0,i=1,..., N, thenyp =0.

PROOF Working component by component we can assumefhat1 and therefore we
will drop the indices. So lep € W01’°°(.Q) satisfy for somex € R", o # 0,

(a; D(p(x)> =0 aexef.

We then choosesy, ..., o, € R" so that{a, ag, ..., a,} generate a basis &". Leta > 0
and form an integer,

oy =(—a,a)".
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Letx € 2 and leta andr be sufficiently small so that

X+ ta+ 1000+ -+ 1,0, € £2

for everyr € (0,7) and(zz, ..., 7,) € Q" L.

Observe then that if € C3(52), then
/ 1[‘P(x +ia+ 202+ 4 o) — @(x + 202+ - + ‘L'nOln)] drp --- dz,
Qi
" d
=f f — o+ T+ 2024 -+ + Tyay) | dr drz - - dy,
ngl 0 dr
t
=/ lf <D<p(x +ra+r2a2+~-~+tnan);a)dr drp - - - dt,.
Qi Jo

By a standard regularization procedure the above identity also holds foran’yé’oo(fz).
Since(w; Dy) =0, we deduce that

/ oG+ 1o+ roap + -+ Tyat)
0u~
—@(x 4+ 12024 -+ + Tyoty) | drz - - - dr, = 0.

Sinceg is continuous, we deduce, by dividing by the measur@pf! and lettinga — 0,
that, for everyr sufficiently small so that + r« € £2,

px +ta) = @(x).
Choosing so that
x+taef2 Vrel0,t) and x+tae€ds2,
we obtain the claim, namely
o(x)=0 Vxef. 0

PrRoOOF OFPROPOSITIONS54. Assume that, for a certain bounded donfaia R” and for
somey € W01’°°(U; RM), we have

/U f (0 + De(x)) dx = f(&0) measl)

and let us show that = 0.
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Sincef is convex and the above identity holds, we find

1 1
F(60) meast) /U [Ef(sw 3ot Dso(X))} d
1
> / f<$o+ EDwm)olx
U
> (o) measl),

which implies that

1 1 1
f [Ef(éo) + 5 5o+ Do) - f(Eo + EDgo(x)ﬂ dr =0.
U

The convexity off implies then that, for almost evesyin U, we have

1 1 1

Ef(éo) + éf(%’o + Do(x)) — f(%o + ED(p(x)) =0.
The strict convexity in at leagt directions leads to

(ai;D(pi(x)>=O ae.xef,i=1,...,N.

Lemma 57 gives the claim. O

We will now generalize Proposition 54. Since the notations in the next result are in-
volved, we will first write the proposition wheN =n = 2.

PROPOSITION58. Let f:RV*" — R be polyconvextg € RV*" andx = A (&) € RTWV-"
so that

fE+n) — fEo) — (A T@E+n) — T (o)) >0 foreveryn e RV,

(i) LetN =n =2and assume that there exist!, «12, @22 € R?, a1 £ 0,022 £0,
B € R, so that if for some) € R2*? the following equality holds

fEo+mn) — fEo) — (b T(E+n) — T(0)) =0,
then necessarily
(@*%n%)=0 and (™ nh)+ (% n?)+ Bdety =0.

Theny is strictly quasiconvex afp.
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(i) LetN,n > 2and assume that there exiftr everyv =1,..., N,

Otu,v’av,v+1,.“,(}(\),N ER”, a’? 750,

g eRG) 2<s<nA(N—v+1),
so that if for some) € RV *" the following equality holds
fE+n) — f(€) — (1 TE+n — T () =0,

then necessarily

N nA(N—v+1)
Dlet )+ Yo (B adi(n’ o nY)) =0, v=1..N.
s=v §s=2

Thenf is strictly quasiconvex afp.
REMARK 59. (i) The existence of a as in the hypotheses of the proposition is automati-
cally guaranteed by the polyconvexity gf(see (1) in Section 2, it corresponds in the case

of a convex function to an element &f (£o)).
(i) We have adopted the convention that if £ > O are integers, then

k
Y=o
I
EXAMPLE 60. LetN =n = 2 and consider the function

£ = (n3)” + (n} + dety).

This function is trivially polyconvex and according to the proposition it is also strictly qua-
siconvex ato = 0 (choose. =0 e R®, %2 = (0, 1), a12 = (0, 0), «*1 = (1,0), g = 1).

PROOF OFPROPOSITIONS8. We will prove the proposition only in the cade=n = 2,
the general case being handled similarly.

Assume that, for a certain bounded domé&irc R? and for somep W&’O"(U; R?),
we have

/U f(6o+ Do(x)) dx = £ (50) measl)

and let us prove that = 0. This is equivalent, for every € R722 to

[fu f(go+ Dg(x)) = f(€0) — (w: T (50 + Dy (x)) — T(§o))} dx =0.
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Choosingu = A (X as in the statement of the proposition) in the previous equation and
using the polyconvexity of the functiofi, we get

f(Eo+ Do(x)) — f(&0) — (A; T (50 + Dp(x)) — T(50)) =0 ae.x e L.
We hence infer that, for almost everye 2, we have
(az’z; D(pz) =0 and <oe1'l; D(p1> + (al’zg Dgz)z) + BdetDy =0.

Lemma 57, applied to the first equation, implies pét= 0. Using this result in the second
equation we get

(al,l; D(pl) -0
and hence, appealing once more to the lemma, we have the claim, nahzel. |

Summarizing the results of Theorem 51, Propositions 54 and 58, we get the following
corollary.

COROLLARY 61. Let f:RY*" — R be lower semicontinuoukcally bounded and non-
negative &y € RV*" with

Of o) < fo).

If either one of the two following conditions hold
(i) Of (o) =Cf (&) andCf is strictly convex agg in at leastN directions
(i) Of(&) = Pf (&) and Pf is strictly polyconvex atg (in the sense of Proposi-
tion 58),
then(QP)has a unique solutiamamelyug,, while (P) has no solution

PrROOFE The proof is almost identical under both hypotheses and so we will establish the
corollary only in the first case. The result will follow from Theorem 51 if we can show that
Qf is strictly convex atp. So assume that

/Q 0f (50 + De(x)) dr = Of (50) meas2

for someg € W&’OO(Q; RM) and let us prove thap = 0. Using the Jensen inequality
combined with the hypothesi@f (&0) = Cf (&0) and the fact thaDf > Cf, we find that
the above identity implies

/Q Cf (60 + De(x)) dx = Cf (£§0) meas2.

The hypotheses ofif and Proposition 54 imply that = 0, as wished. O



102 B. Dacorogna

We now conclude this section with a different necessary condition that is based on the
Carathéodory theorem.
Recall first that for any integer, we let

)
Ag={r=(01.....0): 4 >0and ) A =1¢.
i=1

THEOREMG2. If (P)has a solutiorit € ug, + W01’°°(S2; RY), then there exist € Ay,41
andg, e RV &, < |lit] i, 1< v < Nn+ 1, such that

Nn+1 Nn+1
QfG0) > Y wf&) and &= ) wé.
v=1 v=1
Moreoverif eithern = 1 or N = 1, the inequality becomes an equalitamely
Nn+1 Nn+1
CfE)= ) mwf&) and &= ) k.
v=1 v=1

REMARK 63. The theorem is just a curiosity in the vectorial cas®y > 1. However in
the scalar case, > N = 1, under some extra hypotheses (cf. Theorem 66), one of them
being

& eintcoféy, ..., &Euqa),

it turns out that the necessary condition is also sufficient. But it is in the Base: = 1
that it is particularly interesting since then this condition is also sufficient, cf. Theorem 64.

PROOF OFTHEOREM62. We decompose the proof into three steps.

Stepl. Leti € ug, + W&"”(Q; R™) be a solution of (P). It should therefore satisfy

1
meas?2

/Q F(Dia() dx = inf(P) = inf(QP) = Of (). (19)

Letr = |liz|l 1.~ and use the fact that is locally bounded to findk = R(r) so that
0< f(Du(x)) <R aexef.
Denote by
K, ={& » eRV" xR: [§| <rand|y| < R},

epif ={(& y) e RV xR £(&) <y},
E=epif NK,.
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Note that sincef is lower semicontinuous then efiis closed and hencg is compact.
Therefore its convex hull cB is also compact.
Observe that, for alImost everye §2, we have

(Di(x), f(Di(x))) € E
and thus by the Jensen inequality and (19) we deduce that

1

(60, Of (60)) = p————

/ (Dii(x). f(Dii(x))) dx € COE.
2

Appealing to the Carathéodory theorem we can find Ay,12, (&, yi) € E, 1 <i <
Nn + 2 (in particular,f (&;) < y;), such that

Nn+2 Nn+2 Nn+2

OfE) =Y Myi=z Y MfE) and fo= ) A
i=1

i=1 i=1
(Note, in passing, that if is continuous, we can replace in the above argument &pi
graphf = {(x,y) e RV x R: f(x) =y}
obtaining therefore equality instead of inequality in the above statement.)

Step2. To obtain the theorem it therefore remains to show that one can takéNmby 1)
elements. This is a classical procedure in convex analysis. The result is equivalent to show-
ing that there exist;, 1 <i < Nn + 2, such that

wi =0, Y Nnt2,, =1, atleastone of the; =0,

(20)
SN fE) <N fED, go=Y NP s,

meaning in fact thatt € Ay, 11 as wished.

Assume that; > 0, 1< i < Nn + 2, otherwise nothing is to be proved. Observe first
that&g € cof&q, ..., Ennse} € RV*" Thus it follows from the Carathéodory theorem that
there exist € Ay,+2, With at least one of the; =0 (i.e.,v € Ay, +1), such that

Nn+2

fo= ) uifi.

i=1
Assume, without loss of generality, that
Nn+2 Nn+2

YovifE) > Y MifE); (21)

i=1 i=1
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otherwise choosing; = v; we would have immediately (20). Let
J={ie{l,....,Nn+2}: ; —v; <0}

Observe that/ # @, since otherwise.; > v; > 0 for everyi and since at least one of the

v; =0, we would have a contradiction with’ v; = > 2; =1 and; > 0 for everyi. We
then define

. { Ai }
y =min .
ieJ | vi —A;

We clearly have that > 0. Finally let

wi=Ari+yQi—v), 1<i<Nn+2
We immediately get that

Nn+2
wi >0, > mi=1 atleastone of tha; =0. (22)
i=1

From (21) we obtain

Nn+2 Nn+2 Nn+2 Nn+2
2ﬁmm=2m%w%2ﬂmm—2w%v
i=1 i=1 i=1 i=1

Nn+2
< Y MLfED.
i=1

The combination of the above with (22) (assuming for the sake of notatiop thato = 0)
gives immediately

Nn+1 Nn+1
OfG) > Y wif&) and &= ) .
i=1 i=1

Step3. The result for the scalar case follows from the fact #t(&0) = Cf (§0) and from
Theorem 6. O

6. The scalar case

We now see how to apply the above abstract considerations to the case where either
or N = 1. We recall that

inf{](u):/ f(Du(x))dx: ueugO+W01’°°(.Q;RN)}. P)
Q
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We will first treat the more elementary case whete 1 and then the case = 1.

6.1. The case of single integrals
In this very elementary case we can get much simpler and sharper results.

THEOREM64. Let f:RY — R be nonnegativdocally bounded and lower semicontinu-
ous Leta <b, o, RN, N > 1, and

b
inf{](u) =/ f(u’(x))dx: ue X}, P)
where
X ={ueWh®((a,b); RY): u(a) =, u(b) = g}.

The two following statements are then equivalent
(i) problem(P)has a minimizer
(ii) there exist, > 0 with Zlvvjllkv =1, y, e RN, 1< v < N +1,such that

B—a N+1 B—a N+1
Cf(m) = ;Avf(yv) and h—a = ;Av%)v (23)

whereCf =supg < f: g conve).
Furthermoreif (23)is satisfied and if

p-1 p
Ip=|:a+(b—a)ZAv,a+(b—a)Zkv:|, 1<p<N+1,
v=1 v=1

then
p
i) =yp(x—a)+(b—a)Y hn—vyp)+a xel, I<p<N+1
v=1

is a solution of(P).

REMARK 65. (i) The sufficiency of (23) is implicitly or explicitly proved in the papers
mentioned in the bibliography. The necessity is less known but is also implicit in the liter-
ature. The theorem as stated can be found in Dacorogna [25].
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(i) Recall that by the Carathéodory theorem (cf. Theorem 6) we always have

f—a I RS N+1 B —a
Cf(m) = |nf{ Ugl)wf(yv): ;kv%) = m] (24)

Therefore (23) states that a necessary and sufficient condition for existence of solutions
is that the infimum in (24) be attained. Note also thaf ils convexor f coercive (in the
sense thaf (§) > a|&|P +b with p > 1, a > 0) then the infimum in (24) is always attained.

(i) Therefore if f(x,u, &) = f(&), counterexamples to existence must be nonconvex
and noncoercive; cf. Example 1, where

1
inf{l(u) =/ e W gy g e W01’°°(0, 1)}, P
0

ie., f(&) = e‘sz, thenCf (&) = 0 and therefore, by the relaxation theorem,

inf(P) =inf(QP) =0.
However it is obvious thak(u) # O for everyu W&’“’(O, 1) and hence the infimum of (P)
is not attained.

(iv) A similar proof to that of Theorem 64 (see, for example, Marcellini [50]) shows
that a sufficient condition to ensure existence of minima to

b
inf{[(u):/ f(x,u/(x))dx: ueX} P)

is (23), wherer,, andy, are then measurable functions. Of cours¢ dlepends explicitly
onu, the example of Bolza (cf. Example 2) shows that the theorem is then false.

PROOF OFTHEOREM 64. It is easy to see that we can reduce our study to the case where
a=0, b=1 and «=0.

Sufficient conditionThe sufficiency part is elementary. Let

1
inf{l_(u):/ Cf(u'(x)) dx: u eX}, (QP)
0
where now
X ={uewr®(0,1;RY): u(0) =0, u(1) = g}.
Thenii(x) = Bx is trivially a solution of (QP) and therefore

inf(QP) = Cf(B).
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Let nowi be as in the statement of the theorem. Observe firstitlatv 1> ((0, 1); RY)
andi(0) =0, u(1) = B. We now compute

N+1 N+1

1
T(ﬁ):/o f@ (x))dx = Z/I f(@@)de =" f(y,) mead,
p=1°"" p=1

N+1
=Y Apfyp) =Cf(B) =inf(QP <inf(P).
p=1
Necessary conditiorThis has already been proved in Theorem 62. a

6.2. The case of multiple integrals

We now discuss the cage> N = 1. This is of course a more difficult case than the preced-
ing one and no such simple result as Theorem 64 is available. However, we immediately
have from Sections 5.2 and 5.3 (Theorem 29 and Corollary 55) the theorem stated below.

For some historical comments on this theorem, see the remark following Corollary 55.
But let us first recall the problem and the notation. We have

inf{l(u):/ F(Du@))dx: u € ugy + W&’OO(Q)}, (P)
2

wheres2 is a bounded open set &', ug, is affine, i.e.,Dug, =& and f :R" - R is a
lower semicontinuous, locally bounded and nonnegative function. Let

Cf =supg < f: g convex.

In order to avoid the trivial situation we assume that
Cf (o) < f(60).

We next set
K={§eR" Cf(§) < f(®)]

and we assume that it is connected, otherwise we replace it by its connected component
that containgp.

THEOREM 66.
Necessary conditionf (P)has a minimizeithenCf is affine in a neighborhood @b.
Sufficient condition.If there existsE C dK such thatfp € intcoE and Cf|guig,) is
affing then(P) has a solution
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REMARK 67. (i) By CflEuis,) affine we mean that there existe R”, g € R such that
CfE)=(a;§)+ B forevery§ € EU {&o}.
Usually one proves thatf is affine on the whole of cA.
(i) The theorem applies, of course, to the case wiere K andCf is affine on the
whole of K (sinceK is open andp € K C intcoK). However in many simple examples

such as the one given below, it is not realistic to assumeBhat K .

PROOF OFTHEOREM 66. The necessary part is just Corollary 55. We therefore discuss
only the sufficient part. We use Theorem 29 to find ug, + W&’OO(Q) such that

Du(x)e EC0K aexef2
and hence
f(Dii(x)) = Cf(Dii(x)) aexe.

Then use the fact thal /| gy, is affine to deduce that

/Q Cf(Dii(x)) dx = Cf (§0) meas2.
The conclusion then follows from Theorem 41. O
We now would like to give two simple examples. The first one generalizes Example 3.
EXAMPLE 68. LetN =1, n =2, 2 = (0,1)2, ug=0,a >0 and
F© =6 -1)"+ (B -a?)’

We find that

2

Cr@) =[e2 -1 +[&2 -],

where

(x] _{x if x>0,
"7 lo ifx<o.

We therefore have that
K =t eR% 2 <1or&2 <a?)

and note that it is unbounded and tiagft is not affine on the whole of .
Let us discuss the two different cases.
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Casel:a = 0. This corresponds to Example 3. Then cle#rlyis not affine in the neigh-

borhood ofég = 0, since it is strictly convex in the directiar» = (0, 1). Hence (P) has no
solution.

Case2:a > 0. We let
E={t eR?% |&|=1and|&| =a) C 9K.

Note thatég = 0 € intcoE andCf|cor = 0 is affine. Therefore the theorem applies and
we obtain that (P) has a solution.

ExAMPLE 69. We conclude with the following example (cf. Marcellini [51] and
Dacorogna and Marcellini [27]). Let > 2 and

f(Du) =g(|Dul),

whereg : R — R is lower semicontinuous, locally bounded and nonnegative with
g(0) =inf{g(t):r > 0}.

Itis easy to see th&lf = Cg. Let

S=1{t>0: Cgt) < g0},
K={6cR" Cf(€) < f&)) = [ cR" |¢] € S}.

Assume thagg € K and thatS is connected, otherwise replace it by its connected compo-
nent containingéo|.
We then have to consider two cases.

Casel: Cg is strictly increasing atép|. Then clearlyCf is not affine in any neighborhood
of & and hence (P) has no solution.

Case2: Cg is constant onS. Assume thatS is bounded, this can be guaranteed if, for
example,

. t
lim & = +4o00.
t—>—+oo f

So let|&g| € § = (a, B) and choose in the sufficient part of the theorem

E={teR" || =8)

and apply the theorem to find a minimizer for (P).
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7. The vectorial case

We now consider several examples of the form studied in the previous sections, namely
inf{](u) =/ f(Dux))dr: u € ug, + W§~°°(Q;RN)}, P)
2

wheres2 is a bounded open set B, ug, is affine, i.e..Dug, = & and f :RV*" — Ris a
lower semicontinuous, locally bounded and nonnegative function.
1. We consider in Section 7.1 the case wh¥re- n and

f@&) =g, ..., n-1(5), dets),

where 0< A1(8) < -+ - < A, (€) are the singular values gfe R"*",
2. In Section 7.2 we deal with the case

f& =g(®®),
where® :RV*" — R is quasiaffine (so in particular, we can have, wieg= n, ® (&) =
det, as in the previous case).

3. We next discuss in Section 7.3 the Saint Venant—Kirchhoff energy functional. Up to
rescaling, the function under consideration is (W8re- n andv € (0, 1/2) is a parameter)

fE& =T — 17+ ﬁ(mz —n)?

or in terms of the singular values,O11(§) < --- < A, (&), of € e R™*,

n n 2
_ 2 1\2 v 2
F© =Y (2-1) +1_2V<;A,. )

i=1
4. In Section 7.4 we consider a problem of optimal design wheten = 2 and

1+ £ if & £0,

f(é)z{o if & =0.

5. In Section 7.5 we deal with the minimal surface case, namely whemn: + 1 and
f&) = g(adj,f).

6. Finally in Section 7.6 we discuss the problem of potential wells.

We recall that, throughout Section 7, the sét@:) andSQ(n) will denote respectively
the set oforthogonalandspecial orthogonamatrices, more presicely,

O(n)={ReR™: RRT =1},
SQn) = {R € O(n): detR =1}.
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7.1. The case of singular values

In this section we letV = n and we denote by(¢), ..., A,(¢) the singular values of
Ee R with0< A1(€) < --- < Ay (&) and byQ the set

Q:{x:(xg,...,xn_l)ER"_zi 0§x2<--~§xn—1},

which is the natural set where to consides (), ..., A,—1(§)) for & e R*™*",
The functions under consideration are of the form studied in Theorem 10, namely

f& = g()»z(é), e Ap—1(8), deté),
and we have

Pf()=Qf () =Rf(&)=Ch(dets),
whereh :R — Ris given byh(s) =inf,cp g(x, 5).
We next apply the theory of Section 5.2 to get the following existence result established
by Dacorogna, Pisante and Ribeiro [34].
THEOREM70. Let
fE) =g(r2(8), ..., Au-1(8)) + h(dets),
whereg : 0 — R is nonnegativecontinuous and verifies

infg=g(mo,...,my,_1) WithO<ma<---<m,_1

andZ:R — R is a nonnegativdower semicontinuous and locally bounded function such
that

lim M =400

ltl>+oo [t] (@3)
Then(P) has a solution
PrROOF We note that, by Theorem 1Q,f (&) = inf g + Ch(detf). Letting
K={ R Qf () < f(®)}

we see that

K=L1UL»j,
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where

L1={& e R™": Ch(det§) < h(det§)},

Lo ={& e R™": Ch(det§) = h(detf), infg < g(A2(&), ..., L—1(8))}.

We now prove the result. Clearly, §6 ¢ K thenug, is a solution of (P), so from now
on we assume thgp € K. There are three different cases to consider, one of them will be
treated with Theorem 42 and the two others with Theorem 41.

Casel: & € L1. We first observe that hypothesis (25) allows us to write

S={reR: Ch(t) <h®)} = J(@;. ).

jeN

Ch being affine in each interval;, 8;); thus Qf is quasiaffine on each connected com-
ponent ofL.; and

L]_: {%: GRnxn: detér c U(O{,,ﬁ/)}
jeN

Let (o}, B;) be an interval as above such that&gt («;, 8;). We get the result applying
Theorem 42 with

Ko= {g e R™": dett € (aj,ﬂj),]_[xi(g) <]_[m,-, v=2,...,n¢,

i=v i=v

wherem,, is chosen sufficiently large so that

My—1 < My, (26)
n n
[]ri&) <[[mi. v=2.....n, 27)
i=v i=v

n
max{|a;. |B;1} <m2] [mi. 28)

i=2

Clearly Ko C L1 C K, moreover, (27) ensures thaf € Ko and (28) ensures the relax-
ation property ofKg with respect to

E={g eR"™": dett € {a}, B}, M) =m,, v=2,...,n} C KoN K
through Theorems 21 and 28 and the family of sets

Es={& eR"": dett € {a; +6,8; — 8}, ,i(E)=m; =8, i=2,...,n}
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(cf. the proof of Theorem 1.1 of Dacorogna and Ribeiro [35] for details). Consequently
Ko has the relaxation property with respectkgN oK.

Case2: &g € L, anddetég # 0. We consider in this case the set

K1=1&eR"": dett =deto, [ [n &) <[ [m, v=2,...,n},

i=v i=v

wherem,, satisfies the conditions (26) and (27) of the first case (with strict inequality for
the first onem, > m,_1). It was shown by Dacorogna and Tanteri [37] tli&at has the
relaxation property with respect to

E ={& e R"™": dett =detéo, 1y (§) =m,, v=2,...,n},

and moreover, there existse ug, + W(}"X’(Q, R™) such thatDu € E a.e. in£2. Since
Of = fin EandQf (&) = Qf (Du), we can apply Theorem 41 and get the result.

Case3: & € L, and det§g = 0. We here just briefly outline the idea and we refer to
Dacorogna, Pisante and Ribeiro [34] for details. Since any ma&iR"*" can be decom-
posed in the formRD Q, whereR, Q € O(n) and D = diag(A1(§), ..., A,(§)) (cf. [45])

we can reduce ourselves to the casepE diag(r1(£o), ..., Ax(€0)). In particular, as
detép = 0, we havelr1(£9) = 0 and thus the first line afy equal to zero. Letn, > m,_1
and define

Ki=15eR™™ g1 =0 [ 0@ <[[mi,v=2....n},

i=v i=v

E={eR™ =0, 1) =m;, i=2,...,n},
we get thatK; has the relaxation property with respect o If we choosem,, suffi-
ciently large such thatg € K1 we can apply Theorem 25 to get the existence: a&f
ug, + Wy (22, R") such thatDu € E. Finally, asQf = f in E and Qf (50) = Qf (Du),
applying Theorem 41, we conclude the proof. O

7.2. The case of quasiaffine functions

We next study the minimization problem
inf{/ g(@(Du(x)))dx: ueu,go—i—Wol’oo(.Q;]RN)}, P)
2

wheres?2 is a bounded open set &', Dug, = & and
o g:R — Ris alower semicontinuous, locally bounded and nonnegative function,
e @ :RV*" s Ris quasiaffine and nonconstant.
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We recall that in particular we can have, wh€n=n, @ (¢§) = det¢.
The relaxed problem is then

inf{/ Cg(@(Du(x)))d.x: ueu;O+W&’°°(.Q;]RN)}, (QP)
2

whereCg is the convex envelope ¢f (here f (&) = g(®(¢)) and we getQf = Cg, cf.
Theorem 9).
The existence result is the following theorem.

THEOREM 71. Let 2 C R" be a bounded open set with Lipschitz boundgryR — R
a nonnegativglower semicontinuous and locally bounded function such that

8@ _

tl—>+oo ||

400 (29)

and ug, (x) = &ox, with & € RN ", Then there exists € ug, + Wy ™°(2; RV) solution

of (P).

REMARK 72. This result has first been established by Mascolo and Schianchi [55] and
later by Dacorogna and Marcellini [27] for the case of the determinant. The general case is

due to Cellina and Zagatti [19] and later to Dacorogna and Ribeiro [35]. Here we see that
it can be obtained as a particular case of Theorem 42.

PrROOF OFTHEOREM 71. We will here only sketch the proof and we refer for details to
Dacorogna and Ribeiro [35]. We first let

S={reR: Cg(t) <g®)}.

From the hypothesis ogwe can write

SZU(ajvﬁj)

jeN

with Cg affine in each intervale;, 8;) and thusQf is quasiaffine on each connected
component oK, where

K ={& eRV*": @(&) e S}.

If @ (&) ¢ S thenug, is a solution of (P). In the other casg(&o) € («, B) C S for some
« andg, and we apply Theorem 42 with

Ko={& eRV*": & (&) € (o, B),

gﬂ<c§-,i=1,...,N,j=1,...,n},
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whereci. are constants sufficiently large so thate Ko and satisfying
inf{|@ &) |&|=c"} > maxX{|al, 181}
This condition allows us to obtain the relaxation propertyKgfwith respect to

KoNdK =& eRV*": @(£) e {a, B},

gl<ch,i=1...,N, j=1,....n}.

The relaxation property is obtained using the approximation property (cf. Definition 27
and Theorem 28) considering the sets, lere0 is sufficiently small,

Hy={§ e RN @(§) e {a + 68,8 — 8},
g <’ —8.i=1....N,j=1...n}
This concludes the proof of the theorem. |
The problem under consideration is sufficiently flexible that we could also proceed as
in Dacorogna and Marcellini [27], using Corollary 47. Indee®i® (&) # O (in the case
@ (&) = dett this means that rarfig > n — 1), we can apply the corollary, since the con-
nected component & containingég is bounded, in the neighborhood&f, in a direction
of rank one. We do not discuss the details of this different approach.

7.3. The Saint Venant—Kirchhoff energy

The problem is now of the form

inf{/ f(Du(x)) dx: ucug + W&»OO(.Q; R”) }, P)
Q
where, upon rescaling, the function under considerationds(0, 1/2) being a parameter,
leeT 7120 Y g2 02
@ =lgg = 1"+ 7—-(151"—n)

or in terms of the singular values,011(&§) < --- < A, (&), of £ e R™™",

n n 2
_ 2 1\2 v 2
f(é) - Z()\i 1) + 1—2v <iz_;)ul- n) .

i=1

According to Le Dret and Raoult [49] the quasiconvex envelope and the convex envelope
coincide, at leastwhem=2 orn =3, i.e.,

QfE)=Cf ().
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In the caser = 2, itis given by

£ if & ¢ D1U Dy,
0fE) ={ £(2-1)° if&eDy,
0 if £ € D1,

where
Dy ={€ e R¥Z (1—)[1E)]*+ v[r2(®)]° < L andis() < 1}
= {£ e R*? 21(8) <r2(6) < 1,
Dy = {£ e R*Z (1—v)[1®)]* + v[22(6)]* < 1 andaa(€) > 1.
The existence theorem is the following one.

THEOREM73. Let2 c R?, f and&g be as above
() If & ¢ Do then(P) has a solution
(i) If & € int D2 then(P) has no solution

REMARK 74. The nonexistence part has been proved by Dacorogna and Marcellini [27].

PROOF OF THEOREM 73. (i) The case wheréy ¢ D1 U D, corresponds to the trivial
case, wher@ f (&0) = f(&0). So we now assume thg € D1. Note thatQ f is quasiaffine
on D; (in fact Qf (&) = 0). Apply then Theorem 33 (and the remark following it) to get
u € ug, + Wy (£2; R?) such that

A(Du) =r2(Du)=1 ae. in$2.
This implies thatQ f (Du) = f(Du) = Qf(&0) = 0 and hence the claim follows from
Theorem 41.
(i) Itwas shown in [27], and we do not discuss here the detalils, ti§gtdfint D, then
the functionQf is strictly quasiconvex afy and therefore (P) has no solution. |

7.4. An optimal design problem

We now consider the case, studied by many authors following the pioneering work of Kohn
and Strang [48], where

inf{/ﬂ F(Du()) dr: u € ug, + Wy ™ (£2; RZ)}, (P)

2 c R?is a bounded open set with Lipschitz bounddbys, = &o and

1+ £ if & £0,

f@)z{o if & =0.
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It was shown by Kohn and Strang [48] that the quasiconvex envelope is then

1+ g2 if 1£]%+ 2/ detg| > 1,

of ) = 2(|g|2+2|det§|)1/2—2|det§| if |£]2 + 2| detg] < 1.

The existence of minimizers for problem (P) was then established by Dacorogna and
Marcellini in [27] and [31]. Later Dacorogna and Tanteri [37] gave a different proof which
is more in the spirit of the present report and we follow here this last approach.

THEOREM75. Let2 c R?, f and&p be as aboveThen a necessary and sufficient condi-
tion for (P) to have a solution is that one of the following conditions hold

(i) &o=0o0r |£|? + 2|detso| > 1 (i.e, f(§0) = Of (%0)),
(i) detéo 0.

PrROOF We do not discuss the details and in particular not the necessary part (see [27] for
details). So we assume that we are in the nontrivial case

detso£0 and &2 + 2| detéo| < 1. (30)

We just point out how to define the skb of Theorem 42. We have (denoting B¢*? the
set of 2x 2 symmetric matrices)

K ={& eR®?% |52 + 2| det| < 1} \ {0}

Ko=|& e R?% dett > 0 and tracé € (0, 1)},

KoNndK = {0} U {¢ e R?*2: dett >0 and tracé = 1}
= {& e R?*2: dett >0 and tracé < {0, 1}}.

Sincef is invariant under rotations and symmetries and (30) holds, we can assume, without
loss of generality, thaiy € Ko. FurthermoreQ f is quasiaffine orko (Qf (§) = 2tracet —
2det), while itis not so ork . It remains to prove thakp has the relaxation property with
respect tako N 3K ; and this is easily established as in [37]. |

7.5. The minimal surface case

Following Dacorogna, Pisante and Ribeiro [34], we now deal with the case whete
n+1and

f&)=g(@dj,$).

The minimization problem is then

inf{ / ¢(adi, (Du())) dr: u € ug, + WE=(2: R”“)}, ")
2
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wheres? is a bounded open setBf', Dug, = £ andg : R™**t1 _ R is a nonnegative, lower
semicontinuous and locally bounded nonconvex function.
From Theorem 9 we have

0f(§) = Cg(adj,$).

We next set

S={yeR"™™: Cg(y) <y}

and assume, in order to avoid the trivial situation, thaj&dg S. We also assume thétis
connected, otherwise we replace it by its connected component that contg#s adj
Observe that

K ={& eRDI 0f ) < f(£)} = {& e R"D*: adjt € S).

THEOREM 76. If S is bounded Cg is affine inS andrankéy, > n — 1, then(P) has a
solution

REMARK 77. The fact thaCg be affine inS is not a necessary condition for existence of
minima, as seen in Propaosition 78.

PrROOF OFTHEOREM76. The result follows if we choose a convenient rank-one direction
r=0a ® B e R"tDxn satisfying the hypothesis of Corollary 47. We remark that, since we
supposeCyg affine in S, Qf is quasiaffine inLg (o + « ® B, A) (cf. Notation 44 and
Definition 45) independently of the choice of So we only have to prove théat is stably
bounded atg in a direction =a ® 8.

Firstly we observe that we can find (cf. Theorem 3.1.1in[45§ O(n+ 1), Q € SQn)
and 0< A1 < --- < Ay, So that

1<i<n+1
go=PLQ, WhereLz(/\jtsij)lgl,‘g’; ;

in particular whem = 2, we have

M O
Lz(o )»2).
0 O

Since rankp > n — 1 we have that, > 0. We also note that
0
adj,ép=adj,P -adj,L and adjL =

(=D)"A1-
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Without loss of generality we assunje= L. We then choose =« ® 8, wherea =
(1,0,...,00 e R**L andp = (1,0, ..., 0) € R*. We will see thatL g (§g + o ® B, ) is
bounded for some > 0. Letn € Lk (§0+a ® Be, ) thenwe can writgy = &+ a Q v +1A
for somey, € B, andr € R. By definition of L ¢ (§o0 + « ® B, ) we have agjn € S. Since
S is bounded and

|ladj,nl =|r1+ )/51+f\k2~~/\n,

it follows, using the fact that rarg > n — 1, that|7| is bounded by a constant depending on
S, & ande. Consequentlyn| < |&o] + |@ ® ye| + |t]|2] is bounded for any fixed positive
and we get the result. O

As already alluded in Section 5.3, we obtain now a result of nonexistence although the
integrand of the relaxed problem is not strictly quasiconvex. We will consider the case
whereN =3,n =2 andf :R3?2 — R is given by

f (&) =g(adpf),
whereg : R® — R is defined by

gv) = (vf — 4)2 + v% + v?z,.
We therefore ge f (¢§) = Cg(adpé) and

Cg(v) = [v% - 4]-21- + v% + vé,
where

x if x>0,

[x]+:{o if x <0.

We will choose the boundary datum as follows

uéo (x) = a1x1 + azxo

gy (x) = ugo(x) =0
20 =0
and hence
a1 ap 0
Dugy(x) = &0 = ( 0 O), adp Dug, (x) = adpéo = (0)
0 O 0

The problem is then

inf{l(u):/ f(Du(x))dx: ueugo+Wg’°°(S2;R3)}. P)
2
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Note also thaD f (§p) =0 < f(&p) = 16.
In terms of the preceding notations we have

S={yeR% Cg() <g}={y= 01259 €R® |n1] <2},

K ={£ eR¥>2% 0f () < f(§)} = |£ e R®*? adjt € S}
and we observe thalg is not affine onS, which in turn implies thaD f is not quasiaffine
OnTIfwé following result shows that the hypothesis of strict quasiconvexit@ ffis not

necessary fononexistence

PropPOsITION78. (P)has a solution if and only iig, = 0. Moreover Qf is not strictly
quasiconvex at an§p € R3*2 of the form

o1 o2
&= ( 0O O ) .
0O O
PROOFE

Stepl. We first show that if (P) has a solution theg = 0. If u € ug, + Wg»m(g; R3) is
a solution of (P) we necessarily have, denotingky) = adjpé,

[vi(Du)| =2, vo(Du) = v3(Du) =0
since
Of (Dug,) = Cg(adpDug,) = Cg(0) =0.

The three equations read as

2M3 2 .3 =2,

|MX1 xp T Ul [ =

1.3 1,3 _

uy uy, — uy,uy, =0, (31)
1.2 1.2 _

uy,uy, —uy,uy, =0.

Multiplying the second equation of (31) first kzxﬁl, then byu?cz, using the third equation
of (31), we get
0=u2ul 3 2 1.3 2 1 3 1.2 3 1(23 23)

= I/tlelexz — uxluxzuxl = uxluxluxz — ux1ux2ux1 = Mxl uxluxz — szbtxl

.2 13 213 _ 213 2 1 3 _ 1(2 3 2 3
O—uxzunuxz uxzuxzux1—ux1ux2ux2 uxzuxzux1—ux2(ux1ux2 I/tle/txl).

Combining these last equations with the first one of (31), we find

u :uiZ:O ae.
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We therefore find that any solution of (P) should have! = 0 a.e. and hence! =
constant on each connected componenofSincex! agrees With@0 on the boundary
of £2, we deduce tha,tgO = 0 and thusig, = 0, as claimed.

Step2. We next show that ifig, = O, then (P) has a solution. It suffices to choode=0
and to solve

x1%x2 x2%x1

{|u2 w —u2ud|=2 aeing,
u2=u3=0 onos2.

This is possible by virtue of, for example, Corollary 7.30 in [31].

Step3. We finally prove thaQ is not strictly quasiconvex at arfy € R3*2 of the form
given in the statement of the proposition. Indeed, let 81 < R» < R and denote byBg
the ball centered at 0 and of radiRs Choose\, u € C*°(Bg) such that

(1) A=00n9dBg andx =1 on Bg,,

(2) 1 =00nBg\ Bg,, # =1 0nBg, and

’uz + p(xy ey + xz,u,xz)| <2 foreveryx € Bg.
This last condition (which is a restriction only B]RZ\ERl) is easily ensured by choosing

appropriatelyR1, Ry andR.
We then choose (x) = ug,(x) + ¢(x), where

gol(x) = —)»(x)u%o(x), gpz(x) =u(x)x1 and <p3(x) = n(x)xo.

We therefore have that € W01’°°(BR; R3), adp,Du =0 on BR\ERZ, while on Bg, we
have

adpDu = (12 + p(x1jtx, + X24tx,), 0, 0).
We have thus obtained théiz (adp, Du) = 0 and hence

Of (6o + Do) = Qf (§0) =0.

This implies that (QP) has infinitely many solutions. However sipcgoes not vanish
identically, we deduce tha? f is not strictly quasiconvex at argy of the given form. O

7.6. The problem of potential wells

The general problem of potential wells has been intensively studied by many authors in
conjunction with crystallographic models involving fine microstructures. The reference

paper on the subject is Ball and James [8]. It has then been studied by many authors in-
cluding Bhattacharya, Firoozye, James and Kohn, Dacorogna and Marcellini, De Simone
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and Dolzmann, Dolzmann and Mdiller, Ericksen, Firoozye and Kohn, Fonseca and Tartar,
Kinderlehrer and Pedregal, Kohn, Luskin, Muller and Sverak, Pipkin, Sverak, and we refer
to [31] for exact bibliographic references.

In mathematical terms the problem mdtential wellscan be described as follows. Find
a minimizer of the problem

inf{/gf(Du(x))dx: ueugo+Wé’°o(.Q;R")}, P)

wheres2 C R" is a bounded open sefs, is an affine map wittDug, = & and f : R"*" —
R, is such that

fE)=0 « teE=|]Jsama,.
i=1
Them wells areSQn)A;, 1 <i <m (andSQrn) denotes the set of matricés such that

UTU=UUT =TIanddeU =1).
The interesting case is when

& € intRcoOE,

and we have then that

Qf (60) =0.

Therefore by the relaxation theorem we have
inf(P) =inf(QP) =0.
The existence of minimizers, singf is affine on Rc& (indeedQ f = 0), for (P) is then
reduced to finding a functiom € ug, + Wg"’o(ﬂ; R") so that
m
Du(x) e E=|_JSO(m)A;.
i=1

The problem is relatively well understood only in the cases of two wellsyi.e. 2,
and in dimensiom = 2. It is this case that we briefly discuss now. We therefore have now
A, B € R?*2 with 0 < detA < detB and we want to find: € ug, + Wol’oo(sz; R?), where
2 c R?is a bounded open set, satisfying

Du(x) e SOQ2)AUSQ2)B a.e.inf2.
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The firstimportant result is to identify the set where the gradient of the boundary datum,
&0, should lie. This was resolved by Sverak [73] who showed that

. detB — det¢
RCOE = R2*2: th tKo < ——————— =,
co {g IS ere exist X o 46iB —deid
deté — detA
g g 7R7 2 b
0<# detB — detA §€3502)

so thatt =aRA + ﬁSB}

while the interior is given by the same formulas with strict inequalities in the right-hand
side.
We therefore have the following theorem.

THEOREM79. Let£2 c R? be a bounded open set
& € intRcoE.

Then there exists € ug, + W&’OO(SZ; R?) such that
Du(x) e E=SQ2AUSQ2)B ae.in g2

and thereforgP) has a solution

This result was proved by Muller and Sverak [61] using the so-called method of convex
integration of Gromov [43] and by Dacorogna and Marcellini in [28] and [31] following
the approach presented in Section 4.4, and we refer to [31] for details.

The case where ddt= detB > 0 can also be handled (cf. Miller and Sverak [62], see
also Dacorogna and Tanteri [37]), using the representation formula of Sverak [73], namely

RCOE = {& e R¥*?: there existR, S € SO2), 0< o, f <+ < 1,
deté = detA = detB so thatt =aRA + BSB}.
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Bifurcation and related topics 129
1. Introduction

Bifurcation theory provides a bridge between timear world and the more complicated
nonlinearworld, and thus plays an important role in the study of various nonlinear prob-
lems. Nonlinear elliptic boundary value problems enjoy many nice properties that allow
the use of a variety of powerful tools in nonlinear functional analysis. In the past three
decades, bifurcation theory has been successfully combined with these tools to yield rather
deep results for elliptic problems. Traditionally bifurcation analysis was based on local lin-
earization techniques, but more and more global analysis is involved in modern bifurcation
theory. A highlight is the global bifurcation theory of Krasnoselskii and Rabinowitz (see
[Kr,Ra]), which is resulted from the use of topological degree theory, general set point
theory and a linearization consideration. The final result, generally known as Rabinowitz’s
global bifurcation theorem (to be recalled later), has played a fundamental role in prov-
ing a great number of existence results for elliptic problems. Making use of the maximum
principle, one can study elliptic problems in the framework of ordered Banach spaces. The
extra order structure greatly strengthens these abstract tools. An excellent presentation of
these techniques up to the late 1970s can be found in Amann’s by now classical review
article [Am].

In this chapter we intend to present some further results for elliptic boundary value
problems, where bifurcation theory plays an important role in the proofs; we will focus on
recent developments, well after [Am]. In Section 2 we discuss a new phenomenon, namely
bifurcation from infinity caused by spatial “degeneracy” in the nonlinearity and determined
by “boundary blow-up solutions”. In Section 3 we combine bifurcation argument and order
structure to study a system of elliptic equations, and demonstrate that, apart from multi-
plicity results, these techniques can be used to discuss the stability and the profiles of the
solutions. In Section 4 we present some recent fine techniques in determining the exact
number of positive solutions of elliptic equations over a ball; in particular, we give the
proof of a long standing conjecture on the perturbed Gelfand equation. In Section 5 we
discuss the usefulness of nodal properties of solutions in global bifurcation theory. Most
of the problems discussed here have an open ending; related problems and open questions
can be found in the remarks at the end of the sections or subsections.

The choice of the topics in this chapter is subjective, and the bibliography is by no
means complete. For clarity and simplicity, we present most of our results for problems
with a specific nonlinearity, with the hope that the interested reader can easily extend them
to more general situations.

We have not tried to make this chapter entirely self-contained. Most of the results pre-
sented here are proved in full, but some of them are only stated, with the proofs referred to
the relevant references. The proofs not given here are either very technical or less relevant
to our main theme here. We assume that the reader is familiar with the standard theory for
second-order linear elliptic equations (see [GT] and [PW]) and standard nonlinear func-
tional analysis (see [De]).

Some classical bifurcation theoremsWe recall several classical bifurcation theorems
which form the corner stones for our analysis in this chapter; indeed, they are fundamental
in the development of the modern bifurcation theory in general.
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We first describe Rabinowitz's global bifurcation theorem. Eebe a Banach space
andR?! denote the set of real numbers. We consider the nonlinear eigenvalue problem

u=rLu+HMu), (u)eR'xE, (1.1)

whereL: E — E is a compact linear magy :R! x E — E is compact and continuous,
and is ||u|)) for u near O uniformly on boundedintervals. We assume that(x, 0) =0,
and therefore we have the curve of trivial solutids, 0): A € R1}. We are interested in
the existence afiontrivial solutions(x, #) € R! x E and will denote the closure of the set
of nontrivial solutions of (1.1) bys.

Let (L) denote the set oft € R! such that there exists € E \ {0} with v = uLv.
It is well known that the possible bifurcations points for (1.1) with respect to the curve of
trivial solutions lie in the seft(«, 0): u € r(L)}; moreover, ifu € r(L) is of odd (algebraic)
multiplicity, then(u, 0) is a bifurcation point, see [Kr].

THEOREM 1.1 (Rabinowitz’s global bifurcation theorem [Ralynder the above assump-
tions if u € r(L) is of odd(algebraig multiplicity, thenS possesses a maximal subcontin-
uumsS,, such that(u, 0) € S, andS,, either

(i) meets infinity iR! x E, i.e.,, S, is unboundegor

(i) meetqj1, 0), wherei € r(L) \ {u}.

Next we recall two local bifurcation theorems due to Crandall and Rabinowitz
[CR1,CR2]. LetE, E» be Banach spaces antd= (a, b) an open interval irR. Let
N (L) andR(L) denote the null space and range of a linear thdgetween Banach spaces.

THEOREM 1.2 (Bifurcation from a simple eigenvalue [CR1]et E1, E> and J be as
above Suppose thal/ is a neighborhood dbin E1, Ao € J and F: J x U — E>7 has the
following properties

(@) F(o,0)=0forre J,

(b) the partial derivativesr;, F,, and F;,, exist and are continuous

(c) dimN(F, (Ao, 0)) =codimR(F, (1o, 0)) =1,

(d) Fou (X0, 0)ug ¢ R(F, (o, 0)), whereug € E1 spansN (F, (Ao, 0)).
Let Z be any complement apariug} in E1. Then there exists an open interv&j con-
taining 0 and continuously differentiable functions Jo — R and : Jo — Z such that
A(0) = 1o, ¥ (0) =0,and ifu(s) = sug+ sy (s), thenF (A(s), u(s)) = 0. Moreoverthe so-
lution set of F' (A, u) = 0 near (Ao, 0) consists precisely of the curvgs.(s), u(s)): s € Jo}
and{(x,0): A e J}.

If the equationF (A, u) = 0 in Theorem 1.2 can be written in the form of (1.1), then
conditions (c) and (d) of Theorem 1.2 become

dimN(oL — I)=codimR(AoL — 1) =1
and

uo¢ R(hoL —I) if N(hoL — I) = sparfuo}.
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If A0 € r(L) has the above properties, then one says thed s asimple eigenvaluef L.
Therefore Theorem 1.2 is usually known as the theorem of bifurcation from a simple eigen-
value; it provides a much better description of theal bifurcation branch.

Both Theorems 1.1 and 1.2 describe the situation that a nontrivial solution branch bi-
furcates from a trivial solution curve. The following theorem describes the situation that
a solution curve “changes direction” in tti&, u) space. As will be discussed later, this
theorem plays a vital role in obtainirexact multiplicityresults.

THEOREM 1.3 (Turning point theorem [CR2])Let E1, E2 and J be as in Theorem.2.
Suppose tha¥ is a neighborhood ofip in E1, Ao € J and F: J x V — E3 is continuously
differentiable and has the following properties

(@) F(ro,v0) =0,

(b) dimN (F, (Ao, vo)) = codimR(F, (Ao, v0)) =1,

(€) Fi(ro,vo0) ¢ R(Fy (Ao, v0)).
Let Z be any complement aparjug} in Eq, whereug € E1 spansN (F, (1o, vg)). Then
there exists an open interval containing0 and continuously differentiable functions
A:Jo— Rlandzt: Jy — Z suchthat.(0) = 1o, A'(0) =0, (0) = 7/(0) = 0,and ifu(s) =
vo + sug + t(s), then F(A(s), u(s)) = 0. Moreover the solution set of" (1, u) = 0 near
(Mo, vo) consists precisely of the curye.(s), u(s)): s € Jo}. Furthermorg if F is k-times
continuously differentiabléanalytic), so arei(s) andt (s).

Note that if we can somehow determine the signi6f0) in Theorem 1.3, then we
would know in which direction the solution curve is bent né€ag, vg). For example, if
A"(0) < 0, then the solution curve is bent to the left, i.e., for values lefss tharkg. In the
case)”(0) = 0, it is possible that the solution curve does not change directiGpaty)
but behaves like the curve= y2 at (0, 0) in thexy-plane.

2. Bifurcation from infinity by spatial degeneracy
In this section we use the problem
—Au=ru—be)|ul’ " u, ulye =0, (2.1)

to demonstrate how bifurcation from infinity can be causeé by vanishing in a subset of

the underlying domai2. We call this behavior ob(x) a degeneracy in (2.1). Het@ is

a bounded smooth domain R", p > 1 andb(x) is a continuous nonnegative function
over 2. Positive solutions of problem (2.1) can be regarded as steady-states of a biological
species over the spatial regioh, whose growth is governed bydegeneratdogistic law.
Whenb(x) is replaced by (x) + ¢ with a small positive constant, (2.1) describes the
steady-states of a species governed lojaasicallogistic law. We will make use of (2.1)

to study the perturbed problem and reveal that, for smathe profile (or pattern) of the
positive solutions for the perturbed problem can be determined rather completely. This is
of interest in population biology; we will also use these results in Section 3.
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2.1. Bifurcation from infinity and boundary blow-up problems

We consider positive solutions of (2.1); as will become clear soon, for this case, the theory
is rather complete. We note that by the strong maximum principle, a nontrivial nonnegative
solution of (2.1) must be strictly positive insid2. We assume tha®g := 5~1(0), where
£2¢ is an open connected set whose closure is containé?] iand bothd 2 andd2q are
smooth (sayC?). We denote by\i2 and)ﬁfo the first eigenvalues of A under Dirichlet
boundary conditions oveR and 2, respectively. In general, we u$§ (¢) to denote the
first eigenvalue of- A + ¢ over D under Dirichlet boundary conditions.

If (2.1) has a positive solution, then we write (2.1) in the form

—Au+ (b(x)upfl)u = Au

and obtain thaﬂf(b(x)up‘l) = ). Using the well-known monotonicity properties of
AP (), we deduce

Af < Af (b(x)up_l) < Afo (b(x)up_l) = )»Al?o
sinceb(x) = 0 on £2¢. Therefore we have the necessary condition,
A2 <a<af, (2.2)

for (2.1) to possess a positive solution. We claim that (2.2) is also a sufficient condition
for the existence of a positive solution of (2.1). This can be proved by combining a global
bifurcation argument with an a priori bound result. Indeed, by a standard application of
Rabinowitz’s global bifurcation result, we know that there is a global branch of positive
solutionsI” := {(x, u)} bifurcating from the trivial solution curvé(i, 0)} at ()cf, 0). By

the maximum principle and the fact thzaul2 is a simple eigenvalue, we conclude that the
second alternative in Theorem 1.1 cannot occur and h&nbas to be unbounded in the
spaceR! x ().

LEMMA 2.1. For any smalls > 0O, there exists” = Cs > 0 such that any positive solution
of (2.1)with 2 < A7 — & satisfies|u/| 1z, < C.

PrROOF By the standard.”-theory for elliptic equations and the Sobolev embedding the-
orems, we only need to show the bound in tif€(£2) norm. Indeed, if we have the bound
foru in L°°(£2), then the right-hand side of (2.1) has a bound (£2). By the L”-theory,

this implies that: has a bound ifW24(£2) for anyg > 1. Then the Sobolev embedding
theorem shows that has a bound il€1(£2).

From the continuous dependence.gf on D, we can find a small neighborhood &%,
say 2§ :={x € £2: d(x, $2) <o}, SO thatxfg > Afo — 4. Let¢? be a positive eigen-
function corresponding tbfg . Then exten@? | 7/2 to a smooth positive function ovez,
which we denote by. Then it is easily checked that there exi8fs > 0 large such that
foranyx e (A%, kfo —é§land allM > Mo, M¢ is an upper solution of (2.1). By the well-
known Serrin’s sweeping principle (see, e.g., Theorem 2.7.1 in [Sa]), we can conclude that
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any positive solution of (2.1) satisfias< Mg in £2. This proves the a priori bound in the
L*>(£2) norm, as required. O

By Lemma 2.1 (and its proof), we see that the global branttof positive solu-
tions of (2.1) can become unbounded only through a sequigngeu, )} C I satisfying
An = Afo and |uy,|lc — oo. In particular, we have proved that (2.1) has a positive so-
lution if and only if (2.2) holds. Moreovel(,)clo, 0) is a point of bifurcation from 0, and
(kgo, 00) is a point of bifurcation from infinity.

Taking advantage of the special nonlinearity in (2.1), we can show that it has a unique
positive solution when (2.2) holds. Indeed, for any fixesatisfying (2.2), we can use the
family of upper solutions constructed in the proof of Lemma 2.1 and a standard iteration
technique to conclude that (2.2) has a maximal positive solutfolf « is any other posi-
tive solution to (2.1), then applying the strong maximum principle to the equation satisfied
by u* — u we find thatu® — u > 0 in £2. Therefore we have

=28 () (u*)P ) > 22 (bouP~Y) = 1.

This contradiction proves the uniqueness.

For eachh satisfying (2.2), if we denote the unique positive solution of (2.1} pythen
the global bifurcation branch’ can be expressed &= {(A, u;): Af <A< Afo}. Near
the end point(x{?, 0) of I, the local bifurcation theorem, Theorem 1.2, gives a detailed
description of the behavior df'; here one relies on a linear eigenvalue problem. To better
understand” near its other end poirmf", 00), instead of a linear problem, we need the
following nonlinear boundary blow-up problem

—Au=ru—bxuP in2\ o, ulyg,=00,ulse=0. (2.3)
Here byu|; o, = oo, we mean
u(x) — oo whend(x,92q) — O.
We have the following result (see [DH], Theorem 2.4).
PROPOSITION2.2. Foranyx € R, problem(2.3)has at least one positive solutidviore-
over it has a maximal positive solutioii, and a minimal positive solutiodl ; in the sense

that any other positive solutiom satisfies/ , <u < U,.

REMARK 2.3. If there exist constanés> 0 andg, > 1 > 0 such that, for alk € £2\ £2o
neard 2o,

Bald(x,320)]" < b(x) < B2[d(x,3520)]",
then it is proved in [Du6], Theorem 3.2, that (2.3) has a unique positive solution. Whether

the positive solution of (2.3) is unique without any extra conditionbon) is an open
problem.
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The following result gives a rather complete descriptiom pfor A close tokfo.

THEOREM2.4. Denoterg := Afo. Then
(i) uy — oo uniformly on§2p as increases oo,
(i) up — U,, uniformly in any compact subset 0f \ 2o as increases to.o.

PrROOF We first observe thak, increases as increases. This follows from a simple
upper and lower solution consideration, together with the uniqueness.ocbuppose
/\f <i<M< )Jfo. Thenu, is an upper solution of (2.1). I is a positive eigenfunction
corresponding taf, thenitis easy to see thap < u;, and is a lower solution to (2.1) for
all small positives. Therefore (2.1) has a positive solutiersatisfyinge¢ < u < u;,. We
must have: = u; as (2.1) has a unique positive solution. Therefore< u;;.

The monotonicity ofu; in A implies that if we can prove (i) and (ii) along a sequence
An — Ao, then the same conclusions hold for> Ag. Let {§,,} be a sequence of positive
numbers decreasing to 0 such that

2, ={xeR:dx, 20)<8}ccR Vnx1l

Denoteli,, = ){3". Then)\i2 < Ay < Ap @ndl, increases tog asn — oo. To simplify
notation, we write:, = u,,,. The proof below is divided into four steps.

STEP 1. u,(x) — oo uniformly in any compact subset &%.

Let ¢o be the positive eigenfunction corresponding xg = Afo normalized by
llgollo = 1. Let K be an arbitrarily given compact subset®§. Define

‘= inf , :=min .
o0 xegoul(X) Bo min $o(x)
Clearly
ag >0, Bo >0, upy(x) >2u1(x) >ag Vxe$20,Vn>1 (2.4)

Given any large numbet! > 0, we can find an open connected &gt satisfyingK C
K* CC £20 such that

Po(x) < O;O—A’jo Vx € 0K*. (2.5)

By a standard interior regularity argumeatf, — ¢o uniformly on K*, whereg,, is given
by

—A¢p = AP, ¢n|6.(2,, =0, On = 0, lpnlloo = 1
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Thus, by (2.5) and the definition @5, for all largen,

M . M
—¢n(x) <apg VYxe€dK™, —
Bo o

Recall thatb(x) = 0 on K*. Henceu,, and (M/Bo)¢, satisfy the same equationAu =
Anu. It now follows from (2.4) and (2.6) thai / Bo)¢, andu,, are, respectively, lower and
upper solutions of the problem

) > Vxek. 2.6)

—Au=2xu INK* ulsgg+ =ao.

As i, < 1o < AX7 it follows from the maximum principle that, for all large

M M
Up(x) > —¢,(x) > — Vxe K CK*.
Bo 2
Since M > 0 is arbitrary, this shows lig, o 1, (x) = oo uniformly in K. This proves
Step 1.

Sinced 2 is C?, it satisfies a uniform interior ball condition: There exigs> 0 such
that for anyx € 382, there is a balB, of radiusR such thatB, C £2p andB, Nd2p = {x}.

STEP2. Letx, € 0829 be such that
Up(xy) = xg’liip)o un(x).

If {u,(x,)} is boundedthen we can find a constaat> 0 and a sequence, — oo such
that

R
Un (x) = un(xp) + cn ¥ (x), wheneverg <lx =yl <R, (2.7)

wherey (x) = e =3l* _ =9k andy, is the center of the balB,, .
A simple calculation gives
AY + hnr = (4020x — yul2 = 2No + 4, )e 7 0l* gm0 K%,
We can choose a large> 0 such that

—AY(x) S MY (x)  Vx € By, \ Br/2(yn),

whereBg2(yn) = {x € RN: |x —yu| < R/2}.
Choose a compact s& CC 2o such thatk > (J;~ Br/2(y»). By Step 1 and the
assumption thafiu, (x,,)} is bounded, we can find a sequerge—~> oo such that

e—JR2/4 _

_ 2
up(x) 2wy (xp) + Cn( e 7k ) Vx € Brj2(yn) C K.
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On the other hand, sincg, < Ag, by the maximum principley, (x) > u, (x,) ¥x € 2.

In particular,u,(x) > u,(x,) on dB,, . Thus we see that, is an upper solution to the
problem

! —Au=xru in By, \ ER/Z()’n)a (2.8)

2 2
”|33xn = uy(xn), M|BBR/2(y,,) = Uy (xp) +Cpn (e_GR /4 _goR )
But clearly, u, (x,) + c,¥(x) is a lower solution to (2.8). Hence, sindg < Ag <

By, \Br/2(yn . .
5P \Br20m) [y the maximum principle,

Un(x) Z ttn(xXn) + car (%), wheneverg <y —ynl <R,
as required.
STEP 3. 1imM,_ o0 11, (x) = oo uniformly ong2o.
By the maximum principle, it suffices to show that

U (xp) = rer]’)lg Uy (x) — 00.
X 0

We argue indirectly. Suppose that this is not true. Then by passing to a subsequence, we
may assume thdt:, (x,)} is boundedu, (x,) < C for all n.
Clearlyu, is an upper solution to

—Au=hyu—b*uP in 2\ R0, ulsgy=un(xn),ulpe =0, (2.9)
whereb* = ||b|«. Since 0 is a lower solution, we see that (2.9) has a positive solution
v, < uy,. Replacingu, (x,) in (2.9) by its upper bound’, we similarly obtain a positive
solutionV of (2.9) satisfyingv, < V on$2 \ 0. In particular,||v, || .2\, is bounded.
Then theL? estimates and the Sobolev embedding theorems imply#hhats bounded in
CL(£2\ R20). In particular,| Vv, (x,)| is bounded. Since

up(x) Zvp(x) VaxeR2\20 and u,(x,)=v,(x,),

we have

Ouy (xpn) < vy, (x,) < Co
vy, vy

for someCq > 0, wherev,, = (y, — x,)/|yn — x|, andy, is as in Step 2.
On the other hand, by Step 2,

Ouy (xpn) > e,
vy,

Y (xn) _

vy

Cn [ZURe_"Rz] — 00
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asn — oo. This contradiction finishes the proof of Step 3.
STEP4. For any compact sek C 2 \ 2o, u, — U, in C1(K) asn — oo.
Here we need the following comparison result.

LEMMA 2.5. Suppose thatD is a bounded domajnx(x) and B(x) are continuous
functions inD with |a|lc < 0o, and B(x) is nonnegative and not identically zeroet
ur, uz € CY(D) be positive inD and satisfyin the weak sense

Luy +a(x)ug — Bx)gur) <O Lupg+a(x)up — B(x)g(u2), xeD,
and

lim (uz —u1) <0
x—0dD

whereLu = Z laij ()uylx; is a uniformly elliptic operator with smooth coefﬂmea@
and g(u) is contlnuous and such that(u)/u is strictly increasing foru in the range
infp{u1, up} <u < supp{us, uz}. Thenus <uqin D.

Lemma 2.5 was proved in [DM], Lemma 2.1, whep andu; are C?; the same proof
works if they are onlyC?.

Applying Lemma 2.5 we find that,, < u,11 < U,,- Hence M 00 Un (X) = Uso(x)
exists andioo (x) < U, . It follows thatuoo satisfies (2.3) with. = 1o. Here the fact that
Uoso = 00 0N 3829 follows from u,, (x) < u,4+1(x) andu,(x) — oo uniformly on d£29 by
Step 3. Sincd/,  is the minimal solution, we necessarily havg =U , .

Using Sobolev embedding theorems ditiestimates, we easily see thgt— U ; in
CY(K) asn — oo, for any compact sek C £2 \ 2. This proves Step 4 and hence finishes
our proof of Theorem 2.4. O

2.2. Perturbation and patterned solutions

If we replaceb(x) by b(x) + ¢ in (2.1), we will see that its global bifurcation branch
of positive solutionsl, differs considerably fronT", no matter how small is the positive
constant. In this subsection we examine closely the evolutiopfise decreases to 0.
We will see that some solutions an develop a sharp pattern as-> 0, others do not. So
we consider the problem

—AMZ)»M—[IJ(X)-FS]MP, ulgo =0. (2.10)

As is well known, a standard global bifurcation consideration can be applied
to (2.10) to yield an unbounded global branch of positive solutibpns= {(A, u)}, bi-
furcating from the trivial solution curve at&.{’, 0). Moreover, (2.10) can have a positive
solution only ifA > A§; this can be proved by the same trick used to prove (2.2). For any
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givenA > 0 and allx < A, we can findM := M 4 > 0 large such that any constatit> M

is an upper solution of (2.10). Analogous to Lemma 2.1, this gives an a priori bound for all
positive solutions of (2.10) with < A. Thereforel', can only become unbounded through

A, — oo. Furthermore, (2.10) has a unique positive solutidrfor any A > A%, which can

be proved by the same argument used for (2.1). Therefore

Lo={(xuf): a> a7}
The following result describes how. evolves ag — 0.

THEOREM2.6. Letu, anduj be the unique positive solutions(@.1)and(2.10),respec-
tively. Then the following hold
() If A2 <1 <25, thenu — u; uniformly on&2 ase — O.
(i) If %> 27, then
(@) u$ — oo uniformly onf2p ase — 0,
(b) u§ — U, uniformly on compact subsets @f\ 2o ase — 0.

PrROOF Recall that by an upper and lower solution consideration and the uniqueness of
we deduced that, (x) is increasing in.. The same consideration can be used to show that
u$ (x) is increasing irk, decreasing i, and

us (x) < uy(x) (2.11)

whenever both exist. (One can also apply Lemma 2.5 to prove these properties.)
Suppose novmf <A< xfo. Then by (2.11), we know thgu$: ¢ > 0} is bounded
in L*°(£2). By elliptic regularity and the Sobolev embedding theorem, we see{#fjat
e > 0} is compact inC1(£2). Sinces — u$ (x) is decreasing, (2.11) implies thzag(x) =
lim,_ou$ (x) exists for allx € £2. The above compactness conclusion then implies that
u$ — u? in C1(£2) and furthermorey? is a positive solution of (2.1). Therefore we must
haveug =u,,, due to uniqueness. This proves conclusion (i) of the theorem.
We next prove conclusion (ii). So we assume that )Cfo.
Let

Mme = MiN ue(x) =ue(xe), Xe € §0-
X€E0

We claim thatn, — oo ase — 0. Clearly this implies part (a). We prove this claim by an
indirect argument and divide the proof into several steps.

STEP1. If m; < M for some constan/ and all ¢ > 0, thend (x,, 3§2g) — 0.

SinceA > Af°(¢), we must havéju || <) — oo ase — 0, for otherwise:, increases
to a positive solution of (2.1) witk = 0 ase decreases to 0, contradicting the fact that
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(2.2) is a necessary condition for (2.1) to possess a positive solution. Let us now pick up a
sequence,, — 0, and definei,, = u, /|lu, ||, Whereu, = uj We easily see that

N N 1A N
_Aun:)&un_[b(x)+8n]”un”go u{;a Unlae =0.

It follows that
—Adiy < Ay, (2.12)

Therefore
/ |V12n|2dx<k/ a2 dx < |£2],
Q 2

and {u,,} is bounded inW&’Z(Q). This implies that, subject to a subsequenggecon-
verges weakly inW&’Z(Q) and strongly inL4(§2) (for all ¢ > 1) to somei W&’Z(Q).
We claim thatu = 0. Indeed, ifu = 0, then fromu,, — 0 in L9(£2) for all ¢ > 1 we
deduce(—A)~1i, — 0 in the C* norm; in particular(—A)~14, — 0 uniformly in £2.
From (2.12) we deduce

0< i, <A(—=A)"ti, — 0,

contradicting the fact thali,, | .o = 1. This proves thai # 0.

An application of Lemma 2.5 shows that is bounded from above by , on 2, :=
£2 \ £20. From this we easily see that= 0 on 2. Thus, asds2g is smooth,i|g, €

1,2
Wa = (£20).

If lunlloo = u(x,), x, € £2. Then by Bony’s maximum principle (see [Bo] and [L]), there
exists a sequencg — x, such that lim_, - Au, (¥;) < 0 and hence, from the equation
for u,, we obtain

0 < Auy(xn) — [b(xn) + Sn]un(xn)p-
It follows thate,, || u, ||{’.o_l < A. Hence we may assume that|u,, ||§o_1 — & forsomet > 0.

Now we multiply the equation foii, by an arbitraryyr € C3°(£20) and integrate
over 2o, and pass to the limit — oo, to obtain that

/ Vi -Vyde= | (A —&aP)y dx.
20

20
That is to say thai|g, is a weak solution to
—Au = (A — §upfl)u, ulao, =0.

By the weak Harnack inequality, we dedute- 0 in £2o.
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From the equation fod,,, we see that-Aii, is uniformly bounded or2g. By standard
interior LP-theory for elliptic equations (see [GT]), we find thigtis bounded iV (2"
for anyg > 1 and any compact subdomaii of £2p. By the Sobolev embedding theorem
(see [GT]), we know that subject to a subsequenges & in C1(£22’). As it > 0 on £,
and||u,|lco — 00, we find thatu, (x) — oo uniformly on any compact subset 6fy. As
& — u$ is monotoney$ — oo uniformly on any compact subset &f ase — 0. Thus we
must haved (x., 9£29) — 0 ase — 0.

STEP2. If m¢ < M for someM and alle > 0, then{du; (x.)/dv.} is bounded from aboye
wherev, is a unit vector inR” to be specified later

It suffices to show that, for any sequenge— 0, {aui” (xg,)/0vg, } has a subsequence
which is bounded from above. Let us denote

U, = ui", Xp=xg and £2,= {x € 0. d(x,0820) = d(x,, 390)}.

Note that ifx, € 9829, thens2,, = 29, and if £2,, is different froms2g, then for largen, it
is close tos2p by Step 1. Thus for an2’ CC ¢, 2’ CC £2, for all largen. Clearlyu, is
an upper solution to the problem

—Au=2u—[b(x)+1ju? N2\ 2, ulse=0ulye, =u.(x,), (2.13)

and 0 is a lower solution. Therefore (2.13) has a positive solutjaatisfying 0< v, < u,
in 2\ £2,,. Asu, (x,;) = v,(x,), it follows that

aun(xn)<avn(xn)
v, = oV,

3

wherev,, is the unit normal vector ai$2, atx, pointing inward ofs2,,. Thus it suffices to
show thatdv, (x,)/dv, is bounded.

Clearly Co := max{(A¥/(?~V_ M} is an upper solution to (2.13). By Lemma 2.5, we con-
clude thatv, < Co. This implies that—Av, has anL®> bound ong2 \ £2,, which is inde-
pendent of:. Since, furthermore,

(1) vnlag, is a constant which has a bound independemnt, @ind

(2) for all largen, 952, is as smooth afq with the smoothness not dependingmgn
by the L?-theory of elliptic equations up to the boundary (see, e.g., [GT]), we see that, for
anyq > 1, lunllw24(o\ o, has a bound independent:ofBy Sobolev embeddings and the
uniform smoothness aR,, this implies that|v, @\, has a bound independentof
In particular{|Vv, (x,)|} is bounded, and thu®v, (x,,)/dv, } is bounded, as required.

STEP3. m, — oo ase — 0.

Otherwise we can find a sequeneg — O such thatm,, is bounded. By Step 2,
{0u, (x,)/0v,} is bounded from above, wheig is the unit normal vector 0§$2, atx,
pointing inward of$2,,. Here we follow the notation in Step 2. We show that this is impos-
sible, and hence proving the claim. For all larged 2, is as smooth a8 and hence it
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satisfies a uniform interior ball condition: There exi&s- 0 such that for any large and

x € 882, one can find a closed bal, of radiusR such thatB, c £2, andB, N 32, = {x}.
Let y, denote the center d&,, and define

Y = ekl ek
whereo is a positive number to be specified. We may assumesthatl for all n. Then,

for any constant satisfying 1< ¢ < sn—l/” andx € By, \ B", whereB" = {x: |x — y,| <
R/2}, we have

Alun () + ] + Afun(en) + ¥ ] — en[tn ) + cvr]”
14
> cef"l"*y”lz[4az|x — yal? —2No] - encp[—u"(xn) + w}
Cc

> Cei(TRZ(O’ZR2 — ZNG) - [Mn(xn) + w]p
> 0,

if o, c andn are large enough. We fix at such a value.
Choose a compact s& CC 2o such thatk > |2, B". By the proof of Step 1,
u, — oo on K. Hence we can find a sequenge— oo satisfyingc, < s,?l/” and

un(x) =M+ cy|gpn forallx e 9B" C K.

Thus,u, is an upper solution to the problem

{ —Au=xiu—¢e,u? in By, \ B",

ulpp,, = un(xn), ulypn = uy(xy) +cp¥lypn.

By our choice ofr, for all largen, u,, (x,) + ¢, ¥ is a lower solution to this problem. Using
Lemma 2.5 we deduag, > u, (x,) + c,¥ in By, \ B", and it follows that

Outn (xn) >y 9V (xn) = c,,ZURe_"R2 — 00.
vy vy

This contradicts the conclusion in Step 2. Thus the claim and hence part (a) in conclu-
sion (ii) of the theorem is proved.

It remains to prove part (b). By the above proved part (a), we seeufhab, — oo
uniformly asn — co. By Lemma 2.5 we deduce, < u,41 < U, . Thereforeu, —
uo < U, asn — oo. It follows thatug is a positive solution of (2.3). SincE , is the
minimal positive solution, we must haug = U , . The proof is complete. a
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It was proved in [Du3], Part Il, Proposition 2.3, that the minimal positive solutign
varies continuously with. € R in the spaceX := C(£2, U 3£2), where2, := 2 \ 2o,
andX has the metric defined by

o0

_ 27"d, (u, v)
du, v) = 2 1+d,(u,v)

with
_ 1)
dp(u,v) =llu —vllce,, $2n:=1x€2::d(x,0820) = e

wheres > 0 is small enough. This implies that
Ioo:={(A,U;): »eRY
is a continuous curve iR x C (2, U 8£). If we define

QA(JC) _ { +00, X € 20,

U,x), xef2,
and consider 5, = {(x, Qk): 1 € R1} as a continuous bifurcation curve at infinity, then
Theorems 2.4 and 2.6 can be interpreted as follows:

(i) The positive solution curvE = {(x, u,)} of (2.1) bifurcates from the trivial solu-
tion curvelp = {(A,0)} at » = A{f, then joins the bifurcation curve from infinitﬁOO at
A=27e.

(i) Ase — 0,the positive solution curvé; = {(x, u5)} of (2.10)approached” when
»e (A\2,25°), and it approaches s, whenx > A5

In order to better understand the profilegf (which is the unique positive solution
of (2.10)), we considew; := el’*lui. It is easily seen thab; is the unique positive solu-
tion of the problem

—Aw=xw —[1+e7 ) |w?, wlye =0. (2.14)

If xe(f, Afo), then by Theorem 2.6(i), we see that — 0 uniformly in 2 ase — 0.
We now consider the case that- kfo. If we denote by, the unique positive solution of

—Aw=Aiw—w?, wlze =0,

then by Lemma 2.5 we see thaf < 6,. Also by Lemma 2.5, we find thab{ is non-
increasing withe. Thereforewg(x) = lim_ow; (x) € [0, 6;.(x)] exists. Furthermore, on
any compact subsek’ of 2o, —Aw; = Aw; — (w})? has anL*> bound from above
independent ok. By the L? estimates and Sobolev embedding theorem we find that



Bifurcation and related topics 143

w; converges touk in C1(K). By Theorem 2.6(ii)(b), we see that; — O uniformly
on any compact subset & \ 2. It follows thatwk =0 overf2 \ 2.
Let90 denote the unique positive solution of

—Aw=2iw—w”, wly,=0. (2.15)

By Lemma 2.5 we obtain¢ > 6°. Thereforew? > 69 in 0. We show thatw? = 62
in £20. Indeed, from the inequality- Awj < Aw; < A6, we deduce thagw;} is bounded
in Wol’z(.Q) and therefore by a compactness argumefit— wg weakly in W&’Z(.Q) and
strongly in L4(£2) for any ¢ > 1 (we also use the fact th@itw] || is bounded). Since
w? = 0in 2, andd 2 is smooth, we conclude that?| o, € Wy2(£20). It follows easily
that wf\’|_q0 is a week positive solution of (2.15). By standard elliptic regulau’lgl,is also
a classical positive solution. Béf is the unique such solution. Therefard = 62 in $2.

We now find thaﬁuf\’ is a continuous function if2, and as — 0, w; — wf in L1($2),
and the convergence is uniform on any compact subs&? §fd29. We claim that this
convergence is uniform ove?. From the above discussions, it is clear that we need only
prove the following conclusion: For any givérn- 0, there existgg > 0 so that

wi(x) <8 Ve e (0,00),Vx € Sgy := {x € 21 d(x,080) < 00}. (2.16)

Denotef2, = {x € £2: d(x, £29) < o}. Sincex > Af‘), for all smallo > 0, A > Af”.
Therefore the problem

—Aw=iw—w”, wlyn, =0,
has a unique positive solutiaff . If we extendd;y to be O outsides2,, then a simple

compactness argument shows that— 90 aso — 0 uniformly in £2. In particular, we
can findo1 > 0 small so that. > A{%1 and

)
071 (x) < > Vx € So,. (2.17)

On the other hand, lét(x) < b(x) be a continuous function such thiatc) = 0 on le
andb(x) > 0 on 2 \ 24,. Then by what has been proved above, we haje— 6;*
uniformly on £2,, 2, wherew; is the unique positive solution to

—Aw=)w —[1+e7b(x)]w?, wlye=0.

By Lemma 2.5 we deduce; < w;. Chooserg < 01/2 such that foe < oy,

b
Wi <07 + 5 0Ny
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Therefore, by (2.17), fot € (0, op) andx € Soy C Soy/2,

<94,

NI &

wi <wj <O+
that is, (2.16) holds. We have thus proved the following theorem.

THEOREM 2.7. Suppose that > Afo. Then the unique positive solutian; of (2.14)
converges uniformly twg onf2 ase — 0.

Let us observe that Theorem 2.7 gives a clear description of the pattethfof small
¢ > 0: Itis close to 0 over? \ £29 and close to a definite positive functiéﬁ over £2g.

2.3. Comments and related results

Positive solutions of problem (2.1) seem first considered by Ouyang [Ou], motivated by
some geometric questions. Soon after, the results in [Ou] were extended in several di-
rections by a number of authors. For example, Fraile, Koch-Medina, Lépez-Gémez and
Merino [FKLM] used an upper and lower solution argument to obtain a priori bounds,
which greatly simplified the arguments in [Ou]. The proof of our Lemma 2.1 follows the
approach of [FKLM]. Theorem 2.4 was proved in [DH]. Under some extra conditions
on b(x) neard 2o, similar results were proved in [GGLS]. More references can be found
in [DH]. Theorem 2.6 is taken from [Du3], Part Il, and Theorem 2.7 from [DL].

The restriction that2g is connected can be relaxed to the situation that it has finitely
many components, each with smooth boundary; the techniques here can be easily adapted
to deal with this case. Related results can be found, for example, in [Lop2] and [DL].

If 20 is not contained in2, then some of the techniques here collapse, though it is
expected that similar results hold. The case 812§ N 92 # ¢ was discussed in [DG].

For the existence and unigueness of positive solutions of (2.1), the smoothness condi-
tion onb(x) and£2p can be greatly relaxed, see [dP] and [Da8]. How to extend Theorems
2.4 and 2.6 to these situations remains to be investigated, though partial results were ob-
tained in [dP].

We now come back to (2.1). By Theorem 2.4, we know that the branch of positive
solutions bifurcating from the trivial solution at= )le blows up as\ approache&fo.

If Af denotes thecth eigenvalue of—~A under Dirichlet boundary conditions, and we
definekf0 similarly, then by Rabinowitz’s global bifurcation theorem, a global branch of
nontrivial solutionsl; of (2.1) bifurcates from the trivial solution branch at= Af if

A,? is of odd algebraic multiplicity. Iff} is unbounded, then must it blow upat= Afo?

From Section 2.1, we know that this is the case whenl. In [DO] several special cases
were considered where bifurcation branches starting ﬁ&ﬁn(k > 1) indeed blow up at

A= Afo. Whether this is true in general remains open. Nevertheless, we have the following
result (see [DO]J), which shows that the $1ef°: k > 1} contains all the possible values
where bifurcation from infinity can occur.
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THEOREM 2.8. Given any large positive constant and open neighborhoo#f of the
finite set

M= a7 A <Ak =1,

we can find a constarif depending om and V such that any solutiot, «) of (2.1)with
A< Aanda ¢ V satisfies

llulle < C.

PrROOF We argue indirectly. Suppose that we can find a sequence of sol@tions;,)}
of (2.1) such thak, < A, 1, ¢ V, and||u, ||~ — oco. Clearly we have

f|Vun|dx<kn/u5dx.
2 2

It follows that A,, > Af. Therefore, by passing to a subsequence, we may assume that
A — handi e A, AT\ V.

CLAIM 1. {u,} is uniformly bounded on any compact subse®Rqf:= 2 \ 2.

To prove Claim 1, we leK be an arbitrary compact subset@f.. By our assumption
on b, for some small neighborhodd of K, there existg > 0 such thab(x) >t onU.
Denote byV, the unique positive solution of

—Au=2iu—tuf, ulyy=o0,
whose existence and uniqueness is well known (see [MV]). Chobsech that* > 2,
for all n > 1. We want to show that,, < V;+ on K. Otherwise, we can find some> 1
and a domai/y cC U such thats,, > V,+ in Ug andu,, = Vy+ on dUp. Hence onlJg, we
have

—Auyp = Mgty — b(xX)ul
and

—AVyx = 1 Vis —b(x) VL.

An application of Lemma 2.5 obip yieldsu, < Vi+ on Uy, a contradiction.
Similarly, we find—u,, < Vi« onU. Therefore

lun| < Vax Vx e,

and Claim 1 follows.
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CLAIM 2. A e M.

Clearly this contradicts the fact thiatz V. Therefore our proof is complete once Claim 2
is proved. Denoting,, = u,,/||u,|l L~ we find that

/|Vﬁn|2dxgxn/ a2dx < A|82].
2 2

Thus{i,} is a bounded sequence WI&’Z(Q). It follows that, subject to a subsequence,
i, converges to someweakly in W&’Z(Q) and strongly inL2(£2). Asii, hasL>® norm 1,
we find thatii,, — & in L4(§2) for anyg > 1. By Claim 1, we see tha@t= 0 overs2,. Since
d82g is smooth, it is well known that this impliag :=it| o, € Wol’z(Qo).

We show next thatg # 0. Otherwiseji = 0 over$2 and hencei,, — 0 in L? for all
g > 1. By Kato’s inequality (see [Kato]), we have, in the weak sense,

A

~ Un ~ ~ N
—Aliy| < _m_A”n < Aplity| < Ay

I‘l|

Therefore
0< |iin] < A(=A)"Yiiy).

By standard elliptic regularity we find—A)~1|ii,| — 0 uniformly in 2. It follows that
lli, ]l L — O asn — oo. But this contradicts the fact thdfi,, ||, = 1. Hence we have
proved thatvg # 0.

We now multiply the equation satisfied by by an arbitraryp € C3°(£20), integrate by
parts and find

/ Vi, -V dx = Anlin@ dx.
20 20

Lettingn — oo we obtain

/ Vug- Védr = [ Avopdx.
20

20
This implies thatvg € Wg’Z(Qo) solves
—Av=1hv, s, =0, (2.18)

in the weak sense. Standard elliptic regularity shows thdt also a classical solution
of (2.18). As we have already proved thatz 0, we must havé. = AfO for somek > 1.
Thusi € M. This proves Claim 2 and hence concludes the proof of Theorem 2.8.0J
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3. Bifurcation and monotonicity: A heterogeneous competition system

Bifurcation and monotonicity have been combined to produce many nice results in nonlin-
ear analysis, and a collection of these techniques and results may be found in [Am]. In this
section we present some new applications.

It is in general not easy to capture the influence of heterogeneous spatial environment
on population models. Traditionally population models were considered in homogeneous
spatial environment, and hence all the coefficients appearing in the models are chosen
to be positive constants. To include spatial variations of the environment, these constant
coefficients should be replaced by positive functions of the space vaxiablewever, the
mathematical techniques developed to study these models are ironically either not sensitive
to this change, in which case the effects of heterogeneous spatial environment are difficult
to observe in the mathematical analysis, or the techniques are too sensitive to this change
and become inapplicable when the constant coefficients are replaced by functions.

In this section we use a competition model to demonstrate that bifurcation techniques
are useful in capturing these spatial effects. Here we combine the bifurcation arguments
with a certain monotonicity property of the system. A key in this approach is the following
observationThe behavior of the model is very sensitive to certain coefficient functions be-
coming small in part of the underlying spatial regiofo make our ideas more transparent,
we consider the following simplified steady-state competition system

—Au=\u— [b(x) + 8]u2 —cuv,
—Av=pv —v2 —duv, (3.1)

ulpe =vlpe =0.

Here 2 is a bounded smooth domain R (N > 2) andx, u, ¢, d are constants, with

¢ > 0,d > 0. The functionb(x) is as in (2.1). We will see that wheris small, the profiles

of certainstablepositive solutions of (3.1) are determined by the behavias(@f. Our
approach makes use of the facts that the global bifurcation branches for (3.1) with

differs considerably to that for (3.1) with amy> 0. By carefully following the changes of

the global bifurcation branches of (3.1) ashrinks to 0, we will be able to obtain a rather
detailed global picture of the solution branches and to describe the patterns of the stable
solutions. The techniques here can be used to study systems much more general than (3.1).
We refer to [Du3,Du4] for discussions of the background.

3.1. Global bifurcation

We will fix ¢ > 0 and apply a global bifurcation analysis to (3.1), usings a bifurcation
parameter. We are only interested in nonnegative solutions. Firstly let us observe some
preliminary results. Clearlyu, v) = (0, 0) is always a solution to (3.1), which is called

the trivial solution. If(x, 0) # (0, 0) is a nonnegative solution of (3.1), thenris a positive
solution of (2.10) withp = 2, namely

—Au=\u — [b(x) + 8]142, ulygo =0. 3.2)
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It is well known that (3.2) has a unique positive solution when Af, and there is no
positive solution when < Af. Fori > Af, we denote the unique positive solution of (3.2)
by ¢5, and when the dependence is not emphasized, we will simply denote i;by

If (0, v) # (0, 0) is a nonnegative solution of (3.1), thens a positive solution of

—Av=pv—v%, vlse=0. (3.3)

Similarly to (3.2), there is a unique positive solutiép to (3.3) whenu > Af, and no
positive solution exists ift < Af . The solutiong¢;, 0) and (0, 6,,) are called semitrivial
solutions of (3.1).

We next discuss the positive solutions of (3.1), where both compomeatsl v are
positive in 2. (By the strong maximum principle, ifx, v) solves (3.1) and: >, # 0,
v>,#£0, thenu > 0,v > 0 in £2.) Suppose that (3.1) has a positive solution. Then from
the first equation we obtain

A=27 ([b() +e]u+cv) > A7 (0) = AT,

Similarly, from the second equation we deduyce kf. Therefore the following is a nec-
essary condition for (3.1) to possess a positive solution:

A>3, w> A% (3.4)

So from now on we fix\ > x{?. We also assume thatc andd are fixed;u will be
considered as our bifurcation parameter.

We now obtain some rough estimates for positive solutions of (3.1):4.eb be a pos-
itive solution of (3.1). Them is a lower solution of (3.2). Hence we can apply Lemma 2.5
to deduce that < ¢,. Similarly, v < 6,,. Using the above estimate ferwe deduce

—Av+dp,v > pv — v2,
and by Lemma 2.5 > v,,, wherev,, is the unique positive solution of

—Av+dp)v=puv — vz, v|se =0,

provided thatu > Af(dq),\). We now show that there exisfs > 0 large enough so that
(3.1) has no positive solution when> /1. Indeed, we have

A= Af ([b(x) + a]u + cv) > Af(cvu). (3.5)
Sincev,, — oo asu — oo uniformly on any compact subsets of, we can show that

Af(cvu) — oo asu — oo. Hence (3.5) implies that < [ for some largegz.
To summarize, we have the following result.
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THEOREM3.1. Suppose. > Af ande, ¢, d are fixed positive constantEhen there exists
[ > 0such that if(3.1) has a positive solutiofu, v), then

MW<p<p,  u<¢rn,  v<O <O

We now transform (3.1) into an abstract equation and apply bifurcation and monotonicity
arguments to study its positive solution set. Chodge- 0 large enough such that for
rel01+aland 0Su <& :=1+[dnlloc, 0Sv <=1+ 04 l0c,

gu,v):=Mu+ iu — [b(x) + 8]142 — cuv
is strictly increasing int, and

h(w,u,v):=Mv+ uv — v2 — duv
is strictly increasing irv. Then define

A, u,v) = (=A + M) (g(u, v), h(ie,u,v)),  (u,v) € Eo, p € RY,
whereEg := {(u, v) € CL(2) x CX(2): ulyo =v|so = 0}.

Clearly Py := {(u, v) € Eg: u <0, v > 0} is a cone inEy. It introduces a partial ordering
in Eg:

(u1,v1) <p, (2, v2) ifand only if (u2 —uy, v2 —v1) € Po.
Denote

J:=[0,1+ ], Aozz{(u,v)eEo:0<u<$,0<v<nin9}.

It is easily seen, by the positivity ai-A + M)~2, that for fixedu € J, A(u, u,v) is
increasing overg in the order< p,, namely

(u1,v1), (u2,v2) € Ao, (u1,v1) <p, (u2,v2) implies
A, u1, v1) <py A(p, uz, v2).
Moreover, for fixed(u, v) € Ao, A(u, u, v) is increasing inu:
p1 < pz implies A(ua, u,v) <py A(uz, u,v).
If we use (u1,v1) <p, (u2,v2) to mean(uz — ug,v2 — v1) € intPy and use(us,
v1) <p, (u2,v2) to mean (uz — u1,v2 — v1) € Po \ {(0,0)}, then for u € J and

(u1, v1), (u2, v2) € Ay,

A, ug, v1) Kpy A, uz,v2)  if (ug, v1) <py (U2, v2) (3.6)
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and for(u, v) € Ag with v # 0,
n1<pz implies A(ui,u,v) <p, A(uz, u, v). 3.7)

By the L”-theory and Sobolev embedding theorems we knowahd@®! x Eqg — Eq is
completely continuous, and is continuously Frechet differentiable (in fact, it is analytic).
Clearly (u, v) solves (3.1) if and only if it is a solution to

(u,v) = A(p, u,v). (3.8)

In the spaceéR! x Ep, (3.8) has the trivial solution curvp := {(u,0,0): u € R1}, the
semitrivial solution curvely := {(u, 5, 0): u € R1} and the semitrivial solution curve
o= {(11,0,0,): n>Af).

It is well known (see [BBZ2]) that we can apply the local bifurcation result, Theorem 1.2,
along I'1 to find a unique valugug := A{Z(dzm) so that a branch of positive solutions
of (3.8) bifurcates fronTy at (o, ¥, 0) € I'1. Moreover, a variant of Rabinowitz’s global
bifurcation theorem (see [BB2], Theorem 3.2) can be used to show that this local branch
can be continued globally, and by making use of the strong maximum principle and The-
orem 3.1, it can be concluded that this global branch of positive solufibnsust join
the semitrivial solution brancti». One can apply Theorem 1.2 alod@ to find that
(12, 0,6 ,0) is the only point on/» where positive solutions bifurcate frotfp, where

10 > 2§ is uniquely determined by
h=2§(cO,0). (3.9)

Thereforer” joins I'; at the point(u.°, 0, 6,,0).
Clearly the above global bifurcation analysis implies the following existence result.

THEOREM 3.2. For any u betweenug and 19, (3.1) has a positive solutian
We will demonstrate that by making use of the monotonicity property of the opetator
much more can be obtained. We will mainly follow the approach of [DB], though the
presentation here is slightly different. Let us define
A={ne R': (3.1) has a positive solutign  u. =inf A, w* =supA.
By Theorems 3.1 and 3.2, clearly
2 < e <minfuo, 10}, max{uo, n®} < u* <. (3.10)

Though it is highly unclear whether the positive solution brafcbontains all the pos-
sible positive solutions of (3.1), we will show that

/L*:inf{,u eRY: (u,u,v) € F},

. N (3.11)
u —Sup{ueR : (u,u,v)el"}.
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To prove this and related facts, we need the following lemmas.
LEMMA 3.3. Suppose that, < u°. Then for every € (115, 1), (3.1) has a maximal
positive solution(u”, v*), in the sense that any positive solutign v) of (3.1) satisfies

(u,v) <py W, vh).

PROOF Let i € (ius, 1°) be fixed. Therh = AL (c6,0) > A{ (cB,), and hence the prob-
lem

—Au=Au — [b(x) + e]uz —cOuu, ulye =0
has a unique positive solutior. If we denotevg :=6,,, then it is easily checked that
A(j, uo, vo) <p, (uo, vo).

By the definition ofu,, there existgi € [u4, 1) such that (3.1) withe = & has a positive
solution (i, v). By Theorem 3.1 we have< 0; < 6, in £2, and hence

—Aii > Al — [b(x) + e]i® - cO,i.

We now apply Lemma 2.5 and conclude that uq in £2. Therefore(i, v) <p, (1o, vo).
Clearly we also havel (u, iz, v) > p, (i, 0). If we define

(Uun, vn) =AW, up—1,v,-1), n=212,...,
we easily deduce that

(@, D) <py (Un, V) <py (Un—1, Vn—1) <py (o, v0), n=2,3,.... (3.12)
A standard compactness argument shows thatv,) — (u*, v*) in Eg and (u*, v*) =
A(p, ut, v*). By (3.12), we know thatu*, v**) is a positive solution of (3.1). We claim

that it is the maximal positive solution. Indeed,if, v) is any positive solution of (3.1),
then by Theorem 3.1y < 6, and hence

—Au > u — [b(x) + s]uz —cOyu.
By Lemma 2.5, this implies that > ug. Therefore(u, v) <p, (4o, vo). It follows from this
inequality and the monotonicity of that(u, v) <p, (u,, v,) foralln > 0. Thus(u, v) <p,

(uh, v"). O

LEMMA 3.4. If u* > uo, then for everyu € (o, 1*), (3.1)has a minimal positive solu-
tion (uy, vu).

PROOFE Letu € (ug, u*). Thenu > Af(d¢)\) and hence the problem

—Av=pv—v2—dppv, v]ye =0,
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has a unique positive solutiag. Denoteug = ¢;. Then(ug, vo) satisfiesA (i, uo, vo) >p,

(ug, vo). Choosel € (i, u*] such that (3.1) withe = & has a positive solutio¢i, 7). Then
it is easily checked that

A, u,v) <py (U, 0), (&,v) =p, (10, v0)-
Define
(un, vy) = A, Up—1,vp-1), n=212,....
Then we have
(u(), UO) <Po (Mls U]_) gPo e <Po (Mn, Un) <Po T <Po (ﬁv {))
Therefore(u,, v,) converges to a positive solutign,,, v, ) of (3.1). Moreover, if(u, v) is
any positive solution of (3.1), the, v) > p, (1o, vo) and hencéu, v) > p, (u,, v,) for all
n > 1. It follows that(u, v) >p, (u,, v.). O
THEOREM 3.5. The identities in3.11)are true Moreovey
(i) if s < w0 then(u, u”, v*) e I' forall u € (s, 19,
(i) if w* > po, then(u, u,,v,) € I' forall p e (no, u™*).
ProoF Clearly u® > inf{u: (u,u,v) € I'} and o < supu: (u, u, v) € I'}. Therefore
we have nothing to prove ji, = 1% andu* = uo.
Supposau, < u0. Let us define, fop € (ux, 19,
Af =, 00) x [(ut, v"), 00),
where
[(u”, v“), oo) = {(u, v) € Eg: (u,v) >p, (u“, v“)}.
Since I" connects(u°, 0, 6,0) € IntA* and (uo, ¢1, 0) ¢ A*, it follows from the con-

nectedness of thatI" N dA* £ (. Let (@i, u, v) € I' N dA*. We claim that(iz, iz, v) =
(i, u*, v*). Clearly

AP =[{u} x [(u", "), 00) ] U[[, 00) x 3[ (u*, v*), 00)].
If & = u, then since(u”, v*) is the maximal positive solution of (3.1), we necessarily
have (i, v) <p, (u*, v*). On the other hand, we havé, v) € [(u*, v*), 00). Therefore
(u, v) = (u*, v*). We show next thafi > p is impossible. Indeed, ji > u, then we must

have(u, v) € a[(u*, v*), 00), i.e.,

(ﬁv ﬁ) >P0 (ulta Uﬂ)’ (ﬁs ﬁ) »PO (MM, UM).
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By the monotonicity properties of the operatbywe have
(1, 0) = A(QL, it, V) >py A(, i1, V) >p, A(,u, ut, v“) = (u“, v“).

Now from (&, v) >p, (u*,v*), we further obtainA(u, &, v) >p, A(n, u*,v*) and
hence(i, v) > p, (", v*). Therefore(fi, i, v) € int A#, contradicting the assumption that
(L, u, v) € dA*. This proves assertion (i).

The proof for (i) is similar, where we use

Ay = (=00, u] x (=00, (uy, vy)]
with
(—oo, (uy, vﬂ)] = {(u, v) € Eg: (u,v) <py (uy, vﬂ)},

and the factthal" N 9A, = {(u, u,, v,)}. We omit the details.
Clearly, (3.11) is a consequence of (i) and (ii). |

THEOREM 3.6. (i) If u, < min{uo, 1%}, then (3.1) has a maximal positive solution
(ut+,v**) for u = u, and it has at least two positive solutions for each
w € (s, min{uo, u°}). Moreoverall these solutions can be chosen fréim

(i) If u* > maxuo, u°}, then(3.1) has a minimal positive solution fqu = u* and
it has at least two positive solutions for eaghe (maxX{o, 1%}, ©*). Moreover all these
solutions can be chosen from.

PROOF Supposet, < min{uo, 1°}. Let {u,} C (u+, u°) be a decreasing sequence con-
verging to . By Theorem 3.5, (3.1) withu = u,, has a maximal positive solution
(up, vy) := (u*n, v#n). Using the estimates in Theorem 3.1 and a compactness argument
we easily see that, subject to a subsequeGgg,v,) — (s, vi) IN Eg, and (uy, vy) is a
nonnegative solution of (3.1) with = u,. Sinceu, is decreasing, by the monotonicity
property of A we easily deduce thdi,, v,) > p, (441, Ua+1). Thereforeu, > u, > 0

in £2. We claim thatv, # 0 in £2. Indeed, ifv, = 0, then from the equation far, in (3.1)

we easily deduce that, — ¢, in Eg, and hence:, = ¢,. But then from the equation

for v, we deduce

fin = A5 (vn + duy) — 22 (dd3) = 1o,

a contradiction to our assumption that — w.. Therefore(u,, v,) is a positive solution
of (3.1) with u = pu,.

If (u,v) is any positive solution of (3.1) withu = u,, then by making use of the
monotonicity property ofA we deduce(u, v) <p, (i, v,) for all n > 1. It follows that
(u, v) <py (U, v4). Therefore(u,, v,) is the maximal solution. The proof of Theorem 3.5
shows that s, us, vy) € I

To show that (3.1) has at least two positive solutionsfo€ (i, min{uo, 1)), we
use the following simple result from general point set theory, whose proof can be found
in [DB].
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LEMMA 3.7. Suppose thaX is a Banach spage” is a connected set ik and O an open
setinX such thato O N C consists of a single poinThenC \ O is a connected set

Now for fixed € (s, min{uo, u°}), we takeC = I and O = int A*, whereji €
(i, ). By the proof of Theorem 3.5, we know than/ N I" = {(ji, u”, v*)}. Hence by
Lemma 3.7, the s \ int A% is connected. SiNc@us., usx, vs) € I'\ A% and(uo, ¢;.,0) €
I" \ A", by the connectedness &f \ A* and the fact thag € (uu+, o), we can find a
point (u, u,v) € I' \ A*. Hence(u, v) is a positive solution of (3.1). Singg < i, we
have (i, ut, v*) € int A%, Therefore(u, v) and (u*, v*) are different positive solutions
of (3.1), and bothw, u, v) and(u, u*, v*) belong torl". This proves (i).

The proof of (i) is parallel and we omit the details. |

REMARK 3.8. By the connectedness &f, if w, < u*, then for anyu € (uy, n*),
(3.1) has a positive solution of. We will show in Section 3.3 that* > max o, 1°}
if ¢ > 0 is small enough.

3.2. Stability analysis

Suppose thatuo, vg) is a positive solution of (3.1). We want to know whether it is stable
when considered as a steady-state of the corresponding parabolic problem

ut—Auzku—[b(x)+s]u2—cuv, xe,t>0,
v, — Av = pv — v2 — duv, xef2,t>0, (3.13)
u=v=0, x€df2,t>0.

THEOREM 3.9. Suppose thatug, vg) is a positive solution of(3.1), and there exists
(h,k) € Po\ {(0,0)} ando € R! such that

—Ah = 1h — 2[b(x) + &|ugh — cvoh — cuok + oh,
— Ak = uk — 2vok — dugk — dvoh + o'k, (3.14)
hlae =klae =0.

Then(uo, vo) is asymptotically stable it if o > 0, and it is unstable it < O.

PROOF Sinceug > 0 andvg > 0 in £2, we easily see from (3.14) that 0 andk # 0.
Moreover, from the first equation in (3.14), we obtai\iz < C(x)h in 2 for some

C € C(£2). Therefore by the maximum principle and Hopf boundary lemma, we deduce
h <0in$2 andd,h > 0 onds2. We similarly deducé > 0in £2 andd, k <0 onds2. This
implies that(h, k) € int Py.
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Fors € R let us denoters := ug + 8h, vs := vo + 8k. Then a simple calculation gives

—Aus =Aus — [b(x) +8]M§ — CUgVs
8[b(x) + 8] + csk)sh,
+ (0 +8[b(x) + 8] + c5k) 315
—Avs = pvs — v — dusvs + (o + 8 + dsh)sk,

usla =vslae =0.
Due to (3.15) we can findg = 8o(c) > 0 small enough so that, # > 0, then for all
8 € (0, éol,

—Aus < hus — [b(x) + 8]u§ — cugvs,

—Avs > uvg — vg —dugvs,

uslae =vslagz =0,

and for all§ € [—6g, 0),

—Aug > Aug — [b(x) + s]ug — Cugvs,
—Avs < uvg — vg —dusvs,
uslog = vsloz =0.
Hence(us,, vs,) is an upper solution of (3.1) and—s,, v—s,) is a lower solution of (3.1).

It is well known (see [Sm]) that the semiflow generated by the solution of (3.13) pre-
serves the ordex p,, and by the theory of monotone dynamical systems (see [Ma] or
[Hir]), the following hold:

(i) the unique solution(u(x, ), v(x,t)) of (3.13) with initial data(u_s,, v_s,) in-
creases in the ordeg p, ast increases;

(i) the unique solutior(izi(x, 1), v(x, t)) of (3.13) with initial data(us,, vs,) decreases
in the order< p, ast increases;

("I) (uﬂSo,UﬂSo) gp() (E(st)vy(’t)) <P() (’Z(vt)’ﬁ(9t)) <Po (u5oav50) Vi >Ov
(V) (u(x),v(x)) = liMsoo(ulx, ), v(x, 1) and (u(x),v(x)) = limeo((x, 1),

v(x, 1)) exist and they are solutions of (3.1).
Therefore we have

(U—s9, V—50) <Py (1, V) <py (11, V) <py (Usg, Vsg)-
Define
8, =inf{8 € [0, 8ol: (u,v) >p, (u—s,v-s)}.
Then 0< 8, < 8g. If 8, > 0, then

(u,v)=A(u,u,v) Zpy A(u, u_s,,v_5,) >p, (U_s,, v_s,).
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Therefore for alls < §, but close tos,, we also have&u, v) >p, (u_s, v—s), contradict-
ing the definition ofs,.. This proves thatu, v) > p, (4o, vo). Similarly we can show that
(i, v) <p, (4o, vo). Therefore we must have

(u(0), v(x)) = (@(x), D(x)) = (uo(x), vo(x))-

By the order preserving property of (3.13), we deduce that any solution ¢), v(x, t))
of (3.13) with initial data taken from

[(U—s9, v—s5). (sg: Vsy) ]

= {(u’ U) € EO: (l,t,ao, U*SQ) <P0 (u, U) gPo (”50’ 050)}

satisfies
(E(v t)v y(7t)) <Po (I/t(, t)? U(', t)) <Po (”_t(v t)7 1_)(7t)) vt > 0.

It follows that (u(x, 1), v(x,t)) = (uo(x), vo(x)) ast — oco. By standard regularity for
parabolic equations this convergence can be taken in the no#y. dthis proves the as-
ymptotic stability of(uo, vo) in Eo, Sincel (i —s,, v—s,). (Usy, Us,)] iS an open neighborhood
of (ug, vo) due to(h, k) € int Pg.

If o <0, then for all smalb > 0, (us, vs) is a lower solution of (3.1). It follows that the
unique solutior(x, v) of (3.13) with initial date(us, vs) increases ir< p, ast increases. By
a simple comparison argument one sees that) stays bounded in the>* norm for all
t > 0. Hence by the theory of monotone dynamical systéms) converges to a steady-
state of (3.13) as — oo, say(us, vs). Clearly (i, v.) = p, (us, vs) >>p, (uo, vo). We can
show that(u,, v) > py (us,, vs,) DY @ sweeping argument. Indeed, if we define

8* :=sup{n € [8, 80l: (s, v4) = py (uy, vy},

then by the monotonicity property aof and the continuous dependencesauf the (strict)
lower solutions(us, vs), we easily deduce that = 8o and (., v) > p, (150, Vs,). There-
fore (us, vi) & [(U—sy, V—5y), (Usy, Usy)]. This implies thalug, vo) is unstable. O

We now relate (3.14) to the spectral raditd.) of the linear operatol.: Eqg — Ej,
where L denotes the Frechet derivative 8{u, u, v) with respect to(u, v) at (ug, vo),
namely

L = D(u,v)A(M’ uo, UO)
THEOREM 3.10. Let (ug, vg) be a positive solution of3.1). Then(3.14) has a solution
(h,k) € Pp\ {(0,0)} witho > 0if r(L) < 1; it has a solution(h, k) € Py \ {(0,0)} with
o <0ifr(L) > 1.

In the proof of Theorem 3.10, we will need the following version of the well-known
Krein—Rutman theorem (see [De], Theorem 19.3, and [Am], Theorem 3.2).
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THEOREM 3.11. Suppose thak is a Banach space with a positive coRewhich has
nonempty interigrand B is a compact linear operator itX, which is strongly positive
B(P \ {0}) Cint P. Thenr(B) > 0 and there exists a unique) € int P such thatBxg =
r(B)xo, ||xoll = 1; there existsp € X* such that¢(x) > 0 for x € P \ {0} and B*¢ =
r(B)¢.HenceBx —r(B)x ¢ P\ {0} foranyx € X.

PROOF OFTHEOREM 3.10. It is easily checked thdt is compact and strongly positive
in Eg. Therefore we can apply Theorem 3.11 to fiiag, ko) € int Py such thatl (ho, ko) =
r(L)(ho, ko). Suppose (L) < 1 and define, fos > 0,

Lo(h, k) =L(h, k) + o (—=A + M), k).

ThenL, is compact and strongly positive i£y. Hence, by Theorem 3.1%(L,) > 0 and
there exists a uniqué:, k,) € int Pg such that

Lo (ho ko) =r(Lo)ho, ko), |[Ghg ko) =1.

By the uniqueness ofi,, k,) and a standard compactness argument, we easily see that
r(Ly) varies continuously witly. We also have

o L) =r(c L+ (—A+M) ) 5 r(—A+ M) >0 s — .

Thereforer (L, ) > 1 for all largeo . Sincer(Lg) =r(L) < 1, there existgg > 0 such that
r(Lgy) =1,1.€.,Loy(heg, koy) = (hoy, ko). It is easily seen that this implies th@t,,, ko)
solves (3.14) withr = oyp.

Suppose now (L) > 1. We then consider, far > 1, the family of operators

L (h,k) == (—A+oM)™*
x (gu(uo, vo)h + gy (uo, vO)k, hy (uo, vO)h + hy (1o, VO)K).

We easily see thak? is a compact and strongly positive operatorAp, and hence by
Theorem 3.11, there exists a uniq€ , k°) € int P such that

Lo k) = r(17) (1 67), | (0% 8)] gy =1
As before, by the uniqueness @, k) and a standard compactness argument, we easily
see that(L?) varies continuously witls. We claim that(L?) — 0 asoc — oco. Indeed,
if we write L° (h°, k%) =r(L°)(h°, k?) in its differential equation form, we obtain

—Ah® + o Mh° = r(L”)fl[gu(uo, vo)h? + gy (uo, UO)kU],

—Ak? +o0Mk° = r(L")_l[hu(uo, vo)h? + hy(uo, vo)k"],

ha‘ag :ka|a.@ =0
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Therefore there exists a large const@nt 0 such that
[ (v P+ oM Pyar < r(ee) e [ (e e e
2 2
/(|Vk"|2+aM|k(’|2)dxgr(L")_lcf (1177 + |k |) d.
2 2

It follows that

r(L‘T) < Zﬁca_l

—0 &0 — 0.

Sincer(LY) = r(L) > 1, we can finds° > 1 such that(L°°) = 1 and hencd.”’ (h°°,
k“o) = (h"o, k"o). Writing this in the form of differential equations, we find thiafo, k"o)
solves (3.14) withr = (1 — %M < 0. O

We now discuss the stability of the maximal positive solutiars v#*) and the minimal
positive solutiongu,,, v,) of (3.1). Suppose. < 10, and foru € (14, 1°), denote

LM = Dy A u v"). 0% = {p e (. n%): (L") <1},

By Theorems 3.9 and 3.10, we know thiat', v*) is asymptotically stable whem € O*.
Furthermore, by the implicity function theorer®* is an open set an@:*, v*) varies
continuously withu for u € O*. The following result shows that the measurgXfis the
same as that of the intervgk,., ©°).

THEOREM3.12. The sef(u,, 1% \ O* has measure zero iR?.

PrROOF We use ideas from [Dul], Section 3. To simplify notation, we denote) :=

(u*, v*). From the monotonicity oA, we easily deduce that(i1) <p, W(i2) when
u1 < p2. Moreoverw(pu) is right-continuous ine. Indeed, suppose, decreases ta; by

a compactness consideration we find that subject to a subsequé&pge,— w in Eg and
w = A(u, W). Sincew(u) < p, W(r,), we deducev(p) <p, w. Butw(u) is the maximal
solution and hence we necessarily hawe- w(u). This implies that lim/_, ,.ow(u') =

w(uw). We divide the rest of the proof into several steps.

STEP 1. If w(u) is discontinuous afi € (i, 1), thenw(i ™) := lim,_, s—oW(u) exists
and A(ft, W(iL™)) =W(L™) K py W(iL).

Let {un} C (u+, n0) be an arbitrary sequence increasingitorhen
W () >t () > uf (), ot () < vt () <ot ().

Therefore(ii(x), 0(x)) := lim,_ o (u"" (x), v (x)) exists and the limit is independent of
the choice of{u,}. A simple compactness argument shows thét,) — W := (i1, 0)



Bifurcation and related topics 159

in Eg. Clearly we haveW = A(i, W). We must havei # w(j1) for otherwisew(u)
would be continuous afi. Sincew() is the maximal positive solution, we must have
W < p, W(i1). By the monotonicity ofA we deducev < p, w(i2). This proves Step 1.

STEP2. O* has the following alternative expression

. w(p) —w(u
w'—>u—0 n—=pu

If i € O*, then by the implicity function theorem, we know that> w() is C* nearjt
and hence

. w(it) —w .
lim_ Ll kol Ly |Dw(i) | < +o0.

aad n—=HRr
Conversely, suppose that, for some sequemgencreasing togi, we have|w(i) —
w(u)ll/ (@ — ) — B € [0, +00). Then by Step 1, we know thai() must be con-

tinuous ati. Denotez, := (W(L) — W(u,))/llw(i) —w(w,)||. We obtain

_ A WD) = A, W)
" WG — WG|
ﬂ_ﬂn R . A
= Wi —waep A D) + Lz, +o(d).
||W([L)—w(un)||( nA(fL, W) +0o(D) + L"z, + o(1)

Sincezo := D, A(f1, W(i1)) > p, O, the above identities imply th# > 0 and

2, = B Y20+ L"z, + 0o(1).
From this and the comgactnessb‘?, it follows that, subject to a subsequeneg— 2
in Eg, andz = B~z + L"2. Sincez, > p, 0and||z,|| = 1, we have? > p, 0. If r(L") > 1,
then we deduce

LM=2) —r(LM)(~2) 2p 2~ L*2= 7229 > p, O,

a contradiction to the last conclusion of Theorem 3.11. Therefore we must Hae < 1.
This proves Step 2.

STEP3. If w(y) is continuous afi € (1, 10 andlim,,_, 5 _o(W(2) —W(u))/(it — n) =
400, then there exista (1) > 0 such that

w Za(uw)wo,  lim  a(p) =400, (3.16)
H—p n—>p—0

wherewg € int Py is the unique solution ta*wg = r (L)W, |wol = 1.
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Definez(u) := (Ww() —w(w))/l[w(ir) —w(u)|. Then foru — 1 — 0, we have
— A, W) — A(u, W(p))
Z(u) = A
Iw(ia) —w(u) |l
- o A
=—(D,A s 1 L;L 1
IW(R) —w(w)| (DuA(f W) + 0(D)) + LF*z(1) +0(1)
= L7z(p) + o(D).

From this and a compactness argument and the uniquenegswé easily deduce that
z(w) — Wp as u — f1. Sincewp > p, 0, we find that for allx < & but close tof,
z(w) =p, (1/2)wg and hence

M>O€(M)WO
p-u ’

where

_ Liw() —w

— 400 asu— i —0.
2 =

a(u)

This proves Step 3.
STEP4. The sei(iu,, 1% \ O* has measur® in R,

Let I be a nontrivial positive functional oo, i.e.,/ € P§ \ {0}, where Py := {e €
Ej: e(w) > 0forw e Po}. Define f: (uy, u% — R by f(u) =1(w(w)). Then f(u) is
increasing and hence has finite derivatives almost everywhére.in?).

If e (us, u® \ 0% then by the conclusions in Steps 1-8(u) is either dis-
continuous ati, or it is continuous afi but (3.16) holds. In either case we deduce
(F(Q) — f(w) /(L — ) — +oo asu — i — 0. Therefore(uuy, 1% \ O* must have mea-
sure 0. O

Let us now consider the stability @f(u) := (u#, v*) for u € [+, 1% \ O*. We have
the following result.

THEOREM3.13. Let i € (4, u°) \ O*. Then the following hold
(i) If w(w) is continuous afi, thenw(j1) is asymptotically stable
(i) If w(uw) is discontinuous afi, thenw(p) is unstable
(iii) If w(u) is discontinuous afi, thenw(i™) :=lim,_, ;_owW(u) is asymptotically
stable

PROOF. We first claim that (L*) = 1, whereL# := Dy A (7, w(R)). Indeed, we can find
w, € O* decreasing tqu. It follows by the right—con}inuity ofw(u) on u thatr(L*) =
lim,— oo r(L*) < 1. Sincen ¢ O*, we must have (L*) = 1. This proves our claim.
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We can now easily check that all the conditions in Theorem 1.3 are satisfied by
F(u,w) :=w — A(u, W) with (Lo, vo) = (&, w(a)). For example, the condition

follows from the last conclusion in Theorem 3.11, sinEg(ji, w(i1)) = —(O, vy e
(—Po) \ {(0,0)} and Fy(t, w(j1)) = I — L. Hence the solutions off — A(u, w) = 0
near(f, w(ix)) form a smooth curve

(1, W) = (uu(s), W(Q) +sWo+T(s)), s € [—s0.50]. 50 >0,

with 1(0) = 1, /(0) = 0, 7(0) = 7/ (0) = 0, andwp > p, O satisfiesL wg = wp. Since
A is analytic, so are:(s) andz (s). We cannot have(s) = 0 since by the right-continuity
of w(w),

(. W) — (&, w(p)) asu— +0. (3.17)

Therefore there exists some integet> 2 such thatu/(0) = --- = u*~9 () = 0 and
w®(0) £ 0. We claim thap® (0) > 0, for if ®(0) < 0 andk is even, themu(s) < f for
all small|s|, and hencéeF' (i, w) = 0 has no solution neay:, w(i)) with u > /i, contra-
dicting (3.17); ifu™® (0) < 0 andk is odd, then fos < O close to 0, we havg(s) > & and
Wy :=W(i) + sWo + 7(s) K p, W(2), which implies that fop. > i but close tqgi, the only
solution (p, w) of F(u, w) = 0 close tow(j1) satisfiesn < p, W(jt), contradicting (3.17)
and the fact thatv() > p, W(j2) for u > ji. Therefore we always haye® (0) > 0.

If k is odd, thenu(s) crossegi ass increases across 0. We show thif.) is continuous
at 1. Otherwise by Step 1 in the proof of Theorem 3.@2u) — W(L ™) < p, W(iL) as
u — i — 0. This implies thawv(u(s)) < p, Ws for all s < O close to 0, contradicting the
fact thatw(u(s)) is the maximal positive solution. This proves the continuityof) at .

We may assume thap has been chosen small enough such fh@at) < i for s €
[—s0,0), u(s) > i for s € (0, sg], and

Wy L py W(t) fors e [—s0,0), Wy 3> py W(r) fors e (0, sol. (3.18)
By the monotonicity ofd, we have

Wy = A(1(s), Ws) <py A(, W) fors € [—s0,0),
Wy = A(u(s), Ws) >py A(L, W) fors € (0, sol.

Therefore{w;: s € [—so, 0)} is a continuum of strict lower solutions of (3.1) with= /i,
and{w;: s € (0, sp]} is a continuum of strict upper solutions of (3.1) wjth= /. Now
the argument in the proof of Theorem 3.9 can be repeatedwyith € [—so, so] replacing
(us, vs), 8 € [—80, 80], to conclude thaiv(j1) is asymptotically stable.

If kis even, thenu(s) > i for |s| small and hence there is no solutign, w) close
to (i1, w()) with u < 1. Thereforew(u) has to be discontinuous @t As before we
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may assume thafg is small enough such that (3.18) holds an¢s) > 4 for all s €
[—s0, s0] \ {O}. Then

WS = A(I’L(S)vwi‘) >P0 A([)’7WY) fOI‘S € [_sOﬂ 0)7

and hencdws: s € [—sg, 0)} is a continuum of strict upper solutions of (3.1) wjih= /i.
By an analogous consideration as in the proof of Theorem 3.9, we find that the unique
solution of (3.13) withu = & and with initial dataw, decreases in the ordeip, asz in-
creases, and it converges to a steady-state of (3.13}as0, sayw,. Sincew, < p, W;,
it follows by a sweeping argument thas, <p, W_g,. This implies thawv(j1) is unstable.

It remains to show conclusion (iii). So we assume tWat.) is discontinuous aft.
Let u, € O* be a sequence increasing fioand denotel := DywA (1, w(i™)). Since
W(u,) — w(ia~) andr(L*) < 1, we deduce (L) =lim,, oo r (L) < 1. If r(L) < 1,
then the asymptotic stability @f( ) follows from Theorem 3.10. Suppose next) = 1.
Then we can again apply Theorem 1.3 to conclude that the solutioms=0f (., w) near
(1, w(a ™)) form an analytic curve:

(1, W) = (u(s), W(A7) 4+ sWo + 7(s)), s € [—s0,s0], 50> O,
with 1 (0) = 2, 1/ (0) =0, 7(0) = ' (0) = 0, andwp >> p, O satisfiesLwg = wg. Since
W(p) = W(i") asp— 1 —0, (3.19)

we must haveu(s) £ 0, and hence there exists> 2 such thap/(0) = - - - = u*~D(0) =0
and ©®(0) #£ 0. We claim thatk is odd andu® (0) > 0. Indeed, ifk is even and
w®(0) >0, thenu(s) > i for |s| small. This implies thatv = A(u, w) has no solu-
tion close to(, w(1™)) with i < fi, contradicting (3.19). Ifk is either odd or even,
but . ®(0) < 0, then fors > 0 small, u(s) < i andw;, := W(i~) + swo + 7(s) >>p,
W(iL7) > p, W(i(s)), contradicting the fact that(u(s)) is the maximal solution of (3.1)
with = u(s). This proves our claim. Now the asymptotic stability w{i~) can be
proved as before, since (3.1) with = 4 has a continuum of strict lower solutions
{ws: s € [—s0, 0)}, and a continuum of strict upper solutiofvg,: s € (0, so]}. |

REMARK 3.14. By standard regularity theory for parabolic equations, a steady-state
(ug, vo) of (3.13) is asymptotically stable ity implies that it is asymptotically stable

in L>®(£2)2. Under a slightly different definition for “asymptotically stable” solutions, the
result of Theorem 3.13 was proved in [Da6] by a combination of fixed point index and
local bifurcation argument. See also [Da7] for related results.

We have parallel stability results for the minimal positive solutigns, v,,). More pre-
cisely, suppose that* > uo and foru € (1o, ©*) denote

Ly = DA, ty, vy, O, = {u € (uo, ,u*): r(Ly) < 1}.

THEOREM3.15. The sei(uo, u*) \ O, has measure zero iR?.
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THEOREM 3.16. z(u) = (u,,v,) is left continuous in(uo, u*). Moreovey for
€ (o, u*) \ 0%, the following hold
(i) If z(n) is continuous afi, thenz(j1) is asymptotically stable
(i) If z(n) is discontinuous afi, thenz(i) is unstable
(i) If z(u) is discontinuous afi, thenz(it) :=lim,_, ;,0z(n) is an asymptotically
stable positive solution of3.1).

Theorems 3.15 and 3.16 can be proved by analogous arguments to those used in the
proofs of Theorems 3.12 and 3.13. We omit the details.

REMARK 3.17. If (u"+,v"*+) exists, i.e., (3.1) has a maximal positive solution with
= 1, then by the proof of Theorem 3.13, we easily see that it is unstable. Similarly,
if (u,, v,+) exists, it is unstable.

3.3. Stable patterns

We show that the global bifurcation branch of (3.1) discussed in Section 3.1 can be better
described ife is small. Moreover, we will show that, as— 0, u* — oo and the minimal
positive solution(u,,, v,) develops a sharp pattern determinedbly). A key ingredient

in our analysis here is the following degenerate model, that is, (3.1)ewitl

—Au=Mu— b(x)u2 —cuv,
—Av=pv—v2—duv, (3.20)

ulpe =vlse =0.

We will regard (3.20) as a limiting problem for (3.1) with smallin a sense, our strategy
here is similar to that of Section 2.2, where the perturbed problem (2.10) was studied by
making use of the limiting problem (2.1); here we study the perturbed system (3.1) by its
limiting problem (3.20). We will mainly follow [Du4].

We firstly apply a global bifurcation analysis to (3.20). The following a priori estimate
is crucial to our analysis; we refer to [Du4], Theorem 2.1, for its proof, which is quite
involved and uses some ideas in Section 2.

THEOREM 3.18. Given real numbera and M, there exist = C(A, M) > 0 such that
any positive solutioriu, v) of (3.20)with u < M satisfies

lullLoo(2) + lvllLeo2y < C.

Let us observe that (3.20) behaves similarly to (3.1){%f< A< Afo. Indeed, we have a
trivial solution branchl“o0 :={(u,0,0): ueRY}, two semitrivial solution branchelﬁl0 =
{(,u3,0): e RY and 1Y := {(1,0,6,): > A}, whereu;, is the unique positive
solution of (2.1) withp = 2. Moreover, we can apply the local and global bifurcation
analysis of [BB2] as in Section 3.1 to conclude that there exists a global bifurcation branch
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of positive solutions of (3.20), denoted 6y°, which bifurcates from? at (jio, u;., 0)
and joins Iy at (110, 0,6,,0), wherejio = A{? (du,) and 1.0 is given by (3.9). We now
find that all our discussions in the rest of Section 3.1 and in Section 3.2 can be applied
to (3.20) and yield the same results. Therefore we may conclude thaw?nem <At
(3.20) and (3.1) behave similarly. It is also easily seen that they behave similarly when
A<Af.

We will show next that, when

n= A, (3.21)

essential differences arise between (3.1) and (3.28. henceforth assume that
(3.21) holds The first difference is that the semitrivial solution brarﬁﬁ disappears,
thoughFO0 andFZO are unchanged. We can still apply a local and global bifurcation analy-
sis to (3.20): A local bifurcation analysis alor@’ shows that a branch of positive so-
lutions I"° bifurcates fromry at (1°2,0,6,0) € I'y; by Theorem 3.18 and Rabinowitz's
global bifurcation theorem and the strong maximum principle, we find fHfais un-
bounded through: becoming unbounded. Moreover, if (3.20) has a positive solution
(u, v), thenp = A (v +du) > 1. Thereforel"® becomes unbounded through— +oo.

I'° can be further described by making use of the monotonicity property of (3.20) as
in Sections 3.1 and 3.2, and we collect these results in the following theorem (see
[Du3] and [Du4] for a detailed proof).

THEOREM3.19. Supposé. > AfO(O). Then
(i) (Existence and nonexistenceThere existgi, < 10 such that(3.20)has no posi-

tive solution foru < fi4, and it has at least one positive solution for> fi..

(i) (Multiplicity and stability.) If i, < u°, then(3.20)has at least two positive solu-
tions foru € (fix, 1%, and at least one positive solution far= ji... Moreover at
least one positive solution is asymptotically stablefos (ji«, 10).

(iii) (Continuum.) All the positive solutions of3.20)stated in(i) and (ii) above can be
chosen from the unbounded positive solution braR€which joins the semitrivial
solution (., 0, 6,,0) and oo.

REMARK 3.20. Ifd > 0 is small, theni, < u°; see [Du3], Theorem 3.6, for some esti-
mates offi.

We now come back to (3.1). To emphasize the dependeneewa denote the global
positive solution branch of (3.1) b¥¢, instead ofl” used in Section 3.1. Let us observe
that the trivial solution branclip and the semitrivial solution brandfy = {(u, 0,6,,)} are
independent of, as isu® given by (3.9); but; is e-dependent and we henceforth denote
itby I'Y = {(1, ¢5, 0)}. Similarly, we replace., andu* by . (¢) andu*(e), respectively.
We also replacewg by ro(e), which, we recall, is given byg(e) := Af(dq&i). Ase — 0,
the behavior ofp} is described by Theorem 2.6. We now consider the behavipip6f)
(see [Du3] and [Du4] for a proof).
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PROPOSITION3.21. Ase — 0, uo(e) = Af(dqu) — Af*(dgx), which is finite Here
24 :=£2\ 20, U, is the minimal positive solution ¢®.3)with p = 2, and)»i2+ du,)is
defined by

2 . 2 .
A HdU,) :=nll_)moo)nl+(m|n{n, dU,}).
Next we study the changes in.(¢) andu*(¢) ase — 0.

PrROPOSITION3.22. The functions — u*(¢) ande — w4 (e) are both nonincreasing
Moreoverylim,_.ou*(e) = oo andlim,_ g (&) = i+ < [i4, Whereji, is defined in Theo-
rem3.19.

PROOF We first show that — u*(¢) is honincreasing. Ife* (¢) = max{u®, no(e)}, then,
since uo(e) = Af(d¢§) is nonincreasing witte, there is nothing to prove. Ifi*(¢) >
max{( 12, o(e)} for somes = go > 0, then by Theorem 3.6, (3.1) with=go and u =
w*(eo) has a positive solutiofug, vg). Leteg € (0, o). Then

—Aug < Aug — (b(x) + 81)u(2) — CuQUo.

Hence(ug, vo) is an upper solution to (3.1) with= ¢1. Sinceu = u*(g0) > ro(eo), if we
choose:; close enough teg, thenu > 1p(e1) and hence the problem

—Av=pv—v’— dé*v, vlse =0,

has a unique positive solution, . It is easily checked tha(wil, ve,) IS @ lower solution
to (3.1) withe = £1. Moreover, it is easily seen thagf* > ¢:° > ug andv,, < vo. Thus,
by standard upper and lower solution argument for competition models, (3.1} withy

has a positive solutiofu, v) satisfyingug < u < u,, andv,, < v < vo. By the definition
of u*(g), we must havec* (e1) > u = u*(eg). Thuse — u*(e) is always nonincreasing.

The fact that — . (¢) is nonincreasing can be proved by a similar argument.

Next we prove that*(¢) — oo ase — 0. We view (3.1) as a perturbation of (3.20) and
use a degree argument. Given ghy max{)»i2+ (dU), (i}, by Theorem 3.18, we can find
a constantC > 0 such that any positive solutidim, v) of (3.20) with u € [0, [i] satisfies
lullo < C. Note also that we always have< 6, < 6;. We now recall the definition of
A(u,u,v) in Section 3.1. By enlarging, n and M there, and replacing there by if
> [, we find that the properties of are retained for all smal > 0. To emphasize the
dependence on, we denoteA (i, u, v) by A7, (u, v).

To use a fixed point index argument, it is convenient to work in the spaeeC(£2) x
C(£2) with the natural positive con® := {(«,v) € E: u > 0,v > 0}. If we defineA :=
{(u,v) € E: 0<u <&,0< v <n}, then it is easily checked thatZ:A—> P and is
completely continuous for all smadl> 0 andu € [0, ji]. Let us now consider the fixed
pointindex, index (A9, A). When)clQ < u < fix, the only nonnegative solutions of (3.20)
are (u,v) = (0,0) and (u, v) = (0, 6,,), both are linearly unstable solutions of (3.20). By
Dancer’s fixed point index formula [Da2], for sugh

indexp (A2, (0,0)) = indexp (A9, (0,6,)) =0.



166 Y. Du

Therefore,
indexp (A9, A) = indexp (A2, (0,0)) + indexs (A9, (0,6,)) =0.

As Ag has no fixed point 0@ p.A (the relative boundary aofl with respect toP) for any
u € [0, ii], by the continuity property of the fixed point index (see [Am]), ingéex®, A)
is independent of. € [0, 1] and is thus identically zero.

Consider nowu € (19, 2]. For suchu, the trivial solution(0, 0) of (3.20) is linearly
unstable and hence has fixed point index 0, but the semitrivial sol(@i@h,) is linearly
stable, and therefore it has fixed point index 1. It follows that we can find small neighbor-
hoodsNp of (0, 0) and N1 of (0, 6;) such that

indexp (A%, A\ (No U N1))

= indexp (Ag, A) — indexp (A%, 0,0)) — indexp(A?.L, (0,67))
=0-0-1=-1.

It follows from the continuity property of the fixed point index that, for all sufficiently
smalle > 0, indexP(Af.L, A\ (NogU N1)) is well defined and equals indﬁKAg, A\ (NoU
Nyp)) =-1. ThusAf2 has a fixed pointu, v) in A\ (No U N1), i.e., (3.20) has a positive
solution with i = i for all smalle > 0. In particular,u*(e) > . As 1 is arbitrary, this
implies u*(e) — oo ase — 0.

Let us now prove that ligy, o u.(e) < ftx. Sinceu,(e) is nonincreasing witte and
() < 0, fiy :=lima_ o u«(e) exists. If iy > fix, then sincel, < u°, we must have
s < 0. By Theorem 3.19, (3.20) with = /i, has a positive solutiofuo, vo). It is easily
checked thatug, vp) is a lower solution to (3.1) withw = 1, for any e > 0. Moreover,
sincefi, < u°, A = AL (c6,0) > A (cbj,), and thus, the problem

—Au=Au — (b(x) + £)u2 —cOpu, ulpe=0,

has a unique positive solutian®. Clearly (u*, 6;,) is an upper solution of (3.1) with
U= fly, anduvg < 0, , uo = u*. Thus, (3.1) withu = i, has a positive solution, and
henceu,(e) < f14. But this impliesii, < i+, a contradiction. Therefore, we must have
s < fli, @S required. O

By Propositions 3.21 and 3.22, we find that, for sma# 0, uo(e) < u*(e), and for
fixed u > Af* dU,), u € (no(e), u*(e)) holds for all smalk > 0. Therefore, (3.1) has a
minimal positive solutior(uz, v;). We are interested in the profile Oi‘; v;) ase — 0.
To simplify notation, we will denote this minimal solution By®, v*) when its dependence
on u is not emphasized. For technical reasons, in the following theorems we require
Af+(dl7,\), whereU,,_is the maximal positive solution of (2.3) with = 2. Under some
mild conditions orb(x), Uy, = U,.,see Remark 2.3.

THEOREM 3.23. Suppose that > );1% andu > Af* (dU,). Then the following conclu-
sions hold
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(i) w®,v*)— (c0,0) uniformly on, o B

(i) Uy <lim,_ qu®, limg_ou® < u,v,< lim,_, gv%, lim,_ov® < V,, where the
limits are uniform on any compact subset@f\ £, (v,.v,) and Uy, V,) are re-
spectively the minimal and maximal positive solutions of the boundary blow-up problem

—Au = tu — b(x)u? — cuv, x ey,
—Av = pv —v? —duv, X € 24, (3.22)
ulpe =vlpe =0, )y, = 00, Vg, =0.

Moreovery for any positive sequende,,} that converges t®, {(u°", v®")} has a subse-
quence that convergesniformly on any compact subset@f\ 2, to a positive solution
of (3.22).

We omit the rather involved proof of Theorem 3.23 here, and refer the interested reader
to [Dud4]. Let us note that for smal > 0, the above result shows that®, v¥) exhibits
a sharp pattern over the underlying domain «° is large overs2g and is positive and
of order 1 overs2,; v¢ is small overs2p, and it is positive and of order 1 ove?, . Our
next result demonstrates that an intuitively clearer pattern is given by a rescaled version
of (uf,v®), namely (@°, v¥) := (eu®, v®). It is easily checked that:®, v¥) is a minimal
positive solution of the following competition model

—Au=\u — [8_1b(x) + 1]u2 —cuv,
2_ e lduv, (3.23)

ulpe =vlse =0.

—Av=puv—v

Clearly (z?, v*) has the same stability properties(as, v*) in (3.1) when regarded as a
steady-state of the corresponding parabolic problem of (3.23).

THEOREM3.24. Suppose that > Afo andu > Af+ (dU,). Then the following are true
(i) (@4, v®) — (8, 0) uniformly ons2o, where 6, is the unique positive solution of

—Au=iu—u? inQo, ulsgn,=0.

(i) Forany positive sequeneg — 0, {(u®", v®")} has a subsequence that converges to
(0, V) uniformly ong2 \ 229, whereV € C(£2 \ £20) and is the second component of some
positive solutionU, V) of (3.22).

Again we refer the proof of Theorem 3.24 to [Du4]. The above two theorems give us a
rather detailed description of the spatial pattern of the minimal positive solatipry,)
with smalle > 0. By Theorem 3.16, this solution is asymptotically stable exactly when its
dependence op is continuous aft, which is the case for almost all. If its dependence
on u is discontinuous at somg, then

(ﬁ{ 08) = Mﬂrl‘rl]Jro(uZ, vli) (3.24)
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Fig. 1. Bifurcation diagram for (3.1) and (3.20).

is a positive solution of (3.1) witlhk = /1, and it is asymptotically stable. Equation (3.24)
implies that, for fixed smalt > 0, (u%, v°) has the spatial pattern similar ¢a¢, , v;) with
u > [ but close tgi.

The bifurcation diagram (Figure 1) describes a possible scenario of the global bifurcation
branches for (3.1) and (3.20) with> Afo.

3.4. Remarks

1. If £29 is not connected but consists of finitely many components, then our results in
Sections 3.1 and 3.2 are not affected, and the results in Section 3.3 can also be extended to
this case, see [Du4] for details.

2. The strategy employed here for the competition model (3.1) has been used to study
certain predator—prey models; see [DD2] and [DHs] for details, and [Du5] for a survey.
Since the predator—prey models do not have any kind of monotonicity property, the tech-
nigues there are very different from here.

3. Itis an interesting problem to see what new features arise if we have at least two
nonconstant coefficients in (3.1) that are close to zero in certain parts of the domain.

4. Our method works as well if (3.1) has the following more general form

— div(dl(x)u) = Aa1(x)u — [b(x) + e]uz —c(x)uv,
—div(d2(x)v) = paz(x)v — e(x)v? — d(x)uv, (3.25)
Bulye = Bvlpe =0,
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where the coefficient functions are positive exdeft) which is allowed to vanish on part
of the domain, and the boundary operaBois either Dirichlet, or Neumann or Robin type.

5. In a series of recent papers, Hutson—Lou—Mischaikow—Polacik studied various per-
turbations of the special competition model

Uy — pAu = a(x)u —u? —uv, (x,1) € 2 x (0, 00),

v — pAv=a(x)v —vZ—uv, (x,1)€ 2 x (0,00),
u,=v, =0, (x,1) €082 x (0, 00),

and obtained interesting results revealing some fundamental effects of heterogeneous en-
vironment on the competition model. We refer to [HLM,HLMP] and [HMP] for details.
Further related results can be found in [AC,CC,CCH,Lop1,LS].

6. Several general approaches have been developed in the past two decades to
study (3.25). For example, the method of monotone iterations and order preserving op-
erators was developed and used by Pao [Pao], Koman and Leung [KL] and many others;
the method of global bifurcation was introduced by Blat and Brown [BB1,BB2]; and the
fixed point index approach was developed by Dancer [Da3,Da4]. These methods were
applied to (3.25) with constant coefficients, but they work as well with nonconstant coef-
ficients to yield similar results. Therefore it is difficult to rely on these methods alone to
reveal the effects of heterogeneous environment on (3.25).

7. The spatial behavior of positive solutions of the two species competition model has
received extensive studies even in the constant coefficient case, i.e., when the spatial envi-
ronment is homogeneous. In [KW], it was shown that, if the spatial dorf?ais convex,
then problem (3.25) with constant coefficients and Neumann boundary conditions has no
stable positive steady-state that depends oie., all its stable positive steady-states are
constant solutions. On the other hand, in [MM], spatially variable stable positive steady-
state solutions were constructed for certain noncoriRefsee also [KY]). In [DD1], it
was proved that in the strong competition case, positive steady-states of (3.25) with con-
stant coefficients tend to segregate as&eri.e.,uv is close to 0 withu close to majw, O}
andv close to mat—w, 0}, wherew is a sign-changing solution of a scalar elliptic equa-
tion deduced from this competition system. In [LN2,LN1], the competition model with
self-diffusion and cross-diffusion was closely examined and the existence and asymptotic
profile of space dependent positive steady-states were obtained when certain parameters
are large; see also [Mi] and [MK] for earlier result.

8. Itis more realistic to assume that the coefficients in the competition model are also
dependent on time, for example, they are periodic in time as well as a function of the space
variablex. The general case was systematically discussed in [He]. It would be interesting
to see whether the results of Sections 3.1-3.3 here can be extended to this case.

4. Bifurcation and exact multiplicity: The perturbed Gelfand equation
Exact multiplicity of solutions to nonlinear equations is in general very difficult to obtain.

In most nonlinear elliptic problems, the number of solutions is not only affected by the
nonlinearity in the equation, it also depends on the geometry of the underlying domain
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(see [Da5]). When the underlying domain is a ball, then for many classes of nonlineari-
ties, it is possible to use a bifurcation approach to find the exact number of positive so-
lutions (see, e.g., [0S1,0S2]). A key point is that, by the well-known result of Gidas, Ni
and Nirenberg [GNN], under homogeneous Dirichlet boundary conditions, any positive
solution on the ball is radially symmetric; this reduces the PDE problem to an ODE one
and makes the exact multiplicity problem reachable. We will demonstrate this approach
through the perturbed Gelfand equation, where a perturbation argument is also needed. We
mainly follow [DL02] and [Du2].

The perturbed Gelfand equation arises in the mathematical modelling of thermal reaction
processes (see [BE], Section 1.3), which is of the following form:

—Au =2/ inQ. ulye =0, (4.1)

wheres2 is a bounded smooth domainit¥, 1 is a positive constant known as the Frank—
Kamenetskii parametet, > 0 is a small parameter representing the reciprocal activation
energy and: stands for the dimensionless temperature.

If ¢ =0, problem (4.1) reduces to the well-known Gelfand equation

—Au=2€" inQ, ulpp =0, (4.2)
If we let v = £2u andp = re2e'¢, then (4.1) becomes
—Av=pue Ve in@ yye =0, (4.3)
which has the limiting equation
—Av=pe YV inR2, vlye=0. (4.4)

We will make use of both (4.2) and (4.3) to obtain a good understanding of (4.1) for small
e > 0.

If ¢ > 1/4, thenitis easily checked that the right-hand side of (4.1) is an increasing con-
cave function ofs, and it follows easily that (4.1) has a unique positive solution for every
A > 0; see [BIS] and [CS]. For a geneal 0, it is known that (4.1) has a unique positive
solution for 0< A <« 1 andA > 1; and for O< ¢ « 1, it is known that there exists a non-
empty bounded open interval C (0, co) such that for. € A, (4.1) has at least three dis-
tinct positive solutions:1(x) < u2(x) < uz(x); see [BIS,CS,Sh,Wiel] and [Wie2]. These
results suggest that when> 0 is small, the global bifurcation brang, «)} of (4.1) is
roughly S-shaped. If the space dimension is one, then it is proved by the method of quadra-
tures that this bifurcation branch is a continuous curve and is exactly S-shaped whgn
is sufficiently small [HM], and it was further shown that this is true when ©< 1/4.4967
in [W1], and when O< ¢ < 1/4.35 in [KLIi].

It had been conjectured that the global bifurcation curve of (4.1) is exactly S-shaped
when the space dimension is two afdis a ball. (This kind of result is useful in under-
standing the profiles of the solutions to the full exothermic reaction—diffusion system; see
[MS] for details.) Parter [Pa] considered this case for the equivalent problem (4.3), and
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gave estimates of four positive valug§(s) < () < p,(e) < f12(e) such that (4.3) has
a unique positive solution if € (O, @)U [2(e), +00) and it has at least three posi-
tive solutions ifu € [fi1(¢), Ky ®)]. By using (4.2) as a limiting problem for (4.1), Dancer
[Dal] proved, among other things, that for any small positige> 0, one can find an
g0 > 0 small such that it € (0, gg), then there is a constaht(e) > 0 such that (4.1) has
exactly three positive solutions if € (Ao, A2(¢)); it has exactly two positive solutions if
A = A2(¢); and there is a unique positive solutionif- 12(¢). This leaves the conjecture
unsolved only for the small-range, O< A < Ao. This gap was finally filled in [DLo2],
where apart from (4.2), the limiting equation (4.4) was also used; we will give a proof of
this result further based on (4.4) only.

As will become clear later, when the space dimengibis greater than two, the global
solution curve of (4.1) needs not be S-shaped for smalD; it is more complicated when
3< N <9, and (4.2) will play an important role in understanding this.

4.1. The limiting equations

When42 is the unit ball, the number of positive solutions to (4.2) was completely described
in the well-known paper of Joseph and Lundgren [JL] based on a phase plane method. Their
results are summarized in the following proposition.

PROPOSITION 4.1. Suppose thaf2 is the unit ball inRY. Then there exists a finite
valuei, depending oV, such that(4.2) has

(i) no positive solution wheh > A, (1< N <9),

(ii) exactly one positive solution when= A, (1< N <9),

(iif) exactly two positive solutions whén< 1 < A, (N =1, 2),

(iv) an infinite number of positive solutions whee= 2(N —2) (3< N <9),

(v) afinite but large number of solutions whpn-2(N —2)| #Oissmall3< N < 9),

(vi) a unique positive solution wheh< A < 2(N — 2), and no positive solution for
A= 2(N —2) (N >10).

Moreover, the solution sétx, u)} is a smooth curve which can be illustrated in Figure 2.

u(0) u(0) u(0)

A A A

|
{

A A >
() N =1,2 (i) 3K N <9 (iii) N > 10

Fig. 2. Bifurcation diagrams for the Gelfand equation (4.2) over the unit ball.
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We now consider the other limiting equation (4.4). We will use a bifurcation argument
to show that ifs2 is a ball of any dimension, the positive solution cufyg, v)} is exactly
“c"-shaped. Thisis in sharp contrast to the Gelfand equation (4.2), whose positive solution
set changes structure as the dimension of the underlying domain changes. For definiteness,

we assume tha® is the unit ballB := {x € R": |x| < 1}. For convenience of notation, we
also denote

f) = foy =" fiw)=e/Cr. (4.5)
The following lemma, with a difficult and technical proof, is crucial.

LEMMA 4.2. Suppose&? = B. If u is a degenerate positive solution ¢f.4),that is the
linearized problem

—Ad =pf'(u)p, ¢lap=0,
has a nontrivial solutiorp, then¢ does not change sign iB.

PROOFR By [GNN], u is radially symmetricu(x) = u(r),r = |x|; moreoveru’(r) < 0
on (0,1]. By Proposition 3.3 of [LN]g is also radially symmetriep (x) = ¢ (r). Hence

N-1 .
9"+ Taﬁ/ +uf'w)¢p=0 1in[0,1], ¢'(0)=0,¢(1)=0.
By the Harnack inequality (or a well-known uniqueness result for the above singular
second-order ordinary differential equatiop)0) # 0. We may assumg(0) > 0.
Direct calculations give

fw)y=uY">0 Vu=>0,
£ ) =u"%e "1 - 2u).

Hence
f’(u)>0 forue(0,1/2), () <0 forue(1/2,0).
One easily sees

_uf'w) 1

o fw u

K (u)

is a decreasing function afon (0, co). We divide our following discussion into two cases:

()u©) <1 and (i)u(0)> 1.
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Consider caséi) first. Let
v(r) =rup(r) +&u(r),
where¢ is a positive constant to be specified later. Then

—Av—pf W = p[2f W) —&(f wu — fw)]
=uf@)[2—&(K @) —1)]. (4.6)

Define

ru’(r)

h) ===

rel0,1).

Clearly 7(0) = 0 and k(1) = +o00. We show in the following that’(r) > 0 in (0, 1).
Indeed,

ruf + (N = 2upu+prfu _ 2H(r) + ur Q(u(r))
2 - 2 ’

W () = (4.7)

u u

where

ruf + (N — 2u,u
2

H(r) = + purF(u(),
F(M)=/O f(s)ds, Qu) =ufw) —2F (u).

Here and in what followsy, is sometimes used far' to avoid notation like:'?.
If N =1,2, thenitfollows from the first equality in (4.7) that(r) > 0 in (0, 1). There-
fore, we need only conside¥ > 2. A simple calculation gives

[P"rH®] = w26 (u(r)  with Gu) = NF(u) — NT_zf(u)u.
Clearly,G(0) =0 and

) N+2 N-2,
G (M)ZTf(u)—Tf(u)u

R RV (N + 2)M2— (N — 2).

It follows that

G'(u) <0 on[0,y), G'(u)>0 on(y,o0),
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wherey = (N — 2)/(N + 2). Therefore, we have eith&f(u) < 0 on (0, c0) or G(u) <0
on (0, y0) andG (1) > 0 on(yp, oo) for someyy > y. We show that actually only the latter
alternative can occur. Indeed,f(u(r)) <0 for all r € [0, 1], then

2 1
0< u'—;l):H(l):/ uerlG(u(r))drgo.
0

This contradiction showsgy exists, and moreover,
u(0) > yo (4.8)

wheneverN > 2 andu is a positive solution of (4.4) witl2 = B.
Let ¢ be uniquely determined hy(z) = y0. We have

[PN " HE)] = w6 (u() >0 Vre(0,1),

which impliesH (r) > 0 for r € (0, t]. Moreover, forr € (¢, 1], G(u(r)) < 0 and therefore

1
rN_lH(r) =HQ) — / ,urN_lG(u(r)) dr

u?()
_— >

>H1)= >

0.

Thus we always havé/ (r) > 0 on (0, 1].
SinceQ(0) =0 and

O'w)=uf'(u) — fu) = f(u)[K(u) - 1] >0 Vuel0),

we haveQ(u) > 0 on[0, 1) and hence, by (4.7}'(r) > 0 on (0, 1), as required.
Denote

2

H = e =1

Thenu(r) is strictly decreasing far € (0, 1], and by (4.6),

—Av—uf'wv=gr), gr)=npnf@[Kw —1][n@r)—-&]

With these preparations, we are now ready to showgh@des not change sign iB in
case (i). We argue indirectly. Suppagé-) has a zero in0, 1). Then we can find G 71 <
t2 < 1 such that

¢(11) =0, ¢(r)>0 Vrel0,1),
¢ (12) =0, ¢(r)#0 Vre(z,D.
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Now we choosé& = Ah(ty) in v =ru, + &u, and have two subcases to consider
(@u(n) =& and (b)u(n) <§.

We have

v(r) =ruy + h(t)u=u[h(ty) —h(r)] > v(t1) =0 Vr €0, 1),
(4.9)

v(r) <0 Vre(n,l.

In subcase (a), we easily sg¢) > 0 on (0, #1), and hence, using(t1) = 0, we arrive
at the following contradiction

0< f Cenp i o= f [—Av = uf W] = f vp, =0, (4.10)
0

B’l 8B’tl

where we useB, = {x e RV: |x| <r}.

In subcase (b), we may assurmi€¢r) > 0 on (12, 1) for otherwise we can replacg
by —¢. Moreover, one easily see$r) < 0 on[r1, 1]. Then by (4.9) ang’(2) > 0> ¢'(1),
we also arrive at a contradiction

1
O>/ g(r)¢(r)rN71dr

7]

= [ [-av-usande
B\Bi,

:/ —voy +f v, > 0. (4.11)
3By, 9B

This proves the lemma for case (i).

Next we consider caqé) whereu(0) > 1. We can find O< r1 < r» < 1 uniquely deter-
mined by

u(ry) =1, u(ro) =1/4.

We first showe (r) £ 0 on (0, r1]. To this end, we choose(r) = u(r) — 1/4 as a test
function. Clearly

—Aw —pf' Ww=pq), q@w)=fu)— f@w-—1/4).
We have

q'(w)=1/4—uw) f" W),
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which is positive on(0, 1/4), negative on(1/4,1/2) and positive on(1/2, co). Since
q(0)=1/4f'(0) =0, it follows

qgw) >q(1/2)= f(1/2) —1/4f'(1/2) =0 Vu > 0.
Hence
—Aw — puf'(w)w=pugw) >0 onB.

If ¢(r) has a zero in0, r1], then we can find € (0, r1] such thai () > 0 on[0, t) and
¢ () =0.Usingw(@) =u(t) —1/4> u(r2) —1/4=0, we deduce

t
0< / nq ()¢ r)r "tdr = / [—Aw = puf (w]g = / wey < 0.
0 ]

By By
This contradiction finishes our proof fen(r) £ 0 on[0, r1].

Next we suppose () changes sign if0, 1) and deduce a contradiction. Singé) £ 0
in [0, r1], we can findr1 < t1 <12 < 1 such that

¢ (1) =0, ¢(r)>0 Vrel0 ),
¢(12) =0, ¢(r)#0 Vre (1.

We now definev(r), h(r), u(r) andg(r) as in case (i), and chooge= h(#;) in the
definition ofv(r). Sinceu(r) < 1 on{[ri, 1], our arguments in case (i) give

W(@E)>0 on(ry,l).
Hence
v(r) =ulh(ty) —h(r)] > v(t1) =0 Vr €[ry, 1), v(r) <0 Vre(r,1].

If w(r1) > &, then sinceu(r) is strictly decreasing o0, 1) andK (u(r)) < 1 on[0, r1),
K (u(r)) > 1on(ry, 1], we have

g =pnf@[K@w —1][n(r) —£]>0 Vre(1,n)
and
gr)=pfw[2-&(Kwu)—1)]>0 Vrel0,r].

Thusg(r) > 0 on[O0, r1). Now we can deduce the same contradiction (4.10) as in case (i).
If w(t1) <&, then

gr) =puf W[K @) —1[u(r) —€] <0 Vre (1],
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and we arrive at the contradiction (4.11) as in case (i). This finishes the proof of
Lemma 4.2. ]

Using Lemma 4.2 and the turning point theorem of Crandall and Rabinowitz
[CR1,CR2], Theorem 1.3, we can prove the following result.

LEMMA 4.3. Suppose thato is a degenerate positive solution ¢f.4) with £2 = B and
w = po. Then all the positive solutior(g:, u) of (4.4)that are near(uo, ug) in R x C(B)
lie on a smooth curve represented by

(1, u) = (10 + T(5), uo + s¢po + z(s))  with |s| small

where z(0) = 7/(0) = 0, 7 (0) = ©/(0) = 0 and ¢ is a positive eigenfunction given in
Lemma4.2.Moreoverz”(0) > 0.

PROOF SetX = Cg'“(l?), Y =C%B) and F(u, u) = Au + wuf (u). It is easy to see that
F is a smooth mapping froR! x X to Y. The partial derivativeF, at (1o, uo) iS given
by F, (o, uo)p = A¢ + pof'(uo)¢. By Lemma 4.2 we know thaV (F,, (o, ug)) is of
one dimension: in fact¥ (F, (o, uo)) = spar¢o}. Moreover, codinf), (o, ug) = 1 by
the Fredholm alternative. Also

Fy (o, uo) = f(uo) ¢ R(Fu(1o, uo))

since [, f (uo)$o > 0. Therefore we can use Theorem 1.3 to conclude the following:

Near the degenerate solutidpo, uo) in R x X, the solutions of(4.4) form a smooth
curve

(11(s), u(s)) = (mo + 7(s), uo + sdo + z(s)), (4.12)

where s — (7(s),z(s)) € Rl x Z is a smooth function neas = 0 with 7(0) =
7/(0) =0, z(0) = 7/(0) = 0, whereZ is a complement afpari¢o} in X.

By a standard elliptic regularity consideration, we know that any solution of (4.4) near
(no, uo) in R x C(B) is also close ta(uo, uo) in R x X. Therefore all the positive
solutions of (4.4) neafuo, uo) in R x C(B) are contained in the smooth curve (4.12).

We now substitute the expression (4.12) for the solutions into equation (4.4), differenti-
ate the equation with respect ddwice ats = 0, multiply the resulting identity by and
integrate it overB to obtain

Jo £ wo)gdrar
3 fuoygorN=1dr |

t"(0) = —uo (4.13)

It remains to show that”(0) > 0. Let use define

£(r) = por VT f o)y — f (wo)doup)-
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One easily checks that

E'(r) = —porV L1 (wo)po(up)’,  E0) =£(1) =0. (4.14)

It follows that
1 2
/ I (uo)go(up) PN=ldr=0.
0

We claim thatf” (ug(r)) changes sign exactly once {0, 1). Otherwise we necessarily
haveup(0) < 1/2 and f”(up(r)) > 0 in (0, 1). By the first part of (4.14), this implies that
&(r) <0in (0,1), and henceé (0) > £(1), contradicting the second part of (4.14). This
proves our claim. Let us assume th&t(ug(r)) changes sign exactly once 0, 1) at
r=r.

Next we show that-u; and ¢ intersect exactly once 0, 1). Since —u(0) =0,
—uy(1) > 0, ¢o(0) > 0 and¢o(1) = 0, —u; and ¢ intersect at least once i, 1). If
they intersect at least twice, we may assume that there existi0< r» < 1 such that
(¢o+ug)(r1) = (¢o+ugp)(r2) = 0, and(¢o + ug) (r) < 0 forr € (r1, r2). This in particular
implies that(¢o + ug)’(r1) < 0 and(¢o + ug)'(r2) > 0. By the equations afo anduy,, it is
easy to check that the following identity holds:

[rN71u6¢6 — erlqboug]/ =—(N — 1)rN72u6¢0. (4.15)
Integrating (4.15) fronry to r2, and using(¢o + uq) (r1) = (¢o + ug) (r2) = 0, we obtain
ry " tup(r2) (do + up) (r2) — rf’ "tug(r1) (¢o + ug) ()

2
__ / (N = DrV 2l go dr (4.16)
r1

However, the right-hand side of (4.16) is positive singe< 0 andgo > 0, while the left-

hand side of (4.16) is nonpositive due to the facts summarized ahead of (4.15). This contra-
diction shows that-u;, and¢o intersect exactly once in (0, 1). By replaciggby no¢o for

some suitable positivgg if necessary, we may assume that; andgg intersect exactly

atr =7, where f”(up(r)) changes sign. It now follows that

" wo)ps < f"woyug? in (0,7) U (7, 1).

Hence
1 1 2
/ " wo)pdr™ "t dr < / f" (u0)o(ug) r ~*dr =0.
0 0

Sincefo1 fuo)porN~1dr > 0, the fact that”(0) > 0 now follows from (4.13). O

Before proving our main result for (4.4), we need one more preparation.
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LEMMA 4.4. Supposg € C1(R1) and B is the unit ball inRY, N > 1. Then for any given
¢ > 0, the problem

—Au=2gu), ulyp=0,
can have at most one soluti@h, u) satisfyingh > 0, u > 0 andu(0) = c.

PROOF Suppose thatio, ug) is such a solution. It suffices to show that any other such
solution (&, u) must coincide with(ig, ug). By Gidas, Ni and Nirenberg [GNN], both
u andug are radially symmetric. It is readily checked thait) = u((1o/A)Y/%r) satisfies

(erlv/)/ +r0rVlg(v) =0, w(0)=c,v/(0)=0.

Sinceug satisfies the above equation with the same initial values, by uniqueness of so-
lutions to the above initial value problem (see, for example, [NN], Proposition 2.35), we
deducev = ug. In particular,u(r) > 0 forr € [0, 1) andv (1) = 0. This implies that. = Ag

and hencer = v = ug. This finishes the proof. O

We are now ready to prove the main result of this subsection.

THEOREM4.5. Suppos&? = B. Then there existgg > 0 such that(4.4) has no positive
solution for u < o, has exactly one positive solution far= o and exactly two pos-
itive solutions foru > wp. Moreover the positive solution set(u, v)} of (4.4) forms a
“”-shaped smooth curve in the spdké x C(B). Furthermore if we denote the upper
and lower branches by

{(,v"): mo<pm<oo} and {(u,vp): o< i< oo},

respectivelythen u — v*(x) is strictly increasing for any fixetk| < 1, u — v, (0) is
strictly decreasingand

lim v*(x) =00 V|x| <1,
L—>00

lim v,(0) =&, £=0 ifN=12 and £€>0 ifN>2
H—> 00

PROOF We first show that fo large, (4.4) has at least one positive solution. et
Cy°(B) satisfy¢ > 0 and max ¢ = 1. Let v be the unique solution ohv + ¢ =0,

v|yp = 0; letv be the unique solution ofkv + 1 =0, v|35 = 0. It is easy to check that for

all large, v > v and they are upper and lower solutions to (4.4), respectively. Therefore
there existgt1 > 0 such that (4.4) has at least one positive solution providedtbajis.

Now we can set

o = inf{x > 0: (4.4) has a positive soluti¢n



180 Y. Du

We claim thatwg > 0. If not, there exists,; — 0 andv; such thatAv; + ;e % = 0. Set
Ui = v;/[|villc. Then

5 e*l/Ui
Av; + i

v; =0, v;lpp=0.
v;

As e /% /y; is uniformly bounded, by standard elliptic regularityi; || 2, — 0. The
Sobolev embedding theorem implies that> 0 uniformly. However, this is impossible as
l9; llco = 1. This contradiction implies thatg > O.

Again by standard elliptic regularity, we can further show that (4.4) wits ©o has
at least one positive solution, and we choose one of them and denoteypit\&& claim
that vo must be a degenerate solution. If not, then by the implicit function theorem we
can show that fop less than but close tao, (4.4) has at least one positive solution, and
this contradicts the definition @fp. Sincevg is degenerate, our Lemma 4.3 implies that the
solutions neatug, vg) form a smooth curve which turns to the right in the v) space. We
may denote the upper and lower branches’bandv,, respectively, where* (0) > v, (0).
As long as(u, v*) and(u, v,) are nondegenerate, the implicit function theorem ensures
that we can continue to extend these two branches in the direction of increasargl
we still denote the extensions a8 andwv,,. This process of continuation towards larger
values ofu for both branches may be stopped at some finiteby one of the following
three possibilities:

(i) lv* lloo OF vy, o OES to infinity for somer, — p* — 0;

(i) [[v* oo OF [luy,llcc goESs to O for somer, — u* — 0 (note that by the Harnack
inequality,v* andv, can only lose positivity through vanishing on the entire domain);

(i) v* or v, IS a degenerate solution.

However, (i) cannot occur sinag» andv,, are uniformly bounded by.? estimates
and Sobolev embedding theorem; (ii) cannot occur either as otherwise, denpting
orvy,,

efl/vn

Un

O:kf(—un >—>kf>0.

Finally, (iii) cannot occur. This is because, if, sgy, v**) becomes degeneratejat= u*,
then Lemma 4.3 tells us that all the solutions ngaf, v*") must lie to the right-hand
side of it, which is a contradiction. Therefore we can always extend these two branches of
solutions tou = oo.
By Lemma 4.4, we see that — v#(0) andp — v, (0) must be strictly monotone and
v (0) > vo(0) > v, (0) for any i € (uo, 0o0). Hence

Mlm"noo v (0) =& €0, v9(0)), M”l“oo v*(0) = € (v0(0), 00].

Let us first show thah = co. In fact we show a little more than that. Let us denote
w, = D,v*. By Lemma 4.3, we find that fop > po but close topg, w, > 0 in B.
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Define u* := supg > po: wy > 0inBforall 1’ € (no, n)}. We show thatu™ = oo.
Differentiate the equation far* with respect tqu, we find that

—Awy = pf' (v )wy + F(0*) > uf' (v )wy Vx€B, wylap=0.

Thereforew,, >, # 0 for u € (1o, n*1 and by applying the strong maximum principle
to the above differential inequality with = *, we deducew,+ > 0 in B, w *(1) <0.
Sincep — w,, is continuous in thee2(B) norm, the above conclusion f@m,ﬁ implies
thatw, > 0 in B for all u > p* but close ton*, a contradiction to the definition gf*.
Thereforew,, > 0 in B for all u > uo. This implies thaf — v*(r) is strictly increasing
andv*(r) > vg(r). It follows that

Vi) = (~ ) ue "] > L a)yuoe Y] = Lagr) - o0
2% Mo

asu — oo, foranyr €0, 1).

We next show tha§ > 0 whenN > 2 andé = 0 whenN =1, 2. By Lemma 4.4, this
would imply that all the positive solutions of (4.4) are contained in these two solution
branches if we can show that there is no positive solution of (4.4) satisfy)g< & when
&>0.

Let us note that whelV > 2, £ > 0 is a consequence of (4.8) in the proof of Lemma 4.2.
WhenN = 2, we argue indirectly. Suppose ttgat- 0. Consider the initial value problem

(r) = —re™:, 2(0)=£.2(0)=0

It is easily seen that' (r) < 0 for r € (0, o) as long ag is positive on(0, rg). If z remains

positive on[0, oo), thenz(x) = z(|x|) = z(r) satisfiesAz = —e 1/ < 0 onR? and hence
is a bounded subharmonic function BA. It is well known that in such a case= const.

Clearly this is impossible. Hengehas a first zereg > 0: z(r) > 0in [0, ro) andz(rg) =

By continuous dependence of the solutions on the initial valueg;fdarge, the unique
solutionz* of the initial value problem

(r7) = —re7 V%, 2(0) = v,#(0),7/(0) =

has a first zere@* close torg. But thenv*(r) = z*(r*r) is a solution of (4.4) withy*(0) =
v+ (0) but w = (r*)2 — r3 # u* asu* — oo. This contradicts Lemma 4.4. Hence we
must have = 0.

WhenN =1, the proof is similar but simpler. The initial value problem now is changed
to

'=—zeF 2(0)=£.70) =
and the existence of a first zeropfollows fromz” < 0 on[0, 00).

Finally we show that if¢ > 0, then (4.4) has no positive solution witt{0) < &. In
fact, if there is such a solution, then the argument we used above can be repeated to show
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that there is a second smooth cuf¢g, i)} of positive solutions which is¢"-shaped
and for (u, v) on its upper branchy(0) — oo asu — oco. But this implies that for any
large numbelC > 0, there are at least two solution8 and v with v#(0) = (0) = C,
contradicting Lemma 4.4. The proof of Theorem 4.5 is complete. O

4.2. The perturbed Gelfand equation in dimensions 1 and 2

We will show that when2 = B in dimensions 1 and 2, the positive solutions of the
perturbed Gelfand equation are completely determined by (4.4). We use the equivalent
form (4.3), namely

—Au=pe Y in B ylyp =0, (4.17)

whereB={x eR": |x| <1}, N=1,2.

Let us first observe the following simple relationship between (4.17) and (4.4).

If (i, v) is a positive solution of (4.4) witl2 = B, andv(0) > ¢, then we can find a
uniquea € (0, 1) such thatv(a) = ¢. Define

u(x)=v(ax) —e, xé€B.
Clearly
—Au:azuf(u+£), ulyg =0.

That is, (a?u, u) is a positive solution of (4.17). In dimensions 1 and 2, siace 0 in
Theorem 4.5, we find that for any> 0, we can obtain a positive solution of (4.17) from
a positive solution of (4.4) through the above process. Moreover, by Lemma 4.4, we easily
see that all the positive solutions of (4.17) can be obtained in this way. Therefore, the
positive solutions of (4.17) are completely determined by (4.4).

The following result, forN = 1, 2, is the counterpart of Lemma 4.2, but we will see in
Remark 4.9 that this result is not true whert 3V < 9. This indicates that, in this kind of
conclusions, the nonlinearity and the space dimension play a very subtle role.

LEMMA 4.6. If u is a degenerate positive solution @f.17)and¢ is a nontrivial solution
to

—A¢ =puf,w)p, ¢lap =0,
theng does not change sign iB.

PrRoOOF Before starting the proof, let us remark that our proof only require®. There-
fore, it is a simplification of the proof of Lemma 4.2 for the caée-= 1, 2.
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By Gidas, Ni and Nirenberg [GNN]Jx is radially symmetricu(x) = u(r),r = |x|;

moreovery’(r) < 0 on (0, 1]. By Proposition 3.3 of [LN],¢ is also radially symmetric,
¢(x) =¢(r). Hence

N-1 :
o'+ T(p/ +uflw)p=0 in[0,1], ¢'(0)=0,¢(1)=0.

We may assume (0) > 0.
We make use of the test function

v(ir) =ru'(r) + &
instead of the usual = ru’ + &£u as used in the proof of Lemma 4.2, whérés a posi-

tive constant to be specified later. This choice of test function seems crucial. By a direct
calculation,

N-1
v+ ' pfl v = u[Efi 0 = 2f:@)] = G,
[PV 'e —vg)] =GV, (4.18)

where

G(r)=ufe(uwg(r), gr)=

-2
(u+¢)?
Clearly, g (r) is strictly increasing inr.

Now we suppos@ (r) changes sign 0, 1), and want to deduce a contradiction from
this. Letrg € (0, 1) be the first zero of (r): ¢ (rg) =0 and¢(r) > 0 for r € [0, rg). We
choose = —rou/(rg) inv =ru’ +£. Since

vV =—rufsm)+Q2—-Nu <0 Vre(,1],

we havev(r) > v(rg) =0 on|0, rg) andv(r) < 0 on(rg, 1].
We divide our considerations below into two cases:

(i) g(ro) <0 and (ii)g(ro) > 0.

In case (i), using;(r) < g(rp) < 0 on[O0, rg), we obtain the following contradiction by
integrating (4.18) from O tep:

0> /ro GryrNtodr = [rN_l(v’q& —v¢’)] 60 =0.
0

In case (i), we consider the last zero fr) beforer = 1: ro <% <1, ¢(+% = 0,
() #0 forr € (%, 1). We may assume that(r) > 0 on (+%, 1) (otherwise change the
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sign of¢). Theng’(r%) > 0> ¢/(1). Now usingg(r) > 0 andv(r) < 0 on[rP, 1], we again
deduce a contradiction:

1
0< / GrHr" torydr = [rN_l(v’¢ —v¢’)] |r0 <0.
70
The proof is complete. |
Using Lemma 4.6, we obtain a variant of Lemma 4.3, whose obvious proof we omit.

LEMMA 4.7. Suppose thako is a degenerate positive solution ¢4.17) with 1o = po.
Then all positive solutiongu, u) of (4.17)that are near(uo, ug) in R x C(B) lie on a
smooth curve represented by

(1, u) = (po+ T(s), uo + s¢ +z(s))  with s small

wherez(0) = z/(0) = 0, 7(0) = 7/(0) = 0 and ¢ is the positive eigenfunction given in
Lemma4.6. Moreover

[ fl wo)¢®dx
fB fe(uo)¢ dx ‘

We are now ready to prove the main result of this subsection.

7"(0) = —no (4.19)

THEOREM 4.8. For all sufficiently smalle > 0, the positive solution curveé(u, u)}
of (4.17) is exactly S-shapedThere existA} and A} satisfying lim._.oA} = po,
limg_.0 A} = oo, such that(4.17)has
(i) a unique positive solution fqr € (0, %) U (A, 00);
(if) exactly two positive solutions far =1} andu = A7;
(iii) exactly three positive solutions fare (A%, AY).

PrROOF By Theorem 4.5, the positive solution curve of (4.4) with= B is “c”-shaped
with exactly one turning point djo, vo), wherevp = v,,, = v*°. Denotetg = vg(0). Then
foranye € (0, &), we can find a uniqu@, € (g, oo) such that

Uyt (0) =E€.

By Theorem 4.5, we see that increases as decreases angd, — oo ase — 0.
For anyu € [1o, i), we can find a unique,, = a, (¢) € (0, 1) such that

vylay) =e.
Clearly,
”moau(3) =1 for fixed i > o,
o (4.20)

lim a,(e)=0 forfixede € (0, &).
pu—pe—0
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Now we define
nuz(au)zu, uy,(x)=vy(aux) —¢e, xE€B,
and find that
T ={(uuw): po< i < e}
gives a piece of smooth solution curve to (4.17). MoreoYerconnects(n,,,, i,,) and
(0,0) (whenu — ue —0).
On the other hand, due to= (0, &), for anyu > uo, we can find a unique* = a*(¢) €
(0, 1) satisfyingv*(a**) = ¢, and define
nt = (a“)zu, ut(x) = v“(a“x) —&, XE€EB,
we obtain another piece of smooth solution curve of (4.17)
re= {(n“, u“): Ho< i < oo}
By Theorem 4.5 — a* is strictly increasing and

lim a = 1. (4.21)

U—>00

Thereforeuw — n* is strictly increasing an@l(u, u(0)): (u, u) € I'?} is a monotone curve
in R? that connectgn*©, u0(0)) to (co, 00). Since

(77/‘07 uﬂo) = (nll.()’ M/LO)’
we find that
F(e)=T¢ur;
gives a piecewise smooth (in fact smooth) curve for (4.17) conne@@ir@®) and(co, 0o).
By Lemma 4.4, we know it contains all the positive solutions of (4.17). We are going to
find out the shape of this curve.
Recall that
f’u)>0 forue(0,1/2) and f"(u) <0 forue(1/2, 00).
We fix somet; € (0, 1/2) and suppose

e<e1<1/2-¢&.

Then clearlyf” (u +¢) > 0 foru € (0, &1).
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Now we choosé.g, > g such that
v (0) <& whenu > Ag.

By shrinkinge; we may assume thag, < . for all ¢ € (0, 7). We can now divide;
into two parts

rr={u vt rg <p<peh and T2 ={(u. ve): 1o << hgy
We first analyze the shape b Define

Af= sup 1.
H-E[)Vflsﬂs)

By (4.20), one easily sees that there exists (0, £1] such that whemr € (0, ¢2),

A} is achieved at some,, € (A, ug) and Iirr(}A;k = 00.
e—

By the implicit function theorem(z,., , ) must be a degenerate solution of (4.17). Then
by Lemma 4.7, (4.19) and our choice&f the solutions of (4.17) nedy,,, v,,) form a
smooth curve that has a turn to the left. Therefore, we have an upper branch and a lower
branch of positive solutions starting from this point, and both branches can be continued
towards smaller values @f. The lower branch can be continued to re@h0), because
(a) we cannot meet a degenerate solution in the way of continuation due to Lemma 4.7 and
u(0) < & on T}, and (b) the branch goes aloy. For the same reason, the upper branch
can be continued till it reachemsl, Ung,)- This implies that’} is exactly “>"-shaped.

Next we analyze the shapebf. It is more convenient for our discussion if we consider
a bigger piece of solution curve

rF=r2u{(n*.u"): po<m<hgl,
which contains part of ¢. We observe that ang, u) € F£3 satisfies

M<u<hyg, g (0) =& < lulloo =u(0) <u1(0) — ¢, (4.22)
where

AF=influ: (n,u) e 12}

Sincen* is increasing inu, A} is achieved at somg,/, i’ € [o, Ag,). Therefore(A}, u,,/)
must be a degenerate solution of (4.17). Clearly

*

2
2 g = (y20(8)) "0 < o
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On the other hand, it is easy to see thate) — 1 ase — 0 uniformly for i € [uo, Ag 1.
Hence

lim 22 = lim min{ () 42 j10 < 1 < 2y} = eo.

e—0

We know from the above that? contains at least one degenerate solutign u,,). If
we can show that there exisis € (0, e2) such that whenever € (0, ¢3), any degenerate
solution oan must maker” (0) > 0in (4.19) of Lemma 4.7, then a continuation argument
much as before shOV\Igg3 contains exactly one degenerate solutiop at 17 and the curve
makes a turn to the right at this point. HenQé must be smooth and*”-shaped. This
tells us that the entire solution curvé(e) is exactly S-shaped with two turning points at
w =AY andu = A}, respectively. Clearly, this would finish the proof of Theorem 4.8.

It remains to show that there existse (0, £2) such that any degenerate solutionlq?\
must maker”(0) > 0 in (4.19) of Lemma 4.7 as long as= (0, £3). We argue indirectly.
Suppose for some, — 0, we can find degenerate solutiopg, u*) € ng such that

k fB f//(”k + ffk)(p]:(3 dx

"0) = —
O = e dr

<0,

wheregy is the positive eigenfunction given in Lemma 4.7 whgn u) = (u*, u%). We
may assume thdfipy || = 1.

By (4.22), we may assume that — 10 € [uo, Ag 1. Equation (4.22) also implies that
| f(u* + &x)lloo is uniformly bounded. Therefore, by the equation #rand a standard
regularity and compactness argument} has a convergent subsequenc€h We may
assumer* — 1% in C1. Moreover, from

—Adr = pF f'(uF + k) e, rlap =0,

we can use a similar regularity and compactness argument to obtdicanvergent sub-
sequence op;. We may assume; — ¢°. Then we easily deduce

_Auozuof(uo), ”0|aB =0,u%>0u’#£0,
and

~A¢%=Of (%)%, plop=0.4°>0.[¢°] =1

This is to say(u0, u0) is a degenerate positive solution of (4.4) aifds the corresponding
positive eigenfunction. By Theorem 4.5, (4.4) has a unique degenerate positive solution
which is (uo, uo), and by Lemma 4.3 and (4.13),

[5 " (uo)¢p®dx _

T =T g
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|
'y » /l,
A* A

£

Fig. 3. Bifurcation diagram for (4.17) with small> 0.

Therefore, we must have* — o, uf — ug and¢® = ¢ (note that the positive eigenfunc-
tion is unique if it is normalized). Hence we have

oJp /1@ +e0gidy ol " (uo)¢® dx
[y FF + )i dx O, fuo)g dx

This contradiction finishes our proof. O

0> 17/(0) = —

Theorem 4.8 is illustrated by the bifurcation diagram in Figure 3.

4.3. The perturbed Gelfand equation in higher dimensions

In this subsection, we consider the perturbed Gelfand equation with space dimension
N > 3. For suchN, by Theorem 4.5, any positive soluti@p, v) of (4.4) with 2 = B
satisfies

v(0) > & >0, wheret = )\|im v, (0).
— 00

We can still use the transformatiorix) = v(ax) — ¢, wherev(a) = ¢, to obtain a posi-
tive solution(a?u, 1) of (4.3) with 2 = B from a positive solutior(.z, v) of (4.4). More
precisely, we can define

I'e)=reur,, Ir°={n" u"): pno<u<oo},
Fa:{(nuauu): MO<M<OO},

as in Section 4.2, except that nay andu, can be defined for ajlt > no, sinceé > 0
(we assume that < &).
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However, unlike in the cas&/ = 1 and 2, the solution curvé'(¢) does not give all
the positive solutions of (4.3) witt2 = B, since any(u,u) € I'(¢) satisfiesu(0) >
& — ¢, and it is well known (and can be easily shown) that for any fixed0, the entire
positive solution branck(u, u)} of (4.3) with 2 = B has the point0, 0) on its boundary:
it approacheg0, 0) asp. — 0. Let us note that this implies thaf, remains bounded for
€ [o, 00). To better understand the entire positive solution branch for (4.3)sith B,
we need the help from the Gelfand equation (4.2) and some general bifurcation results; we
will follow the approach in [Dal] and [DuZ2].
We first recall some abstract results. Suppose that
(H1) X andY are real Banach spaces aAdR? x X — Y is aC*-map(k > 2) which
sends(e, A, x) e RZ2 x X to F(e, A, x) € Y;
(H2) X is a component of the set of solutios, x) of F(0,A,x) =0 and X is a
connected compact subset Bf
(H3) For any(x, x) € Xo, Fy(0,A,x):X — Y is a Fredholm operator of index 0, and
the mapping

B(, h) = F,.(0, A, x) + F (0,4, x):R'x X > ¥

is onto; in other words, for angh, x) € X, either
(i) Fy(0,A,x):X — Y has a continuous inverse, or
(i) dim N(Fx(0,A,x)) = codimR(F,(0,1,x)) = 1 and F,(0,A,x) ¢
R(Fy(0, 1, x)).
We want to know howX is perturbed to give a solution s& of F (e, A, x) =0 when
¢ is small. We start with a local analysis. Suppa@se, xo) € Xo. Then either case (i) or
case (ii) in (H) happens. If case (i) happens, then it follows from the implicit function
theorem that there exist a neighborhdéaf xg in X and a small numbe¥ > 0 such that

F7H0) N ((=8,8) x (ho— 8,20+ 8) x V)
={(e. A, x(X, ©)): lel, A — Aol <8}, (4.23)

where(e, A) — x(g, A) is C¥, andx (0, Ag) = xg.
If case (ii) happens, then by Theorem 1.3 and its proof (see [CR2]), there exist a small
neighborhoodV of (Ao, xg) and a smalb > 0 such that

FHO) N ((=8,8) x W) ={(e,A(5, &), x(5,8)): 5,8 € (=8, 8)}, (4.24)

where (s, £) and x(s, &) are CK with A(0,0) = 1o, A;(0,0) = 0, x(s, &) = xo + sug +
z(s, €), t(0,0) = 1,(0,0) = 0. Hereug spansN (F, (0, 1o, xg)) andz(s, &) belongs to a
complementZ of sparfug} in X.

Since Xy is compact, by a finite covering argument, we find from the above discussion
that X is aC* curve and for any small, the solutions ofF (¢, 1, x) = 0 nearXp form
a C* curve X,; see [Dal], Theorem 2, and [DLo1], Proposition A.2, for more details. If
we changeC* to “analytic” in (Hy), then we can do the same in all the conclusions in the
above discussions.
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Let us now see how the above discussions can be applied to (4.3X. :Se(fg"“(ﬁ),
Y = C%(B) and F (s, u,u) = Au + wfe(u). Then from the proofs of Lemma 4.3 and
Theorem 4.5 we know that the conditionsijH(H3) are satisfied for positive and ¢
if we chooseXy to be any connected compact part of the global positive solution curve
{(u,u)} of (4.3) with 2 = B. Moreover, if we chooseg to contain the unique turning
point (1o, uo), then due to Lemma 4.3, (4.23) and (4.24), we find that for all smalD,
X, contains exactly one turning poink., u.). Moreover, it is easily seen that the upper
branch inX, contains part of "¢ defined through the transformation at the beginning of
this subsection. As in Section 4.3, we easily see from Theorem 4.5;)thet a strictly
increasing function. Thus this upper branch can be parameterizedibg gives a unique
positive solution for each fixeg > .. The lower branch can also be continued, and in
fact, it can be continued till it reach&®, 0); however, the shape of the lower branch is
much more difficult to control. Let us note that if we have cho&grto be a rather large
piece of the &"-shaped positive solution curve of (4.4) (with = B), then X, with small
¢ > 0 is a large piece of¢"-shaped positive solution curve of (4.3) (with = B); hence
the shape of its lower branch is controlled till a very largd_et us denote the union &,
and its well-controlled continued entire upper branchifiy, Then we know thaf* is
exactly “c”-shaped, its upper branch is unbounded and approdcheso), and its lower
branch contains points with large but finjte

In order to better understand the rest of the global positive solution curve of (4.3), we
now use the equivalent form (4.1), which can be viewed as a perturbation of the Gelfand
equation (4.2). We should note that the cuifve for (4.3) is now transformed to a posi-
tive solution curvel* := {(A, u): A = u/(e%€Y%), u = v/e?, (u, v) € I'*} for (4.1) with
£2 = B, its upper branch is still unbounded, but afy «) belonging to its lower branch
hasi small (sincer = u/(¢2€'/¢) ande is small). Let us also note that aiy, u) € I'*
satisfies:(0) > (¢ — &) /2 — oo ase — 0.

We illustratel’;* and I'* in Figure 4.

Let us consider the Gelfand equation (4.2) wizh= B in more detail. When X N <9,
we know from Proposition 4.1 and Figure 2 that its positive solution curve has infinitely

v(0) u(0)

A A

I* for (4.3), N >3 I for (4.1), N >3

Fig. 4. Bifurcation diagrams for (4.1) and (4.3) wi¢h= B and smalk > 0.
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many turning points. Let us denote themfiyk =1, 2, ..., where theTl}’s are ordered so
that when we go fromfp := (0, 0) along the solution curve we me#t first, thenTs, T3,
etc. It is known (see [Dal] and [NS], Section 2) thagif «) lies on the open arc frorff,
to Ty+1, thenu is nondegenerate; and (£, u) = Ty with k > 1, thenu is degenerate and
the nontrivial solutionp to

—Ap=1€"¢, ¢lap=0,

is radially symmetrice (x) = ¢ (r); moreoverg (r) changes sign ovd0, 1) exactlyk — 1
times, and is unique up to a scalar multiple, and

/ e ¢3dx #0. (4.25)
B

These facts imply that if we tak& = CS""(E), Y = C%B) and F(g, A, u) = Au +
r€/A+ew) then the conditiongH1)—(H3) are satisfied with., e > 0. Moreover, case (i)
in (H3) occurs exactly wheiir, u) € {Ty: k > 1}. By (4.24) and (4.25), we deduce that
755(0,0) # 0 when(x, u) = Ty, k > 1. Hence we can apply the above abstract results to
conclude the following:

Let X be a connected compact part of the positive solution cigvex)} of (4.2) with
£2 = B, and suppose thaky contains the turning pointg1, ..., Tx. Then for all small
& > 0, the positive solution curve d#.1)with 2 = B has a partX,, which is close ta¥y
and contains exactly turning points7y, ..., T, whereT’ — T; ase — 0, for each
i=1... k.

Close toTy = (0, 0), we can apply the implicity function theorem to (4.1) to conclude
that there is a unique positive solution for eack 0 small. Therefore we can exterid.
towards(0, 0) so thatTy is an end point of,, provided that>¥y has been chosen properly.

REMARK 4.9. Itis easy to show that, &t, 2 < i < k, the linearized problem of (4.1) (with
£2 = B and smalk > 0) has a radially symmetric nontrivial solutignwhich changes sign
exactlyi — 1 times ovel{0, 1). Hence Lemma 4.6 does not hold wheg v < 9.

If N > 10, then it is known (see [Dal]) that the positive solution curve of (4.2) with
£2 = B contains no turning point and all the positive solutions are nondegenerate. There-
fore a similar consideration to the above vyields the following conclusion:

Given any connected compact pat of the positive solution curvfi, u)} of (4.2)
with 2 = B, for all small ¢ > 0, the positive solution curve of4.1) with 2 = B has
a part X, which is close toXy and contains no turning points. Moreover, can be
extended to reactD, 0) and the extended’, still does not contain any turning point.

Combined withl;, we can now illustrate the well-understood parts of the positive solu-
tion curve of (4.1) in Figure 5.

The missing part of the positive solution curve for (4.1) can be further described by
using the bifurcation curvsy := {(A, u’ (1))} of (4.2) with §2 = B; this curve is completely
understood in [JL], and Dancer [Dal] us&gito show that the missing part is roughly the
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)

3ENKY N =210

Fig. 5. Bifurcation diagrams for (4.1) witl2 = B and smalk > 0.

bottom part in Figure 5 reflected about the horizontal line passing through the top point
of the bottom part. However, on this reflected part, the exact number of turning points is
not known. We refer to [Dal], Figure 1, and [Du?2], Figure 4, for bifurcation diagrams
illustrating the entire positive solution curve.

4 4. Further remarks and related results

The above results for the perturbed Gelfand equation (4.1)ith B can be extended to
the following more general problem

—Au=r(1+ )"/ y|ap =0, (4.26)

where 0< m < 1; see [Du2] for details. The cage> 1 was also discussed in [Du2], and
the shape of the global positive solution curve for this case is very different. Equation (4.26)
arises from combustion theory.

In catalysis theory, there is an equation closely related to (4.1); under some simple
changes of variables, it reduces essentially to

—Au=Ar1— )P/ y1ip =0, (4.27)

wherep is a nonnegative integer (see, e.g., Aris [Ar], Vol. 1, Chapter 4). Let us note that
when p = 0, (4.27) reduces to the perturbed Gelfand equation (4.1), and whe0,
(4.27) reduces to the Gelfand equation (4.2).

For (4.27), it has been conjectured that for any nonnegative infegbe positive solu-
tion set{(A, u)} is S-shaped provided > 0 is small and the dimensioN =1 or 2. The
conjecture was proved to be true for= 1 by Hastings and McLeod [HM]. FoN = 2
andp > 0, the conjecture is proved in [Dal] except for a smathnge (with values close
to 0); the higher-dimension case was also considered in [Dal].
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In a series of papers, Korman, Li, Ouyang and Shi developed various useful techniques
for proving exact multiplicity results for positive solutions to equations of the form

—Au=2Afu), ulyp=0,

with several classes of nonlinearities; see [0S1,0S2] and the references therein. Our argu-
ments in Section 4.1 basically follow their strategy. See also [Tang] for a more recent result
along this line.

The abstract results discussed and used in Section 4.3 was further developed by Shi [S].

5. Nodal properties and global bifurcation

To a large extent, the approach in the previous section relies on the analysis of nodal prop-
erties of the solutions. In this section, we discuss some other aspects of the nodal properties
and their applications in bifurcation theory.

Due to the uniqueness of initial value problems in ODEs, it is well known that the nodal
properties of the solutions to a Sturm—Liouville problem for a second-order ordinary dif-
ferential equation do not change when one moves along a global bifurcation branch of the
solutions. This fact can be used to show that global bifurcation branches bifurcating from
different eigenvalues do not meet each other and hence yielding multiple existence results;
see [Ra], Theorem 2.3. This idea has been extended to elliptic partial differential equations
over various two-dimensional domains with certain symmetries, in particular rectangles,
by Kielhofer and his collaborators; see [K], Section 111.6. In this section we look at two
examples where nodal properties of solutions are used for systems of elliptic equations;
here we consider radial solutions over circular domains. Let us note that, even for one-
dimensional domains (i.e., intervals), the analysis of the nodal properties for systems is not
trivial. It is an interesting problem to see how the techniques in [K] for equations over two-
dimensional domains such as rectangles can be extended to systems (see [HK] for some
efforts in this direction). Likewise, the techniques of our Section 4 may have applications
to radial solutions for elliptic systems.

Our first example examines a competition system and is taken from Nakashima [N]; our
second example studies a predator—prey system and follows Dancer, Lopez-Gémez and
Ortega [DLO].

5.1. Global bifurcation of the competition system

We consider the competition system with constant coefficients and Neumann boundary
conditions

—Au = u(a —u — Bv),

—Av=2xv(y —v—du), (5.2)

ditlpe = dyvlse =0,
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where £2 is either a ball or an annulus2 = {x € RV: Ro < |x| < R1}, 0< Ro < Ry,
N > 1. We assume throughout this subsection that the positive coefficients satisfy

s1<Z <. (5.2)
I4

This implies that for any. > 0, the two semitrivial solution&x, 0) and(0, y) are linearly
stable, and (5.1) has a unique constant positive solution

« o [Py —a ad—y
(”’”)_<ﬁ5—1’ﬂ5—1>

which is linearly unstable. We are interested in the existence of other positive solutions
of (5.1). We will make use of the nodal properties of radially symmetric positive solutions
and global bifurcation theory to address this problem.

LEMMA 5.1. Suppose thatu(x), v(x)) = (u(r), v(r)) is a radial, nonconstant positive
solution of (5.1),and v'(r) > 0 for r € (ry, r*) C (Ro, R1), andu’(ry), u’'(r*) < 0. Then
u'(r) <0in (ry, r*).

Similarly, if v'(r) < 0forr € (ry, r*) C (Ro, R1), andu’(ry), v’ (r*) > 0. Thenu'(r) > 0
in (ry, r™).

Note that the roles af andv in this lemma can be interchanged.

PrROOF OFLEMMA 5.1. We only consider the first case; the proof for the second is paral-
lel. Denotef (4, v) = A(a — u — Bv) andg(u, v) = A(y — v — éu). We have

u” + NT_lu’ +uf(u,v)=0,
v+ NT_lv’—l—vg(u,v)zo, (5.3)
u'(Ro) =u'(R1) =v'(Ro) = v'(Ry) = 0.

Letp(r) =u'(r)/u(r). We easily find
d+¢?+ﬂfi¢+fmﬁo:a

Differentiating this identity we obtain

" N-1 / N-1 /
" + <2¢+T>¢ + (ufu(u,v)— 3 )¢+fv(u,v)v =0.

Since f,, (u, v) <0, f,(u,v) <0andv’ > 0in (ry, r*), we find that, forr € (ry, r*),
1
<0

72

c(r):=ufy(u,v) — N




Bifurcation and related topics 195

and
¢ + <2¢ + NT_1>¢’ +e(r)p = 0.

Since¢ (r) = u'(r)/u(r) <0 forr € {ry, r*}, by the strong maximum principle (see [PW],
p. 6, Theorem 3), we deduce eithgr= 0 or ¢ < 0 in (r,, r*). Clearly, to complete the
proof of the lemma, it suffices to show that= 0 on (r,, r*) cannot happen. Arguing in-
directly, we assume that= 0 on (r,, r*). Thenu’ =0 on (r,, r*) and by differentiating

the equation for in (5.3), we deducaf, («, v)v' =0 on (r,, r*). This implies that’ =0

on (r«, r*). By the uniqueness of initial value problems for the ordinary differential equa-
tions ofu’ andv’ we deduce that’ = v = 0 on (Rg, R1), and hencéu, v) is a constant
solution, contradicting our assumption. The proof is complete. |

We are now ready to give a good description of the nodal properties of the radial solu-
tions to (5.1).

THEOREMS.2. Suppose thatu(x), v(x)) = (u(r), v(r)) is a radial, nonconstant positive
solution of (5.1). Then the following hold
() u'(r) andv’(r) have the same number of zerog Ry, R1), and the number is finite
(i) fRo=sog<s1<---<sy=RiandRo=1ty<1t1 <--- <t, = Ry are the zeros of
u’ andv’, respectivelythen for all possible,

Sk—1 < Tk < Sk+1, -1 < Sk < l41.

(iii) The sign ofu’ in (s, si+1) iS opposite to that of’ in (¢, tx+1), and u” (s;) # 0,
v’ (1) # 0.

PrROOF For the sake of clarity, we divide the proof into several steps. We assume that
f(u,v) andg(u, v) are as defined in the proof of Lemma 5.1.

STeEP 1. The number of zeros af in (Rg, R1) is finitg and the same holds far.

We only prove the conclusion fox’. Suppose for contradiction that has infi-
nitely many zeros in(Ro, R1). Then we can find a limiting point of the zeros, say
ro € [Ro, R1]. It follows thatu’(rg) = u” (rg) = 0. From the equation far we deduce that
f(u(ro), v(ro)) =0. (This is true even ifg = 0.) We now consider’(rg). If v/(rg) # 0,
then by continuity there exists a small interdalhaving ro as an end point such that
v'(r) # 0 in I and [ contains a sequence of zerosudfconverging torg, say {rx}. We
now apply Lemma 5.1 to the interval with end poingsandry and find that.” does not
vanish and has the opposite sigrnvtan this interval; this is a contradiction since infinitely
manyr;’'s belong to this interval.

If v'(rg) = 0 butv”(rg) # 0, then we can find a small intervalas above and deduce
the same contradiction. The only case left nowi6g) = v”(rg) = 0. In such a case,
from the equation fow we obtaing(u(rp), v(rg)) = 0. Therefore, if we denoté&, n) =
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(u(ro), v(ro)), then(u, v) = (&, n) is a solution to the differential equations in (5.3) with
initial conditions (u(rg), v(rg)) = (&, n), (u'(ro), v'(rg)) = (0, 0). By uniqueness of this
initial value problem (including the possible singular cage- 0 andN > 1), we deduce
that (u, v) = (¢, n) in (Ro, R1), a contradiction to our assumption. This finishes our proof
of Step 1.

STEP 2. If r1 < r2 < r3 are three consecutive zeros @f, thenu’(r) changes sign as
r crossesy; similarly, if 1 < r < r3 are three consecutive zerosf thenv’(r) changes
sign asr crosses-.

Again we only prove the first conclusion; the proof for the second is parallel. Suppose

thatu’(r) does not change sign at. We assume for definiteness thétr) > 0 on both

(r1, r2) and (2, r3). We claim that there existg e (r1, r2) such that’(s1) < 0. Other-
wise, we can apply Lemma 5.1 ovérf, r2) to deduces’ < 0 in (r1, r2). Similarly there
existsss € (r2, r3) such that’(s3) < 0. We now claim that there exists € (s1, s3) such

that v'(s2) > 0; otherwise, we can apply Lemma 5.1 ovef, s3) to deduces’ > O over

(s1, s3), contradicting the assumption thai(r;) = 0. Let (s,, s*) be the largest interval
containings in (s1, s3) such that’ > 0 in (s, s*) andv’(s,) = v/(s*) = 0. We now apply
Lemma 5.1 ovels,, s*), whereu’ > 0, and deduce that < 0 in (s, s*). This contradic-

tion shows that/(r) changes sign ab. This proves Step 2.

STEP3. f Rp=sg<s1<---<spm=RiandRop=1y <t <--- <t, = Ry are the zeros
of u’” andv’, respectivelythenm = n and for all possiblek,

Sk—1 <k <Sk+1, Tk—1 <Sk <Ik+1,
and the sign of/’ in (s, sx11) is opposite to that of’ in (z, 1x11).

For definiteness, we assume thétr) > 0 over (so, s1). We show that’(r) < 0 over
(to, 11). Suppose for contradiction that(r) > 0 in (¢, 71). If s1 < 11, then we apply
Lemma 5.1 ovelsg, s1) and deduce the contradiction thétr) < 0 in (sg, s1). If s1 > 71,
then applying Lemma 5.1 ovér, 1) we obtainv’(r) < 0 over (g, t1), again a contradic-
tion. Therefore we must have < 0 over(zg, t1). By Step 2 we now have

(=D*'(r) >0 Vr e (sg, sis1), (=D'(r) <0 Vre@,np1). (5.4)

We must haves; < r» for if s1 > 1, then we can apply Lemma 5.1 ovét, r») to de-
ducev’ < 0 on (t1, r2). We can similarly prove that, < r3; for otherwise we can apply
Lemma 5.1 over(ry, t3) C (s1,s2) to deducev’ > 0 in (¢, t3). Continuing in this fash-
ion, we can show that, < #;1 for all possiblek, namelyk =1, 2, ..., min{m,n — 1}. If
n > m, we already have a contradiction when we take m: R; = s, < t;,+1. Hence we
must have: < m.

In a similar fashion, we can show that< sx41 for k =1,2,..., min{n,m — 1} and
m < n. Therefore we must have = n. This finishes the proof of Step 3.
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STEP4. u'(sx) #0,v"(ty) #0fork=0,1,..., m.

We will show thatu” (sy) # 0; the proof forv” () # 0 is similar. For definiteness, we
assume that (5.4) holds. As in the proof of Lemma 5.1, we have; fou’ /u,

¢" + (2¢+NT_1>¢’+ (Mfu(u,v)— )¢=—fv(u,v)v’. (5.5)

If sz =so= Rg, we find from (5.5) and (5.4) that

1 N_l / N 1
¢ +<2¢+T>¢ +<ufu(u,v)— 2 >¢<0 Vr € (R, t1).

Since¢ (r) > 0in (Ro, s1) and(2¢ + (N — 1)/r) + (r — Ro) ufu(u,v) — (N —1)/r?) is
always bounded from below (evenkf = 0), we can apply Theorem 4 on page 7 of [PW]
to conclude thaty’(Rg) > 0, which impliesu”(Rg) > 0. If s; = s,, = Ry, the proof is
similar.

Next we consider the case thate (Rg, R1). For definiteness we assume that- 0 in
(S, Sk+1)- If 1 = sk, then the proof is similar to the case that= Rg. Suppose now; # sy.
If # > si, then by what is proved in Steps 2 and 3 we must hdve 0 in (#;_1, s¢], and
we obtain from (5.5) that

” N -1\ , N-1
¢ +<2¢+T>¢ +<ufu(u,v)— > )¢>0 Vr e (t—1, Sk).

Since¢ < 0 in (sx—_1, sx), we can apply [PW], page 7, Theorem 4, on same- ¢, s;) to
obtaing’(s;) > 0 and hence” (sg) > 0. If f < s, thenv’ < 0in [s, #41) and

-1 1
?" + <2¢> + NT>¢’+ <ufu(u, v) — er )qb <0 Vrels, tkt1)

Since¢ > 0in (s¢, sx11), we obtain from [PW] thad’(s;) > 0 and henca” (s;) > 0. This
finishes the proof for Step 4 and hence completes the proof of Theorem 5.2. O

Following [N] we say a function paitu, v) € C2([Ro, R1])? has moden if u’(Rg) =
u'(R1) = 0,v'(Ro) = v/(R1) = 0 and(u’, v) has the properties (i)—(iii) in Theorem 5.2;
we denote

S = {(u, v) € C¥([Ro, R11)*: (u,v) has moden}.

Clearly eachS,,, m = 1,2, ..., is an open set irC2([Ro, R1]). We will use a global
bifurcation argument to show that for amy > 1, (5.1) has a radial positive solution
(u,v) € S, provided that is large enough.

Let us now regard, B, v, § as fixed positive parameters satisfying (5.2) and regas
a bifurcation parameter. Clear{y, u*, v*) solves (5.1) for any. We will call this solution
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thetrivial solution, and look for nontrivial positive solutions. We will restrict to the class of
radial solutions and use a bifurcation approach. The linearized eigenvalue problem of (5.1)
at (u*, v*) in the class of radial functions is given by

¢+ (N = Dr 1’ — a(u*¢ + pu*y) = — g,
Y+ (N = Dr= Yy’ — a(8v*¢ + v*y) = —uy, (5.6)
¢'(R)=v'(R)=0, i=01

Denote
_( —u* —pu*
A= (—Sv* —v* ) '

Due to (5.2), it is easily seen that has a positive eigenvaluet and a negative eigen-
valuekx ~. Therefore there exists a matrksuch that

k~ 0 . A
Plap = ( +) . WhereP = (pl_ pi) )
0 « Py P2

9-0)

then (5.6) becomes

Define

"+ (N—Dr 1o + 1~ @ =—ud,
W'+ (N = Dr W 4+t = —pw, (5.7)
&' (R)=W'(R)=0, i=0,1.

The eigenvalues of (5.7) are easily found toge w7, n =0, 1, ..., where

= pd -k,
and 0= ud < u9 < 1 < -- - are the eigenvalues of the problem

—¢" — (N —Dr ¢’ =p¢. ¢'(Ro)=0¢'(R1)=0. (5.8)
Hence, zero is an eigenvalue of (5.7) exactly when

10
A=2F =% n=012..,

with the corresponding eigenfunctie®,, 0) for A,;, and(0, ®,) for A;", whered, is the
nth eigenfunction of (5.8). It is well known tha®,, has exactlys — 1 zeros in(Rg, R1).
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Returning to (5.6), we find that zero is an eigenvalue of (5.6) exactly ithent, n =
0,1,2,..., and the corresponding eigenfunctions are given by

(67> Vi) = (P Pu, 3 Pn),

wherepf, pf come fromP and by a simple analysis one finds th@‘tp; <0,p;p, <0.
Therefore(¢pr, ) € Sy1.

The above discussions enable us to apply both Theorems 1.1 and 1.2 to a suitable abstract
version of (5.1) in the space of radial functions to conclude the following theorem.

THEOREM 5.3. Let S denote the closure of the radial nonconstant positive solutions
(A, u,v) of (5.1)in the spaceR! x C?([Ro, R1])%. Then for eachn > 1, S contains a
maximal subcontinuurfi,, such that
(i) S, meets(Af, u*, v*);

(i) S, either is unbounded or meets, u*, v*) for somei € {A:: m =0,1,2,...}\
)

(i) in a small neighborhoo®* of (A, u*, v*) in R x C?([Ro, R1])?, all the radial
solutions of(5.1) lie on a smooth curvér(s), u(s), v(s)), |s| < so, where

A(s) = AE 4+ 0(s), (u(s), v(9)) = (u*, v*) + s(¢iF, ¥;F) = 0(s).

Let us analyzes, in more detail. By a well-known result of Conway, Hoff and Smoller
[CHS], there exist3.o > 0 small enough such that fare (0, A¢], (5.1) has only constant
nonnegative solutions. We may assume #hat (O, Af).

We claim that any(A, u,v) € S, \ {(A,}, u*, v*)} satisfiesr > ro, (u,v) € S,41 and
u(r) > 0,v(r) > 0in[Rop, R1]. In other words,

(Sa \ { (. u™,v")})
C Ap:={(u,v): A> Ao, (u,v) € Spq1,u > 0,v >0}. (5.9)

Otherwise, by the connectednessSpfand conclusions (i) and (iii) in Theorem 5.3, there
exists SOMe(hy, s, vi) € (S, \ {(AF, u*, v¥)}) N dA,. Hence(u,, vy) is a nonnegative
solution of (5.1) withA = A,. If it is not a positive solution, then by the strong maximum
principle, (1, v) has at least one component identically zero. This implies @hat)
{(0,0), (a, 0), (O, ¥)}. As bifurcation to positive solutions from these solutions is possible
only atA = 0 (due to (5.2)), we find this is a contradiction. Therefarg, v,) has to be a
positive solution.

If (us, vy) = (u*, v*), then we can findg, ug, vr) € A, that converges tor,, u*, v*)
in R x C?([Ro, R1])?. By conclusion (iii) in Theorem 5.3, this is possible only if
Ax = AE. Sincer, > Ao > 0 andr; < 0, A, = A, is impossible. SiNC&A,, uy, vy) €
(S \{(\,F, u*, v")}), A = A} is also impossible. Therefore., v.) must be a nonconstant
positive solution of (5.1), and by the definition f, we know that.,. > Ag. Moreover, by
Theorem 5.2(u,, vy) € ;11 for somem > 0. Since(u,, v,) can be approached in the
C?2 norm by functions inS, 1, we necessarily hava = n. But then(i,, u., v,) belongs
to the interior ofA,,. This contradiction proves that (5.9) is true.
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By (5.9) and conclusion (iii) in Theorem 5.3, we know that the second alternative in (ii)
of Theorem 5.3 never occurs. HenSg is unbounded. A simple comparison argument
shows that every nonnegative solution of (5.1) satisfiesa andv < y. Therefore by
standard elliptic estimate we know thaandv have bounded’? norms as long as > 0
stays bounded. This implies th&}, can become unbounded only through— oco. To
summarize, we have the following theorem.

THEOREM 5.4. For eachn > 1, (A, u,v) € S, \ {(AF, u*, v*)} implies that(u, v) is a
nonconstant positive radial solution @b.1); moreover (u, v) belongs toS, 1, and the
projection ofS, onR? contains(i;", o0), and is contained iAo, co) with someig > 0.
Hence for each. > A;, (5.1)has at leastn nonconstant positive radial solutions
REMARK 5.5. 1. The conclusion of Theorem 5.4 can be strengthened. In factSgach
can be decomposed into two unbounded subbransfieand S, satisfyingS,” N S, =
{(AF, u*, v*)}. Hence (5.1) has at leastzZhonconstant positive solutions far> A} .

2. By considering the linearization of (5.1) @t*, v*) in the spaceC?(£2), one easily
sees that the linearized eigenvalue problem has eigenvalues corresponding to nonradially
symmetric eigenfunctions. This fact can be used to construct examples where (5.1) has
many nonradial positive solutions bifurcating frami, v*).

3. For larges and§, one can also use the method in [DD1] to construct nonradially
symmetric positive solutions for (5.1).

4. ltis unclear whethd);? ; S, contains “all” the radial nonconstant positive solutions
of (5.1) (withA > 0).

5. In Kan-on [Ka], it is shown that it =y andg = § in (5.1), and if the space dimen-
sion is one, then eac$, is exactly “c”-shaped, ande’f’:1 S, contains “all” the noncon-
stant positive solutions of (5.1) (with> 0).

6. If 2 isaball (in general, if it is a convex set), then any nonconstant positive solution
of (5.1) is unstable; see [KW].

5.2. Uniqueness results for the predator—prey system

We consider the Lotka—\Volterra predator—prey system with constant coefficients and ho-
mogeneous Dirichlet boundary conditions

—Au=Iu—u?— cuv,

—Av=pv—v2+duv, (5.10)

ulyge =vlpe =0,

where £2 is a bounded smooth domain ®". It has long been conjectured that (5.10)
has at most one positive solution, but the conjecture remains open except when the space
dimension is one, namely whem is an interval.

In contrast, the existence problem for (5.10) is completely understood. In the following
discussion, we will use some notations of Section 3. ¥ kf, then(9,, 0) solves (5.10).
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Similarly, (0, 6,,) solves (5.10) whep > xf. Suppose thatug, vo) is a positive solution
to (5.10). Then from the equation fep we obtain

A =Af(uo+cv0) > kf.
Similarly, from the equation fouyg it follows
w= Af(vo —dug).

A simple comparison argument shows that< 6, andvg > 6,,; here we use the conven-
tion thatd,, = 0 if u < A{’. Therefore

=27 (vo—dby) > A7 (—dby) := po.

Similarly,
A =28 (o + c0,) > 15 (ch,).

Suppose. > 1§ and lety® > A{? be uniquely determined by
h=25(ch,0).

We find from the above discussions that a necessary condition for (5.10) to possess a posi-
tive solution is that

A>Af, ,uo<,u<,uo. (5.11)

We show next that (5.11) is also sufficient for (5.10) to have a positive solution. To
this end, we fix the positive coefficienis c¢,d and regardu as a bifurcation parame-
ter. Under (5.11), we can apply the local and global bifurcation analysis much as for the
competition model in Section 3.1, to conclude that there is a global bifurcation branch
> = {(u, u, v)} of positive solutions to (5.10), which bifurcates from the semitrivial branch
{(u, 6x, 0)} at(uo, 61, 0), and joins the other semitrivial bran¢fu, 0, 6,,)} at w0, 6,,0).
Therefore, for any € (1o, 1°), (5.10) has at least one positive solution v) such that
(n,u,v)e .

In the following, we will make use of the nodal properties of certain differential systems
to show that if§2 is an annulus,

Q:{xERN: Rl<|x|<R2}, O< R1 < Ry, (5.12)

then the global bifurcation brancti consists of radially symmetric positive solutions only,
and it is a smooth curve, and for eaghe (0, 1°), there is exactly one positive solution
(u, v) of (5.10) such thatu, u, v) € X.

Suppose that (5.12) holds. Let us first observe that, by uniquefiessdd,, are ra-
dially symmetric, and if we apply the local and global bifurcation analysis in the space
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of radially symmetric functions, we obtain a global branch of radially symmetric posi-
tive solutions of (5.10), which we denote ., and X, connects the semitrivial solution
branches at/q, 65, 0) and (1°, 0, 6,,0), respectively. We will show that = X,.. We do

this by considering the linearization of (5.10) at an arbitrary radially symmetric positive
solution (uo(x), vo(x)) = (uo(r), vo(r))

—A¢ = (A — 2up — cvo)¢ — cuoy,
—AY = (u — 2v0 + duo) ¥ + dvog, (5.13)
dlae =¥lse =0.

THEOREM 5.6. Suppose tha(5.12) holds and(¢, ¥) € C%(£2)? solves(5.13). Then
(@, 9)=1(0,0).

PrROOFE We assume thal > 2; the caseV = 1 can be proved by similar arguments and is

simpler. Arguing indirectly, we assume that (5.13) has a soluifony) # (0, 0). We are
looking for a contradiction.

STEP 1. Reduction to ODE systems by harmonic polynomials

We first use harmonic polynomials to reduce (5.13) to a sequence of ODE systems. (This
is not needed itV =1.)

Let H" denote the space of homogeneous and harmonic polynomials of degnee
N variables. It is well known that the restriction of these polynomials to the unit sphere
SN-1 are the eigenfunctions of the Laplace—Beltrami operatgr-1 corresponding to

the eigenvalue.,, = —n(n+ N —2),n =0, 1, 2,.... Moreover, the following orthogonal
decomposition holds

2(SMhH=Epn. (5.14)

n>0

Given P, € H" define
£ = f SUrEPE o), g = / (rE) Pu(€) dor ().
SN-1 SN-1

Then (f, ¢) € C2([R1, R2])%, and f(R1) = f(R2) = 0, g(R1) = g(R2) = 0. Moreover,
since the Laplace operator&¥ can be expressed as

A = Ar +7‘72AsN—1,
where

r=|x|, A =rtNo, (PN 1,),



Bifurcation and related topics 203
if we multiply the differential equations in (5.13) B%, (¢) and integrate o8 ~1, it results

—Arf+n(n+N—-2r2f
= (A —2ug— cvg) f —cupg, r € (R1,R2),

~Arg+nn+N—2r 2 (5.15)
= (u —2vg+dug)g +dvof, re(R1, R2),
f(R;) =g(R;i)=0, i=12.

STEP 2. There exists some, € H", n > 0, such that problen(5.15) has a solution
(f.8) #(0,0.

Otherwise, for allP, € H", n > 0, (5.15) has only the solutiof®, 0). Hence for each
r € (R1, R2), ¢(ré) is orthogonal inL2(SV~1) to everyH", n > 0. It follows from (5.14)
thate (r&) = 0. Hencep = 0 in 2. Similarly ¢» = 0. But this contradicts our assumption.

STEP 3. The zeros off andg in [R1, R2] are isolated

We only prove the conclusion fof; that for g is similar. Suppose for contradiction that
ro € [R1, R2] is an accumulating point of zeros @¢fin [R1, R2]. Then we easily see that
f(ro) = f'(ro) = 0. If g(rg) = g’'(ro) =0, then we deducef, g) = (0, 0) by uniqueness
of the initial value problem for (5.15). Hence eithgrg) # 0 or g’ (rg) # 0. Therefore we
can find an open intervdl C [R1, R2] with rg as an end point and a sequence of zérps
of f such that{ry} C I,y — rg andg(r) # 0 for all » € I. From the equation fotig we
find A{? (—A + ug + cvg) = 0. It follows that

)L{} (—A +2ug+cvo+n(n+ N — 2)r_2) > 0.

If we denotef2; = {x € 2: |x| € I1}, where I; denotes the interval with end points
ro andr1, we obtain

)Lfl (—)L +2ug+cvg+nn+ N — 2)r_2)
> kf(—k +2ug+cvg+nn+ N — 2)r_2) > 0.

This implies that the strong maximum principle is satisfied by the operator
Ly:= (—A —A+2ug+cvg+nmn+ N — 2)r_2)

over$2;: Liu >0in £21 andu > 0 0na21 imply u > 0 oru =0 in £21.

If we identify f(r) with f(|x|), then from (5.15) we obtairLif = —cugg and
flag, = 0. Therefore by the strong maximum principle we have eitfiez 0 in £2; or
f does not vanish and has the opposite signitw 2. If f is identically O then by (5.15)
we must have identically zero over2; and hence by uniqueness of the initial value prob-
lem for (5.15) we deducéf, g) = (0,0) over £2; a contradiction. Iff does not vanish
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in 21, then we arrive a contradiction with the fact thatcontains infinitely many zeros
of f(r). Therefore the zeros gf in [R1, R2] must be isolated.

STEP4. LetRy < &1 < --- < &, = R» be the finite sequence of zerosfolvhere f changes
sign and assume thaf > 0in (R1, &1). Then

(-1)7g(t))>0, j=1,...,p. (5.16)

Before starting the proof for Step 4, let us note that we do not lose generality by as-
suming f > 0 in (R1, £1); we may changé€ f, g) to (— f, —g) otherwise. Note also that
(—DPg(&,) > 0 is a contradiction to the fact thgt{R>) = 0. Therefore this step finishes
the proof of the theorem.

We now prove Step 4 by an induction argument. Fet 1, suppose for contradiction
that g(&1) > 0. Denotef2g = {x € 2: Ry < |x| < &1}. From the equation fopg we find
thatA§? (—u + vo + dug) = 0. Hence

Afo(—u+2vo+duo+n(n + N —2)r_2)
> Af (—M +2vg+dug+nn+ N — 2)r_2) > 0.

It follows that the strong maximum principle holds oveg for the operator
Ly:=(—A—p+2vw+dug+nn+N — 2)r_2).

It now follows from Log = dvo f > 0in 20 andglsg, > 0 thatg > 0 in £2p; note that by
Step 3,¢ cannot be identically 0 2.

Similarly we find that the strong maximum principle holds oy&y for the operatoi. 1
used in the proof of Step 3. It then follows from f = —cuog < 0 in 20 and f|3, =0
that f < 0 in £2¢. This contradiction proves (5.16) fgr= 1.

Suppose (5.16) holds for some= 1. If i is odd, therg(&;) <0 andf <0in (&, & +1).
Suppose for contradiction thg(x; 1) < 0. Denotef2; = {x € £2: & < |x| < &41}. By
the same reasoning as before, the strong maximum principle is satisfied agpd Lo
over £2;. We haveLpg = dvgf < 0in £2;, andglse, < 0. Henceg < 0 in £2;. It follows
that L1f = —cuog > 0in £2;, fla, = 0; hencef > 0 in §2;. This contradiction shows
that we must have(&;11) > 0. If i is even, the proof is similar. Therefore (5.16) holds for
all 1 < j < p. The proof is complete. |

We are now ready to prove the following result.

THEOREMA.7. Suppose thats.12)holds ThenX = X,.. Moreovey X' is a smooth curve
which can be parameterized hye (110, %), and X contains all the radially symmetric
positive solutions of5.10). Therefore for each € (uo, 12), (5.10)has a unique radially
symmetric positive solution

PrROOF By the local bifurcation analysis neéug, 6, 0) and(u°, 0, 0,0), X and X, co-
incide and consist of smooth curves near these points. Away from these two points, by
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Theorem 5.6, we can apply the implicit function theorem to concludeXhas a smooth
curve which can be parameterized jy
Suppose for contradiction thab # X,.. Since they agree neafuo,6,,0) and
(u°, 0, 6,0), we can find soméu, u, v) € X, which can be approached by a sequence
(i, ug, vr) € X\ X,. But this is impossible since ne@t, u, v), due to Theorem 5.6, we
can apply the implicit function theorem to conclude that all the solutions to (5.10) form a
smooth curve parameterized pywhich necessarily agrees wit).. This provesy = X,.
Suppose nowjz, i, v) is an arbitrary radially symmetric positive solution of (5.10). By
Theorem 5.6 we can apply the implicity function theorem in the space of radially symmet-
ric functions to conclude that, neét, it, v), all the radially symmetric positive solutions
of (5.10) form a smooth curve parameterizedhyLet X’ denotes a maximal such curve
and defineu, = {u: (u,u,v) € £’'}. By (5.11), we necessarily have, € [o, 10). If
s > no, then we can easily deduce that there exists sgmeu,, v,) € X', and we can
apply the implicit function theorem to continue the cutvéto u < u,, contradicting the
definition of u.. Hence we must have, = no. We now can use the equations in (5.10)
to easily show thatuo, 85, 0) is an accumulating point of’. By the local bifurcation
analysis neafuo, 65, 0), we see thal’ agrees withX, near this point. Nowz’ = X, can
be proved in the same way as we prave= X,. O

REMARK 5.8. 1. In Theorems 5.6 and 5.7, the restriction that the coefficients in (5.10)
are constants is not necessary; they can be radially symmetric functions. Moreover, these
results remain true if2 is a ball. See [DLO] for details.

2. In the one-dimensional case, the method of using nodal properties of the solutions
to (5.13) to prove Theorem 5.6 and hence the uniqueness of positive solutions to (5.10)
seems first used by LOpez-Gomez and Pardo [LP1]. This method can be extended to similar
problems with general homogeneous boundary conditions, see [LP2]. In [Hs], a related
method was used to discuss a problem with homogeneous Neumann and inhomogeneous
Dirichlet boundary conditions.

3. Whether the unique radially symmetric positive solution of (5.10) is linearly stable is
an open problem. Theorem 5.6 rules out the possibility of symmetry breaking bifurcation,
but it does not rule out the possibility of Hopf bifurcation aloay. In [Y], by a local
bifurcation analysis, it was shown that the positive solutions are linearly stable near the
semitrivial solutions.

4. If we replace the Dirichlet boundary conditions in (5.10) by Neumann boundary con-
ditions, then it is known that the positive constant solution is a global attractor of the corre-
sponding parabolic system with any positive initial data; this can be proved by a Lyapunov
function argument and relies on the assumption that the coefficients are constants, but it
works for an arbitrary2; see [dMR].
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1. Introduction

Our attention in this monograph is focused into the problem of ascertaining the asymptotic
behavior of the solutions of

B Au=ru—a@x)fx,wu in2 x(0,00),

u=0 on 982 x (0, 00), (1.1)

u(-,00=ug>0 in $2,
wheres2 is a bounded domain &, N > 1, with smooth boundar§s2, e.g., of clasg?,
A €eR,anda > 0, a # 0, is a function of clas€*(£2), for someu € (0, 1], satisfying the
following hypotheses:

(Aa) The set
2_ = {x €2 —alx) < 0}

is a subdomain of2 with 2_ c £2, whose boundaryj$2_, is of classC3, and the
open set

R0:=02\2_
consists of two component®p;, i € {1, 2}, such that
ﬁo,lﬂ.{_Zo,z:@, ﬁo’zc.Q,
and
o1:=0[—A,201] <o2:=0[—-A, 202]. 1.2)
Throughout this paper, given a regular subdomaiof 2 andV € C(D), we denote by
o[—A + V, D] the principal eigenvalue of A + V in D under homogeneous Dirich-
let boundary conditions. Figure 1 represents a typical situation where assumption (Aa) is
fulfilled. In Figure 1 we have denoted
=042, I'n=08201\T, I7:=0820.2, 02_=T1UITI>.
Thanks to Faber—Krahn inequality, (1.2) is reached2d»> has a sufficiently small
Lebesgue measure (e.g., [43], Section 5 and [10], Section 10). Actually, one might think
of (1.2) as a sort of hierarchical ordering size between the compofgntsand 2o > es-
tablishing that2g 1 is larger than2q 2, though one should take into account thét- A; D]

can depend on certain hidden geometrical propertig3.@etting

oo:=0[—-A, 2],
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Fig. 1. Nodal configuration induced l(x).

it is apparent, from (1.2) and the monotonicity of the principal eigenvalue with respect to
the domain, that

00 < 01 < 02. (1.3)

As for the functionf (x, u), we suppose the following:
(Af) fecmiti(Q2 x [0, c0)) satisfies

f(x,00=0 and 3,f(x,u)>0 forallxe 2 andu > 0.
(Ag) There existg € C1T#([0, c0)) such that

g(0) =0, gw)>0 and g'(u)>0 forallu>0, ”Tm g(u) = oo,
urToo

where *'” denotes -, and
fCu)y>gw) ifu>=0.
Note that (Af), (Ag) imply

lim f(x,u) =00 uniformlyinx e 2.
utoo

Subsequently, we assume (Af), (Ag), and for every constant 0 and compact set
K C £2_ we consider the auxiliary function

hg a):=ap kgwu — Au, u [0, 00), (1.4)
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where

ap Kk = I’T}(il”la > 0.

Under assumption (AQ), it is apparent thiat 4 has a unique positive zero. Let denote
it by ux_ 4. The following assumption is crucial to get uniform a priori estimates for the
solution of (1.1) within2_:

(Ah) For every painK, A) andu > uk 4

oo s -1/2
I(u) :=/ |:/ hi A(2) dzi| ds < o0 (1.5)
and
IiTm I(u):=0. (1.6)

Assumption (Ah) holds if
guy=nu""t u>0,
for somen > 0 andp > 1. Indeed, in such case,
hg a(uw):=ar kgwu — Au=ar gnu’ — Au, u >0,

and hence,

< A )1/(17—1)
MK,A = .
ar.kKn

Thus, for eacly > u > uk 4,

/A hg a(z)dz = / (ar,knz? — Az)dz

_ C;LaTKZ(Serl _ up+1) - %(SZ _ u2)

and therefore, by performing the change of variableud, we find that

0 -1/2
I(M)Z/M |:6;L’TKZ(SP+1_MP+1)_ %(Sz_uz)} ds

Fay gnur—t A ]—1/2
= SR (Pt o1 - (9% -1 do
[ ey - 502
< 00, a.7)
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since the functiomR (9) defined by

._aL’K””p_l p+1_ gy A2
RO) = (00 1) = 5 (07 ~1). 620,

satisfies
_ / _ p—1 r-1 —
R(1) =0, R'(Y)=ar xnu —A>ap gnuy ,—A=0
and

. R r-1
im 0) ap,xnu

= 0.
6100 GPF1 p+1 g

Moreover, it is easy to see that (1.7) implies (1.6). Therefore, (Ah) holds true for this choice
of g.

In Ecology, (1.1) models the evolution of the distribution of a single spedies) ran-
domly dispersed in the inhabiting aréa wherei represents the intrinsic growth rate of
u anda(x) measures the crowding effects of the populatiosin. In £2¢, u is allowed to
enjoy exponential growth according to the Malthus law. In our setting, the inhabiting area
£2 is fully surrounded by completely hostile regions, because of the homogeneous Dirich-
let boundary conditions 08£2. The functionug € C(£2), up > 0, represents the initial
population distribution. Consequently, (1.1) can be viewed as a sort of intermediate proto-
type model linking the Malthus and the Verhulst laws of population dynamics within the
same inhabiting region. Indeed, ff(x, u) = u, 2_ = £ anda(x) > 0 for eachx € 352,
then (1.1) provides us with the classical spatial logistic equation, while it provides us with
the classical spatial Malthus equationsf- = . Our main goal in this work is ascer-
taining the interplay between these two angular laws of population dynamics when they
arise simultaneously in a heterogeneous environment of the type illustrated in Figure 1.
Although in the classical cases wheén < {#, £2} the dynamics of (1.1) is governed by
the nonnegative steady-states of (1.1), i.e., by the nonnegative solutions of

{—Au—ku—af(o,u)u in 2, (1.8)
u=~0 onos2,

in our general setting a new class mdnclassical nondistributional generalized steady-
statesmust be incorporated to the mathematical analysis of the problem in order to describe
the asymptotic profiles of the population as time passes by. Namelynéitesolutions
Roughly spoken, the metasolutions of (1.1) are the extensions by infinity ekfilesive
solutions or large solutions of

—Au=2iu—af(-,u)u (1.9

in D e {2\ 201, 2_}. From the biological point of view, the main results of this paper
can be shortly summarized as follows:
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e The inhabiting region2 cannot support the specigsf A < op.

e The specieg grows according to the Verhulst lawdf < A < o71.

e The species grows according to the Malthus law i 1, while it is governed by the

Verhulst law in$2 \ 201 if 01 <A < 0.
e The species grows according to the Verhulst law {B_, while it exhibits Malthusian
growth in2 \ 2_ if A > 0.

Consequently, the nature of the evolution of a single randomly distributed spatial species
in a heterogeneous environment might suffer drastic changes according to the size of its
intrinsic growth rate, evolving from extinction and logistic growth up to exhibit a genuine
exponential growth within the most favorable regions, as in such cases most of the individ-
uals of the population tend to abandon the most hostile areas for colonizifeytirable
regionswhere natural resources are almost unlimited. A most detailed discussion, once
stated the main mathematical results of this monograph, will be carried out in Section 2.

Besides the huge intrinsic interest of analyzing (1.1), as a result of the wide variety of its
applications in the applied sciences and engineering, analyzing (1.1) is imperative as well
from the point of view that it is a cell model for designing more sophisticated — so, more
realistic — multispecies interacting models. Actually, it has been recently shown that the as-
ymptotic profiles of the solutions of (1.1) also provide us with the dynamics of the positive
solutions of large classes of superlinear indefinite problems, whenechanges of sign
(cf. Section 8). Therefore, the theory of metasolutions developed in this monograph should
be a milestone to generate a great variety of new mathematical results in analyzing the
effects of spatial heterogeneities in Chemistry, Biology, Ecology, Economy and Physics,
so tremendously facilitating the understanding of the role of spatial heterogeneities in the
formation and diversity of the Universe.

Throughout this paper, given a subdoméinc 2 and a functioru € C(D), it is said
thatu > O if u > 0 andu # 0. Accordingly, givenu, v € C(D), it is said thatu > v if
u —v > 0. Also, givenu € C1(D), it is said thatu > 0 if u(x) > 0 for eachx € D and
%(x) < 0 for eachx € 9D Nu~1(0), wheren, stands for the outward unit normal &f

atx € dD. Accordingly, giveru, v € C1(D), it is said thaw > v if u — v > 0.
Under our regularity assumptions, (1.1) possesses a unique smooth classical solution

u(x, 1) :=up,21(x, 15 uo)
globally defined in time since
—af(,u)u<0.
Moreover, by the parabolic maximum principle, t) > 0 for eacht > 0, sinceug > 0.
The main goal of this work is ascertaining the behavior of the population distribution as

time passes by, i.e., characterizing the limit

L:=Ilimu(,t), (1.10)
tPoo

if it exists, according to the several ranges of values where the intrinsic growthvatees.
In terms ofL, the main results of this paper can be listed as follows:
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o L=0if A <oyp.

e O0<L <xifog<Ai<or.

° L=ooin50,1\8(2and0<L<ooinQ\§o,1if 01 <A <o02.

e L=0c0oin2\2_and0< L <ocoin 2_if L >oo.
This monograph is distributed as follows. In Section 2 we state the main results and dis-
cuss their biological meaning. In Section 3 we collect the characterization of the strong
maximum principle found by Lopez-Gémez and Molina-Meyer in [53] and characterize
the dynamics of a class of general parabolic problems related to (1.1). These results are
crucial in the subsequent mathematical analysis. In Section 4 we give some preliminary
results that will be necessary to prove the results of Section 2, among them count some
classical problems of logistic type and some substantial improvements of the classical uni-
form a priori bounds of Keller [38] and Osserman [61]. In Sections 5-7 we will prove
the results of Section 2. Finally, in Section 8 we describe the genesis and evolution of the
mathematical theory of metasolutions and discuss some further, very recent, applications
to porous media and indefinite superlinear problems.

Throughout this paper, given two real Banach spacesdY and a linear continuous
operator betweel andY, sayL, N[L] andR[L] will stand for the null space — kernel —
and the range — image — &f

2. The main results

Throughout this section we will assume thdk) satisfies (Aa) and thaf satisfies (Af),

(Ag) and (Ah), though some of the results might be valid under much weaker assumptions.
Then, any weak solution of (1.9) in a smooth subdomair 2 must live inCZ*(D).

The solution of (1.1) satisfies

ue ity (§ x (0, oo)).

Throughout this paper, given a smooth subdonmaia 2 andM € [0, oo], we consider
the family of elliptic boundary value problems

{—Auzku—a(X)f(x,u)u in D, (2.1)

u=M onabD.

Any weak solutionu of (2.1) must satisfy: € C2**(D) if 0 < M < oo, while, in case
M = oo, a functionu € C>*(D) is said to be a solution of (2.1) if it satisfies the differen-
tial equation inD and

lim  u(x)=o0. (2.2)
xeD
dist(x,d D)0
Throughout this paper, such solutions are caléede solutions- or explosive solutions
of (1.9) in D (cf. [6,57] and the references therein).
The following result characterizes the existence of large solutions of (1¢9) ifThese
solutions will provide us with the limiting profiles of the solutions of (1.1) when o».
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THEOREM 2.1. SupposeV = oo and D = £2_. Then for eachi € R, (2.1) possesses a
minimal and a maximal positive solutipdenoted b)L”" yand L% ,, respectively —
in the sense that any other positive solutiof (2.1) must sat|sfy

LI, | < L<L . 23

The following result characterizes the existence of large solutions of (19Q)\if2o 1.
These solutions will provide us with the dynamics of (1.1) for the rang€ A < o».

THEOREM2.2. SupposeéV = oo and
D:.Q\[?o’l:[?, Uﬁo’z.

Then(2.1) possesses a positive solution if and only & o2. Moreover for eachi < o>,

ini i H min max _
(2.1) has a minimal and a maximal solutipdenoted b Do\ Zo ] and L[A,Q\ﬁo,l]’ re

spectively — in the sense that any other solutioaf (2.1) must satisfy

min max
L L. 2\201] SLs LP» 2\2011" (2.4)

Moreoverthere exists a large solution of equation
—Au=oou—af(-,u)u

in 2_, sayL[q, _1, Such that

o0 in §0 2,
I|m Lmln s

25
ro2 [ 2\201] — Lis, 21 inS2_. (2:5)

The following result characterizes the existence of positive solutions of (1.8), which
equals (2.1) ifM =0 and D = 2. These solutions will provide us with the dynamics
of (1.1) within the rangeg < A < o1.

THEOREM2.3. Problem(1.8)has a positive solution if and only if
00 < A <o01.
Moreoverit is unique if it exists and if we denote it by, o, then

)ILILTOG[A'Q] =0 In C(.Q), (2.6)
and

lim 9[)L 2]

00 in 201\ 022,
min P O (2-7)
o1 L — In 2\ £20.1.

[o1,$2\$20,1]
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Furthermore the map

(00, 1) —> C(82),

2.8)
A= 0(X) =0 2

is point-wise increasing and of clags.
The following result provides us with the dynamics of (1.1).

THEOREM2.4. Letu(x, t) :=up @)(x, t; ug) denote the unique solution ¢f.1). Then
(@) limoou(-, 1) =0in C(£2) if A < oo.
(b) Iim,TOO u(-, 1) =0, 2 in C(ﬁ) if og < A < o071.
(c) In caseo; < A < o2, the following assertions are true
(i) lims400 u(-, 1) = oo uniformly in compact subsets Efo,l \ 082.
(ii) In £2\ £0,1 the following estimate is satisfied
Lmin

5 < limi L) <l . 1) < g max
2\Z01] “[?c')'gf u(-,t) <limsupu(-, 1) <L

1100 L2\ 201]"
(i) If, in addition, ug is a subsolution 0{1.9)in £2, then
tIiTTou(-, 1) = Lai’r}z\ﬁm] in 2\ 201.
(d) In casexr > o9, the following assertions are true
(i) lim;4o0 u(-, t) = oo uniformly in compact subsets of \ £2_.

(ii) In £2_ the following estimate is satisfied

L[r)lir}2 <liminfu(., 1) <limsupu(-, 1) < L[T)la.é I
e ttoo tfoo o

(iii) If, in addition ug is a subsolution 0{1.9)in 2, then
tIiTTou(-, ) = L{Qi’r}?_] in 2_.

The statements of Theorem 2.4(c) and (d) can be substantially shortened by introducing
the following concept.

DEFINITION 2.5. Suppos@/ = oo andD € {2 \ £20,1, 2_}. Then, a functiod : 2 —

[0, o¢] is said to be a metasolution of (1.9) supportedirif there exists a large solution
L of (1.9) in D for which

Em:{oo ?n.Q\D,
L InD.
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The metasolutio®? is said to be the minimal (resp. maximal) metasolution of (1.9) in
D if L is the minimal (resp. maximal) large solution in The minimal and the maximal
metasolution of (1.9) iD are throughout denoted @yt[’k‘"}) andMey,, respectively.

Using Definition 2.5, Theorem 2.4(c) shows thatzif< A < o9,

min . max .
9)?[/\ 2\ Fos Im;(r)lfu( < IlrlnTioupu( 1) < smk "2\ o] in 2,
and actually,
i min .
M ut, D =Mg 0\ N2

if, in addition, ug is a subsolution of (1.9) 2.
Similarly, thanks to Theorem 2.4(d), for any> o2 we have that

M, | < liminf u(-, 1) < limsupu(., 1) < MI% | in 2.
Se= 1100 1100 o

Moreover,
limu(-,0)=m0", . inQ
tToou( ,1) [A,$2-]
if, in addition, ug is a subsolution of (1.9) 2.
As a result from these features, the dynamics of (1.1) is governed by the maximal clas-
sical nonnegative solution of (1.9) i < o1, by the metasolutions of (1.9) supported in
2\ 201 if 01 < A < 02, and by the metasolutions of (1.9) supportedan if 1 > o».

The following results provide us with some sufficient conditions for the uniqueness of
the metasolution of (1.9) supportedine {2 \ §201, £2_}.

THEOREM2.6. Suppose
f,u)=uP™t, (x,u) € 2 x [0, ), (2.9)
for somep > 1, and there exist

Be C(Fl; (0, oo)) and y e C(I"l; (O, oo))

such that
lim ae) =1 uniformlyinxs e I” (2.10)
- . . |
x—=x1 B(xp)[dist(x, I7)]7 D) yinxg el
xesf2_
Then for eachi < o3,
me Lmax _ (211)

[A,£2\$20,1] [*,2\8201)
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i.e, (1.9)possesses a unique large solutionfan 20.1. Therefore (1.9)possesses a unique
metasolution supported if2 \ 201, subsequently denoted W[A’Q\ﬁo ,» and due to
Theorerr12.4(c),SJJI[MZ\S;0 .1 is a global attractor for the solutions dfl.1)if o1 < 4 < 02.

THEOREM2.7. Supposg2.9)and there exist

BeC(32-;(0,00) and yeC(32_;(0,00))

such that
lim aL 1 uniformly inx; € 382 (2.12)
= X . .
x—x1 B(xp)[dist(x, I7)]7 &0 Yy Inxy
Xe_
Then for eachi e R,
it = Ll (2.13)

i.e., (1.9)possesses a unique large solutionin.. Consequently(1.9) possesses a unique
metasolution supported i2_, subsequently denoted B},  ;, and due to Theo-
rem2.4(d), My, is a global attractor for the solutions dfL.1)if A > oo.

The next result shows the continuity and monotonicity iof the metasolutions of (1.9)
supported inD € {2 \ £20.1, £2_} under the assumptions of Theorem 2.7, though the result
remains valid assuming the uniqueness of the metasolution for every value of the parameter
where it exists.

THEOREM2.8. Under the assumptions of Theor@n?,each of the maps

Moo
(2.14)
A Moo, W) =My o204
and
Mo
R — C(£2; (0, 00]),
(2.15)
A Mo () =My o)
is continuous and point-wise increasirigoreover
)!i{ple()n) = 9379\50’1(0'1) and /\IiTrpz 9)39\50,1()\) =Mo_(02), (2.16)

whered is the solution map defined (@.8).
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Fig. 2. The dynamics of (1.1). Classical solutions and metasolutions.

In Figure 2 we have represented the dynamics of (1.1) under the assumptions of Theo-
rem 2.7. Most precisely, we have drown the diagram of classical solutions and significant
metasolutions of (1.9) together with their respective attracting properties. We are plotting
the parametex versus the value of the generalized solutiofx), at some poink € §2_,
where all these generalized solutions are finite, so that the diagram cannot exhibiit any
furcation from infinity The diagram shows four different kind of solutions. Thaxis rep-
resents: = 0, which, according to Theorem 2.4(a), is a global attractar<f og, while it
is linearly unstable for any > og. Then, we have represented the positive soluijor,),
which bifurcates from: = 0 at\ = og and it is point-wise increasing for € (o9, o1) un-
til it reaches the metasolutidit o192\ 204 ALA =01 Due to Theorem 2.4(b¥;. o) is a
global attractor of (1.1) for eache (09, o1). Then, we have represented the curve

A= My o\2o11 (),

which, according to Theorem 2.8, is continuous and increasing in its definition interval
(=00, 02). Thanks to Theorem 2.4(chi;; ;\ 5, ,; IS @ global attractor for the solutions

of (1.1) if A € [01, 02), and, due to Theorem 2.2, it approximates the metasoldiigy |

asi 1 o2. As for anyi < o1 the dynamics of (1.1) is described by the classical nonnegative
steady states of (1.1), in such range the metasoltmmg\%_l] must be unstable from
below. Consequently, the value= o1 provides us with the critical value of the parameter
where the attractive character of the metasolution support&\if2o 1 changes. Finally,
Figure 2 shows the curve

A= My, 1(x),

which, according to Theorem 2.8, is continuous and increasirg. imhanks to Theo-

rem 2.4, _j is a global attractor for the solutions of (1.1}if> o2, while itis unstable
from below if A < a2. S0,A = o7 is the critical value of the parameter where the attractive
character ofJi[;, _j changes. Figure 3 shows the corresponding asymptotic profiles of the
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Qo 1 9, 2 Q0,1 Qo,l Q_ Q5 Q2 Q4
r<o 0 <A<O
0 0 1
Q 9, Q. Q_ Q.
6 <A<o A>0
1 2 2

Fig. 3. The limiting profiles of the solutions of (1.1).

solutions of (1.1) according to the range of variation of the parametéithough for a
general nonlinearity (x, u) satisfying (Af), (Ag) and (Ah) our theory does not guarantees
the uniqueness of the metasolution, due to Theorem 2.4, Figure 2 still provides us with the
dynamics of (1.1) whemg is a subsolution of (1.9), though in this case one should think
of the minimal metasolution curves, which might exhibit a number of jumps as a result of
the eventual nonuniqueness of the metasolutions. Nevertheless, though we could not prove
it yet, we conjecture that the metasolutions supporte@ ins2o 1 ands2_ must be unique
for a generak (x) satisfying (Aa) andf (x, u), not necessarily of the special form (2.9).
Theorem 2.4 is of fundamental interest from the point of view of the applications of the
abstract mathematical theory developed here to population dynamics as it provides us with
the simultaneous effects of incorporating both Malthus and Verhulst laws within the same
natural environment, which should be extremely realistic from the point of view of appli-
cations to real world models. Rather naturally, the density of the species should be severely
limited in the regions where natural resources are drastically limited, though it might be
certainly unlimited within the regions where natural resources are sufficiently abundant to
maintain a huge population. A mechanism explaining why agriculture facilitated the emer-
gence of human groups whose size gradually increased during the last 10 thousands years —
nothing at the human evolution scale — until originating the extremely densely populated
areas that we inhabit today. Simultaneously, in unfavorable areas, where agriculture was
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not possible, or simply extremely difficult, like in the rain forest areas, the level of human
population has been controlled almost at the original levels.

As a consequence from Theorem 2.4, if the intrinsic growth rate of the species, measured
by A, is below the thresholdp, then the inhabiting area cannot support the speciesich
is driven to extinction. When € (o0, 1), then the inhabiting area is able to maintain the
species: around the critical levedy, ), independently of the size of the initial popula-
tion ug. So,£2 cannot maintain an arbitrarily large population. Therefore, (1.1) exhibits a
genuine logistic behavior if < o1.

Quite surprisingly from the mathematical point of view — for a reason to be explained
in Section 8 — in the interval € [o1, 02) the population must be limited in the region
2\ 20,1, while, as an effect from dispersion to the less hostile regtn, the population
can grow arbitrarily withinf2g ;. Thus, (1.1) exhibits a sort of logistic growth §2 \ £2¢.1
and a genuine exponential growth g2y 1 if A € [01, 02). Indeed, thanks to the parabolic
maximum principle,

ug=up, o1, Lug) >0
and, for each > 0,
up, )G, t +Liuo) = up, @1(, 13 u1) > upp,2041( 15 u1), (2.17)

whereupy, oq41(x, t; u1) stands for the solution of the linear problem

B Au=ru in 01 x (0,00),
u=0 on 98201 x (0, 00), (2.18)
u(-,00=uy in 20,1,

which is given by
U, 2011 (x, 15 u) = € A0y, (2.19)

Now, supposer > o1 and denote bypg 1 the principal eigenfunction associated with
o[—A, £291]. Then, sincer; > 0, there exist& > 0 such that

Ul > ogo1
and hence, it follows from (2.17) and (2.19) that
2o+ Liug) > a€ TV gg g = e Wigg g,
which shows the exponential growth of the population wit{2ig; .
Similarly, whenx > o2 the population must be controlled withid_, as a result of the

limitation of the natural resources available there in, though the individual of the species
can disperse to the most favorable ar@ag and$2g 2, where the population density can
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be arbitrarily large; actually growing at the respective rat€s &) and é*~72), Conse-
guently, the principal eigenvalueg ando> might be though as sort of measuring parame-
ters of the quality of each of thefuge patchesf the environment.

3. Some general pivotal results

The following characterization of the strong maximum principle goes back to [53] and [43]
(cf. [48] for an extremely sharp version of the theorem).

THEOREM 3.1. SupposeD is an open subdomain &, N > 1, with smooth boundary
andV e C*(D). Then the following assertions are equivalent

(@) o[-A+V,D]>0.

(b) There exists a functioh € C2(D) N C(D) such thath > 0in D,

(—=A+V)h>0 inD,

and eitheri|yp > 0,0r (—A + V)h > 0in D — such a functiork is called a positive strict
supersolution oA + V in D under Dirichlet boundary conditions

(c) The operator—A + V satisfies the strong maximum principle in i.e., for every
f eC™(D), g € CZ(3D), such thatf >0,¢ >0, (f, g) # (0,0), and anyu € C2t*(D)
satisfying

{(—A—l—V)u:f in D,
u=g onobD,

one has that > 0in D.

Throughout the remaining part of this section we supppseC**(£2 x [0, c0)) and
consider a smooth subdomainof 2 such that

DNQ2_#0. (3.1)

As an immediate consequence from the abstract theory developed by Amann in [1] and [2],
the following result holds.

THEOREM3.2. Supposg € C?t#(3 D) and

{—Au =lu—af(,u)u inD,

3.2
u=g onaD (3.2

possesses a subsolutigre C2+*(D) and a supersolution € C%+1 (D) such thatu < i.
Then(3.2) possesses a solutiane C2T# (D) such that

u<su<iu.

Moreovery (3.2) has a minimal and a maximal solutionfim, i].
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Note that ifu (resp.u) is a strict subsolution (resp. supersolution) of (3.2), then any
solutionu of the problem i u, u] must satisfyu < u < u (resp.u <u < it).
As an easy consequence from Theorem 3.2, the following result holds.
THEOREM 3.3. Suppose, ii € C>T*(D), satisfy
—Au<iu—afC,u)u and —Au>ru—af(,iu)u inD,
im u(x)=o0c0 and lim  a(x) =00,
dist(x,0 D)0 dist(x,0 D)0
and
u<u inD.
Then the singular boundary value problem

{—Au —u—af (,wu i D, (3.3)

U =00 onabD,
possesses a solutiane C2t# (D) such that < u <.

PrRooOF For each sufficiently large > 1, sayn > ng, we consider

. 1
D, = {x e D: dist(x,dD) > —}.
n

The integemg > 1 must be chosen so thaD, inherits the regularity ob D. Thanks to
Theorem 3.2, for each > ng, the problem

{ —Au=2ru—af(-,u)u in Dy,

uti

u==; onab,
possesses a solutiap € C2t#(D,) such that
u|p, <u, <ilp, inDy.
Thanks to these estimates, there exists a subseq{engg,>1 of {u,},>n, Such that
m|Lmoo lun,, — ”OHCZH‘(Z_%O) =0
for some solutionig € C>+#(D,,) of

—Au=xtu—af(,u)u in Dy,

_ utu
U==5 0N adDy,.
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Now, consider the new sequengs,, |p,.,}m>1. The previous argument also shows the
existence of a subsequence{of,, |p m>1, labeled again by,,, such that, for some

u1 € C¥*(Dygy1),

n0+1}

mli—l;noo ||unm - u1||02+“(5n0+1) =0.
Necessarilyu1| Dyy = UO- Repeating this procedure infinitely many times, the point-wise
limit of the diagonal sequence provides us with a solution of (3.3) satisfying all require-
ments. (]

The following result collects some important properties that are going to be used
throughout the remaining of this work.

LEMMA 3.4. Supposef satisfies(Af), g € C27(9D), ¢ >0, andi € C>"*(D), i > 0,
is a supersolution 0f3.2). Then i > 0, i.e,, u(x) > 0 for eachx € D and ;T”i(x) <0
for eachx € a—1(0) N dD, wheren, stands for the outward unit normal ate 9D. In
particular, any positive solutiom of (3.2) satisfies: > 0. Moreovey
o[-A—Ai+af(,u),D]>0.
Actually, if g = 0andu is a solution of(3.2),then
r=o[-A+af(,i),D]. (3.4)
Furthermore for eachx > 1, ki also provides us with a supersolution (¥.2).
PrROOF Sinceit|yp > 0 and
(-A=Ai+af(C,w)u>0 inD,
u > 0 provides us with a positive supersolution-eA — A + af (-, #) in D under Dirichlet
boundary conditions, and two different situations can occur.
If either g > 0 ondD, or g =0 ondD but i is a positive strict supersolution of

—A — A+ af (-, i) in D under Dirichlet boundary conditions, then it follows from Theo-
rem 3.1 that

o[-A—Ai+af(,i),D]>0 (3.5)
andi > 0.
If g=0o0ndD and is not a strict supersolution 6fA — A + af (-, i) in D, then

u provides us with a positive eigenfunction associated with the principal eigenvalue

o[-A—Ai+af(,u),D]=0 (3.6)
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and hence, by Krein—Rutman theorams> 0. Note that in such caseis a solution of (3.2)
and that (3.4) holds from (3.6).
Now, pickk > 1. Then,

kitlgp = ulap = g,
and, inD, we have that
—A(ku) 2 rku —af (-, u)ku 2 ki —af (-, ku)ku,
since, by (Af),
fCoku)> f(,0),
which concludes the proof. O

The following theorem will extraordinarily simplify the mathematical analysis of the
next sections.

THEOREM3.5. Supposef satisfieqAf), g € C>t#(dD), g > 0,1 > o[—A, D] if g =0,
and (3.2) possesses a supersolutian> 0. Then (3.2) has a unique positive solution
Moreoverif we denote it by, p ¢, then for any positive subsolutigresp supersolutioh
u (resp it) of (3.2),0ne has thait < 6, p.1 (resp )i, p,¢ < it). Furthermore for each
ug >0,

JITTO i D,g1Co 15 10) — 63, D g1 ||c(5) =0, (3.7)
whereup, p ¢1(x, t; ug) stands for the unique solution of the parabolic problem

8u — Au=iu—af(,u)u inD x(0,00),
u=g onadD x (0, 00), (3.8)
u(-,0) =ug inD.

SupposgAf), (3.2) has a supersolutio > 0, g =0 and A < o[—A, D]. Then (3.2)
cannot admit a positive subsolution and

tIITrIlO ”M[)\,D,g]('a L 140) HC(E) =0. (39)

PROOF In caseg > 0, u := 0 provides us with a strict subsolution of (3.2), and hence,
(0, ) provides us with an ordered sub—supersolution pair. Thus, thanks to Theorem 3.2,
(3.2) possesses a solutior<Qt < u. Due to Lemma 3.4y > 0.

Supposeg =0 andXx > o[—A, D]. Let ¢ > 0 denote any principal eigenfunction as-
sociated witho[—A, D]. Then, for each sufficiently smail > 0, the functionu := ¢
provides us with a positive strict subsolution of (3.2). Indegd;p =0 and, inD,

—A(ep) =¢e0[—A,Dlp <rep —af (-, ep)ep
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for sufficiently smalle > 0, sinces[—A, D] < A and
Ig'?(‘) laf (. ep) ||C(5) =0

Fix one of these values &f Due to Lemma 3.4y >> 0 andki is a supersolution of (3.2)
for everyx > 1. Pick a sufficiently large > 1 so that

gQ <KU.

Then, (e, ki) provides us with an ordered sub—supersolution pair of (3.2) and hence,
thanks to Theorem 3.2, (3.2) possesses a solutgurch that

gp <u < KU.
Note that, due to Lemma 3.4,>> 0.

To show the uniqueness of the positive solution of (3.2) we proceed by contradiction.
Suppose (3.2) has two different positive solutiens# us. The previous analysis shows
that there exist > 0, x > 1, and a strict subsolution

u € {0, g}
such that

u < min{u1, uz} < maxXuy, uz} < ki.

Let u, andu* denote the minimal and the maximal positive solutions of (3.2uinci].
Necessarily,

u <uy <Minfuy, uz} < maXu, uz} <u* <k
and therefore, (3.2) possesses two ordered positive solutiprsy ™. Setting
wi=u"—u, >0,

the following linear boundary value problem is satisfied

{(_A—A+V)w=0 in D, (3.10)

w=0 OnaD,

whereV is the potential defined by
V.= a/ 5(, tut+ (1 — t)u*)(tu +(1- t)u*) dr
0

1
—i—a/ F(otu™ + (A= tyuy) dr. (3.11)
0
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By Lemma 3.44* > 0 andu, > 0. Hence, it follows from (Af) and (3.1) that

1
% >a/ Fotu* + A=) de = af (¢, uy),
0

sinceu* > u,. In particular, by the monotonicity of the principal eigenvalue with respect
to the potential, we find that

o[-A—1+V,D]>0[-A—r+af(,u), D] (3.12)
Thus, thanks to (3.4), (3.12) gives

o[-A—A+V,D]>0.

As the principal eigenvalue is dominant, we conclude from (3.10)u¢that0, which con-
tradictsw > 0. This contradiction concludes the proof of the uniqueness of the positive
solution. Subsequently, we denotedpy p_,j the unique positive solution of (3.2).

Suppose: > 0 is a subsolution of (3.2). Then, singes> 0, for sufficiently largec > 1,
we have thal: < iz and hence, by Theorem 3.2, (3.2) has a positive solutidm jri].
By the uniqueness, < 0 p.¢ < kit and, in particular,

u <O, p.g)-

Supposea: > 0 is a supersolution of (3.2). By Lemma 3> 0. If g > 0, then,u =0
provides us with a strict subsolution of (3.2) and, due to Theorem 3.2, (3.2) has a positive
solutionu in [0, u]. By the uniqueness,

Oa,D,g) S U. (3.13)
Similarly, if g = 0, then, for sufficiently smalt > 0, u := ¢ provides us with a strict
subsolution of (3.2). Thus, if is chosen so thaty < i, by Theorem 3.2, (3.2) has a
positive solutior in [eg, u]. Therefore, by the uniqueness, (3.13) as well holds.

Now, we will prove (3.7). First, we suppose that

g=0 and A>o[—-A,D]

Sinceug > 0, by the parabolic maximum principle, for eack 0 we have that

Ui, p,g1(» 1 ug) > 0.

Now, pick a sufficiently smalt > 0 and a sulfficiently large > 1 so that(ep, xit) be an
ordered sub—supersolution pair of (3.2) for which

ep <up,p,g (-, Lup) <«u.
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Note thatc > 1 can be chosen so that
KU > H[A,D,g]»

and hence, by the uniqueness of the positive soluianmust be a positive strict super-
solution. Now, thanks again to the parabolic maximum principle, for eacld we have
that

U D,g1C 15 €9) < up,p.g1 (- 1 U, pg1C L5 10))
=up,p,g(,t + L uo)
S up,p.g (st kit). (3.14)
Moreover, since is a strict subsolution, asgrows,up,., p.¢1(-, t; €) increases approxi-
mating the minimal positive solution of (3.2) [ag, xu], while, sincexi is a strict super-
solution,u(y, p,g1 (-, t; kit) decreases approximating the maximal positive solution of (3.2)

in [eg, kit] (cf. [65]). As O, p e is the unique positive solution of (3.2), passing to the
limitast 1 oo in (3.14) gives

lim upx, p.g1 (-, 1:u0) =60 p.g1  INC(D),
ttoo

so concluding the proof of the theorem in this case.
Now, suppose > 0 and pick a sufficiently large > 1 for which

kit >0 pe and O<up pg)(, 1 ug) <kit.
Then, arguing as above, we find that

U D,g1 (o 15 0) S up,pog1 (- 1 up, g1, 15 10))
=up.pg(-t + 1 uo)
< up,p,g(-, 15 kit), (3.15)

and similarly, (3.7) follows by passing to the limit a$ oo in (3.15).
Finally, suppose

¢g=0 and A<o[-A,D] (3.16)

We claim that (3.2) cannot admit a positive subsolution; in particular, it cannot admit a
positive solution. To prove this feature we proceed by contradiction. So, suppose (3.2)
possesses a positive subsolutios 0. Sincei > 0, there existg > 1 such thatt < «u

and therefore, due to Theorem 3.2, (3.2) possesses a positive salutitameover, thanks

to Lemma 3.4, we have > 0 and

r=o[-A+af(,u),D].
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Sinceu > 0, it follows from (Af) and (3.1) thatf (-, u) > 0 in D and hence, thanks to the
monotonicity of the principal eigenvalue with respect to the potential,

r=o[-A+af(-,u),D]>0o[-A, D],

which contradicts (3.16). Therefore, (3.2) cannot admit a positive subsolution in such case.
In order to show that, under (3.16), condition (3.9) is satisfied, we consiget such that

0 < u[;\,D,g](-, l; Mo) < KU.
Then, for each > 0, we have that

0< M[A,D,g]('» t+ 1 ug) < up, g1 (-, t; kit). (3.17)
As «u is a supersolution of (3.2}, p,¢) (-, t; kit) decreases approximating a$ oo the
maximal nonnegative solution of (3.2) [, k], which is the zero solution. Therefore,
passing to the limit as 1 oo in (3.17) shows (3.9) and completes the proof. ]

Actually, the following strong comparison result is satisfied.

LEMMA 3.6. Supposef satisfies(Af), g € C2H*(3D), g >0, 1 > o[—A, D] if g =0,
and (3.2) possesses a supersolutian- 0. Then for any positive strict subsolutioftesp
supersolutioh u (resp i) of (3.2),one has thatt < 6, p ) (resp 6, pg) < it), where

01x,p,¢] IS the unique positive solution ¢8.2).

PROOF Supposex > 0 is a strict subsolution of (3.2). Then, due to Theorem 3.5,
u <0, p,g], and therefore,

u <0p,p.gl
sinceu cannot be a solution. Consequently,
w = O[A,D,g] —u> 0. (318)

Now, adapting the uniqueness argument of the proof of Theorem 3.5, it readily follows that

{(—A—X+V)w=0 in D, (3.19)

w>=0 onabD,

whereV is the potential defined by
1 af
Vi=a /0 o (100,061 + (L= 0u) (165,01 + (L= Du) o

1
—i—a/ (- 10p.p.g + (1= Du) dr.
0
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Now, we have to distinguish between two different situationsv|fp > 0, thenw > 0
provides us with a positive strict supersolution-eA — A 4+ V in D under homogeneous
Dirichlet boundary conditions. Thus, due to Theorem 3vL> 0 in D, and therefore
u <K 05, p,g1- NOw, supposev|yp = 0. Then,w > 0 is a principal eigenfunction associ-
ated with

o[-A—-A+V,D]=0

and, due to Krein—Rutman theorem 3> 0, which concludes the proof. O

4. The classical logistic equation. A priori bounds inf2_
In this section we analyze the dynamics of

B — Au=ru—a@) fx,uu in D x (0,00),
u=M ondD x (0, 00), (4.1)
u(-,00)=ug>0 inD,

whereM € [0, co) is a constantD is a smooth subdomain &2 such that
DcC$2_, (4.2)

and f satisfies (Af) and (Ag). The main result establishes that the dynamics of (4.1) is
governed by its maximal nonnegative steady-state, which is the maximal nonnegative so-
lution of

{—Au:)»u—a(x)f(x,u)u in D, (4.3)

u=M onadbD.

Actually, for eachM > 0, (4.3) possesses a unique positive solution which is a global
attractor for the solutions of (4.1). Throughout the rest of this paper it will be denoted by
O, p.m- It turns out that this solution satisfies

lim 6. p.m=0 ifA<o[—A, D],
M0

while

0.0 == Ilvi[rPoe[A,D,M] if A >o[—A, D],

provides us with the unique positive solution of (4.3) Mr= 0. So, there is a continuous
transition between both dynamics &sperturbs from zero.

The analysis of (4.1) in cash C £2_ is much easier than the analysis of the general
case when (4.2) is satisfied, wherenight partially, or totally, vanish oA D, as a result of
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the fact that sufficiently large positive constants provide us with supersolutiéns if2_,

while no positive constant can be a supersolutiom flanishes ord D and A > 0. Thus,

in the first two sections we will focus our attention into the simplest case lhens2_.

Then, in Section 4.3, we will assume that, in additigrsatisfies (Ah) in order to refine the
classical a priori bounds of Keller [38] and Osserman [61]. These bounds will allow us to
obtain the existence of a minimal and a maximal positive solution for the singular problem

{ —Au=iu—a(x)f(x,u)u inD,

(4.4)
U =00 onadbD.

As a consequence from these bounds, it will be apparent that
O1r,D, 0] i = lim Ox, D, M]
M1oo

provides us with the minimal positive solution of (4.4). Finally, in Section 4.4, these results
will be used to study the general case when condition (4.2) is satisfied. The following
consequence from Lemma 3.4 will be very useful.

LEMMA 4.1. Suppose: € C>T*(D), u > 0, is a solution of(4.3) for someM e [0, o).
Thenu > 0. Moreover

A:a[—A +af(-,u),D] (4.5)

if M =0.In caseM = oo, any solutioru € C2t#(D), u > 0, must satisfy:(x) > 0 for all
x e D.

PROOF The fact thai: > 0 for any positive solution of (4.3) witl < [0, co) is a conse-
guence from Lemma 3.4, and (4.5) is a consequence from (3.4).

Now, supposeM = oco. Then, u provides us with a positive supersolution of
—A — A+ af(-,u) in any subdomain of the formp,, := {x € D: dist(x, D) > 1/n}, for
sufficiently largen, and hence, thanks again to Lemma 2.4; 0 in D,,, which concludes
the proof. |

4.1. The classical logistic equatiori =0andD C £2_

The following result provides us with the existence and the uniqueness of the positive
solution to (4.3) in this case. Note that

ar.p :=mina > 0. (4.6)
D

THEOREM 4.2. SupposeD C £2_, M =0, and f satisfies(Af) and (Ag). Then (4.3)
possesses a positive solution if and only. it o[—A, D]. Moreover it is unique and
strongly positiveif it exists Furthermore if we denote it by, p.oj andup,, p.oj(x, t; uo)
stands for the unique solution ¢4.1),then
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(@) liMipoo 3, 0,0, 15 u0) =0in C(D) if A <o[—A, DJ;
(b) Iim,Too upn,p,01(-, t;u0) =0, p,op IN C(D) if L > o[—A, D].

PrROOF Itis a direct consequence from Theorem 3.5, since sufficiently large positive con-
stants provide us with positive supersolutions of (4.3), by (Ag). a

The following result establishes that the set of positive solutions of (4.3) consists of a
differentiable curve emanating from= 0 at the value of the parameter=o[—A, D],
where the attractive character of the steady state0, as a solution of (4.1), is lost.

PROPOSITION4.3. SupposeD C £2_, M =0, and f satisfies(Af) and (Ag). Then the
solution map

(o[-A, D], 00) - (D),

4.7)
A= 0(X) =06, p.0]
is of classC? and point-wise increasingictually,
O)>0(n) ifA>p>o[-A, D]
Moreovey 0 (1) bifurcates from(i, u) = (1,0) atA =o[—A, D], i.e,
MUl[iflwAJ)Je()L) =0. (4.8)

PrROOF The solutions of (4.3) are the zeros of the nonlinear operator

F: R x CO(B) — CO(E)
defined by

o) i=u— (—A) " au —af ¢, uu],
where(—A)~1 stands for the resolvent operator-efA in D under homogeneous Dirichlet
boundary conditions. The operatgtis of classC! and, by elliptic regularityF (1, -) is a
nonlinear compact perturbation of the identity for eachR. Moreover,

A, 0=0, A€eR,
and, for eachix, u) € R x Co(D),

DuF, Oy =u — (—A) ().

Thus, D,§ (X, 0) is a Fredholm analytic pencil of index zero whose spectrum consists of
the eigenvalues of A. In particular,

N[D,F(c[-A, D],0)] =spang].
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whereg > 0 is any principal eigenfunction ef[— A, D]. We claim that
D; D, (o[-A, D1,0)¢ ¢ R[DyF(a[—A, D1,0)]. (4.9)

Consequently, the transversality condition of Crandall and Rabinowitz [19] holds true. To
prove (4.9) we proceed by contradiction assuming that

D, D,F(o[-A, D1,0)p = —(—=A)"Yp € R[D,F(c[-A, D1, 0)].
Then there exists € Co(D) such that

u—(=A)"Hol-A, Dlu) = —(—A) .
By elliptic regularity,u € C3*(D) and

(A —o[-A, Dl)u=—gp.
Multiplying this equation byp, integrating inD and applying the formula of integration by
parts givest ¢? =0, which is impossible. This contradiction shows the validity of (4.9)
and therefore, by the main theorem of [18], u) = (¢[—A, D], 0) is a bifurcation point
from (&, u) = (1, 0) to a smooth curve of positive solutions of (4.3). By the uniqueness of
the positive solution, as a result from Theorem 4.2, (4.8) holds true.

Subsequently we suppose th@at u) = (1o, uo) is a positive solution of (4.3). Then
F(ro, ug) =0 and, by Lemma 4.140 > 0 and

ro=0[—A+af (- uo). D]. (4.10)
Differentiating with respect ta we have that, for each e Co(D),
-1 af
Dy § (o, uo)u =u — (=A)"~| hou — aa—u(', uo)uou — af (-, uou |.

In particular, D, F (Ao, ug) is a Fredholm operator of index zero. Moreover, it is a linear
topological isomorphism, since it is inyective. Indeed, if there exist<o(D) for which

u— (—A)_l[/\ou - ag—f(u uo)uou — af (-, uo)u] =0,
u
then, by elliptic regularityx € C2*(D) and

(—A—Ko+a%(~,uo)uo+af(~,uo))u:0 inD. (4.11)
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On the other hand, thanks to (4.10) and (Af), we have that

a[—A - Ko+a%(u uo)uo +af (-, ug), D]
> G[—A —Ao+af (-, uo), D] =0.

Consequently, it follows from (4.11) that= 0. Therefore,D,F (1o, uo) is a linear topo-
logical isomorphism, and the uniqueness of the positive solution, as a consequence from
Theorem 4.2, combined with the implicit function theorem shows the regularity of the
mapé defined by (4.7). Finally, differentiating the identity

F(r,00))=0, r>o[-A,D],

with respect to. gives

D6 = (—A)—l(e +ADy0 — ag—f(-, 0)0D;0 — af (-, O)DAQ)
u

or equivalently,

(—A - A+a%(-, 0)0 +af(~,9))DA0 = 0.

As 0 > 0 and for eachh > o[—A, D],

a|:—A —A+a%(~,9)9+af(-,9),D] >0,

it follows from Theorem 3.1 that

-1
DiO(L) = <—A —A +az—];(-, o())O() +af (-, 9@\))) 0(2) >0,

which concludes the proof. O

Note that ifA > u > o[—A, D], thenf,, p,og) is a strict subsolution of (4.3) and there-
fore, the relatior,, p o] < 1., p,0) also follows from Lemma 3.6.

In Figure 4 we have illustrated the results from Theorem 4.2 and Proposition 4.3. For a
given valuex € D, we have represented the curve

A Q[A’D’o](x).

It bifurcates from the horizontal axis at the value of the parametero[—A, D] and it
increases for all further values af The direction of the arrows indicate the flow of (4.1).
According to Theorem 4.2, as time grows to infinity, p o)(x, ; ug) decays to zero if
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%00
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Fig. 4. The dynamics of (4.1) in cag®c £2_ andM = 0.

ol-AD]

A <o[—A, D], whereas it approximates, p oj(x) if A > o[—A, D]. It should be noted
that the trivial steady-staie= 0 of (4.1) is linearly stable if <o[—A, D], while itis lin-
early unstable if. > o[—A, D]. Hence, the stability lost by = 0 asi crossesr[—A, D]
is gained by the positive solutidi, p o) bifurcating fromu = 0 ato[—A, D], in complete
agreement with thexchange stability principlef Crandall and Rabinowitz [20].

4.2. The caseM >0andD C 2_

In this case, as an immediate consequence from Theorem 3.5, the next result holds true,
because sufficiently large positive constants are supersolutions of (4.3).

THEOREM4.4. Suppose) C £2_, M > 0,and f satisfiegAf) and (Ag). Then for each
A € R, (4.3)possesses a unique positive solutigloreoverit is unique and strongly posi-

tive if it exists and if we denote it by p a andup, p my(x, t; uo) stands for the unique
solution of (4.1),then

J;TOU[A,D,M](‘»IQ uo) =0p.p.m InC(D). (4.12)
Further, thanks to Lemma 3.6, the following comparison result holds true.

LEMMA 4.5. SupposeD C £2_, M > 0, and f satisfieAf) and (Ag). Letu > O (resp
i > 0) be a strict subsolutiofresp supersolutiopof (4.3). Then

u <L 0p.pm  (resp Oy p .y KL it).
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Consequentlythe estimates

O0< M1 < My < o0, —00 <A1 < Ao < 00, My — M1+ Xxo— A1 >0
imply

Oiar,D,M1] K O3, D, Mp)-

Moreoveyfor eachA > o[—A, D] and M > 0,

01, p,0] K Or, D, M-

As a consequence from Lemma 4.5, the point-wise limit
Op.D,00) := lim O p my IND (4.13)
M*oo

is well defined, though, without any further assumptionsfqrit might be everywhere
infinity. In the next section we shall see that (4.13) provides us with the minimal positive
solution of (4.4) if, in addition,f condition (Ah). Actually, (Ah) is not only sufficient but
also necessary for that, though this issue is outside the scope of this work.

The next result shows thetructural stabilityof model (4.1) under perturbations of the
paramete € [0, c0).

PROPOSITION4.6. SupposeD C 22_ and f satisfiegAf), (Ag). Then

0 if A <o[—A, D],

lim o = i
Mo DM {9[»\,0,0] if 4 >o[-A, D].

PROOF As a consequence from Lemma 4.5, the point-wise limit
®p:= lim 6
0 M0 [A.D,M]

is well defined. Moreover, by the Schauder theory (e.g., [33]), it is easy to se@dpo-
vides us with a classical solution of (4.3) foaf = 0. Necessarily®g > 0. Thus, thanks

to Theorem 4.209 =0 if A <o[—A, D], while, in casex > o[—A, D], it follows from
Lemma 4.5 thatg > 6, p,op and therefore, by the uniqueness of the positive solution,
©o = 0, p.0}, Which concludes the proof. O

Thanks to Proposition 4.6, the curve of maximal nonnegative solutions of (4.3) for
M =0 perturbs into the curve of positive solutions of (4.3) whén> 0 separates away
from M = 0. In Figure 5 we have fixedf > 0 and represented the curve

A0, p, M (x)

for a genericx € D, as well as the flow of (4.1). A8/ | O the curve approximates 0
if A <o[—A, D], andf, pox) if A >o[—A, D]. Figure 5 should be compared with
Figure 4; the dashed lines represent the nonnegative solutions of (4.3)/witi.
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elx,D,M](x)
\4
4
\4 A //
T A //
——/’
A4 A I T ,L——
- 7 —

Fig. 5. The dynamics of (4.1) in cagecC £2_ andM > 0.

4.3. The radial caseM = oo and D = B (xg) with D C §2_

Subsequently, giverg € RN andR > 0, Bg(xo) stands for the open ball
Bgr(xo) :={x e R": |x — xo| < R}.

The main result of this section is the following proposition.

PROPOSITION4.7. Pick A € R, xg € £2_ and R > 0 such thatD c £2_, where D :=
Br(x0), and supposg’ satisfiegAf) and (Ag). Consider the auxiliary function

H(u):=ar pgw)u —ru, uel0,00), (4.14)

whereay, p is given by(4.6),and letu, denote the unique positive zeroMfu). Suppose
in addition, that

cor s -1/2
I(u) ::/ |:/ H(2) dz] ds < oo foreachu > uy, (4.15)

and

im 1) =0. (4.16)

Then the point-wise limi{(4.13)is finite in D, and it provides us with the minimal positive
solution of (4.4).

PrROOFE Thanks to Theorem 4.4, for eadld > 0, (4.3) has a unique positive solution,
which has been already denoteddpy p, m1. By (AQ), 6}, p, i1 Provides us with a positive



242 J. Lopez-Gémez

subsolution of the auxiliary problem

{_Auz—H(u) in D = Bg(xo), (4.17)

u=M onabD.

Thanks again to Theorem 4.4, (4.17) possesses a unigue positive solution. Let denote
it ®p. By Lemma 4.5, we have

Omn.p.m < Oy foreachM > 0, (4.18)
and

Oy, L Op, 1T0 <M< M.
Thus, the point-wise limit

O := lim Oy (4.19)
M*roo

is well defined inD. Consequently, due to (4.18), in order to prove that the point-wise limit
(4.13) is finite inD it suffices to show tha®, is finite in D.

Since (4.17) is invariant by rotation®,;; must be radially symmetric for eadd > O.
Hence,

Opux)=Yy@), r:=|x—xo|,xeD,

whereY,, is the unique positive solution of

:I/f”(r)~|—NTllﬂ’(r)=H(1ﬂ(r)), O<r<R, (4.20)

'O =0, YR =M.

Indeed, the functiony := 0 is a subsolution of (4.20) angt := C is a supersolution

of (4.20) for each sufficiently larg€ > M. Thus, (4.20) has a positive solution, since

¥ < v¥; necessarily unique, because otherwise we would contradict the uniqueness of the
positive solution of (4.17). Throughout the remaining of the proof, without lost of general-
ity, we may assume that

M > u;.

For this choice, a8 := u; is a positive strict subsolution of (4.17), we find from Lemma 4.5
that

Uy < Oy (x)=wy(r) foreachx e D (4.21)
and, consequently,

H(¥m(r)) >0 foreach € [0, R], (4.22)
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sinceH (z) > 0 for eachz > u;,. Also, for eachy > u;,

H'(z) =ar,pg(z) +ar,pzg'(z) — A
>ar pg(u) —r+ar, pzg'(z)

=ar pzg'(2) >0

sinceH (u) = 0. Thus,H is increasing inu;,, o).
Now, multiplying they -differential equation by¥ ~! and rearranging terms gives

(rN_llI/I{,I(r))/ = rN_lH(lI/M(r)), O<r<R. (4.23)
Hence, integrating (4.23) i(0, r), yields to

Wy (r) = rl‘N/ sNYH (W (s))ds > 0, re (O, R), (4.24)
0

where we have used (4.22), which, in particular, showsithhat Wy, (r) is increasing, as
well asr — H ¥y (r)). Thus, it follows from (4.24) that

W, () < rN H (W (r) /orsN_lds = %H(II/M(r)), O<r<R. (4.25)
Now, note that (4.25) gives

H(Wy(r)) =¥y () + NT_l%{l(r) <Yy + NT_lH(WM(r))
and hence,

4
wy(r) > A;IV(V), O<r <R.

Similarly, since¥;, > 0, we find that
() < H(Wy ()
and therefore,

H(Wum(r)) = ¥y (r) > W"jv(r), O<r<R. (4.26)

We now multiply (4.26) by, (r) an integrate irn(0, r) to obtain

() , 2 [
2/ H(z)dz > [¥y,(n)]" > —/ H(z)dz, O<r<R. (4.27)
Wy (0) N Jyy, 0
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Thus, taking the square root of the reciprocal of (4.27), multiplying’lyyand integrating
the resulting expression i, R) shows that

1 M u -1/2 N M
—/ |:/ H] du <R-r< —/ |:
V2 Juyo) Lo 2 o

for eachr € [0, R).
Now pickr € [0, R). Then, for eactM > u;, we have thatVy, (r) > ¥;(0) and hence,
for eachu > Wy, (r),

u u
[ w= u
Yu (0) Ym (r)

Thus, it follows from the second inequality of (4.28) that

M u -1/2
O<R—r<,/ﬁ/ |:/ H] du
2 Juy i Loy
N [ u -1/2
<4/ —/ |:/ H] du
2 Juy iy Lo ()
[N
= E[(WM(”)) < 00

because of (4.15). Therefore, due to (4.16), we find that

u ~1/2
/ H i| du
Yu (0)

(4.28)

lim ¥y (r) < oo. (4.29)
M1oo

This shows thab, in finite in D. Actually, setting

Yoo (r) = A!{Ignoo Yy (), rel0,R),

the monotone limit defined through (4.19) is given by
Ox(x) = lI/OO(Ix —x0|), x€D.

Moreover, by the continuous dependence with respect to the initial valugs,) must be
the unique solution of the Cauchy problem

V') + X2y )= H(y (), O<r<R,
¥ (0) =¥ (0), ¥'(0) =0,



Metasolutions: Malthus versus Verhulst in Population Dynamics. A dream of Volterra 245
and

lim Yo (r) = oo.
r*R
Consequently®, is a radially symmetric positive solution of

{_Auz—H(u) in D = Bg(xo), (4.30)

Uu=0o0 onadbD.

Actually, @, provides us with the minimal positive solution of (4.30), as it will become
apparent later.

Since O is finite in D, it follows from (4.18) and (4.19) that the functidy, p, oo
defined through (4.13) is finite i®. Now, picke € (0, R/2). Then, thanks to (4.18), for
eachM > 0,

Op..p.M] < O IN BR_e(x0)
and hence, by Shauder’s estimates, there is a corGtant- 0 such that
HQ[A’DaM]”CZ"'/‘(ER,&»()CO)) < C(g) foreachM > 0.
Thus, combining the compactness GfA)~! with the uniqueness of the point-wise
limit (4.13), we find thatdj, p.oo] € C2T#(Br_2:(x0)) must be a solution of (1.9) in
Br_2:(xp) and that

Alllgnoo 1612, D,M1 — O, .01l (B s, (x0)) = ©-

As this holds true for any sufficiently small> 0, 0}, p..c] must solve (4.4). Actually, it
is the minimal positive solution of (4.4). In particul@,, is the minimal positive solution
of (4.30). Indeed, leL be any positive solution of (4.4). Then, for eagh> 0, there exists
a constanC > M and a sufficiently large € N such that

0.0, <C <L inD\ By 1(xp). (4.31)
Thanks to Lemma 4.5, (4.31) implies

O, 0.m1 <Op..p,,c) <KL inDy:= By_1(xo0)
and, consequently, for eadt > 0,

Op.p.M <L inD. (4.32)

Finally, passing to the limit a8/ 1 oo in (4.32) we find that

O, D,00) S L,
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which shows the minimality ofj, p o) and concludes the proof. O

4.4. The caseM = oo and D C 2_ with D c £2_

As a consequence from Proposition 4.7 the following result is satisfied for a general domain
D such thatD C £2_.

PROPOSITION4.8. SupposeD C £2_ and f satisfiegAf), (Ag) and(Ah). Then for each
A € R, the point-wise limi(4.13)is finite in D and it provides us with the minimal positive
solution of the singular probler(4.4). Moreovey for any positive solution € C%(D) N
C(D) of (1.9)in D one has that

u<6p poo IND. (4.33)

PROOF Pickxp e D andR > 0 such thaBg(xo) C D, and set, for eac > 0,

oM = max 9[A,D,M]~
9BRg(x0)

Then, thanks to Lemma 4.5, for eath> 0 we have that

015, 0.M1 K O, Br(xo),an+1] 1IN Br(x0),
and hence, by Proposition 4.7,

Op., b, M K G[A,BR(xo),oo] <00 in Bg(xp).
Therefore, passing to the limit @¢ 1 oo, shows that

Ox,D,00] < O[r, Br(xp),00] < OO in Br(xp). (4.34)
As (4.34) holds true in a small ball around each pai€ D, ;) p o) must be finite inD.
Moreover, for each compact subgétc D there exists a constaa(K) > 0 such that, for
eachM > 0,

O.p.m <C(K) ink.
From these a priori estimates, adapting the last steps of the proof of Proposition 4.7, it is
easy to see th#, p oo € C%t1(D) must be the minimal positive solution of the singular
problem (4.4).

To prove (4.33), let: € C2(D) N C(D) be a positive solution of (1.9) and set

o = Mmaxu.
oD
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Then, for eachV > «,

u<M=0p,py INdD,
and hence, thanks to Lemma 4.5, we find that

u L0, p.M <Op.poo) IND,

which concludes the proof. |

4.5. The general cas#f € (0, c0] andD C £2_

The next result extends Theorem 4.4 to cover the general case Wiesf2_. Note that,
in this caseq(x) might vanish on some piece 6D.

THEOREM 4.9. SupposeD C £2_, M > 0, and f satisfies(Af), (Ag) and (Ah). Then
(4.3) possesses a unique positive solution for eachR. Moreover it is strongly posi-
tive and if we denote it by, p. . then the unique solution d@.1), up. p, m(x, t; uo),
satisfieq4.12).

PROOF Subsequently, for each sufficiently large N, sayn > ng, we consider the sub-
domain of D defined by

D, = {x € D: dist(x,9D) > %} (4.35)

Then, for eaclr > ng,

D,CDyj1CDCS2_, ar.p, :=Mmina >0 (4.36)
Dy
and
o
D= U D,. (4.37)
n=ng

Due to (4.36), Theorem 4.4 guarantees thatp, ; is well defined; recall thaf, p,
stands for the unique positive solution of

—Au=ru—af(,u)u inD,,
u=m onodbD,.

Also, thanks to Proposition 4.8, for eaeh® ng, the point-wise limit

O, Dy 00] i = Ay;noo%,nn,m
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) ~_ ,
L

8D 8Dnsm  8Dp 5Dp, 5Dpem 9D

Fig. 6. The positive solutions of (4.38) for largé.

is finite and it provides us with the minimal positive solution of the singular problem

—Au=ru—af(,u)u inD,,
U =00 onadbD,.

Moreover, for eacl > ng andm > 1 (see Figure 6),
O1r. Dy M1 K O, Dy 001 K O, Dy 001 1N Dy (4.38)

In particular, due to (4.37), for each compact subKet- D there exists a constant
C(K) > 0and an integet g € N such that, for eaclM > 0 andn > ng,

Om.p, M <C(K) inkK. (4.39)
From (4.39), a diagonal argument combined with the compactness®f~1, shows the
existence of a positive solution of (4.3), denoteddpy p . As the positive solution
0., p. M itself provides us with a positive supersolution of (4.3), the remaining assertions
of the theorem follow as direct consequences from Theorem 3.5. O

Also, thanks to Lemma 3.6, the following counterpart of Lemma 4.5 holds true.

LEMMA 4.10. SupposeD C £2_, M > 0, and f satisfiedAf), (Ag) and (Ah). Letu >0
(resp u > 0) be a strict subsolutiofresp supersolutiohof (4.3). Then

u L0, p.m (r€sp Oy, p .y K it).
Consequentlthe estimates

O0< M1 < My < o0, —00 <A< A2 <00, My — M1+ Xxo—A1>0
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imply
121, 0,M11 K Oz, D, M5)-

Now, we can give the main existence result of positive solutions for the singular prob-
lem (4.4) in caseD C £2_. It should be noted that Theorem 2.1 is a direct consequence
from it by making the choic® = 2_.

THEOREM4.11. SupposeD C §2_ and f satisfieqAf), (Ag) and (Ah). Then(4.4) pos-
sesses a minimal an a maximal positive solutidenoted byLm'n and L%, respec-
tively, i.e., any other positive solutioh of (4.4)satisfies

LF;\i’r})] <L< < [ max

[..D"
Moreovey
L = 0. D.0c] 2= liM 613D,y (4.40)
M*oo
and
Ly = I|m 012D, .00] = I|m Ly, (4.41)

whereD,,, n > 1, is the subdomain ab defined by(4.35).

PROOF Thanks to Lemma 4.10, the point-wise limit (4.40) is well defined. Now, we shall
see that it is finite. Pickg € D andR > 0 such that

Br(xo) C D C 2_
and set

ay = max 9[)L p.m,, M>0.
3BR( x0)

Thanks to Lemma 4.10,

05,0, M1 K O, Br(xo).am+1  IN Br(x0)
and therefore, for eacM > 0,

Or,0.M1 K O Br(xo).00] 1IN Br(x0).

As this argument is valid for anyy € D and, thanks to Proposition 4.7, the point-wise limit
01, Br (xo),00] 1S finite in Bg(xg), for each compact subs@t C D there exists a constant
C(K) > 0 such that, for eac > 0,

O, .M < C(K) in K.
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This shows that the point-wise limit (4.40) is finite iP. Further, combining the
monotonicity of the involved sequences with the compactnegs-af)~1, it is easy to
see thaby;_ p.«] € C?T*(D) provides us with a positive solution of (4.4). Actually, it is the
minimal positive solution. Indeed, Idt be any positive solution of (4.4). Then, for each
M > 0, there exists a consta@t> 0 and a sufficiently large € N such that

Op.p.mM<C<L inD\ Dy. (4.42)
Also, thanks to Lemma 4.5, (4.42) implies

O, 0,1 <Op,p,,c1 <L inD,
and therefore,

Op.p,M < L in D. (4.43)
Consequently, passing to the limit 361 oo in (4.43) we find that

O, D,00] < L
which shows the minimality o, p, o] @s a positive solution of the singular problem (4.4).

Similarly, thanks to (4.38) and (4.39), the point-wise limit (4.41) is well define®in

and it provides us with a positive solution of (4.4). To show its maximality, supjpose

any positive solution of (4.4). Then, for eagh> ng, there exists > 0 such thatZ|p,
provides us with a positive subsolution of (4.3), and therefore, thanks to Lemma 4.5,

L <0p.p,.M <Ox,Dy00] N Dy.
Consequently, passing to the limitag oo gives
L<LEp),
which concludes the proof. |

In Figure 7 we have sketched the constructior’ "”D] and L%, carried out in the
proof of Theorem 4.11. Although we conjecture that, under the general assumptions of this
section,

min max
Ly oy =L oy

i.e., the positive solution of (4.4) is unique, we could not get a proof of this fact, except —
essentially — in the case described by Theorem 2.7.
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~—_
¥/

Iy
VA

M1 M+1
max min
\ L \ﬁ !
M \ T / M
8D D41 5D Dy, 8Dt 8D

Fig. 7. The construction omﬂa}‘,] andL[’;'“D]

5. Proofs of Theorems 2.1-2.3

Theorem 2.1 is a direct consequence from Theorem 4.11. Actually, thanks to Theo-
rem 4.11, for each € R the following relation is satisfied

Lai,r_]q,] = Aygnoo O, 2_, M1 (5.1)
wheref, o . m Stands for the unique positive solution of (2.1) with= §2_. Moreover,

Lmax 1= I|m LM ) (5.2)
where, for any sufficiently large € N,
. 1
" = {x e 2_: dist(x, 982_) > —}.
n

Now, we shall begin the proof of Theorem 2.3. First, we will characterize the existence of
positive solutions of

{—Au:)»u—af(wu)u in£2, (5.3)

u=0 onos2.

Supposex is a positive solution of (5.3). Then, thanks to Lemma 8.%; 0 and

r=o[-A+af(.u), 2] (5.4)
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In particularaf (-, u) > 0in £2, and hence, by the monotonicity of the principal eigenvalue
with respect to the potential, (5.4) implies

Ar=oc[-A+af(,u),R2]>0c[-A,2]=o00.

Also, by the monotonicity of the principal eigenvalue with respect to the domain, it is
apparent that

Ar=oc[-A+af(,u), 2] <o[-A+af(,u),201]=0[-A,201]=01
sincea = 0 in £2,1. Therefore, condition

o0 <A <ol (5.5)
is necessary for the existence of a positive solution of (5.3). Note that

oo=0[-A, 2] <o[-A,201]=01

by the monotonicity of the principal eigenvalue with respect to the domain.

Now, we will show that (5.5) is not only necessary but also sufficient for the existence of
a positive solution of (5.3). Suppose (5.5). Then, due to Theorem 3.5, to show the existence
of a positive solution it suffices to construct a positive supersolution of (5.3). Actually,
thanks to Theorem 3.5, the existence of the positive supersolution itself entails its own
uniqueness. It should be noted that, thanks to Theorem 3.5, (5.3) cannot admit a positive
supersolution ifs > o1. To construct the supersolution we proceed as follows. For each
J € {1, 2} and sufficiently smalb > 0 consider the ope$rneighborhoods

25, =[x € 2: dist(x, 20, <8},

which have been represented in Figure 8. Note fhat consists 0f2g 1, 1 and the set
of pointsx € £2_ such that disix, I'1) < §. Similarly, £25 » consists o@oz and the set of
pointsx € £2_ such that distx, /) < 8. By the continuous dependence of the principal
eigenvalues with respect to the domain (e.g., [43], Theorem 4.2), we have that

ma[—A, 2s.]1=0[-A,201=0j, je{l,2}.

Thus, by the monotonicity of the principal eigenvalues with respect to the domains, it is
apparent that, for each sufficiently smal- 0,

og<A<o[—A,251] <01 <0[—A, 252] <o2. (5.6)
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Fig. 8. Thes-neighborhoods2;s 1 and2;s ».

Fix 1 € (00, o1) and pick one of these values&fNow, for eachy € {1, 2}, letgs ; > 0 de-
note a principal eigenfunction associated wif- A, 25 ;1 — unigue up to a multiplicative
constant — and consider the functiéndefined through

@51 iN 2521,
D=1 952 NS0, (5.7)
p—  In 2\ (2521U 2s/22),

whereg_ is any smooth extension @f 1 V ¢s 2 to

_ _ )
2\ (95/2’1 U 95/2,2) = {x e 2_: dist(x, 02_) > 5}

that it is positive and bounded away from zero. Note thatexists, sincep;s, ; is positive
and bounded away from zero & N92s,2 ;, j € {1, 2}. Figure 9 shows a genuine profile
of @.

We claim that the function

i:=k® (5.8)
is a supersolution of (5.3) for each sufficiently large 1. Indeed,

k®=0 onas2
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Fig. 9. The profile of thesupersolution elemerd.

by construction. Moreover, for eaghe {1, 2}, we have that
—AKP) 2 Ak D —af (-, kPP in 252 ;
if and only if
ko [=A, 25 jlgs.j = Mcps j —af (- k@s ks, N S2s/2,;
or equivalently,
af( ks, j) =2 r—o[—=A, 825 ;] inQsp;
which holds true for every > 0 since, due to (5.6),
af (ks ;) 20>A—0o[—A, Q25 ;] Ins ;.
Further, we have that
—AK®) > D —af (kPP N2\ (2s5/21U 25/2,2)
if and only if

_Agg_ . O 0.
>A—af(,kp_) inQ2\ (95/2,1 U 96/2»2)

which holds true for all sufficiently large > 1, by (Ag), sincez andg_ are positive and
bounded away from zero in

2\ (55/2,1 U .(75/2,2) CcC £2_.
Therefore, (5.8) provides us with a supersolution of (5.3) for sufficiently largel. Con-
sequently, by Theorem 3.5, (5.3) possesses a positive solution if and only if condition (5.5)

is satisfied. Moreover, it is strongly positive and unique. Subsequently, the unique positive
solution of (5.3) will be denoted by

O\) =0, 21 =0.2,0-
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Now, the proof of Proposition 4.3 can be easily adapted to prove (2.6) and to show that the
map (2.8) in point-wise increasing. Actually,

O, 21 K 0,0 if oo <A <pu<oq,

which can be derived from Lemma 3.6. So, the technical details of the proofs of these
features, by repetitive, will be omitted here in.
Now, we will prove the following property

AIiTm 021 =00 uniformly in compact subsets 6o 1. (5.9)
o1

Pick A1 € (00, o1) and consider > 0 such that

61,21 > ngo1 N 0, (5.10)

wheregg 1 > 0 is a principal eigenfunction associated with= o[—A, 20 1]. By dif-
ferentiating the realization of (5.3) &(A) with respect tor, particularizing the result at
0(r) = 0.1, and rearranging terms gives

(A +a2(,600)00) +af(60) =)L) =600 ine,

) (5.11)
Fo)=0 onas.

It should be noted that (5.11) follows straight ahead from the proof of the differentiability
of the mapping. — 0 (1) := 0, ) through the adaptation of the proof of Proposition 4.3.
Since

az—];(-, o())0(1) >0 ing

and
A=o[-A+af(.o0), 2],

we find, from the monotonicity of the principal eigenvalue with respect to the potential,
that

a[—A —l—a%(, oMM +af(-.0() — A, 9]

>o[-A+af(.0(0) -1, 2]=0
and therefore, thanks to Theorem 3.1, the differential operator

—A +a%(-, OO +af (. o00) — A
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satisfies the strong maximum principle$h under Dirichlet boundary conditions. In par-
ticular, it follows from (5.11) thatg—i(/\) > 0 and, consequently, — (1) is strongly
increasing Now, due to (5.10), for eache [11, 01), we have that

O, 21> ngo1 N 2071,

and hence, (5.11) gives

(—A =L %) > npo1 in 201,
! & n¢0.1 1 (5.12)

>0 on 9201
since$ (M) ry > 0. Moreover, for each € [A1, 01),
o[-A—A,201]=01—1>0

and therefore, thanks again to Theorem 3.1, we find from (5.12) that
do .
d_)\(k) > W in o1, (5.13)

wherey, is the unique solution of

(=A=MY =ngo1 In o1,
¥, =0 on 9829 1.

A direct calculation shows that

n
¥ = ,
A ol—A(po’l

and hence, (5.13) gives

. do . .
lim — (X&) = oo uniformly in compact subsets &g 1.
o1 dA

Consequently, (5.9) holds true.
Before ending the proof of Theorem 2.3, we shall begin the proof of Theorem 2.2. Sub-
sequently, for eacl > 0, we consider the following nonlinear boundary value problem

{—Au:ku—af(~,u)u in D, (5.14)
u=M onaD,
where

D:=02\ §071 =2_U 50’2. (5.15)

The notation (5.15) will be maintain in the remaining of this section. The following result
is satisfied.
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LEMMA 5.1. Problem(5.14)possesses a positive solution if and only ¥ o2. Moreover
it is unique if it exists and if we denote it By, p . then

0 < Oy, DMy L Opo,D M) IND

—00 <A < A2 <oy, 0< M1 < Mo, Ao — A1+ Mo — M1 > 0.
Alsg, for any A < o2 and any positive strong subsoluti¢resp supersolutiohu (resp i)

of (5.14),one has thatt < 6, p, s (resp i > 0., p.w)-
Furthermore for eachM > 0, A < o2 andug > O,

lim up p, (. t5 u0) =63, p.ip INC(D),
t1oo
whereup;, p,m(x, t; up) stands for the unique solution of the parabolic problem

%—?—Au:ku—af(-,u)u in D x (0, 00),
u=M ondD x (0, c0), (5.16)
u(-,0)=uqg in D.

PrRooOF For any sufficiently smal§ > 0, consider thé-neighborhood of}

I'is =TI+ Bs(0) = {x € 2: dist(x, I'1) < 8} (5.17)
and the open subdomain &f defined by

215:=DUTI1s; (5.18)
3 > 0 must be chosen sufficiently small so that

3215 C 201 and o[—A, sl >02=0[—A, 202]. (5.19)

The second relation of (5.19) can be got since the Lebesgue meadure @écays to zero
asé | 0, by Faber—Krahn inequality (cf. [43], if necessary).

Suppose: > 0 is a solution of (5.14). Then, thanks to Lemma 3.43> 0. Moreover,
sinceu is a positive strict supersolution efA — A + af (-, u) in D under homogeneous
Dirichlet boundary conditions, it follows from Theorem 3.1 that

0< 0[—A —A+af(,u), D] < a[—A —A+af(,u), 90,2] =0p— A\
by the monotonicity of the principal eigenvalue with respect to the domain. Note th#
in £202. Thus,A < o2 is necessary for the existence of a positive solution of (5.14). Con-

sequently, in the remaining of the proof we suppose

A < oo
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Thanks to Theorem 3.5 and Lemma 3.6, in order to complete the proof of Lemma 5.1 it
suffices to construct a positive supersolution for (5.14).
Let ¢1.5 > 0 be a principal eigenfunction associated with-A, I'1 5]. Note that, due

to (5.19),

A<o2<o[—A,TIs]. (5.20)
Now, reduce’ > 0, if necessary, so that tldeneighborhood of2q > defined by

25,2:= 202 + Bs(0) = {x € 2: dist(x, 202) < 5}
satisfy

A<o[—=A, 252] <oy, (5.21)
and pick a principal eigenfunction associated wif+ A, £2;5 2], saygs 2 > 0. Fix a suf-
ficiently small§ > O satisfying the previous requirements and consider the funation

defined by

@15 in 215\ {x € D: dist(x, ') > 3},
W= g2 N2, (5.22)
g— in{xe_: distx,32-) > §},

whereg_ is any positive smooth extension, bounded away from zerg; f ¢; > to
. )
£2_5:=1x e 2_: dist(x,d2_) > 5[
We claim that the function
u:=xkv

is a positive supersolution of (5.14) mif « > 1 is sufficiently large. Indeed, by construc-
tion,u > 0, and«¥ > M on I'y = 3 D for sufficiently largex > 1 since

min > 0.
b ¥1,8
Moreover, in the set

{x € 2_: dist(x, I') <

|

—AKY) =AW —af (-, kW)W (5.23)

NI &

we have that
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if and only if
ko[—A, T'islers 2 Akprs —af (- k@1s)KeLs,
or equivalently,
af (k@) 2 A —ol—=A, Il
which is true because, due to (5.20),
af (- kp1s) 20>Ar—o[—A, I 5]
Similarly, in 225,22, (5.23) is satisfied if and only if
af (- k@s2) 2r—ol[—A, 25 2],
which holds true by (5.21). Finally, ise_ 5, (5.23) is satisfied if and only if

Agp_
af (- kp_) > A+ q)—,

which holds true for sufficiently large > 1, sincegp_ anda are positive and bounded

away from zero. Consequently= « ¥ provides us with a positive supersolution of (5.14)

for any sufficiently largec > 1, which ends the proof. a
Thanks to Lemma 5.1, the point-wise limit

O1r.D.00] i = A!Ii;nooe[x,D,M] (5.24)

is well defined inD for eachi < o2. We claim that it is finite everywhere iP. Indeed,
setting

ay = max{M, @we[A,D,M]}+1, M >0,
2

we have that
Op.p.miloe. <am, M>0,
and henced,., p, m1l2_ provides us with a positive strong subsolution of

{_Auzx\u—af(nu)u in2_, (5.25)

U=ay onos2_.

Thus, thanks to Lemma 4.10 and Theorem 4.11, we have that, fon¢acl,

O, D, M1 KL O, 2y K L[R",r}zf] in£2_,
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whereLF;if}M stands for the minimal large solution of (1.9)éh_. Therefore, passing to
the limit asM 1 oo gives

Or,D,00] < LB]LTQ—] in$2_. (5.26)

This shows that (5.24) is finite i2_. To prove that it is finite in2p we can use the
following result.

LEmMMA 5.2. For each sufficiently large € N, sayn > no, let D, denote the open set
defined in(4.35),whereD is given by(5.15),and, for eachM > 0, consider the boundary
value problem

{—Au =Aiu—af(,u)u in Dy,

(5.27)
u=M onabD,.

Then (5.27)possesses a positive solution if and only & o»>. Moreoverit is unique if it
exists and if we denote it By, p, m, then for eachn > nog,

0 < 054.0,.M1) L Opp.Dy.Mo) 1N D
provided

—00 <A < A2 <o, 0< M1 < Mo, A — A1+ Mo — M1 >0.
Moreovey for any A < o2 and any positive strict subsolutiofresp supersolutioh

u (resp u) of (5.27)one has thatt <« 0. p,, M1 (resp i > 0., p,, m1)-
Furthermore for eachM > 0, A < o2, andug > 0,

lim . p, . m1(. 13 u0) = O, D,y M1
t1oo

whereup, p,, m)(x, t; ug) stands for the unique solution of the parabolic problem

%—?—Au:ku—af(~,u)u in D,, x (0, 00),
u=M onaD, x (0, c0),
u(-,0)=ug in D,,.

The proof of Lemma 5.2 is easier than the proof of Lemma 5.1 sinisepositive and
bounded away from zero anD,,, which simplifies the construction of the basic superso-
lution patternd . Therefore, its technical details are omitted here in by repetitive.

Now, fixn > ng. Asd D, is a compact subset &f_, due to (5.26), there exists a constant
C(n) > 0 such that, for eac > 0,

0. p.m1 < C(n) 0ONdD,.
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Thus, thanks to Lemma 5.2, for eath> 0 we find that

Op.,p,M1 <O, p,,cy] 1IN Dy

and, consequently, p, oo is finite in D,,. As this argument is valid for each> ng and
D= Du. (5.28)

necessarilyp,, p,oo is finite in D.
The previous argument can be easily adapted to show that, for anyg, each of the
point-wise limits

O[x, Dy.00] = IJIITOO 1, Dy M) (5.29)

is well defined and finite iD,,.
Now, adapting the argument of the final part of the proof of Proposition 4.7, it is easy to
see thabt|, p.oo] € C%ti(D) provides us with a positive solution of

{ —Au=hiu—af(-,uu inD, (5.30)

U=00 onadbD.

Actually, it is the minimal positive solution. Indeed, letbe any positive solution of (5.30).
Then, for eachM > 0, there exist a constant > 0 and a sufficiently large € N such that

Op.pm<C<L inD\D,. (5.31)
Moreover, thanks to Lemma 5.2, (5.31) implies

Op.,p,M1 < Op,p,,c1 <KL inDy,
and consequently,

Op.p.m <L inD. (5.32)
Therefore, passing to the limit &g 1 oo in (5.32) we find that

O, D,00] < L,

which shows its minimality. Consequently, the solutépnp, ~ provides us with the large
solution L'}, referred to in the statement of Theorem 2.2.

Similarly, for eachn > ng, the point-wise limit (5.29) provides us with the minimal
positive solution of

{-Au:)\u—af(‘yu)u in D, (5.33)

U=00 onadbD,,
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which will be subsequently denoted B}, .
We now show that the point-wise limit

Lpopy = lim LG, ) (5.34)

is well defined and that, actually, it provides us with the maximal solution of (5.30). Indeed,
for eachM > 0,n > ng andm > 1, we have that

O0r, Dy, M1 < O, Dym,00] < O, Dyio0]  IN Dy (5.35)

Thus, due to (5.28), for each compact subset D, there existC(K) > 0 andng € N
such that, for eac > 0 andn > ng,

Op.p,.m <C(K) ink,
and hence,
LY, < C(K) inK. (5.36)
From these a priori estimates, a diagonal argument combined with the compactness of

(—A)~1, shows that (5.34) is finite i and that it provides us with a solution of (5.30).

To show the maximality oL}, let L be any positive solution of (5.30). Then, for each

n > ng, there exist3/ > 0 such thaf|p, provides us with a positive subsolution of (5.27),
and therefore, thanks to Lemma 5.2,

L <0p.p,,M) <Oa,Dy.00] N Dy.
Consequently, passing to the limitag oo gives

L<LE%,
To conclude the proof of the existence of Theorem 2.2 it remains to shows thab is
necessary for the existence of a positive solution of (5.30). Supp@sa solution of (5.30)
for somex € R. Then, for each > ng, L|p, provides us with a positive strict supersolution
of —A+af (-, L)—Ain D, under homogeneous Dirichlet boundary conditions, and hence,
thanks to Theorem 3.1,

o[-A+af(-,L)—x,D,]>0.
Therefore, by the monotonicity of the principal eigenvalue with respect to the domain

A<o[-A+af(,L), D] <o[-A+af(, L), 202] =02

sincea = 0 in £202. Note that, in order to complete the proof of Theorem 2.2, it remains
to show (2.5).
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Now, we shall show that

AIiTm L'[‘;"b] =00 uniformly in compact subsets ¢# ». (5.37)
o2 ’

To prove (5.37) we need the following result.

LEMMA 5.3. Consider the problem

{—Au:)\u—af(~,u)u in D, (5.38)
u=0 onadD,
whereD = 2 \ 20.1. Then (5.38)possesses a positive solution if and only if
o[—A,D] < A <oy. (5.39)
Moreoverit is unique if it exists and if we denote it By, p}, then the mapping
(c[-A, D1, 02) = C(2),
(5.40)
A= 0(X) =0,
is point-wise increasing and of clags. Furthermore
lim 6, py =00 uniformly in compact subsets & . (5.41)

Moo

PROOF Suppose: > 0 is a solution of (5.38). Then, by Lemma 34> 0 and
r=o[-A+af(,u),D].

Thus,
o[=A,Dl <A =0[~A+af(,u), D] <o[-A, 2021 =02

sincea = 0 in £2¢ 2. Therefore, (5.39) is necessary for the existence of a positive solution.
Suppose (5.39). Then, thanks to Lemma 5.1, the problem

{—Au:ku—af(-,u)u in D,
u=1 onobD

possesses a unique positive soluti@n,p 1;. Clearly,ii := 6, p.1) is a positive supersolu-

tion of (5.38) and consequently, the lemma is a direct consequence from Theorem 3.5 and
Lemma 3.6, except for the regularity of the map defined in (5.40) and (5.41), which can be
easily obtained by adapting the argument used to prove the regularity of the map (2.8)
and the proof of (5.9), respectively. By repetitive, we shall omit the technical details
here in. a
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Now, we are ready to prove (5.37). Thanks to Lemma 5.1, for 8achO and, u € R,
A < 1 < o2, We have that

O, 0, M) K O, D, M)

and hence, passing to the limit 861 oo gives
L) < Lpy-

Thus, the point-wise limit

Loy = Jim LT, (5.42)

is well defined inD. Moreover, for eaci¥ > 0, we have that
L[T)li’r}_)] > G[A,D,Ml > 0[x.p],
and therefore, (5.37) follows from (5.41).
Subsequently, we shall complete the proof of (2.7), which concludes the proof of The-
orem 2.3._For a fixedt > no we will consider the open sdb,, defined in (4.35) with
D = £2\ $20,1. For eachM > 0, letfs, p,, ) be the unique positive solution of (5.27) at
A = o1. Such solution exists by Lemma 5.2. For each (o9, 01), set

M, = rngxe[,\,m.
Thené),. o1lsp, < M, and, thanks to Lemma 5.2, we find that

0,21 < Ol61,D,,M,1  IN Dy
Thus,

Op.21 <L, in D, (5.43)
since

min .
Ligyp,1 = 11'4'?‘00 Olor, Dy, M-

As the mapping. — 6,1 is increasing and (5.43) holds for eack (oo, 01) andn > ng,
it is apparent that the point-wise limit

Lo, = lim 6.2 inD (5.44)
Aor
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is well defined and finite. ActuallyL.,, € C?t1(D) provides us with a solution of (1.9)
in D. In order to prove the identity

Loy =Ly, py»
it suffices to show that

lim ming[)“g] =0 (545)
Ao1 9D

(note thato D = I'). Indeed, suppose (5.45) has been proven. Then, setting
my = rglli)né?[;hg], A € (09, 01),
it follows from Lemma 5.1 that
0,212 0. p.m;,] IND.
In particular, for eaclr > 0 andx € (o1 — ¢, 01),
0,21 2 O61—e,D,m,]  IN D.
Thus, passing to the limit as4 o1, (5.44) implies
Loy > LN, ) inD

for eache > 0. This shows thal,, provides us with a large solution of (1.9) . Simi-
larly, we have that

01,21 < O, D.maxp 05 o) < Lipy py i D
and therefore,

Loy <L, inD.
Consequently,

Loy=Lp ' p, inD,

and the proof of Theorem 2.3 will be completed if we show (5.45). Note that
(5.9) and (5.45) imply

lim 0. o =00 in 01\ ds2.
Ao1 '

Thus, 16, 21, A € (00, 01), prO\Qdes us with a decreasing family of continuous functions
point-wise converging to zero if2g 1 \ 352, and therefore, it approximates zero uniformly
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in compact subsets a1 \ 9£2. Consequentlyg); ) approximateso asi 1 o1 uni-
formly in compact subsets @29 1 \ 352.

To prove (5.45) we argue by contradiction. Suppose (5.45) is not satisfied. Then

b:=minLg, € (0, 00). (5.46)
aD

As
0D =171=10801\0%2
is of clasC?, there existR > 0 and amagy : 9D — £20.1 such that, foreach € 9D = I7,
Br(Y(x)) C 2071, Br(Y(x)) N2 =9, Br(Y(x))NaD = {x}.
Moreover, thanks t©5.46), for eachi € (o0, 01), there exists; € D such that

O, 21(x0) = fyli)ne[x,m < TiDnLal =b.
By construction,

dist(x;, Y (x;)) = R for eachi € (a0, 01).
Moreover, the manifold“lR defined by

Iif =y e 201: dist(y, dD) = 2R}
is a compact subset §2q 1, and hence, thanks to (5.9),

lim 6.1 =oc uniformly in I'%. (5.47)
rto1

Setting
281 = {y € Qo.1: dist(y, 3D) < 2R},

it turns out that’* is one of the components 6£2§,, while the other one consists &D.
Let X, € 2§, be such that

O1r,21(X2) = Min6j, 2
261

and supposg;. € 22§,. Then

VO, 21(%.) =0, A, 21(x2) 20,
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and, since
(—A =M. =0 in2f,,
we find that
—A,21(X) = A0, 21(3) >0

for eacha € (00, 01) because. > 0, which is contradictory. Consequently, for eack
(00, 01),

Hoeaf,=nurf
Therefore, thanks to (5.47), there exiéisc (09, o1) such that

anQ[A,Q] = rglli)né’[x,m =0, 2)(xn) <D
0,1

for eachi € (61, 01). In particular,
Or.21(x) =6, 01(xy)  for eachx € Br(Y (xy)). (5.48)
Now, for eache > 0 andx € (61, o1), we consider the auxiliary functiog; defined by
U (x) 1= e @Y ()P _gmaR®  for eachy e Br(Y(xp).
A direct calculation shows that, for eaghe Br(Y (xy)),
(A = )Y () = (24N — da?|x — ¥ (x3)|? = )e @Y @) | grak?
and hence, there exist> 0 andw > 0 such that, for each € (61, 01),
(—A = MY. < —o inAg:=Bg(Y(x)))\ Br2(Y (x)). (5.49)

Subsequently, we will assume thahas been chosen to satisfy (5.49). SiBge2(Y (x1))
is a compact subset &2q 1, it follows from (5.9) that

lim _ min Q[A,Q] =00
A01L Brja(Y (x1)

and hence, setting

_ mingR/z(Y(m) O, 21 — O, 21(a)
CA' T e—C{Rz/4 — e—OtRz
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we have that

lim ¢, = oo (5.50)
o1

since
A|ITFL11 O, 21(xy) =b.
By the definition ofc; , for eachi € (61, 1), we have that
0. 21(0) = 01 (62) + cx (67K /4 — %) Vx € Brp(Y (). (5.51)
Now, for each. € (61, 1), we consider the auxiliary function
v =0p,2) — Op.01(5) — s N Ag = Br(Y(x2)) \ Bry2(Y (x2)).
Thanks to(5.51),
vra =0 onaBgsp(Y(x).
Moreover, sincal;, =0 ondBg(Y (x;)), it follows from (5.48) that
v =0p.2) — Opn.21(6n) 20 ondBg(Y(x)).
Furthermore, due to (5.49), itz we have that
(A = Vvp = A0, 21(x0) — . (=A = V)Y 2 A0, 21(x) + o
and hence, by (5.50),
(—=A =M, >0 inAg=Bg(Y(x))\ Br/2(Y(x2))
providedi < o1 is sufficiently close ter1. Therefore, since
A<or1=0[—A, $201] <o[—A, AR],
it follows from Theorem 3.1 that
unu(x)>0 if g < ’x - Y(xl)| <R,
and consequently,

O, 21(x) = 05, 21(x0) + e (x) for eachx € Ag. (5.52)
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Now, setting
Y —x;
ny = ——,
R
we have that
06 .0 tny) — 6
1, 2] () = lim o1 +1ny) [A,_Q](x)\).
an;, 10 t

Moreover, thanks to (5.52), for eacke (O, %), we find that

O, 21(x5. + tn3) — O, 21(x)
t
> o (xy +tny)
t

C)L(e—“|xl+f”A—Y(XA)|2 _ e—osz)

t

C)L(e*a“”)L*Rnﬂz _ efole)

t

2 2
B Cl(e—a(R—t) _ e—otR )

’

t

and hence, since

2 2
) e—oc(R—t) _ e—aR 2
Im& . = 20 Re™ k",
t}

we obtain that

90, 2
ny

(x) > 2aRe7°‘ch;L.

Therefore, thanks to (5.50),

. 06
lim Z£21

Jim =25 () = o0, (5.53)

Subsequently, for each< o1, A ~ o1, we consider the auxiliary boundary value problem

{ —Au=ru—af(,uu inD, (5.54)

u =6, 21(x) onabD.
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Sincel < o2, thanks to Lemma 5.1, (5.54) possesses a unigue positive solution, denoted by

Ui i =0, D0y 2 (e)1-

Moreover, sincé, 1| p provides us with a positive supersolution of (5.54), we have that

U <Op.2) inD.

Therefore, since, (x) = 0, @1(x2), we find that

and consequently, by (5.53),

.0y
lim —= (x;.) = oo. .
. (x3) =00 (5.55)

This is impossible, since the functiors approximate inC1(D), asx 4 o1, the unique
positive solutionpy, := (s, p,b], Of

{—Au:alu —af(,uw)u inD,
u=>n onabD.

Therefore, (5.45) get shown, which completes the proof of Theorem 2.3.
Finally, we will complete the proof of Theorem 2.2. It remains to prove (2.5). Thanks
to (5.37), it suffices to prove that

lim min LM, = oo, 5.56
o220z NP ( )

whereD = 2 \ £20.1, and that, for some large solutidnof (1.9) in$2_,

lim LM — L ing_. 5.57
Mo [A,D] ( )

We already know that, for each< o>,
L[Ri’r}_)] = 0. D]
Moreover, the proof of (5.45) can be easily adapted to show that

lim min Q[A,D] = 00,
Ao 08202

now, one must work witld $2¢ 1, instead ob D, though the technical details can be adapted
mutatis mutandisTherefore (5.56) holds true.
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In order to prove (5.57), we consider the point-wise limit (5.42), which is well defined
and equalso in £2¢ 2, and, for sufficiently large € N, the open sets

Q" :={x e Q_: distx,82_) > n~ ).
Subsequently, for each< o2, we set

M;, :=maxLi",.
AT g DI

By definition,L[Tk‘i"})]|agi < M,. Hence, thanks to Lemma 4.10,

LYy <Op.2n 1,1 < Olop2n i) < Linmgny in 27
Therefore, due to Theorem 4.11, we obtain that, for eaeto,

L, <SLP | ing. (5.58)
Consequently, the point-wise limit (5.42) is finite §&_. Moreover, by the monotonicity
in A and the compactness 6f A)~1, it provides us with a large solution of (1.9) ia_,
which concludes the proof of Theorem 2.2.

6. Proof of Theorem 2.4
Part (a) is a direct consequence from the last assertion of Theorem 3.5, as well as part (b)
since, due to Theorem 2.3, (1.1) possesses a positive steady state foree@eho1). So,
it remains to prove parts (c) and (d). Suppose
o1 < A <oo.
Thanks to the parabolic maximum principle, for each 0 andr > 0,

up, 210, 1 u0) 2 Ujoy—e,21(, 15 U0)

sinceA > o1 — ¢, and hence, thanks to part (b),

liminf up., 210, t;ug) = lim Uloy—e,2]1 (5 15 U0) = Ooy—¢,2]- (6.1)
tPoo tPoo

As (6.1) holds true for each sufficiently smalt- 0, it follows from Theorem 2.3 that

imi s > i —_gpmin - _
IIETT];Q]C up, 210, t;ug) = 2%9[01_8,(2] S)JI[GLQ\QMJ. (6.2)



272 J. Lopez-Gémez
In particular,
Iim(i)(r)lf up, 10, t; ug) = 00
uniformly in compact subsets @?o 1 \ 952, (6.3)
and hence, for eacM > 0 there exists a constafi; > 0 such that
up,@1(x,t;ug) > M foreach(x,t) € It x [Ty, 00).
Thus,up;,21(-, t; ug) provides us with a supersolution of the parabolic problem

W Au=ru—afCG,uu in(2\201) x (T, 00),
u=M only x (Ty, o0),
u(, Tnr) = up,21C, Tus ug) N 2\ 201

By the parabolic maximum principle, we have that
wuir,2)(X, 13 U0) 2 Upy o\ 3o M1 (x.t = Tys up, 21C, T uo))
for each(x, 1) € 2\ 20,1 x (T, 0). So, thanks to Lemma 5.1,
Iim(ierIf up,@1(x, t; ug) = J;TOM[A,Q\S%_LM](JC, t — Ty upn,21(, Tars uo))

=05 2\201.M]-

Therefore, passing to the limit &g 1 oo,

im i . > gmin i 0O,
Im;gf up, @1(x, t; ug) = L[x,sz\szo,l] in 2\ 201
since
min N _
Ly angon = M 0.2\ 1M1

(see the proof of Theorem 2.2). Consequently, bringing together this estimate with (6.3)
we find that
. . . mn .
II[TT]chrJ]f up.,1(x, t;ug) = m[)\l’ﬂ\ﬁaﬂ in$2. (6.4)
This estimate provides us with Theorem 2.4(c)(i) and the lower estimate of Theo-
rem 2.4(c)(ii).
Now, we assume, in addition, tha is a subsolution of (1.9) is2. Then, for each > 0,
the function

X = up 1(x,t;ug), x€ 2,
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is a subsolution of (1.9) if2, sincer — up, 21(-, 1; up) is increasing. Fix > 0 and set

M, :=maxup o)(-, t; uo), D:=2\201.
D

Thanks to Lemma 5.1, for ead > M,, we have that
up2) (o 1510 <O o\ y N2\ 20,
Hence, by the construction of the minimal large solution,
. i _ __ ymin ; 5}
M[A,Q]('y t;ug) < /1!}?1009“'9\90,1“] = Lllyﬂ\ﬁo,ll In §£2\ £0,1,

and therefore, passing to the limita$ oo,

i L4 < gmin i O,
“ﬂfoum“’m( Jtug) < Ly o\Goy N 2\ 201

Consequently, due to (6.4),

H . _ min .
,"TTO”[W]("””0)—mlx,xz\xzo,11 in £2, (6.5)

which concludes the proof of Theorem 2.4(c)(iii).
Now, suppose is arbitrary — not necessarily a subsolution of (1.9§2r- and

A = oo

Then, thanks to the parabolic maximum principle, we have that
U, 210G, 1 u0) 2 Uoy—e,21(, 1 ug)  iN L2,

and hence, it follows from (6.4) that

imi L4 > limi r > gnmin .
Ilm;onf up,21(, t; ug) = Ilmolgf Ulop—e, @) (5 15u0) 2T o 50 (6.6)

in £2 for each sufficiently smal > 0 since

01 <02 —&<092.
Note that we cannot apply (6.5) sineg might not be a subsolution of (1.9) 2. As
(6.6) is satisfied for every sufficiently smalk- 0, and, thanks to Theorem 2.2, there exists

a metasolution of

—Au=oou—af(,u)u
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supported in2_, say9M,._1, such that

i min _
I e \Boa) = Vo2 21
it follows from (6.6) that

liminf M[)L,_Q](', t;ug) = 9)?[(72,9_] in 2.
tPoo

In particular,

liminfup o1(-, t;ug) =00 in 2\ £2_ (6.7)
too

which concludes the proof of Theorem 2.4(d)(i). Moreover, since (6.7) occurs uniformly
onas2_, for eachM > 0, there exists a tim&, > 0 for which

up.e1(x, t;ug) =M if (x,1) € 92_ x (Ty, 00).
Thus,up;,21(-, t; ug) provides us with a supersolution of the parabolic problem

B — Au=ru—auf(u) in2_ x (Ty,o0),
u=M ona2_ x (Ty, o0),
u(, Ty) = up,21(, Ty ug)  in §2-.

By the parabolic maximum principle, we have that, for each) € 2_ x (Ty, 00),
up,1(x, t; ug) = M[A,Q,,M](X,t — Ty up, 15 T uo)),
and hence, thanks to Theorem 4.9,
liminf up, o1Cx, 25 u0) = lim up o my(x, ¢ — Tars up,21C, Tis 1o))
tPoo tPoo
=0, 02_ M-
Therefore, passing to the limit & 1 oo gives
liminf up, @)(, 1;u0) > LM, | in $2-
ttPoo e
since
LR = Jim .2,

Consequently, bringing together this estimate with (6.7) gives

|im£fuu,m(-,t;uo)> Mt in$2 (6.8)
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which provides us with the lower estimate of Theorem 2.4(d)(ii).

Now, besides. > o7, suppose:g is a subsolution of (1.9) if2. Then, for each > 0,
the functionup, o)(-, t; ug) is a subsolution of (1.9) M2, sincer — up, (-, t; uo) is
increasing. Fix > 0 and set

M, = r%axmk,m@ t;ug).

Thanks to Lemma 4.10, for eadth > M;, we have that

up, 21, tug) <Op,o_ M InS2_,

and hence,
up, )G, tug) < lim 0o m= Lalr}z_] in 2_.
M1oo ’

Therefore, passing to the limit ag oo,

IistupuM,m(-, tuo) <Lp'n , ing2-
1100

and, consequently, due to (6.7) and (6.8),

lim uM,gl(-,t;uo)zisz'f}L] in .Q,
too

which concludes the proof of Theorem 2.4(d)(iii).

To conclude the proof of Theorem 2.4, it remains to obtain the upper estimates for an
arbitraryug > 0, in order to get the upper estimates of parts (c)(ii) and (d)(ii). To do this,
the strategy adopted here consists in obtaining a priori bounda_irfor the solutions
of (1.1). These a priori bounds can be obtained as follows.

Fix A > o1 and consider the functiom; 1(-, 1; ug) >> 0. Then, there exists > 1 such
that

up, o1, Liug) <kg, (6.9)
wheregp > 0 is a principal eigenfunction associated with We claim that there exists

A > max{i, o2} (6.10)
for which the functiornc¢ is a subsolution of

{_Au:Au—af(~,u)u in £, (6.11)

u=0 onos2.

Indeed, sinceagp =0 0Nnds2, ke is a subsolution of (6.11) if and only if

—Akp) < Akp —af(,kp)ky in 2,
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or equivalently,
af(kp) < A—og ing2
which is satisfied for any sufficiently largé satisfying (6.10).
Now, thanks to the parabolic maximum principle, it follows from (6.9) that, for any
(x,1) € 2 x (0, 00),
up,1(x, t+1Lug) = M[A,Q](x» tup,eG, L uo)) <up, 1, 1 k).
Similarly, (6.10) implies
up, 1,1 ke) <upa,1¢,t k).
Thus, for each > 0,
up, 21, t+Liuog) <upa.)(,t; k@) in 2. (6.12)
As k¢ is a subsolution of (6.11), it follows from part (d)(iii) that
im uga, @115 k¢) = L, | ins2,
and hence, (6.12) implies

limsupup, 21(-, t; ug) < L[’}{?g_] in$2_. (6.13)
t1oo

Consequentlyy,. 21(-, t; up) is uniformly bounded above in any compact subsef2of
for eachr > 0, which provides us with the necessary a priori bounds to complete the proof
of the theorem.

Subsequently, we suppose

01 < A <02,

and for each sufficiently large € N, we consider the open set
— . 1
D,:={xeD:=2\ 201 dist(x,dD) > —¢.
n

Fix one of these values af. SincedD,, C £2_, it follows from (6.13) that there exists a
constantMp > 0 such that, for eacl > Mg andr > 0,

up,e1( t;ug) KM onaD,,
and hence, the parabolic maximum principle shows that, for eac,

up,21C, tu0) <up,,p,,.m (. t;ug)  iN Dy,
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whereu, p,.m (-, t; ug) is the solution defined in Lemma 5.2. Due to Lemma 5.2, we have
that

lim up p, a1, 15 140) = 6px.p,.m1 N Dy
t1oo

and therefore,

lim supu[,\,m(~, t;ug) < Q[A,Dn,M] in D,,. (6.14)
ttoo

Consequently, passing to the limit &1 oo in (6.14) gives

Iin;supu[k,m(~, t;u0) < LM, | in Dy (6.15)
t1Too

As (6.15) is valid for all sufficiently large € N, and, thanks to the analysis carried out in
the proof of Theorem 2.2, we already know that

max __ [; min
Lyipy=1m L b,
we find from (6.15) that

lim supup.e1(, 1; ug) < L'[‘;?};] in D,
t1o0

which concludes the proof of part (c)(ii).
Finally, suppose

A= 02,

and, for each sufficiently largee N, consider the open subset@f_ defined by

. 1
2" = {x e 2_: dist(x, 982_) > —}

N n

and fix one of these values of Sinced 2" c £2_, it follows from (6.13) that there exists
a constaniMg > 0 such that, for eact > Mg andr > 0,

up,e1C.t;ug) <M onat.
Thus, by the parabolic maximum principle, we have that, for eacl,

upn, 21, t;uo) <up on (- tiug) in 27,



278 J. Lopez-Gémez

whereu; on (-, t; up) is the unique solution of the parabolic problem

—Au=tu—af(-,u)u in " x (0, 0),
u=M ona2" x (0, 00),
u(-,0)=ug in 2",

Thanks to Theorem 4.9,

lim up on ot u0) =60 or py In 27
ttoo

and therefore,

limsupup,,21(, 15 u0) <O on py  IN 27, (6.16)
ttoo

Consequently, passing to the limit 361 oo in (6.16) gives

limsupup. o1(, t; uo) < L[Qmm] in 7. (6.17)
tPoo

As (6.17) is valid for all sufficiently large € N and we already know that
L% 1= I|m L[kI o)
(6.17) implies

Iiﬂsupu[k,m(~, t;ug) < Lﬂf"};_] in 2_
o0

which concludes the proof of part (d)(ii). The proof of the theorem is completed.

7. Proofs of Theorems 2.6-2.8

The proofs of Theorems 2.6 and 2.7 are based upon the following estimates for the bound-
ary growth rate of the large positive solutions of

—Au = Au — au? (7.2)
inDe {2\ 201,92}

PROPOSITION7.1. Under the assumptions of Theor@m, for eachi < o2 and any large
positive solutionL(x) of (7.1)in £2 \ £2¢.1, one has that

im L(x1 — tNy,)
110 B(xp)[dist(x; — £, I1)]—*CD

=1 foreachxye I, (7.2)
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wheren,, stands for the outward unit normal @ \ 201 atx; and

y(x1) +2

a(xy) i = ———, B(x1) := |: (7.3)
p—

a(x1)(@(x1) + 1) ]1/ (p=1)
. alxtatxy) = 2 .

B(x1)

Therefore for any pair (L1, L») of large positive solutions of7.1)in £2 \ £20.1, one has
that

. Li(x1—1n
lim 1(x1 x1)
110 Lo(xy — tNy,)

=1 foreachxy e I. (7.4)
Notice that, for eacl1 € Iy and sufficiently smali > 0,
dist(xy — tny,, ') =1.

PROPOSITION7.2. Under the assumptions of Theorén7,for eachi € R and any large
positive solutionL (x) of (7.1)in £2_, one has that

im L(x1—1tny)
110 B(xp)[dist(x1 — tny,, 8§2_)]~*CD

=1 foreachx;edf2_, (7.5)

wheren,, stands for the outward unit normal @@_ atx; anda(x1) and B(x1) are given
through(7.3). Therefore for any pair (L1, L) of large positive solutions of7.1)in 2_,
one has that

lim Lalea =iNy) _ 1 foreachxi € 952_. (7.6)
1}0 Lo(x1 —tNy,)

The distribution of this section is as follows. In Section 7.1 we show that in one spatial
dimension the estimates (7.2) and (7.5) follow in a rather natural manner. In Section 7.2
we characterize the boundary blow-up rates of the large solutions of (7.1) for some related
radially symmetric problems. In Section 7.3, we prove Propositions 7.1 and 7.2. In Sec-
tion 7.4 we complete the proofs of Theorems 2.6 and 2.7. Finally, in Section 7.5 we prove
Theorem 2.8.

7.1. Finding out the boundary blow-up rate of a large solution

In one space dimensiol, = 1, as well as in the radially symmetric case, the fact that (2.9)
and (2.10) imply (7.2) follows in a very natural manner. Suppose that we want ascertaining
the blow up rate aR > 0 of any solutionu(x) of the one-dimensional singular boundary
value problem
—u" =iu—au? in(,R),
. (7.7)
u(0) =0, limyqgu(x) = oo,
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where, for somes > 0,
a(x)=px)(R—x)", xe€(0,R),B(R)#0.
Then, the change of variable
u(x)=(R—x)"*¥(x), xe€lO,R],
wherea > 0 has to be determined, transforms (7.7) into the differential equation

(R —x)"¢"(x) + 20(R — x) "2/ (%) + (@ + (R — x) %2y (x)
= B)(R — x)7 PP (x) — MR — x) "¢ (x) (7.8)

subject to the boundary conditions
v (0) =0, ¥ (R) € (0, 00),

so thato provides us with the exact blow-up ratemft R. Multiplication by (R — x)@+2
transforms (7.8) into

(R —x)%¢" (x) + 20(R — )Y (x) + a(a + Dy (x)
= Bx)(R — x)7 P HF2y P (x) — (R — x)2Y (x).

Thus, assuming

. 2.4 i _ / —
im[(R —x)"y" (0] = Im[(R — )¢ (0] =0,

one is driven to impose
y—ap+a+2=0, a(e+ DY (R)=BR)Y'(R),
which provides us with the values efandy (R). Namely,

wi="*2 and mm:[
p—1

ala + 1) 1/(p—1)
B(R) ]

in complete agreement with the statement of Propositions 7.1 and 7.2.
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7.2. Two auxiliary radially symmetric problems
The main result of this section is the following lemma.
LEMMA 7.3. Supposepe RY, R>0,LeR, p>1,y >0and
Bx)=pB(r), r:=|x—xol,B€C(I0, R]; (0, 0)).

Then for eache > 0, the singular boundary value problem

{ —Au = \u — B(x)[dist(x, dBg(x0))] u? in Bg(xo), (79)
U=00 onoBg(xo)
possesses a positive solutibp such that
L L
1—s<Iiminf87(x)_a <Iimsup87(x)_a <l1l+s, (7.10)
d(x){0 Bld(x)] d(x)0 Bld(x)]
where
d(x) :=dist(x, dBg(x0)) =R — [x —xo| =R —r
and
1/(p-1)
o=l t2 g [M} . (7.11)
p—1 B(R)
PROOFE Note that the radially symmetric solutions of (7.9) are given by
ux) =9y (), r=Ix—xol,
wherey satisfies
_//_N_—l/:)\_ R_VP'OR,
14 —v _ v —Br)( nYy? in(0,R) (7.12)
¥’ (0) =0, lim, 4 g ¥ (r) = oo.

First, we show that, for each sufficiently smalt 0, there exists a constaat > 0 such
that, for everyA > A,, the function

2
Do () :=A+B+<%> (R—r)"% By:=(1l+¢)B, (7.13)

provides us with a positive supersolution of (7.12). Indeed,

V,(0)=0 and rITirz?%(r)zoo
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sincea > 0. Thus,J; is a supersolution of (7.12) if and only if
B B
~2N 5 (R=r)" —a(N +3)—5r(R =)~
+\2
—aa+ 1)B+<E) (R—r)~@2

2
> AR —r)"® [A(R )4 B+<%) }

r\21?
—ﬂ(r)(R—r)V“"”[A(R—r)“+B+(§> } :

Thus, multiplying this inequality byR — r)**2 and taking into account that
a+24+y—ap=0,

we find thaty, is a supersolution of (7.12) if and only if

B B 2
—ZNR—JZF(R —r?—a(N+ 3)R—*2’r(R —r) —ala+ 1)B+<%)

> AR — r)2|:A(R — 1)+ By (%)2} - ,B(r)[A(R P+ By (%)Zr.
(7.14)
At r = R, (7.14) becomes into
—a(a+1)By > —B(R)BY,

which is satisfied if and only if

_ +1
ﬁ 120[(0[ )
B(R)

Therefore, by making the choice (7.13), the inequality (7.14) is satisfied in a left neighbor-
hood ofr = R, say(R — §, R], for somes = §(¢) > 0. Finally, by choosing a sufficiently
large A, it is clear that the inequality is satisfied in the whole intef@alR] sincep > 1
andg is bounded away from zero. This concludes the proof of the claim above.

Now, we will construct an appropriate subsolution for problem (7.12). For doing this
we shall distinguish two different cases according to the sign of the paramdiest, we
assume
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Then, for each sufficiently smadl> 0, there exist& < 0 for which the function

2

v ()= max{O, C+B_ (%) (R — r)—“}
provides us with a nonnegative subsolution of (7.12) if

B_=(1—¢)B. (7.15)
Indeed, itis easy to see thgtg is a subsolution of (7.12) if in the region where

1\ 2

C+ B_<E> (R—r)"%>0,
the following inequality is satisfied

—ZN%(R —r) " —a(N+ 3)%r(R -7t

2
—a(@+1)B_ (%) (R —r)~@2

2
<AR =) |:C(R — Y+ B_ (%) }

r ald
—ﬁ(r)(R—r)”“p[C(R—r)“—}—B_(E) ] :

Equivalently,

B B r\°
_ZNF(R 2 —a(N + 3)ﬁr(R —r)—oaa+ DB_(E)

2 29p
<A(R—r)2[C(R—r)“+B_(%> ]—/B(r)[C(R—r)“—l—B_(%) ] .

(7.16)

Now, note that for eacti’ < O there exists a constant
z=2(C) € (0, R)

such that

2
C+ B_<%> (R—1r)"%<0 ifre[0,z(0)
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and
r 2 .
C+B_<E> (R—r)y"*>0 ifre [z(C),R)

because the mapping

2
ris (%) (R—r) "
is increasing. Moreover,(C) is decreasing with respect tband

im z(C)=R,  limz(C)=0. (7.17)
Cl—00 Cc10

Thus, since. > 0, for eachr € [z(C), R), the following condition implies (7.16)

2qp 2
,3(r)|:C(R—r)“+B<%) } ga(a+1>3<%> . (7.18)

Note that, since&” < 0, for (7.18) to be satisfied it suffices that

e 2(p-1
B(r)BZ z <a(@+1) (7.19)

for eachr € [z(C), R). Making the choice (7.15) and using the continuity8df), it is easy
to see that there exists a consta@t) > 0 for which (7.19) is satisfied ifiR — 3(¢), R).
Moreover, thanks to (7.17), there exigts< 0 such that(C) = R — §(¢). For this choice
of C, it readily follows thatﬂs provides us with a subsolution of (7.12).

Similarly, it is easy to see that there exists< 0 for which the function

2
ﬂg(r) = e\/—_k(r—R) max{o, C+ B(%) (R — ],.)—a}

provides us with a subsolution of (7.12)if< 0.
Note that in each of these cases
V r
m— VO g gy LD
"R B4(R —r) "R B_(R —r)

9

where B and B_ are the constants defined in (7.13) and (7.15). Moreover, for any suffi-
ciently largeA > A,

1/[ <I/_/S’

—¢&
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and hence,

1—e=lm L)_a«im&)_a
FR B(R—r) " " riR B(R —r)

=1+e.
Therefore, setting
L.(x):=y (), Le(x) :==e(r), r:=l|x—xol,

(L,, L,) provides us with an ordered sub—supersolution pair of (7.9) such that

1—e= fim L@ iy B g, (7.20)
()10 B[d(x)]™  d(x)10 B[d(x)]

Consequently, by Theorem 3.3, there exists a positive solutjasf (7.9) such that
L, <Le<Le.
Moreover, due to (7.20),. must satisfy (7.10), which concludes the proof. O

Now, adapting the previous argument together with a reflection aregind R1+R2
Lemma 7.3 provides us with the corresponding result for each of the annuli

ARy, Ry(X0) i= {x eRY: 0< R1 < |x —xg] < Rz}.
LEMMA 7.4. SupposegeRY, Ry > R1>0,AeR, p>1,y >0and
Bx)=B(r). r:=I|x—xol. B €C([R1. Ral: (0,0)),

is the reflection aroundg := Rl;RZ of some functior € C([ro, R2]; (0, 0)), so that in
particular, 8(R1) = B(R2). Then for eache > 0, the singular problem

—Au = hu — B)[dist(x, dAR,, g, (x0)) ] u? N Ay r,(x0),

(7.21)
U =00 ONdAg, r,(x0),
possesses a positive solutibp(x) satisfying
L . L
1— ¢ <liminf —=%_ <limsup—=2)_ <144, (7.22)

<li ————= <
8040 B[§(x)] 3(x)40 B[3(x)]
wherea and B are given by(7.11)and

. Ry — |x —xo| if ro <|x —xo| < R,
8) = distir. 0y, (x0)) = { |x —xol — R1 if Ry <|x — xq| < ro.



286 J. Lopez-Gémez
7.3. Proof of Propositions 7.1 and 7.2
As it will be clear later, the proof of Proposition 7.1 can be easily adapted to prove Propo-
sition 7.2, as it is of a local nature around each of the points of the boundary of the under-
lying domain. So, suppose (2.9), (2.18)< o2 and L is a large positive solution of (7.1)
in 2\ £20,1. Pick
x1€l1= 8(9 \ [70’1).
Sincer is of classC?, there existR > 0 andsg > 0 such that
Bgr(x1— Rny,) C £2_, Br(x1— Rny)) NIy = {x1}, (7.23)
and, for eacl$ € (0, 591,

Br(x1— (R+8)ny,) C £2_. (7.24)

On the other hand, due to (2.10), given apnyg (O, 8(x1)), R > 0 can be shortened, if
necessary, so that, for eagk [0, o],

a> (Bx1) —n)[dist-, '] in Br(x1 — (R +8)ny,). (7.25)
As for eachs € [0, §p] andx € Bgr(x1 — (R +8)ny,), we have that

dist(x, I1) > dist(x, Bg(x1 — (R + 8)ny,))
=R—|x—[x1— (R+8Ny]

(7.25) implies

a(x) > (B(x1) —n)(R — ra(x))”"“, x € Bg(x1— (R +8)ny,), (7.26)
where

rs(x) :=|x — [x1— (R +8)ny, ]|
Thanks to (7.24) and (7.26), for eagle (0, o], the restriction

L® = LIg(y—R45)nsy) (7.27)
provides us with a classical subsolution (bounded) of the singular problem

—Au=u— (B(x1) — ) (R —r5)”“VuP in Bg(xy— (R +8)ny,),
U =00 ondBg(x1 — (R +8)Ny,).
(7.28)
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Now, consider the limiting problem at=0

{ —Au = — (B(x1) = 1) (R —r0)’ “VuP in Br(xy — Rnyy),

(7.29)
U =00 ondBg(x1 — RNy,).

Subsequently, for eache [0, §p], we shall denote

ds(x) := diSt(x, 0BRr (xl —(R+ 5)nx1))
=R—|x—(x1— (R+8ny)|
=R —rs(x).

Thanks to Lemma 7.3, for each> 0, the problem (7.29) possesses a solution, lsay
such that

. L
limsu e ()

—— <1+e, (7.30)
do()}0 By(x1)[do(x)]
wherea(x1) is given by (7.3) and

a(r)(a(xy) +1) YV
By(x1) i= | ——— :
B(x1) —n
Subsequently, we fix > 0 and, for eacld € (0, o], consider the functioriLﬁ defined by
L(x):=Le(x +8ny), x€Bg(x1— (R+8)Ny,).

By construction,

limLS =L 7.31
SJ(O £ &€ ( )

and, for eachs € (0, §o], Lg provides us with a positive solution of (7.28). Thus, since the
function L? defined in (7.27) is a positive classical subsolution of (7.28), it follows from
Lemma 3.6 that, for eache (0, &o],

L°< LY inBg(x1— (R+8)Ny,).
Consequently, passing to the limit&g 0, (7.27) and (7.31) imply

L<Lg inBr(x1—Rny).

In particular, for each € (0, R),

L(x1—1Ny) < Le(x1—1Nyy)
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and hence,

L(x1—tNy,) Le(x1—tNy,)
B, (xp)[dist(x1 — tny,, [)]7*6D = By (x)[dist(xy — tny,, [1)]790D

On the other hand, by construction, we have that
dist(xy — tny,, I'1) =t =do(xy — tNy,)
and so, passing to the limit ag, 0 in the previous inequality, (7.30) gives

. L(xy—1tn
limsup (1 = 1Nyy)

- <1l+e.
10 By(xp[dist(xy — rny,, I1)]—*00)

As this inequality holds for each sufficiently smalk- 0 ande > 0, it is apparent that

. L(x1—1tn
limsup (1 = Nyy)

<1 7.32
110 B(xp[dist(x1 — tny,, I1)]~*00) (7.32)

wherea and B are given by (7.3). Consequently, to complete the proof of (7.2) it remains
to show that

L —t
1 < liminf (¥ = M)

: 7.33
140 B(x1)[dist(x1 — Ny, Fl)]—a(n) ( )

To prove (7.33) we will construct a large subsolution having the appropriate growth at
x1 € I'1. Sincerl? is smooth, there exist; > R1 > 0 anddg > 0 such that

KRl,Rz(xl + Rlnxl) NnIn= {XJ_},

2\ 201C ﬂ ARy Ry (x14+ (R1+8)Nny,)
5€[0,50]

and

2\ 201 C ARy, (Ri+Ryp/2(x1 + RNyy),
which can be accomplished by taking a sufficiently sniall> 0 and a sufficiently large
R2 > R1. Now, fix a sufficiently smally > 0. Thanks to (2.10), there exists a radially
symmetric function

a: Apy,R,(x1+ Riny,) — [0, 00)

such that

a<a< sup a+1 in 2\ 2041,
2\20.1
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and, for each € Ag, g,(x1+ R1Ny,),

a(x) = b(lx — x1 — Riny |)[dist(x, dAr, g, (x1 + Rinyp)) ]
for someb € C([R1, R2]; (0, 00)) satisfying
b(R1) = B(x1) +n.

Moreover, by enlargingro, if necessary, one can assume thas the reflection around
@ of a continuous positive function. Actually, by shortenisyg if necessary, we can
assume that it satisfies all the requirements of the proof of (7.32).

Subsequently, for eache [0, 5p], we consider the singular auxiliary problem

{ —Au=hu—a(-+8ng)ul i Agy g, (¥1+ (R1+8)Nny,), 7.3

u =00 ONIAR,, R, (x1+ (R +8)Ny,).

Fix a sufficiently smalk > 0. Thanks to Lemma 7.4, fér= 0, (7.34) possesses a positive
solutionZ, such that

1— e < liminf Le(x) SR (7.35)
Do(0)10 B, (x)[Do(x)] ™"

wherew(x1) is given by (7.3),

)

ceiatep £ T4

Bylx) = [ Blx) +1

and, for eachx € Ag, r,(x1+ R1Ny,) sufficiently close ta'y,
Do(x) :=dist(x, dA g, r,(x1 + RiNy,)) = |x — (x1+ R1Ny,)| — R1.
Now, for eachs € (0, §o], consider the functiom‘,fg defined by
L3(x) 1= Lo(x —8Nyy),  x € ARy ry(¥1+ (R +8)Nyy).
By construction,
mﬁﬁ =L,. (7.36)
Moreover, for eacld € (0, 5], the restriction

8 _
Lelo\2os
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is a classical (bounded) subsolution of the singular problem

{—M:Au—auﬁ in 2\ 201,
U =00 only

sincea > a. Thus, it follows from Lemma 3.6 that, for eaélke (0, §¢],
LO<KL N2\ 201

Consequently, passing to the limit&g 0, (7.36) implies
L.<L in2\201.

In particular, for each € (0, R),
Le(x1—1Ny) < L(xg —1Ny)

and hence,

Lg(xy— tnxl) L(x1— tnxl)
B, (xp[dist(x1 — tny,, I)]7*0D By (xp)[dist(xy — 1Ny, [1)]70D

On the other hand, by construction, we have that
dist(xy — 1Ny, ') =t = Do(x1 — 1Ny,)

and so, passing to the limit ag, 0 in the previous inequality, (7.35) implies

. L(x1—1n
1—e& <liminf LG~ 1ny) .
10 By (x)[dist(xy —tn,,, rn)l—«xv

As this inequality holds true for each sufficiently smalk- 0 ande > 0, (7.33) holds.
Therefore, by (7.32), the proof of (7.2) is concluded. Condition (7.4) is a direct conse-
guence from (7.2). This concludes the proof of Proposition 7.1. At this stage, the validity
of Proposition 7.2 should be apparent.

7.4. Proof of Theorems 2.6 and 2.7
Suppose (2.9), (2.10), and pigk< o». Subsequently, we set
.__ 7ymin .__ 7 max . O,
L1:= L[K»Q\ﬁo,ﬂ’ Lo .= L[?»,Q\-ao,l]’ D:=802\$071.
Theorem 2.6 establishes thiat = L». By construction, we already know that

L, < Lo.
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Moreover, thanks to Lemma 5.1, (5.24) and (5.26) imply

Li(x)>0, xeD.
LEMMA 7.5. Supposd.1 < Lo. Then for eachx € D,

Li(x) < La(x). (7.37)

PROOF. We proceed by contradiction. In the contrary case, there gxistD andR > 0
such thatBg (xo) C D, L1(x) < La(x) for eachx € Bg(xo) andL1(y) = L2(y) for some
y € dBg(x0). Now, consider the problem

{ —Au=lu —au” in Bg(xo), (7.38)

u=>~L> onoBgr(xop).

If L1 = L, ondBg(xo) then, thanks to Theorem 3.5; = L, in Bg(xg), which contradicts
L1 < Ly in Br(xp). Thus,L1 < L2 on dBg(xp), and hencel is a positive strict subso-
lution of (7.38), whose unique solution Is,. So, thanks to Lemma 3.6, — L1 > 0.
Consequently, sincéa(y) — L1(y) = 0, we have that

d(La— L1) Y —x0
_ 0, =
on, =0 =g

k]

and therefore, for each sufficiently smal- 0,
La(y +tny) < Li(y +tny),
which contradictd.1 < L2, so concluding the proof of (7.37). a

Subsequently, we consider the functipuefined through

_ Li1(x)

qx): Lo’

e D. (7.39)

As an immediate consequence from the previous properties, the fugcisomell defined
in D and, actually, it is a function of clag&** (D) such that

O<qg(x)<1 foreachxe D. (7.40)
Moreover, thanks to Proposition 7.1,

Iiiraq(xl —tny,)=1 foreachx;e I =0D, (7.41)
1

and, due to Lemma 7.5,

O<qg(x)<1l foreachx e D (7.42)
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if L1 < Lo.
The following lemma is the basic technical tool to prove Theorems 2.6 and 2.7.

LEMMA 7.6. Supposg admits a continuous extensighe C(D). Then L1 = L.

PROOF. Let Q € C(D) be a continuous extension @f Then, thanks to (7.40) and (7.41),
0<Q0=¢g<1linDandQ =1o0nadD. Moreover, differentiating the identit§; = QL»
gives

—AL1=—L2AQ —2(VL2, VQ)— QALy,
and hence,

ALi—al] =—L;AQ —2(VL2,VQ)+ Q(AL2 —alL?).
Consequently, dividing by., and rearranging terms, we find that

VL _ _
—AQ — 2<L—2 VQ> —aQ(Ly -1 M >0
2

Now, for each sufficiently large € N, sayn > ng, we consider the approximating open
sets

. 1
D, = {x € D: dist(x, D) > —}.
n

Thanks to the maximum principle, for eagh no, ming QO must be taken at some point
x1 € dDy. Actually, this is a consequence from Theorem 3.1 applied temin; Q. By
construction, the sequeneg approximated™ = 9D asn 1 oo. Thus, there exists; € I';
and a subsequence df, again labeled by, such that

lim xf =X1.
ntoo

Therefore,

1=Q(x1) = lim Q(x}) = lim minQ =minQ,
ntoo ntoo D

and consequently) = 1 in D, which concludes the proof. |
As an immediate consequence from the proof of Lemma 7.6, it is apparent that

liminf g =infg < limsupg =supg =1
X—>Xx1 D X—Xx1 D

if L1 < Lo. Moreover, the following uniqueness result holds.
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LEMMA 7.7. Under the assumptions of Lemmaand Lemm& .4, each of the problems
(7.9)and (7.21)possesses a unique solutidioreoverthe solution is radially symmetric

PrRoOOFE Throughout this proof, we consider

e {BR(xo), ARl,Rz(XO)}

and, for sufficiently large,
. 1
2, = {x € 2: dist(x, 082) > —}.
n

Going back to the proof of Proposition 4.7, it is apparent, by construction/.that L[Qi’r}z]
andLF;i,”Qn] are radially symmetric. Thus,

.__gymax __ min
Lai=Lp o= lm Lz a,)

also is radially symmetric. Therefore, the quotient of these solutipasL1/ Lo, is radially
symmetric as well.
On the other hand, adapting the proof of Propositions 7.1 and 7.2 to the déméiis
rather clear that, for each € 952,
m Lj(x1—1ny) _

lim=22 X 1 jef1,2), 7.43
I e jefl 2} (7.43)

wherea andB are given by (7.11). Hence,

|i£T(l)q(x1 —1ny,) =1 foreachyx; € 952. (7.44)
t

As g is radially symmetric, due to (7.44), admits a continuous extensian € C(£2),
and therefore, adapting Lemma 7.6 to cover the present situation, we obtaln that,,
which concludes the proof. a

Subsequently, in order to refine it, we go back to the proof of Proposition 7.1. By
Lemma 7.7, we already know that, for every € I'1, each of the auxiliary problems,
(7.29) and

{ —Au=2iu—au? in ARy, Ry(x1+ Riny,), (7.45)

Uu=0o0 on 3AR1,R2()C1+RI’1X1),

possesses a unique positive solution. Let denote thelgbynd £y, respectively. Note

that in the proof of Proposition 7.1 the constaéds R, R1 and R, can be chosen to be
independent ok; € I'1 sincerl? is of classC?. Subsequently, instead of arguing with the
large solutionsL, and £, whose existence was guaranteed by Lemmas 7.3 and 7.4, we
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repeat the argument of the proof of Proposition 7.1 usﬁg{g and Eél. Then, for every
n > 0,x1 € Il andr € (0, R), we find that

Lgltxa—1Ny)  L(xp—tny)  Lgt(xs —tny)
B(x1)t=G) T B(xp)re@n) T B(xp)r—*0)

and, consequently,

B, (x1) Lg'(x1 —tNy)  L(xp —1ny,) _ By L3t (x1 —tnyy)
B(x1) B,(x1)t=*00 = B(x1)t=*6) T B(x1) By(xp)t*0n)

(7.46)

Note that in the special case whetix1) and B(x1) are constant the large solutions
Lyt and Ly are translations of a fixed profile along each of the points at a dist&nce
from I, and therefore, by (7.43),

Lyt (x1 —tn Lyt(xy—tn
fim 2001~ ) “)) 1= fim Lo 81— M) (“)) (7.47)
110 By(xp)r e 110 By (xg)r—o1
uniformly in x1 € I'1. Thus, passing to the limit as| 0 in (7.46) we obtain that

L —tn L —1n B
Bn(xl) <limi (x1 —1Ny,) < limsup (x1 —1Ny,) < n(x1)
B(x1) 110 B(xp)t—*00) 110 Bxpr=*D = B(x1)

(7.48)

uniformly in x1 € I'1. Consequently, since

fim 2100 _ 3 iy B

710 B(x1) 70 B(x1)

uniformly inx; € I'1,

it follows from (7.48) that

L(x1—1tny)

—————— =1 uniformly in Iy, 2 49
110 B(x1)t—*(1) yinxy €l ( )

which, in particular, entails the continuity of the quotient functiodefined in (7.39) and,
thanks to Lemma 7.6, concludes the proof of the uniqueness in this special case.

In our general setting, the proof is completed if we are able to show that (7.47) is as well
satisfied uniformly inv1 € I'y. This is easily realized by having a careful look at the proof
of Lemma 7.3, which is based upon the construction of the supersolution

2
Ve(r):= A+ B+<%) (R—r)"%, Bi:=(1+¢)B,
and the subsolution

2
ﬂa(}”) = ma.X{O,C—i-B_(%) (R_V)a}, B_ = (1—8)3
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Rereading the technical details of their constructions, it is rather obvious that the constants
A and C can be chosen to be the same doand 8(R), and, hencepB, varying in any
compact subset ab, co). Therefore,

i _ Ve _ B+ and Iimiﬂe(r) _ B
MR B(R—r)"¢% B MR B(R—r)"¢% B

for « andB(R) varying in any compact subset @, co). As a(x1) andB(x1) are contin-

uous functions ofc; € Iy and Iy is compact, (7.47) occurs uniformly iy € 'y, which
concludes the proof of Theorem 2.6. The proof of Theorem 2.7 follows by repeating the
argument along the remaining componend &f_.

7.5. Proof of Theorem 2.8

Throughout this subsection we suppose the assumptions of Theorem 2.7 are satisfied. Un-
der these assumptions, Theorem 2.6 can be applied and hence, for e&h(1.9) has

a unique large solution is2_, denoted byL[, » j, and, for each. < o2, it has a unique

large solution ins2 \ £20.1, denoted PYL[; o\@y,)- Theorem 2.8 will follow after a se-

ries of lemmas. The next result shows the strong monotonicity of these large solutions as
functions of the parameter.

LEMMA 7.8. For eacha, u € R, A < u, one has that
(@) Lp.,e_1(x) < Ly, o 1(x) for everyx e 2_; _
(b) L o\@on®) < Ly o\, () for everyx € £2\ £20.1 providedu < o2.
PROOF By construction, we already know that
Lipo= Ay?gﬁx,nﬂm and Ly )= Aypof[u,fzﬂM]-
Moreover, for eactM > 0,
O, 2_.m KO, IN2_.
Therefore, passing to the limit &g 1 oo gives
Lo 1<Liue ) in2_.
Note that, necessarily,
Lo 1<Lpo) ing2_ (7.50)
sinceL, o 1= L. o 1 implies A = u, which contradictst < ;.. Now, we proceed by
contradiction. Suppose part (a) is not satisfied. Then, therexgxést2_ andR > 0 such

that Bg (xo) C £2_,

L[)\,_Q_](x) < L[,L,_Q_](x) for eachx e Bgr(x0) (7.51)
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and
L, 1(y) =Ly, 10y) for somey € 9 Bg(xp). (7.52)

Now, consider the auxiliary problem

—Au =2u—auP in Bg(xp),
(7.53)
u=1Ly o ondBg(xo).
If Lo )= Liug ) on dBr(xo), then, thanks to Theorem 3.8,; o | = Ly )

in Bg(xo0), which contradicts (7.51). Thus,
Lo 1< L[M’Q_] onoBgr(xp).

Hence,L; o_j is a positive strict subsolution of (7.53), whose unique solutidiyjse_;.
So, thanks to Lemma 3.6,

Lo 1— Lo 1> 0 in ER(xo).
Consequently, it follows from (7.52) that

Yy —Xo
R b

O(Liu, 21— L))
any

» <0, ny:=

and therefore, for each sufficiently smal- 0,

Ly (y+iny) <Lp,o1(y +1tny),

which contradicts (7.50). Consequently, part (a) holds true. The previous proof adapts
tatis mutantigo prove part (b). |

The next result provides us with the continuity of the large solutions as functions of the
parameted.

LEMMA 7.9. For eachx € £2_ the map

AeR Ly 1(x) (7.54)
is continuousSimilarly, for eachx € £ \ £20,1, the map

A€ (—00,02) L[A,Q\ﬁaﬂ(x) (7.55)

is continuous
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PROOF Thanks to Lemma 7.8(a), for eaghe R, the point-wise limit
Ly :=limLp_
A 210 [A—e,82_]
is well defined and finite, since0 2 < g1 implies

Lij—e1,0.1(x) < Lpj—gp, 0 1(x) < L o 1(x), xef2_.

Moreover, by the compactness 6£A)~1, it provides us with a large positive solution
of (1.9) in£2_; necessaril\L[,, 2 1, by uniqueness. Thus,

L =lim Ly;_ .
2] o [A—e.2]
Similarly, 0 < g2 < g1 implies
Liater,2_1(%) > Lijyep2_1(x) > Lo 1(x), x €82,
and consequently,
limL =L ,
o [Ate,2-] A.2_]

which shows the continuity of (7.54). Adapting this argument, the continuity of (7.55)
follows readily. |

Finally, the relations (2.16) follow from (2.5) and (2.7), by the unigueness of the underly-
ing large positive solutions, which is guaranteed by Theorems 2.6 and 2.7. This concludes
the proof of Theorem 2.8.

8. Relevant bibliography and further results

The most pioneering result concerning the positive solutions of (1.8) is by Brezis and
Oswald [8], Theorem 1, where it was shown, using variational methods, that (1.8) possesses
a positive solution, necessarily unique, if and only if

0[—A—ao(x),.Q] <0<U[—A—aoo(x),.Q], (8.1)
whereag(x) andas (x) are the functions defined through

aop(x) := Ii%()\ —a(x)f(x, u)) =\

and

-0 ifxef2_,

oo (X) izbliTTo(’\_“(x)f(x’”)):{)L if xe2\ ..
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Although it is rather obvious that the first inequality of (8.1) becomesay, it is far from
easy to realize why the second inequality should become

A<or=0[—A, 201],

in order to provide us with the existence inter¥a¢ (oo, 01) given by Theorem 2.3 here.
Actually, this is an easy consequence from an extremely sharp result going back to [41],
according with it one has that

IiTm o[-A+af(,u),2]=0[-A,201]=01. (8.2)

Indeed, due to (8.2), (8.1) becomes into
00 < A < 071. (8.3)

Another significant pioneering contribution was done by Ouyang [62], as a part of his
Ph.D. Dissertation on Yamabe's problem [68] under the supervision of
W.-M. Ni. Combining global continuation with the existence of uniform a priori bounds in
compact subsets of € (—o0, 01), Ouyang [62] established that, under assumption (2.9),
condition (8.3) characterizes the existence of positive solutions of (1.8) and that

)\'%Tl 1012, 211l L2(2) = 0©. (8.4)

Later, Ambrosetti and Gamez [4] and del Pino [26] could improve (8.4) up to get
lim (16, 21l o (2) = o0, (8.5)
o1

though in none of these works any explicit mention was made towards the problem of
analyzing the different role played by each of the componenis &¢0), 201 and$2o,2,
in ascertaining the dynamics of (1.1).

The first general characterizations of the existence of positive solutions for a general-
ized class of logistic models including the basic prototype (1.8) were obtained by Fraile
et al. [29] as a consequence from the method of sub- and supersolutions. In [29], instead
of —A, a general elliptic operator of second-order subject to rather general boundary con-
ditions was considered. At the present stage of this monograph, the reader should be fully
convinced that the method of sub- and supersolutions is the best available method to deal
with generalized sublinear problems, since the supersolution itself provides us with the
exact shape profile of the positive solutions of (1.8) Xor og separated away fromiy;
for 1 ~ o9, the solution looks like the subsolution of the problem. Besides this tremendous
advantage, the method of sub- and supersolutions provides us simultaneously with the
global attractive character of the maximal nonnegative solution of (1.8) within the range
A € (—00, 01). Undoubtedly, [29] has been a milestone for the further development of the
theory that we have exposed in this monograph. Actually, the problem of the analysis of the
asymptotic behavior of the solutions of (1.1) foe> o1 was originally addressed in [29],
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where it was shown that the solutions of (1.1) must be unbounded} as, within g 1.

Most of the results of [29] were obtained during the academic year 1993-1994, as a result

of a question raised by P. Koch and S. Merino to the author during his first visit to Zlrich

University in June 1993. The paper was submitted for publication on November 1994.
According to the proof of Theorem 2.3 in Section 5, for each (oo, 01), the positive

supersolution of (1.8) has the forr®, where® is the function defined in (5.7) for a

sufficiently largex > 1 that blows up as 1 o1. Quite strikingly, @ is the supersolution

constructed in [41] to prove (8.2). This cruckatociation besides sharpening the paradig-

matic theorem of Brezis and Oswald [8], enjoys a huge interest in its own right, because

of its number of applications in Mathematical Biology (cf. [11,12,42], and the references

therein), in the study of linear weighted boundary value problems (cf. [41] and [43]), and

in the semiclassical analysis of linear oscillators at degenerate wells (cf. [22], where it

was used to solve some classical open problems proposed by SimorBji§6iation. . a

word coined by the political and scientific writer A. Koestler for designating unexpected —

sharply hidden — connections between a priori unrelated separated fields (cf. [9]).
According to Theorem 2.3, the mapping— 6, ¢ is differentiable and strictly point-

wise increasing. Moreover, by (2.6);. ) bifurcates fromu = 0 at A = og and, due

to (2.7),

AIiTm 0. 0)(x) =00 foreachy € 291\ 852. (8.6)
o1

The fact that (8.6) occurs if2g 1 goes back to [45], Theorem 2.4, which was submitted for
publication on August 1996, thought it appeared in 2000. The proof given in Section 5 is
the original one given in [45]. It should be noted that (8.6) extremely sharpens (8.5).

In Figure 10 we have representég 1(x) versusi € (oo, o1) for a givenx € 2q 1.
Thanks to (8.6), the diagram exhibits a bifurcation from infinity.at o1. In Figure 10
stable solutions are indicated by solid lines, and unstable solutions by dashed lines. The

Fig. 10. The steady-states of (1.8).
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statex = 0 loses stability ag crossessg, such stability being gained #y, ;. By Theo-

rem 2.4, local stability actually entails global attractiveness. It is remarkable the significant
difference between the diagram shown by Figure 10 and the diagram of the classical pos-
itive solutions that has been already inserted in Figure 2, where the Euveé, o1(x)

is bounded ah = o1. The difference coming from the fact that, thanks to (2.7), for each

x € 2\ 201 one has that

; _gymin
)!ITTl 9[)\,9]()6) = L[ULQ\QOJ](X) < 00, (8.7)

in severe contrast with (8.6). Bifurcation diagrams might drastically change according to
the magnitude chosen to represent it, as it actually occurs here in, of course.
Subsequently, we consider the compactiSeatefined by

) 1
K = {x € 2: dist(x, 082) > —}
n

for a sufficiently largen € N (see Figure 1). Thanks to the Harnack inequality, for each
A € (09, 01) there exists a constagt, > 0 such that

mlgxe[l,g] < Cy n’[l{in@l)\’_@]. (8.8)

Thus, if there are > 0 andC > 0 for which

sup C; <C, (8.9)

o1—e<A<o01
then, by (8.6) and (8.8), we would get

lim 6, 21 =o00 uniformlyin K (8.10)
o1

and therefored|, ), 00 < A < o1, would exhibit entire blow up irK asA 1 o1, which
contradicts (8.7). Consequently, (8.9) fails to be true. Hence,

sup C; =oc. (8.11)

o1—e<A<o01

As a consequence, the Harnack inequality fails to be true uniformly in compact intervals
of A € R for general nonlinear problems, which makes specially interesting (8.6) and (8.7).
Actually, before developing the mathematical contains of this monograph, the validity
of (8.9) was so much appealing that several experts in PDEs tried to convince the au-
thor of the complete blow up @, ) asx t o1. Finally, it was in [31], where (8.7) was
shown to occur in the very special case whg), = ¢ andx € £2_, by using the minimal

large solutions in small moving balls in order to get uniform a priori bounds wighin
Although this — apparentparadoxwas definitively solved in October 1996, [31] appeared

in 1998.
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Some time later we learned that a huge industry on large solutions was already available
at our disposal in the literature (e.g., [6,67] and [57]). However, it should be emphasized
that the original a priori bounds of Keller [38] and Osserman [61] do not apply straight
away to (1.9), and that, occasionally, they have been used in the wrong way (cf. [44] for
further technical details).

The interested readers are sent to [31], Figure 2.2, to see a numerical plot illustrating

the stabilization of the positive solutidh;, o) to the minimal metasoIutionLF;"jQ\ﬁ0 i

asA 1 o1. Actually, that was the first metasolution constructed in the literature in the con-
text of population dynamics.

On February 1997, combining some classical methods from the calculus of variations
going back to [18] and [37] with the method of sub and supersolutions, Lépez-Gémez and
Sabina de Lis [56] could definitively prove the validity of (8.6) alohg— in the special
case whem: e C! and £29» = ¥ — so getting (2.7). This result was later generalized by
Gomez-Refiasco and Lépez-Gomez [36], to cover the general radially symmetric case, and
by Du and Huang [28], in order to eliminate the smoothness assumptiotx@rirom the
theorem of [56]. Actually, the proof of this fact given in Section 5 (see the proof of (5.45))
follows [28], where the proof of the classical Hopf lemma given by Protter and Weinberger
[63] was comfortably adapted.

The concept ometasolutiorand most of Theorems 2.1-2.3 go back to [36] and [34],
which was Gomez-Refiasco Ph.D. Dissertation Thesis under the supervision of the author.
The results of [36] sow light during the summer of 1998. Then, the manuscript was sent
to H. Brezis on September 1998 for submissiorAtohive for Rational Mechanics and
Analysis though, quite unfortunately, on March 4th 1999, it was formally rejected. Further,
it was sent to P.H. Rabinowitz for submissionNonlinear Analysis. Theory Methods and
Applications where it finally appeared in 2002, after three years time. Fixing dates might
be imperative to avoid any eventual priority dispute.

The original theory developed in [36] was extraordinarily generalized and refined
in [44]. Actually, Theorems 2.1-2.3 and most of Theorem 2.4, in their full generality,
go back to [36] and [44]. Unfortunately, the proof of Theorem 2.4(c) and (d) given in [44]
has a serious gap that has been filled in [51]. The author was aware of that gap from
a beautiful question raised by H. Amann during a seminar delivered by the author in
the Institute of Mathematics of the University of Zirich on June 2002. Although Theo-
rem 2.4(d)(ii) had been already obtained by Du and Huang [28] in the very special case
when £20 2 = ¢, parts (c), (d)(iii) and, actually, the whole theorem in its full generality
go back to [44] and [51]. Nevertheless, sin@g 2 # ¢, obtaining the a priori bounds in
2\ 20,1 is extraordinarily more involved than in the very special case whgp= . The
main problem coming from the fact that one has to adapt the available proof of part (d),
obtained for the special case wheg 2 = ¥, to study the singular counterpart of the prob-
lem whenul, o\ z,,) = 00 andf2o2 # ¥, this being an extremely delicate matter from the
technical point of view. Actually, the level of difficulty is much higher than passing from
the classical logistic equation, whetéx) is bounded away from zero, to the degenerate
situation wheru(x) vanishes somewhere, as one must deal with a degenerate problem for
a singular boundary value problem wheg » # @.

Actually, during the celebration of the referred seminar in Zurich, though H. Amann
realized the fact that the limiting behavior of the increasing solutions is governed by the
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minimal metasolution, he could not see at first glance the controlled behavior of the non-
increasing solutions of (1.1) in between the minimal and the maximal metasolutions, which
forced the author to check all technical details of the proofs given in [44] finding a mistake
in the original proof (cf. [51] for further details). The proof of Theorem 2.4 given here goes
back to [51], and, consequently, it is extremely indebted with the extraordinary intuition of
H. Amann. It should be emphasized that Theorem 2.4 in its full generality was implicitly
announced in the general discussion carried out in [36] four years before.

More recently, Cirstea and Radulescu [17] have considered the following singular prob-
lem

{Au+au=b(x)f(u) in £, (8.12)

U=00 onas2,

where 2 is a smooth domain oR", a € R, b > 0, b # 0, is continuous andf € C*
is a positive function satisfying the Keller—Osserman condition and suchftmayu is
increasing in(0, co). If we denote byo; the principal eigenvalue of A in the region
whereb~1(0), then the main theorem of [17] reads as follows.

THEOREM. Problem(8.12)has a solution if and only i € (—o0, 01). Moreoverin this
case the solution is positive

Incidentally, Cirstea and Radulescu [17] knowledge the readers that

We point out that our framework in the above result includes the case Whanishes at some
points ofd§2, or even ifb = 0 onds2. In this sense, our result responds to a question raised to one
of us by Professor Haim Brezis in Paris, May 2001.

The previous theorem follows as a direct consequence from the general theory developed in
[36] and [44], and considerably tided up in this monograph. Actually, the problem studied
in [17] had already been considered in [36].

Theorems 2.6 and 2.7 go back to [50]. Theorem 2.7 is a substantial improvement of [28],
Theorem 2.1 and [32], Theorem 1, where it was imposed the substantially strongest as-
sumption that

a(x)=B[dx)]"[1+ pd(x) +0(d(x))] asd(x) 0, (8.13)
whered (x) :=dist(x, 352_) andB > 0,y > 0, p € R are constant. So, in such case,

a(x)

lim =1 uniformlyinx, €08_,
o BT Y

while in Theorem 2.7 the weight functian(x) is allowed to decay to zero oh2_ at
different rates according to each particular pointe 352_. Theorem 2.6 is completely
new even in the simplest case when (8.13) is satisfied, gsifGcevanishes within®g 2,
which is a situation not previously treated in the literature.

It should be mentioned that all these results are substantial extensions of some pioneer-
ing contributions of Loewner and Nirenberg [40], Kondratiev and Nikishin [39], Bandle
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and Marcus [5-7] and Véron [67], who exclusively studied the simplest caseahgrs
bounded away from zero if2. As we already know, in such case, large positive constants
provide us with a priori bounds for the positive solutions of the underlying homogeneous
Dirichlet boundary value problem, while df(x) decays to zero somewhere 8f2_, as it

occurs in the case we are dealing with, live is much harder as large positive constants are
not supersolutions anymore, and, in general, the a priori bounds of the positive solutions
of those underlying problems are lost. Actually, explaining the huge differences between
these two cases has been the main issue addressed in this monograph.

As asserted by Theorem 2.7, the blow-up rates of the large solutions of (1(8) in
depend upon the precise decaydf) at each of the points dfs2_. Thus, to prove The-
orem 2.7 we cannot adapt the proof of the corresponding counterparts of Du and Huang
[28] and Garcia-Melian et al. [32], based on the construction of some appropriate global
sub- and supersolutions. Instead of that, in Section 7 we have used bcedization
method which consists in constructing a local subsolution and a local supersolution sup-
ported at each particular point of the boundary of the domain. Although this method goes
back to [50], it should be noted that the proof given in [50] exclusively shows the validity
of Propositions 7.1 and 7.2 here, since the proof of the fact that the quotient fugction
defined in (7.39) is continuous contains an important gap. Nevertheless, the main theorem
is correct and all necessary technical details to complete it have been clarified in Section 7
here. The same gap occurred in [25], where, besides characterizing the existence of large
solutions for a general class of porous media equations of logistic type, the blow-up rates
of these solutions in terms of the decay ratea ©f) and of the nonlinear diffusion rate
were ascertained.

Several other recent works dealing with similar but distinct problems are [14-16],
and [58]. Their main goal is obtaining the blow-up rates of the large solutions of (1.9)
in £2_ for large classes of 's keepinga(x) bounded away from zero.

Incidentally, [50] was submitted to tt#®urnal of Differential Equationen January 18th
2002 and the referee’s report, recommending rejection, was received on May 23rd 2003.
During that period, appeared [14-16] and [58], whose publication was the main argument
exhibited by the referee to recommend rejection of [50]. At the end of the day, the editors
of theJournal of Differential Equationdecided to publish it.

Further, it turns out that the minimal metasolutions of (1.1) that are stable can be also
obtained by adopting the approach of [47], where (1.8) versus the perturbed problem,

{—Auzxu—(a+e)f(-,u)u In $2, (8.14)

u=~0 onos2,

were analyzed. In (8.14) > 0 should be regarded as a perturbing parameter in order
to transform (1.8) into a classical logistic problem where the weight function in front of
the nonlinearity is positive and bounded away from zero. Thanks to Theorem 4.2 (with
D = 2_ = 2), we already know that (8.14) possesses a positive solution if and only if
A > o9, which is unique if it exists. Subsequently, we shall denote ibhy, .. Then,
though the proof will not be included here, the main theorem of [47] can be stated as
follows.

THEOREMS8.1. The following assertions are true
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1. |im5¢09[)h_9’8] =0p.2] if op <A < o071.

; _ syymin ;
2. limg o6 0,6 = m[k’g\ﬁo’ﬂ if o1 <A <oo.

3. |im5¢09[k’g’8] = mr[‘gi’ngi] if L > o».

Consequently, there is a continuous transition between the dynamics of (1.1) and the
trivial dynamics exhibited by the parabolic counterpart of (8.14). This should be a crucial
property from the point of view of the eventual applications of the underlying theory to
Population Dynamics, as it permits designing appropriate environments where the popula-
tion exhibits aifferentiated logistic behaviaxccording to the several patches that conform
the habitat. Also, it should be extremely relevant from the point of view of the numerical
approximation of the dynamics of (1.8), as it permits to compute the minimal metasolutions
that are stable through the following scheme:

1. Computing the global curve of positive solutions of (8.14) by performing a global

numerical continuation in.

2. Pick any of these positive solutions and then perform a global continuatigrton

approximate the corresponding metasolution.
Such strategies have already been shown to be pivotal to compute isolated components
of positive solutions in wide classes of reaction diffusion systems and weighted nonlinear
boundary value problems (e.g., [13,46] and [54]).

Another mechanism to approximate the dynamics of (1.1) through a model exhibiting an
asymptotically bounded population profile, whose level might be designed according to the
region of the inhabiting area, was given in [23] by means of the classical porous medium
equation. Most precisely, in [23] we considered the following differential equation with
nonlinear diffusion

{ —Aw™ = w —aw? in$2,

(8.15)
w=0 onos2,

wherem > 1, in order to obtain the following result, whose proof is omitted here.

THEOREM8.2. Supposd < m < p. Then(8.15)possesses a positive solutiemiqug if
and only ifA > 0. Moreoverif we denote it by}, o ., then setting

O..2.m1 =W 2 mp

the following properties are satisfied
1. |imm¢1 Op.2.m =0if 0 < A < oo.
2. |imm¢1 Q[A’Q,m] = 9[)\’9] if og <A <o01.

; _ qmin i
3. |Imm¢1 O, 2,m1 = Dﬁ[)\’mﬁoyﬂ if o1 <A <oo.

4. |imm¢1 Op.2.m1 = Em&‘i’”g_] if A > o0o.

Metasolutions have also shown to be extremely relevant in analyzing the dynamics of
very large classes of reaction diffusion systems (cf. [27,49] and [21]), and of very general
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classes of indefinite superlinear parabolic problems, where the weight fungtions
allowed to change sign withif®.

In order to sketch how metasolutions arise in the context of indefinite superlinear prob-
lems, suppose satisfies the following

aH0)=201U8202  a *((0,00) =2, a"((—00,0)) = 202,
(8.16)

and denote by* anda™~ the positive and negative partsof

a=a+—a_,

whose supports a?_ and$2g », respectively. Then, by bringing together the theory devel-
oped in this monograph with the techniques and results of Lépez-Gomez and Quittner [55]
and Quittner and Simondon [64], one can get the following result, which is a sort of sum-
mary of the main findings of [52].

THEOREM8.3. Suppos€8.16), (2.9) 1 > o1, andug > 0 satisfies

—Aug < Aug—atu?.
Then the following properties are satisfied

1. For eacha € (09, 01), there existg (1) > 0 such thatl|a*||c(§0 5 <€@) implies
lim up, 01C. ¢ uo) =0, 01,
tfoo

where#y, ) stands for the minimal positive solution ¢f.8), whose existence is
guaranteed by Amann and Lépez-Géii8iz

2. For eachi € (o9, 01), there existsc(A) > (1) such thatup, o1(-, t; ug) blows up
in a finite time if”“_”C(ﬁo,z) > «(1). Moreovey the blow up is complete iR >
if p — 1> 0is sufficiently smallFurthermore in this caseup, (-, t; ug) approxi-

matesm[/\’mﬁoz] ast 1 oo, though in £2¢ 2, infinity is reached in a finite time

3. For eachai € [01, 02), there existg (1) > 0 such thaﬂ|a‘||c(§0_2) < e(A) implies

; . _gumin
JITTO up, 21, 1 ug) = W[Ayg\%’ﬂ,
where Dﬁg"}z\ﬁoﬂ stands for the minimal metasolution ofl.9) supported

in £2 \ 20.1. Note thata(x) changes sign in2 \ £2¢1.

4. For each € [01, 02), there existsc(L) > (1) such thatup, o1(-, t; ug) blows up
in a finite time if||a‘||c(§0‘2) > k(). Moreover the blow up is complete i®q »
if p — 1> Ois sufficiently smallFurthermore in this caseu; (-, t; uo) approxi-
matesi", | ast 1 oo, though in 0.2, infinity is reached in a finite time



306 J. Lopez-Gémez

5. For eachi > o2, upy o)(-, t; up) blows up in a finite timeMoreovey the blow up
is complete in2g 2 if p — 1> 0 is sufficiently smallFurthermore in this case
up,21(, t; ug) approximatesti'y, | ast 4 oo, though in 0.2, infinity is reached
in a finite time

Consequently, though metasolutions arose in analyzing the most paradigmatic model
of Population Dynamics, they seem to be crucial to understand the role of spatial het-
erogeneities in wide areas of Science and Technology. Undoubtedly, within the next few
years metasolutions will play a significant role in the modern theory of Partial Differential
Equations, where using spatial heterogeneities is imperative in order to get more realistic
models.
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1. Introduction

In this chapter we provide a survey of mathematical results concerning solutions of elliptic
problems with nonlinear boundary conditions. We mean solutions of problems that can be
written in the general form
Lu= f(u) in$2,
f ) (1.1)
Bu=gu) onods2.

Here, and through this work? is a bounded domain iRY with smooth boundary 2,
Lu is a second-order elliptic operator aBd is a boundary condition that involv%%, the
outer normal derivative.

Of importance in the study of boundary value problems for differential operataes in
are the Sobolev spaces and inequalities. Hence, Sobolev inequalities and their optimal
constants is a subject of interest in the analysis of PDEs and related topics. It has been
widely studied in the past by many authors and is still an area of intensive research. See,
for instance, the book [15] and the survey [50] for recent developments in this field.

When analyzing problems with nonlinear boundary conditions like (1.1) it turns out
that among the Sobolev embeddings the Sobolev trace theorem plays a fundamental role.
Also one is lead to the study of nonlinear boundary conditions when one tries to find out
properties of the Sobolev trace best constant.

Our main interest here is to look closely at this relation between nonlinear boundary
conditions and the Sobolev trace theorem.

Another motivation to study problems with nonlinear boundary conditions comes from
geometry. One is lead to nonlinear boundary conditions when one performs a description
of conformal deformations on Riemannian manifolds with boundary. Look at the results
of Cherrier and Escobar [29,54,55]. In [53] and [105] a geometric problem in the half-
spaceRﬁ with nonlinear boundary conditions is studied.

Also, nonlinear boundary conditions appear in a rather natural way in some physical
models. For example, problem (1.1) can be thought of as a model for heat propagation.
In this case: stands for the temperature and the normal deriva%/mat appears in the
boundary conditiorB () represents the heat flux. Hence the boundary condition represents
a nonlinear radiation law at the boundary. This kind of boundary conditions appear also in
combustion problems when the reaction happens only at the boundary of the container, for
example, because of the presence of a solid catalyzer, see [99] for a justification. Eigen-
value problems with the eigenvalue placed at the boundary cond%{}oa,)»u, are studied
since the pioneering work of Steklov, see [115].

There are works that consider fully nonlinear equations fike, u, Vi, D?4) = 0in 2
with nonlinear boundary condition#{ (x, u, Vu) = 0 on 92, whereH is assumed to be
strictly increasing with respect t@u in the normal direction to 2 atx. See, for example,

[16] and [89] where viscosity solutions are considered. There are also papers that deal with
higher-order equations, for example in [72] a fourth-order problem is considered. How-
ever, to simplify the exposition, we will be only concerned with second-order problems
like (1.1).
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Elliptic problems,Lu = f (u), with Dirichlet boundary conditionss|3 = 0, have been
widely treated in the literature, see the survey [44] and references therein. Many of the
known results that hold for Dirichlet boundary conditions have an analogous counterpart
when dealing with nonlinear boundary conditions. However many times the proofs are
different. We will try to emphasize the differences and similitudes between both types
of boundary conditions. Therefore, a strong motivation to study elliptic problems with
nonlinear boundary conditions is to see how the well-established theory for the Dirichlet
problem extends to other situations (as nonlinear boundary conditions) and to develop new
ideas and methods when the available theory is not applicable. These developments may
have consequences for other related problems that do not involve necessarily nonlinear
boundary conditions.

We have to mention that there is a large amount of literature dealing with parabolic
problems with nonlinear boundary conditions. In the last years there has been an increas-
ing interest in the study of blow-up due to reaction at the boundary, both for scalar problems
and for systems, see, for example, the surveys [34,77] and references therein. Often par-
abolic results are related to elliptic results. For example, when every positive solution of
a parabolic problem blows up there cannot exist any positive stationary solution. Hence
we have a nonexistence result of positive solutions for the elliptic problem in this case,
see [30], [31] and [81] for such type of results. The stability properties of a stationary solu-
tion is also a problem to deal with, see, for example, [31] and [39]. Moreover, many times
regularity results for elliptic and parabolic problems are related, see [4].

The References do not escape the usual rule of being incomplete. In general, we have
listed those papers which are more close to the topics discussed here. But, even for those
papers, the list is far from being exhaustive and we apologize for omissions.

Organization of the chapter. The rest of the chapter contains eleven sections. They are
organized by subject, however many times there are relations between them that we will try
to outline. In some cases we will provide full proofs (or at least sketch the main arguments)
in order to give the reader an idea of the involved techniques. In each section a change of
subject or problem will be marked with.

Section2. In this section we state some preliminaries relating the best Sobolev trace
constant with problems with nonlinear boundary conditions and give some ideas about
regularity results from J. Garcia-Azorero, |. Peral and the author that can be found in [81].

Section3. In this section we see how to adapt usual variational techniques to deal with
nonlinear boundary conditions. We follow ideas from M. Chipot, M. Fila, P. Quittner,

J. Garcia-Azorero, I. Peral, K. Umezu, J. Ferndndez Bonder and the author, see [31], [32],
[71], [81] and [121].
Sectiond4. We collect some results in the haIf—spaRéﬂ, proved by B. Hu, X. Cabre,
M. Chipot, M. Chlebik, I. Shafrir, M. Fila, Y. Park, W. Reichel, J. Sola-Morales,
S. Terracini, Y. Li and M. Zhu, see [24], [30], [33], [87], [93], [106] and [117].

Section5. Here we discuss about the results of A. Ambrosetti, Y. Li, A. Malchiodi,

V. Felli, M. Ahmedou and J.F. Escobar, which have a strong geometrical motivation, the so-
called Yamabe problem for manifolds with boundary. In this geometrical problem the crit-
ical exponent for the Sobolev trace embedding appears. See [5], [53], [54], [55] and [60].
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Sectiorb. In this section we deal with the dependence of the best Sobolev trace constant
on the domain for a subcritical exponent. We focus on families of domains obtained by
expanding or contracting a fixed domain and obtain the asymptotic behavior of the best
Sobolev trace constant. Also we prove that the first eigenvalue of an associated nonlinear
Steklov-like eigenvalue problem is isolated and simple. We collect results of C. Flores,
M. del Pino, S. Martinez, J. Fernandez Bonder and the author, [46], [66], [74] and [100].

Section7. We look at symmetry of the extremals for the Sobolev trace embedding. In
particular, we study when the extremals are radiabifs the ball of radiusk, B(0, R).

We report on the results of O. Torne, E. Lami-Dozo, J. Fernandez Bonder and the author,
[65] and [92].

Section8. In this section we consider the trace of functions that belong to a Sobolev
space and vanish over some subsef20fWe look at the problem of optimizing the best
Sobolev trace constant when varying the subset where the involved functions vanish keep-
ing its area fixed. We follow ideas of J. Fernandez Bonder, N. Wolanski and the author, [76].

Section9. Here we look at the Sobolev trace embedding with the critical exponent.
The results presented in this section are mainly due to E. Abreu, P. Carriao, O. Miyagaki,
D. Pierotti, S. Terracini, F. Demengel, M. Motron, M. Chlebik, M. Fila, W. Reichel,

F. Andreu, J. Mazon, J. Ferndndez Bonder and the author, [1], [11], [35], [47], [75], [104],
[108] and [109]. See also Section 5 for other results that involve the critical exponent.

Sectionl0. Now we study the dependence of the Sobolev trace constant on the exponents
involved. We rely on results of R. Ferreira, J. Fernandez Bonder and the author, [64].

Sectionll. In this section we collect results concerning elliptic systems with nonlinear
boundary conditions, from M. Schechter, W. Zou, S. Li, J. Fernandez Bonder, S. Martinez
and the author, see [67], [68], [69], [70], [112] and [125].

Section12. Finally we collect other results for problems with nonlinear boundary
conditions, concerning maximum/antimaximum principle, isoperimetric inequalities, self-
similar profiles for parabolic problems with blow-up, free boundaries, equations involving
maximal monotone graphs and their relation with semigroup theory, resonance problems,
the FIEik spectrum at the boundary, etc. In this section we do not provide any proofs and
refer for details to the papers of F. Andreu, D. Arcoya, Ph. Benilan, F. Brock, M. Crandall,
J. Davila, S. Martinez, J.M. Mazon, M. Montenegro, P. Sacks, S. Segura de Leon, J. Toledo
and the author. See [12], [14], [19], [23], [41], [42], [101] and [102].

Notations. We end the Introduction fixing some of the notation that will be used in the
following sections.

Along this chapter there are two measures involved, the usual Lebesgue measure in
2 c RY and the surface measure 8f2. With dx and dr we denote the corresponding
N-and(N —1)-dimensional measures. Also we will use the notatibpfor the measure of
the setA in its corresponding dimension, that is Afis a set of dimension, |A| stands for
ther-dimensional measure df. We will call the characteristic function of the sétasy 4.

With p, = p(N — 1)/(N — p) and p* = pN/(N — p) we denote the critical expo-
nents for the Sobolev trace embeddiitd 7 (£2) — L7(3£2) and the Sobolev embedding
WLP(22)— L' (£2). S(£2, p, q) stands for the best Sobolev trace constant, see Section 2.
Remark that we make explicit the dependence of the constant on the domain and on the
involved exponents. This dependence will be analyzed throughout this work.
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2. Preliminaries

Let us look for a simple example where problems with nonlinear boundary conditions
appear in a very natural way. To this end, let us first remark that in the study of elliptic and
parabolic partial differential equations the Sobolev spaces are a very useful and versatile
tool for their analysis. For general references on Sobolev spaces we cite [2].

Recall that the Sobolev spaégl(£2) is defined as the space bf(2) functions with
weak first derivatives that also belong8(£2). In H1(£2) we have a Hilbert space struc-
ture. We consider the usual norm that comes from the inner product,

(u,v):/ Vqudx+/ uvdx,
Q Q

that is,

1/2
||u||H1(Q):</Q|Vu|2dx+/glu|2dx> .

Given a smooth function (e.gs, € C1(2) c H(£2)) we can define the restriction to the
boundaryu|se. It turns out that this restriction operator can be extended from smooth
functions to H1(£2) giving a linear continuous operator frof1(£2) to L™ (3£2), if
1<r<2,=2(N-1)/(N -2),

T:HYD2)— L' (382).

This result is the very well-known Sobolev trace theorem. See, for example, [2]. The norm
of this operator is given by

S(£2,2,r) = inf] u e HY(2) with |lul%, 50, =1}

2 .
”u”[.Il(_Q)a
. Vul? + |ul?dx
= inf Jo IVul"+ | '2 ) (2.1)
ueHY (2)\HL(2) (f50 lul" do)?/r

This valueS($2, 2, r) is known as the best Sobolev trace constant.

For values ofr < 2, (subcritical values) we have that the trace operator is a compact
operator, therefore an easy compactness argument proves that there exist extremals, that
is, functions inH1(§2) where the norm is attained. These extremals turn out to be weak
solutions of

Au=u in £2,
{ (2.2)

B =ul""2u onas,

wherel is a Lagrange multiplier.
For a weak solution of (2.2) we understand a funciiea H(£2) that verifies

/ VuVuvdx +/ uvdx = AMul"2uv do (2.3)
2 o) FYo)
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for every test functiony € H1(£2). Remark that in (2.3) two measurest(dhe volume
measure anddd, the surface measure) are involved. If we assume the normalization of the
extremal given byllu||.r o) = 1, takingv = u in (2.3), we get that the Lagrange multi-
plier is related to the best Sobolev trace constant given by (2.1). It holds§(£2, 2, r).
Problem (2.2) has associated an energy functional

"

1
F(u):—/ |Vu|2+|u|2d.x—/ A
2/ g T

In fact, critical points of (2.4) inH(£2) are weak solutions of the problem (2.2) in the
weak sense (2.3).

An important case is when= 2. In this case (2.2) becomes the linear eigenvalue prob-
lem

do. (2.4)

Au=u 1inS$2,
{ u —ju onye.
Using the compactness of the embeddifty 2) < L2(3£2) itis obtained that there exists
a sequence of eigenvalugs — oo and the first one corresponds to the best constant that
we are looking for, see [71]. These eigenvalues can be regarded as the eigenvalues of the
Dirichlet to Neumann map for the operaters + I acting in the spacél'(£2).

At this point, we have to mention the results of Escobar [57-59] for the Steklov eigen-
value problem

Ap=0 ing2,
{ 3 —%p onag.
This problem was introduced by Steklov [115] and was initially studied by
Calderon [25], because the set of eigenvalues for this problem coincides with the eigenval-
ues for the Dirichlet to Neumann map. Escobar proves some estimates and isoperimetric

results for this problem on manifolds.
Going back to the Sobolev trace embedding in full generality, one can consider

WLP(2) > L1(382),

whereW1-7(£2) is the usual Sobolev space of functians L?(§2) with Vu € (LP(22))N
endowed with the norm

/p
2 2

Then, problems with nonlinear boundary conditions also appear in a natural way when one
considers the Sobolev trace inequalityf-? (£2) and L4 (352),

P P _p(N-1)
Sl aay < llap gy 10 < pe= "=
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The best constarft is given by

. Vul|? + |u|? dx
S(2,p.q)= inf Jo [Vul” 4 1 ;
ueWLr(2)\wy? (2) (Jyq lul9 do)r/a

The extremals (if there exist) are weak solutions of
Apu=|u|p_2u in £2,
(2.5)

|Vu|P=23% =3 |u|972u  onds2.

Here,A ,u = div(|Vu|?~?Vu) is the well-known operator called theLaplacian. Remark
that (2.5) is a quasilinear elliptic problem.
Also in this case we find an eigenvalue problem. Whea p, problem (2.5) becomes

Apu:|u|p72u |n .Q,
|VulP=23% = )|u|P~2u  ondg.

This is a nonlinear eigenvalue problem. Also in this case it can be proved that there exists
a sequence of variational eigenvalugs— oo, see [71]. As forp = 2, the first eigenvalue,
which is isolated and simple (see [100]), is related to the best constant for the Sobolev
trace embedding. However, as happens for the eigenvalue problem fprlthplacian
with Dirichlet boundary conditions, it is not known if the obtained sequence constitutes
the whole spectrum.

Now, for the sake of completeness, we will provide an answer for the question: Among
the functionsf : 32 — R, which are the trace of a function & 17 (£2)?

To answer this question we have to introduce the fractional Sobolev spaces. We follow
the presentation made by Bourgain, Brezis and Mironescu in [21].

DEFINITION 2.1. For O< s < 1, we define

lu(x) —u(y)l?
A lx —y|NFsp

W”’(A):{MGL”(A): [ul? , :=/ dxdy<oo}
A

with the normijulws.ra) = lullLray + (P — sHYPul;, .

The quantity[-15,, is known as the Gagliardo seminorm. The faatp(1 — sNHYP that
appears in the definition of the norm guarantees that limu|lws.ra)y = llullwip(a)
see [21].

Let us consider the quotient spaﬁé’P(Q)/W(}’p(Q) with the quotient normj|u|| =
infuj,0=vise IVllwir(e)- We have the following theorem.

THEOREM2.1. For 1 < p < o0, the trace operator

wlr (e
T (£2)

1 > WIVrro)
Wyt (£2)
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is a linear homeomorphism

v" Some remarks on regularity.Now we want to state some regularity results for ellip-
tic problems with nonlinear boundary conditions. We are not going to provide the more
general result nor enter into the details of the proofs. However we give a sketch of the
arguments just to look at the ideas involved. Also we have to mention here that we are not
facing any regularity constraints coming from domain regularity, since we are assuming
that$2 is a smooth domain. See [51] for regularity results in polyhedra.
Let us deal with a solution of
—Au+u=uP"2u in$,
N — \|ul9%u onae (2:6)
dv !
with p and g critical or subcritical. Now we prov&®(£2) estimates for the solutions
of (2.6), see [81]. We include some details for the sake of completeness.

THEOREM 2.2. Every weak solution of2.6)with1 < g <2(N —1)/(N —2),1< p <
2N /(N — 2) belongs toC%(£2).

First, we deal with the subcritical case. Namely <2(N —1)/(N —2),1<p <
2N /(N —2). The idea is to adapt the classical bootstrapping argument, taking into account
the nonlinear boundary condition. We start by recalling some linear results.

PrROPOSITION2.1.
(I) Assume thag € L"(£2) with r > 2N /(N + 2) and let¢ € H1(£2) be the weak

solution to
—-Ap+¢p=g ing,
{ ¥ -0 onag, (2.7)

then(lgllwiso) < CligllLr() With = Nr/(N —r) > 2.
(I Assume thak € L*(9£2) withs > 2(N — 1)/N, and lety be the weak solution to
problem

“A -0 ing,
{ vy " (2.8)

Y _
a_u—h onos2.

Then||1p||W1,y(Q) < C||h||Ls(39) with y=Ns/(N—-1) > 2.

PrRoOF Part (1) can be considered as the simplest case of the results in [114]. In this case
the proof is easier: just integrating by parts we find

2 2
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with 2+ £ =1, and by Sobolev embedding we can take a test fungtieriv>#'(2) with
B’ = Nr'/(N +r'). As a consequence, using Proposition 1 of [29] wegetW1#($2)
and |¢llw1s o) < CligllLr@), whereg = Nr/(N —r), and sincer > 2N /(N + 2), it
follows 8 > 2.

As for part (), if ¥ is the weak solution, multiplying by a regular test function
n e CL(2) we get

L/V¢VMR+/¢me<MMMmNNU@m,
2 2

where 2 + % = 1. Then by density we can takpe W17 (2) and therefore, by the
trace theoreny |y € W@/ (92) c LY N-D/N-v)(52), wheres’ = y'(N — 1)/
(N — y’), which implies thaty = Ns/(N — 1). Hence, by Proposition 1 of [29], we get
thaty € WL7(02) and|(|¥/ [l w1y @) < CllhllLsa2)- This finishes the proof. O

PROOF OFTHEOREM 2.2. We decompose our original problem, taking |u|?~%u and
h = Alu|?2u, in such a way that = ¢ + ¥, whereg andy are the corresponding solu-
tions to the linear problems (2.7) and (2.8).

The idea to prove regularity for solutions of (2.6) is that we can iterate the estimates
in Proposition 2.1, improving from step to step the regularity:ofThe argument is as
follows: We start assuming € L'0(£2) andh € L0(042), where

2N and 2(N -1

n=-——7—""3= S0=-—"—"F7—""T77-
TWN-2(p-1 *TW-2¢ -1
In particular, ifro > N/2 (that is,p < (N +2)/(N — 2)) we get an exponeno > N
such thatp € WhPo(2) c C%(£2). On the other hand, i < N/(N — 2), we get that
¥ € Whro(£2) with y9 > N and in this case € C%(£2). As a consequence, tli& regu-
larity for u is proved in the casg < N/(N —2), p < (N +2)/(N — 2).

If not, in any case we have proved thate W1 (£2) with g = min{Bo, 0} > 2.
Then we can iterate exactly the same calculation as before, starting witti(£2) and
h € L51(952), where

N1g (N —D1o
mn=———— and s1=— 2=
(N—-1)(p—1 (N—10)(¢g—1

If r1 ands1 were both large enough (namely, > N/2 ands; > N — 1), then we have
finished. If not, we get that ¢ W11 (£2), where

N ; N
. {Nill if r1 >3 andsg <N -1,
l =

H Ns1 Nrp H N
min{ 724, N—rl} ifry < 3.
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Let us estimate these quantities in terms of the starting expapeBincery > 2, we
have

Ns1 N . N .
N-1 (N—t)@q-D° " N-2@-D "

And, on the other hand, it is easy to see that

Nri N N
= 10 >
N—-ri p(N-—-1w)—N p(N—-2)—N

0.

Therefore (taking into account that and ¢ are subcritical) we have proved that there
exists a constar@ = C(N, p, q) > 1 such thaty > Cto, and, in generaly > Ck1o. This
implies that in a finite number of steps we reach thatw1-7"(£2) with t* > N, and hence
ue C8R).

Next, we will sketch briefly the arguments in the critical cases 2*. In this case, the
problem comes from the first iteration, since there is no margin to improve directly the
initial exponent, gettingv 140 (£2) regularity for someso > 2. To overcome this difficulty
we can use a truncation argument by Trudinger (see [120]) which proveladhat o) <
CUS21, Nullp* o)) wheretr > p*. The sketch of the argument is as follows: consider the
problem

—Au+u=xrul? "2 ing,
U = |u?=2u onage,
whereg is subcritical. Assume that € H1(£2), u > 0, is a solution and let us prove that
u € L7(£2) for somer > 2*. The main idea is to choose a suitable truncatiom/ofas
test function withg greater but close to one. After some manipulations, that in our case
involve the Sobolev trace inequality to handle the integrals over the boundary that appear,
we arrive tou € LPZ'(£2). As B is greater than one this estimate gives the required starting
point, after which the argument follows as in the previous case, getting finallg® ($2).

The case; = 2, with p subcritical can be handled in a similar way. With the argument
given by Trudinger [120], we can begin the iterative procedure and also in this case we get
ueC*R2). O

From the results of Cherrier [29], we have that weak positive solutions of (2.6)
are C>(£2). See also [4], [84] and [119] for regularity results. Also one can extend the
C“(£2)-regularity of the solutions using arguments based in [114] for more general elliptic
problems like

—diV(a(x)Vv) +v=h ing2,
a(x)P =g onas.

See [14] for the details.
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3. Existence results for an elliptic problem with nonlinear boundary conditions.
A variational approach

To begin the study of existence of solutions to problems with nonlinear boundary condi-
tions let us see how the usual variational techniques can be adapted.

First, we follow the ideas from J. Fernandez Bonder and the author, see [71]. We study
the existence of nontrivial solutions for the following problem

Apu = |ulP~2u in £2,
(3.1)

|VulP=23% = f(u) onas2.

As we explained in the Introduction (see also Section 2), problems of the form (3.1)
appears in a natural way when one considers the Sobolev trace inequality

p(N—-1)
SYPullLape) < lullwirey, 1<q<pe= T

In fact, the extremals (if there exists) are solutions of (3.1)ffar) = A |u|92u.
For weak solutions of (3.1) we understand critical points of the associated energy func-
tional

f(u):E/ |Vu|p+|u|pdx—/ F(u) do, 3.2)
pJe R

whereF’ (u) = f(u).

We fix 1 < p < N and look for conditions on the nonlinear terfi(u) that provide
us with the existence of nontrivial solutions of (3.1). This functioftals well defined
andCtin WP () if f has a critical or subcritical growth, namelg(u)| < C(1+ |u|?)
with 1 < g < px = p(N — 1)/(N — p). Moreover, in the subcritical case<d g < p*,
the immersionW L7 (£2) — L4(3£2) is compact while in the critical case= p, is only
continuous, see Section 2.

First, we deal with a superlinear and subcritical nonlinearity. For simplicity we will
consider

f ) = Aul72u, (3.3)

whereg verifies 1< g < p, = p(N —1)/(N — p). We prove the following theorems using
standard variational arguments together with the Sobolev trace immersion that provide
the necessary compactness. See [79] for similar results fgr-tteplacian with Dirichlet
boundary conditions.

We divide the presentation in three cases according4og, p =g andp > g.

First, for p < g < p. we have the following theorem.

THEOREM 3.1. Let f satisfy(3.3) with p < g < ps, then there exists infinitely many
nontrivial solutions of(3.1) which are unbounded iW -7 (£2).
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Now we proceed with a sketch of the proof of Theorem 3.1. We believe that the ideas
involved are illustrative on how to deal with nonlinear boundary conditions from a varia-
tional point of view.

Let us begin with the following lemma that will be helpful in order to prove the Palais—
Smale condition for the functional (3.2).

LEMMA 3.1. Let¢ € WP (£2)'. Then there exists a unique weak solutioa W7 (£2)
of

—Apu+ ulPPu=¢. (3.4)
Moreoverthe operatorA , : ¢ — u is continuous

PROOF Let us observe that weak solutiomg W17 (£2) of (3.4) are critical points of the
functional

1(u)=1/ |Vul? + |u|? dx — (¢, u),
pPJe

where (-, -) denotes the duality paring iW™-7(£2). Hence, existence and uniqueness are

a consequence of the fact thatis a weakly lower semicontinuous, strictly convex and
bounded below functional. For the continuous dependence, let us first recall the following
inequality (cf. [113])

2 2 re’
p=2. 1 p— ) ' 3.5
(Ix1P=“x = |yIP "y, x — y) lx—y[? if p<2 (3.9)

: Cplx —yl? if
P (lx|+lyDZ=P

where(-, -) denotes the usual scalar produciifi.
Now, giveng1, ¢z € wLP(2) let us consideny, up € WLP(£2) the corresponding so-
lutions of problem (3.4). Then, far= 1, 2 we have

/ [Vu; |p_2Vui(Vu1 — Vuy) dx
2
[ 172 = ) = 02 = ) e =0,
2
Hence, substracting and using inequality (3.5) we obtainpfor2,

Cp/ |Vur — Vuz|? + lu1 — uz|” dx
Q

<((p1— ¢2), (w1 — u2))

< o1 — ¢2||Wl,p(9)/ lluz — M2||Wl.p(g)~



324 J.D. Rossi

Therefore|| A, (¢1) — Ap(@2) | wir(2) < Clldr — d2llwrr o)) PP, Now, for the case
p < 2, we first observe that

/ |V(u1 — u2)|pdx
2

|V (u1 — up)? >P/2</ P )(2—p)/2
< di v v e
</.o (IVus| + [Vuz|)?>=r Q(l u1| +|Vuzl)

and
/ lug — uz|? dx
17,

jus — uzf? )”/2</ p )(zm/z
<[ o g " |
(ffz (Ju1] + luz))>r Q(|"‘1| + [uzl)

As in the previous case, we get

lur — u2||W1‘/7(.Q)
(luallwrr @y + luzllwip )P

< Cllgr — 2llwrry- (3.6)

Now we observe thatu; || < i llwrr oy lluillwir ) HENce, (3.6) becomes

pwlvp(fz)
1A, (1) — Ap(e2)| WLp(e)
<C(Ialysh 5 + 19200 & )2 ller = G2llwrnay
and the proof is finished. O
With this lemma we can verify the Palais—Smale condition#or
LEMMA 3.2. The functionalF satisfies the Palais—Smale condition
PROOF Let (ux)k>1C WP (£2) be a Palais—Smale sequence, that is a sequence such that
Fup) — ¢ and F'(u) — 0. 3.7)
Let us first prove that (3.7) implies thaiy) is bounded. From (3.7) it follows that there

exists a sequeneg — 0 such thatF (u;)w| < exllwllwip o) forallw e wLr(£2). Now
we have

1 1
c+ 1> Flug) — ;f’(uk)uk + 5}'/(uk)uk

1 1 1
—(=-_= p —ZF
- (p q)”uknwlp(ﬂ) + qf (uk)uk
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101\, 1
; - ; ”uknwlp(g) - ;HMIC”WLP(.Q)S/(

WV

WV

1 1 » 1
; - 5 ”uk”Wl.p(Q) - gnuk”Wl,p(gy

Hence u; is bounded i 17 (£2). By compactness we can assume that~ u weakly in
WP (£2) anduy — u strongly inL4(3£2) and a.e. irf$2. Then, agp < g < ps, it follows
that [ug]?2ux — |u]92u in LP+(352) and hence iW1?(£2)'. Therefore, according to
Lemma 3.1ux — A, (lul?~2u) in WLP(£2). This completes the proof. O

Now we introduce a topological tool, tlieenus see [91].

DEFINITION 3.1. Given a Banach spacé, we consider the clas® = {A C X: A is
closed,A = —A}. Over this class we define the genys,>~ — N U {oo}, as

¥ (A) = min{k € N: there existg € C(A, R*\ {0}), ¢(x) = —p(—x)}.
We will use the following proposition whose proof can be found in [6].

PROPOSITIONS.1 ([6], Theorem 2.23)Let F: X — R verifying
(1) FeCcY(Xx)andeven
(2) F verifies the Palais—Smale condition
(3) There exists a constant- O suchthatF(x) > 0in0 < |ju|lx <randFu) >c¢ >0
if lullx =r.
(4) There exists a closed subspaékg, c X of dimensionm, and a compact set
A,, C E,, such thatF <0on A,, andO lies in a bounded component &f, — A,,
in E,,.
Let B be the unit ball inX, we define

I'={heC(X,X): h(0)=0, his an odd homeomorphism add(/2(B)) > 0}
and

Kn={K CX: K=—K, K is compact
andy (K Nh(dB)) >mforall herI}.

Then

cm = Inf maxF(u)
Kek,, uek

is a critical value of 7, with 0 < ¢ < ¢, < 41 < 00. Moreoverif ¢y, = cppp1 =+ =
cm+r theny (K., ) >r + 1whereK,, ={u e X: F'(u) =0, F(u) =cp}.

Cm
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ProOF OFTHEOREM 3.1. We need to check the hypotheses of Proposition 3.1. The fact
that F is C! is a straightforward adaptation of the results in [110]. The Palais-Smale
condition was already checked in Lemma 3.2.

Let us check (3). From the Sobolev trace theorem, we obtain

1 A 1 A
Flu) = ;nun{;l,,,(m - 5””“3(,(89) > ;nun’;VLP(Q) - cgnuni’,,l,p(m

= g(”“”wl-p(g)),

whereg (1) = %ﬂ’ - C%tq. Asgq > p, (3) follows forr = r(C, A, p, q) small.

Finally, to verify (4), let us consider a sequence of subspages W7 (£2) of dimen-
sionm such thatt,, C E,,+1 andu|yp # 0 foru #0,u € E,,. Hence,

minf |u|? do > 0,
u€Bm Jy0

whereB,, = {u € Ey: |lully1r(o) = 1}. Now we observe that

t? ard
Ftu) < —llullwipey —— min lu|?do <0
p q MEBW 082

for all u € B,, andt > ro. Therefore, (4) follows by taking,,, = r0B,, . |

In order to see that the sequence of critical point&dhat we have found is unbounded
in w7 (£2), we need the following result.

LEMMA 3.3. Let(c,,) C R be the sequence of critical values given by ThedselmThen
liM,;— o0 G = 00.

PROOF LetM = {u e WL7(£2)\ {0}: %nunsvl,p(m
theorem, there exists a constant 0 such that

< ||u||‘£q(am}. By the Sobolev trace

r< ||u||§q(m) YueM. (3.8)
Let us define

by=sup inf  F(h)).
hel {ueBBﬁE’;il}

Itis proved in [6] thab,, < ¢, hence to prove ourresultitis enough~to show that> co.
Now, by, 11 = infuegpnee F(h(u)) forall h € I". We will constructh,, € I" such that

lim  inf  F(hw) = oc.

m—o0 ued BNES,
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First, let us define the following sequente = inf{|lu|l 1, (o) v € M N E},} and observe
thatd,, — oo. In fact, if not, there exists a sequengg € M N Ef, such thatu,, — 0
weakly in WP (£2) and thereforer,, — 0in L7(3£2), a contradlctlon with (3.8). Next, let
us considefr,, (u) = R~1d,,u whereR > 1 is to be fixed. Front,, we will constructz,,,
Givenu € WLP(02) such thatt|yo = 0, pick 8 = B(u) such that

E”ﬂuuwlp(g) ||:3”||Lq(a:2)’

soBu € M. If we considerg(¢) = F(tu) with u|y; # 0, itis easy to see thgtis increasing
in [0, B(u)] so g achieves its maximum on that interval foe B(u). Takeug € ES, N B
such thatu|y # 0, then forR > 1,

R™Ydy < d < || Buollyrr o) = Buo).

This inequality implies that, for everR > 1 and for everyug € E5 N B such that
uolae #£0, it holds F(h,, (uo)) = F(R Yd,uo) > 0. As h,(0) = 0, it follows that
hm(E5, NB) C{u e wWLr(2): Fw) > 0}. Therefore i, | g satisfies the requirements
needed in order to belong t6 so it comes natural try to exterig, to W17 (£2) so it
belongs tol". Givene > 0, considerZ, = dmel(E,‘,'l N B) + ¢(E,, N B). Let us see that
for ¢ small, Z, C M°. If not, there exists a sequeneg — 0 and a sequenc@: ;) C M
such that:; € Z;. In particularu ; is bounded inv17(£2) so we can assume that

uj —u weakly inWwh? (),
uj—u inLI08).

Moreover, as.; € M it follows thatu|y # 0. On the other hand, ds ||y, () is weakly

lower semicontinuous, we have thae M and, ass; — 0,u € dmel(E,‘;, N B), a con-
tradiction. So we have proved that there exists- O such thaZ,, C M¢. This fact allows
us to define

hw(u) =dnR 1 if uekES,
sou if uek,.

o () = {
Now, if u € E,, N B we haveh,, (u) = eou € Ze, C M€, then

- 1 A
F(hm(u)) = F(eou) = > lleoullfyrp o) — 5||eou||‘{q(m)

Afg—1 1 g
:E )"p ”80””W1p(9)+ ||£Ou||Wlp(_Q) ||€0u||Lq(8_Q)
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that is, givenu € B if we decompose: = u1 + up with u1 € ES, andup € E,, N B, we
obtain/,, () = hy, (1) + hy(u2) = dn R uyg + eouz € Zey € M€ from where it follows
thatF (h,, (u)) > 0 and hencé,, € I'.

Finally, we need to prove thak(/,, (1)) — oo asm — oo for u € B N EY,, but this
follows from the facts that/,, — oo, thatd,, < S(u) for u € B N E;, and that we can
chooser large enough. If € B N E, hy, (1) = dyy R~ 1u and

m?

- (dnR™HP Ad, R~
Flhm ) = == lullysp ) = =~ lulisan)

1 A -
= (dmR_l)p(; - ;(dmR_l)q p”””(]]‘q(ag))

1 X -
> (8 ) (2= 2 (p00R il

_ (dle)p<} B qu)'

p pPq

As g > p we conclude that iR is large enough, thef (,, (1)) — +oo. O

Now we consider the case<dq < p. Using the genus and that the functiotfaberifies
a Palais—Smale condition, we have,

THEOREM 3.2. Let f satisfy(3.3)with 1 < ¢ < p, then there exists infinitely many non-
trivial solutions of (3.1) which form a compact set i 17 (£2).

The proof of Theorem 3.2 follows from a series of lemmas, the proofs will be omitted
or sketched, see [71] for details.

LEMMA 3.4. For everyn € N there exists a constaat> 0 such that
y(F~F) =n,
whereF¢ = {u € WP (2): F(u) <c}.
LEMMA 3.5. The functionalF is bounded below and verifies the Palais—Smale condition
The following two propositions give us the proof of Theorem 3.2.
PROPOSITION3.2. Let
Sy ={AC WP (2)\{0}: AisclosedA=—A, andy(4) >k},
wherey stands for the genu3hen

cr = inf supF(u)

A€k yeA
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is a negative critical value af and moreovelif c = ¢, = - - - = ¢k 4, theny (K,.) > r + 1,
whereK. = {u € W-P(2): F(u) =c, F'(u) = 0}.

PROOF According to Lemma 3.4 for evelkye N there existg > 0 such thay (F~¢) > k.
As F is even and continuous it follows th#&t—* € X} thereforec; < —e¢ < 0. Moreover,
by Lemma 3.5,F is bounded below sg, > —oo. One can see thaj, is in fact a critical
value for F. To this end let us suppose that ¢ = - - - = ¢x4,. AS F is even it follows
that K. is symmetric. The Palais—Smale condition implies tkiais compact, therefore if
y(K.) < r by the continuity property of the genus (see [110]) there exists a neighborhood
of K., Ns(K.) = {ve W-P(2): d(v, K.) <8} such thaty (Ns(K.)) = y(K.) <r.

By the usual deformation argument, we geél, F<+¢/2 — Ns(K.)) C F<~¢/2. On the
other hand, by the definition ef.,, there existsA C X}, such thatA C Fete/2 hence

n(1, A — Ns(K.)) € F</2, (3.9)
Now by the monotonicity of the genus (see [110]), we hay@ — Ns(K,)) > y (A) —

y(Ns(K;)) = k. As n(l,-) is an odd homeomorphism, it follows that (see [110])
y(m(1, A — N5(K.))) = y(A— Ns(K.)) > k. Butasn(l, A — Ns(K.)) € Xy then

sup F(u) 2 c=cg,
uen(l,A—Ns(K¢))

a contradiction with (3.9). O
Now we show that the critical points df are a compact set 6717 (£2).
PROPOSITION3.3. The setk = {u € WhP(£2): F'(u) = 0} is compact inW 17 (£2).

PROOF As F is C1 itis immediate thak is closed. Lew; be a sequence ik. We have
that

0= F'(uj)uj=llujlf, _A/ |uj? do
JI Jwir () 992 J

p q

As 1< g < p,we conclude that; is bounded inw17(£2). Now we can use Palais—Smale
condition to extract a convergent subsequence. O

In the casep = ¢, the equation and the boundary condition are homogeneous of the
same degree, so we are dealing with a nonlinear eigenvalue problem. In the linear case,
that s, forp = 2, this eigenvalue problem is known as the Steklov problem [115]. We have
the following result whose proof can be found in [71], we do not provide the details in this
case.
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THEOREM 3.3. Let f satisfy(3.3) with p = ¢, then there exists a sequence of eigenval-
uesi,, of (3.1)such thatr,, — +o00 asn — +oo.

The variational eigenvalues can be characterized by

P
i = sup m|nM (3 10)
)"k CGCk ueC ||u||€vl_p(9)

whereCy, = {C ¢ WP (£2); C is compact, symmetric and(C) > k} andy is the genus

(see [91] and Definition 3.1). It is shown in [73] that there exists a second eigenvalue
for (6.4) and that it coincides with the second variational eigenvalueMoreover, the
following characterization of the second eigenvalgéholds

A2 = inf {/ |Vu|p+|u|pdx},
ueA Q

where A = {u € WhP(2); |ulLrpe) = 1and[aR*| > 0}, with 92+ = {x € 92;
u(x) > 0} ando 2~ defined analogously.

Next we consider the critical growth gfi In this case the compactness of the immersion
wlpr(2) < LP+(3£2) fails, so in order to recover some sort of compactness, in the same
spirit of [22], we consider a perturbation of the critical power, that is,

Fu) = ulP* 20+ Mu|"%u = Ju|PN=D/N=PI=2y 4 )| 2. (3.11)

Here we use the concentration—compactness method introduced in [96,97] and follow ideas
from [80]. First, we have the following theorem.

THEOREM 3.4. Let f satisfy(3.11)with p < r < p,, then there exists a constang > 0
depending orp, r, N and §2, such that ifA > Ag, problem(3.1) has at least a nontrivial
solution inW17(£2).

To prove this existence result, since we have lost the compactness in the inclusion
Wwir(2) < LP+(3£2), we can no longer expect the Palais—Smale condition to hold. Any-
way we can prove #cal Palais—Smale conditiothat will hold for F(u) below a certain
value of energy.

Letu; be a bounded sequencelnt? (£2) then there exists a subsequence that we still
denotex ;, such that

uj —u weakly inWhr(2),
uj—u stronglyinL"(8£2),1<r < ps,

Vi 1P = du,  |ujlae|™ — dn,

weakly-* in the sense of measures. Observe thas@d measure supported oR.
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If we considerp € C*°(£2), from the Sobolev trace inequality we obtain, passing to the

limit,
1/p«
(/ || P+ d’?) si/p
a2

1/p
<(/ |¢|”du+/ |u|P|v¢|de+/ |¢u|f’dx) , (3.12)
2 2 2

where S is the best constant in the Sobolev trace embedding theorem. From (3.12) we
observe that, ifi = 0 we get a reverse Holder-type inequality (but it involves one integral
overds2 and one over?) between the two measurgsands.

Now we state the following lemma due to Lions [96,97].

LEMMA 3.6. Letu; be a weakly convergent sequenceWﬁ*l’(.Q) with weak limitu such
that

|Vu;|P —du and |ujlse|™ — dn,

weakly-* in the sense of measur@sen there exists;, ..., x; € 352 such that
(1) dy=|ulP+ Y308y, m; >0,
@) du>|Vul? + Yy b, >0,
(3) ()PP < puj/s.

Next, we use Lemma 3.6 to prove a local Palais—Smale condition.

LEMMA 3.7. Letu; C WLiP(£2) be a Palais—Smale sequence By with energy levet.
If ¢ < (% — p—t)SP*/<P**P), where S is the best constant in the Sobolev trace inequality

then there exists a subsequenggthat converges strongly iwLlr($2).

ProOF. From the fact that; is a Palais—Smale sequence it follows thatis bounded
in wlr(2) (see Lemma 3.2). By Lemma 3.6 there exists a subsequence, that we still
denotex ;, such that

uj —~u weaklyinwhr (),

uj—u INL"(08£2),1<r < p,, anda.e.irbs2,

l (3.13)

Vij1P = du > [Vul? + ) i
k=1
l
ujlae|" = dn=|ulye|™ + anaxk-
k=1
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Letp € C®(RN) such thatp = 1in B(xx, €), ¢ = 0in B(xg, 2¢)€ and|V¢| < % where
xi belongs to the support ofpd Consider{u ;¢}. Obviously this sequence is bounded

in Whr(2). As F'(u;) — 0in WP (2)’, we obtain that 7' (u;); ¢u ;) — 0 asj — oo.
By (3.13), we obtain

lim / |Vuj|p_2VujV¢>uj dx
2

j—o00

= ¢dn+k/ |u|r¢>da—/ ¢du—/ lu|P ¢ dx.
I Yo 2 2

Now, by Holder inequality and weak convergence, we obtain

0< lim

J—00

(p—=1/p 1/p
< lim (/ |wj|1’dx> (/ |v¢|1’|uj|de>
J—00 2 2
1/N (N=p)/(pN)
< c(/ VoY dx) </ PN/ =P) dx)
B(xy.26)N 82 B(xy.26)N 82

(N=p)/(pN)
éC(/ |u|pN/(N_p)d.x>
B(x,26)N$2

/Q|Vuj|l’—2wjv¢ujdx‘

—-0 a&se—0.

Then
e—=0| Jan IR 2 2
(3.14)

By Lemma 3.6 we have thaty)?/?=S < uy, therefore by (3.14) we géi)?/P+S < .
Then, eithem;, =0 or

N > SP!/ (Pe=p) (3.15)

If (3.15) does indeed occur for sontg then, from the fact thak; is a Palais—Smale
sequence, we obtain

c=lim Fu))
j—00

1
= lim Fu:) — =(F(u; U
ijoo (u) p< () “J)

> (E _ i)/ lu|P* do + (l _ i) P«/(Px—D)
P P« 082 P Px
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1 1
+A(———>/ lu|" do
P r/) S

1 1
> <; — p_)SP*/(P*—P). (3.16)
%k

As ¢ < (% — p—t)SP*/(P**P), it follows that [, , |u;|P* do — [, [u|P* do and therefore
uj— uin LP+(9£2). Now the proof finishes using the continuity 8f,. O

PrROOF OFTHEOREM3.4. Inview of the previous result, we seek for critical values below
levelc. For that purpose, we want to use the mountain pass lemma. Hence we have to check
the following conditions:

(1) There exist constan#®, » > 0 such that if|u|ly1,o) = R, thenF(u) > r.
(2) There existsp € W7 (£2) such that|voll ., > R andF (vo) < r.
Let us first check (1). By the Sobolev trace theorem, we have

1 1 s
Fw)==|ul” - = Pede — = rd
(u) pllullwl.,,(m o fmlul o r/m lu|" do

1 1
> = lull? — P |u]|
p P+

- PR
wir(2) wir2) wir ()

Let

1 1 A
glt)y= —tP — —8§PtPx — —Ct".
P P r

It is easy to check that(R) > r for someR, r > 0.
(2) is immediate as for a fixed € W17 (£2) with w|; # 0, we have

lim F(tw) = —o0.
—00

Now, the candidate for critical value according to the mountain pass theorem is

c=Iinf sup F(¢()),
¢€Cte[0,r]).] ( )

whereC = {¢:[0, 1] - WL?(£2); continuous ane (0) = 0, ¢ (1) = vo}. The problem is
to show that < (% — p—t)SP*/(P**P) in order to apply the local Palais—Smale condition.

We fix w € WL-P(£2) with lwllzr a2y = 1, and definé: (1) = F(tw). We want to study
the maximum ofi. As lim,_, o i () = —oc it follows that there exists g, > 0 such that
sup. o F(rw) = h(t,). Differentiating we obtain

-1 x—1 —
0=H() = iy, g =1 =1 A0l o), (3.17)
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from where it follows that ||w| =177 + 1 "rwll, ) Hence n <

P
Wir(Q)

||w||’v’v/l(_’]’,*(;z‘;’). From (3.17), as/* ™" + Mwl}, ey — 00 wheni — oo, we obtain that
lim £, =0. (3.18)
A—00

On the other hand, it is easy to check thaiif- i it must be F(t;w) > F(thw), SO
by (3.18) we get lim_, o F(t,w) = 0. But this identity means that there exists a constant
Ao > 0 such that ifs > Aq, then

1 1
SUPF(tw) < <_ — _>SP*/(P*—p)’
120 14 D«

and the proof is finished if we choosg = row with g large in order to havé- (fow) < 0.
O

Now we prove a second result for the critical case.

THEOREM 3.5. Let f satisfy(3.11)with 1 < r < p, then there exists a constant > 0
depending orp, r, N and 2 such that if0 < » < A1, problem(3.1) has infinitely many
nontrivial solutions inW -7 (£2).

We begin, as we have done previously, proving a local Palais—Smale condition using
Lemma 3.6.

LEMMA 3.8. Let(u;) C WP (£2) be a Palais—Smale sequence #rwith energy levet.
If ¢ < (% — p—t)SP*/(P*‘P) — KaP</(==7) 'whereK depends only op, r, N, and |0£2|,
then there exists a subsequerigg ) that converges strongly iwLlr ().

ProOF. From the fact that; is a Palais—Smale sequence it follows thatis bounded

in W7 (£2) (see Lemmas 3.2 and 3.7).
Now the proof follows exactly as in Lemma 3.7 until we get to

c> <1 — i)/ lu|P* do + (l — i) P«/(px=p)
P Px 902 P P«
1 1
+x<— - —)f ul” do,
p 1)

whereuy is the weak limit ofy ; in wlP(£2). Applying Hélder inequality we find

1 1 _ 1 1 y
c> <_ —_ _)SP*/(P* p) 4 <_ _ _) ”””ip*(ag)
p P+ p Px

1 1
A= = =021 ull) o a0
+ <P r)' | ||u||Lp 002)
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Now, let f(x) = c1xP* — Acox”. This function reaches its absolute minimumxat=

(Zfﬁ)l/@* ", that is, f(x) > f(xo) = —KAP+/(P«=7) where K = K(p,q, N, |082]).
Hencec > (% - p—i)Sl’*/(l’* P) — KP+/(P+=7) which contradicts our hypothesis. There-

fore,

lim Ju j|P* do:/ |u|P* do,
I a0

and the rest of the proof is as that of Lemma 3.7. O

We observe, using the Sobolev trace theorem, that
f(u) ”ullwlp(_o) Cl”“”wlp(g) )"Cz"u"r‘;vl,p(g) zj(”u”leI’(.Q))a

wherej (x) = $x? —c1xP* — Acox”. As j attains a local but not a global minimumié not
bounded below), we have to perform some sort of truncation. To this end, let be such
thatm < xg < M < x1 wherem is the local minimum ofi andM is the local maximum and
j(x1) > j(m). For these valuegy andx; we can choose a smooth functiofx) such that
t(x) =1if x <xo, 7(x) =0if x > xg and 0< 7 (x) < 1. Finally, letp(u) = t(lullwir ()
and define the truncated functional as follows

~ 1 1 A
Fu) = —/ [Vul? + |ul? dx — —/ |u|P*@(u) do — —/ lu|” do.
pPJ P+ Jag rJog
As abovef‘(u) ](||u||W1,,(Q)) wherej(x) = ;x” — c1xP*1(x) — Acox”. We observe
that if x < xo thenj(x) = j(x) and ifx > x1 thenj(x) = ;xl’ — deax”.

Now we state a lemma that contains the main propertiéé.of

LEMMA 3.9. F is CL, if F(u) <0 then|lullypq) < xo and F(v) = F(v) for everyv
close enough ta. Moreoveythere exists.; > 0 such thatif 0 < A < A1 thenF satisfies a
local Palais—Smale condition far< 0.

PROOF We only have to check the local Palais—Smale condition. Observe that every
Palais—Smale sequence fér with energy levelc < 0 must be bounded, therefore by
Lemma 3.8, ifA verifies O< (l Ly§p«/(px=p) _ K )P+/(Px=1) then there exists a con-
vergent subsequence. " O

LEMMA 3.10. For everyn € N there existse > 0 such thaty(]—' €) > n, where
Fe = {u, ]—'(u) < —&}.

PROOFE The proof is analogous to that of Lemma 3.4. |
PROOF OFTHEOREM 3.5. The proof is analogous to that of Theorem 3.2, here we use

Lemmas 3.8 and 3.10 instead of Lemmas 3.5 and 3.4, respectively, to work with the func-
tional 7 and Lemma 3.9 to conclude ¢f. O
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Next, we deal with supercritical growth ofi. More precisely, we study a subcritical
perturbation of the supercritical power, that is, we consider

F) = AT %u + |ul"2u, (3.19)

with ¢ > p, > r > p. In this case, not only the compactness fails but also the func-
tional F is not well defined i 17 (£2), so we have to perform a truncation in the nonlinear
term|u|?2u following ideas from [27]. For this case we have the following theorem.

THEOREM 3.6. Let f satisfy(3.19)with ¢ > p, > r > p, then there exists a constakg
depending orp, g, r, N and §2 such that if0 < A < A2, problem(3.1) has a nontrivial
positive solution intW 17 (£2) N L>®(3£2).

PROOF OFTHEOREM3.6. Let us consider the following truncation|af? —2u

0, u <0,
h(u)={ ud™1, 0<u<K,
Kq_’u’_l, u>K.

Thenh verifiesh(u) < K97"u"~1. So we consider the truncated problem
Apu= ub—1 in 2,
2% 1 (3.20)
|VulP=25% = Ah(u) +u" "+ 0onas2,

and we look a positive nontrivial solution of (3.20) that satisfies K. Such a solution
will be a nontrivial positive solution of (3.1).
To this end, we consider the truncated functional

1
.7-](14):—/ |Vu|”—|—|u|”dx—kf H(u)dcr—/
PJ 902 982

whereH (u) verifiesH' (1) = h(u).

One can check that here exists a mountain pass solution; for (3.20), that is, a crit-
ical point of 7, with energy levek;,. One can easily check that this least energy solution
is positive. Moreover, the energy level is a decreasing function of, so we have that
F3.() = ¢ < co. Now, using (3.21), (3.20) and thak(u) < 2h(u)u we have that

g, (3.21)
.

|ue]”

1
COEfA(u)z—/ |Vu|p+|u|pdx—A/ H(u)da—/
pPJe 902 a2 I

1 1
> —/ [Vul? + |u|? dx — —<A/ h(u)u do —|—/ lu|” do)
pPJe r 082 082

1 1
= <— — —)/ [Vul? + |u|? dx.
p T 2

do
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So, as* > p, we obtain||u|l w1, o) < C = C(co, p,r). Now by the Sobolev trace inequal-
ity, we get

lullLs @) < Sil/Pllullwl.p(_Q) <C=C(co, p,1,5,£2). (3.22)

Let us define

u(x), ukx)<L,
L, u(x)> L.

up(x)= {
Multiplying (3.20) byu?”u we get
/ |Vu|/’_2VuV(uiﬁu)d.x+f u”uiﬂdx
2 2
=A/ h(u)uu{ﬁ da—l—/ u’u{ﬂ do.
082 082

Therefore, using that(u)u < K97"u" and the definition ofi;, we obtain

f |Vu|puiﬁdx+f upuzﬂdxé (AKq_r+1)f uruiﬁda.
2 2 052

Now we setw; = uuf Then, we obtain

P
||U)L ”Wl’p(Q)

= [ 19wl + P g

2

<C</ |Vu|pul'jﬁdx+-/ upﬂpuz(ﬁ_l)|VuL|pdx+/ upuzﬂdx>
2 7} 2

<c</ |Vu|1’u{“dx+/ uf’uiﬁdx)
2 2

< C()\Kq_” + 1) /a.(z uruiﬁ do.

Therefore, by Holder and Sobolev trace inequalities, we get

LI e ) < S WL ) < CORE 1) /3 wu o

(r—p)/p« . pla*
< C(Aqu+1)</ uPx da) (/ w§ da) ,
a0 a0
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wherea* = p*’j’j’;p < p«. S0 by (3.22),

p

1Ll e

S CKT + Dlulppl ooy WLl 40,
SCAKT + DLl o 0
Now if u#*1 e L®"(352), by the dominated convergence theorem and Fatou’s lemma, we

1P - 1P ;
getu? 7, ho) < COKI™" + 1)|uf™ 17 ar 0y thaL S,

_ +1
Nl psen oy < COKT 4+ D) PPl sipn -

— Px i i i
Letk = :. Iterating the last inequality we have

_ 6
[zl <C()\Kq r+1) ||M||Lor*(ag)-

Lele* (32)
Using again (3.22) we géull.~pe) < C(AK?™" + 1)%. Hence, ifKo > C, for every
K > Ko, there exists.(K) such that if.. < A(K) then|lul|| =) < K. This result finishes
the proof. O

Now, we give a nonexistence result for (3.1) in the half—sﬁ@ﬁe: {x1 > O} (see also
Section 4 for more results iRﬁ) that shows that existence may fail when one consid-
ers critical or subcritical growth in an unbounded domain. This nonexistence result is a
consequence of a Pohozaev-type identity.

THEOREM3.7. Let f satisfy(3.3)with g < p.. Letu € WE(RY) N C2(RY) N L4 (9RY)
be a nonnegative solution ¢8.1) such that

|Vu(x)||x|N/p — 0 as|x| = +oo.
Thenu =0.

We remark that the decay hypothesis at infinity is necessary, because foP
u(x) =€ is a solution of (3.1) for every.

PrROOF OFTHEOREM 3.7. First, we multiply the equation hyand integrate by parts to
obtain

/ [Vul? + u? dx — uddx’ =0. (3.23)
RY aRY

Note that our decaying and integrability assumptions:duastify all the integrations by
parts made along this proof.
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Now we multiply byxVu and integrate by parts to obtain

1
—/ |Vu|p_2VuV(xVu)dx+/ u? xVudy = —/ xVu? dx.
RY 3 R

N N
+ RY P JRY

Hence, further integrations by parts gives us

N N-1 N
(—1+—)/ [VulP dx — —— uldx' = — u? dx.
pJJRY q JorY D JRY

Using (3.23) we arrive at

N N-1 2N
(_l+___)f uqu’=<—1+—>/ u? dx > 0.
p q aRY p RY

Therefore, ifu is not identically zero, we must havye> p, = p(N — 1)/(N — p) as we
wanted to show. O

v" Now we study a convex—concave problem with a nonlinear boundary condition. We
follow [81] and refer to that paper for the proofs, see also [107]. In [108] a similar problem
is studied.

We study the existence of nontrivial solutions for the following problem

—Au+4u=uP"2u ing,
9 5 (3.24)
o = Aul?%u onos.

The study of existence when the nonlinear term is placed in the equation, that is if one
considers a problem of the formAu = f(u) with Dirichlet boundary conditions, has
received considerable attention, see, for example, [22,80] etc.

We want to remark that we are facing two nonlinear terms in problem (3.24), one in
the equatiorx|”—2u, and one in the boundary conditidwm|?~2x. Our interest now is to
analyze the interplay between both.

By solutions to (3.24) we understand critical points of the associated energy functional
(defined onH1(£2))

1 1 A
f@:-/ﬁmﬁ+mﬁm——fmwm——/ lu? do.
2o rJo q Jio

This functionalF is well defined and’! in H1(2) if p andg verify

2(N — 1) 2N
1 <2y=——- and 1l<p<g<2'=——.

SISHT TN 2 =r N-2

We look for conditions that ensure the existence of nontrivial solutions of (3.24), focus-
ing our attention on the existence of positive ones. We distinguish several cases.
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Convex—concave subcritical caseWe suppose that
l<g<2<p. (3.25)

We want to remark that the new feature of these problems is that we are facing a convex—
concave problem where the convex nonlinearity appears in the equation and the concave
one at the boundary condition. Notice that if we look at the positive solutions of these
problems as the stationary states of the corresponding evolution equation since the right-
hand side of the equation represents a positive reaction term, and the boundary condition
means a positive flux at the boundary, then some absorption is required to reach a nontrivial
equilibrium. In our equation, this is the linear teru.
First, we assume that the exponents involved are subcritical, that is,

2(N — 1)
N-2

2N
and l<p<2*=—— (3.26)

l<g<2,= N2

We have the following theorems that can be proved using standard variational arguments
together with the Sobolev trace immersion that provides the necessary compactness.

THEOREM 3.8. Let p andg satisfy(3.25)and (3.26). Then there existsg > 0 such that
if 0 < A < Ag then problem(3.24)has infinitely many nontrivial solutions

Now we concentrate on positive solutions for (3.24).

THEOREM 3.9. Let p and g satisfy(3.25)and (3.26). Then there existal > 0 such that
there exist at least two positive solutions (@£24)for everyi < A, at least one positive
solution fori = A, and there is no positive solution ¢8.24)for A > A. Moreoverthere

exists a constant' such that]|u|| .« () < C for every positive solutian

Critical case. Nextwe analyze the existence of solution when we have a critical exponent
p = 2*. Here we use again the concentration—compactness method introduced in [96,97]
and follow some ideas from [80]. In these kind of problems the concentration is a priori
possible on the boundary. This difficulty leads us to use technical estimates that are implicit
in [98].

For 2 < g < 2, (notice that in this caseg means aonvexterm) we have the following
theorem.

THEOREM 3.10. Let p = 2* with 2 < g < 2,, then problem(3.24) has at least a positive
nontrivial solution for every. > 0.

And for 1< g < 2, the next one.
THEOREM 3.11. If p =2* with 1 < g < 2, then there existsl such that problen{3.24)

has at least two positive solutions for< A, at least one positive solution far= A and
no positive solution fok > A.
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Further results. Moreover, to obtain existence of solutions we can apply the implicit
function theorem neaxp = 0, ug = 1 to get existence of solutions for apyandgq, but
imposing a restriction on the domain. We have the following result.

THEOREM3.12. Givenl < p < oo, let 2 be adomain such thdp — 1) ¢ oneu(—A +1).
Then for any g € (1, 00), there exists\g > 0 such thatfor everya € (0, Ag), there exists
a positive solutiont; € C* of (3.24)with u;, — 1in C* asi — 0. Hereoneu(—A + 1)
stands for the spectrum efA + I with homogeneous Neumann boundary conditions

Finally let us state a result for the remaining cage; 2. In this case we have a bifurca-
tion problem from the first eigenvalue of a related problem.)Lebe the first eigenvalue
of

—Au+u=0 ing2,
{ = onag.
Notice that1 is just the best constant in the Sobolev trace embedHib@2) — L2(9£2)
in the sense thaztl||u||iz(m) < ”””ill(ﬂ)' Then we have the following theorem.
THEOREM3.13. Letqg = 2with2 < p < 2*. Then there exists a positive solution(8t24)
if and only if0 < A < A1.

These ideas can also be applied to
—Au+4u=xrul?"2u ing,
u p—z (327)
3y = lul’"“u onas2.

For this problem we assume that<lg < 2 < p, that is, p stands for the convex term,
and g for the concave one, ang is subcritical (notice that in this case this means
p <2(N —1)/(N — 2)). The results presented here for (3.24) have analogous statements
for (3.27).

v In [52] the system

—Apu=A|u|q_2u+|u|r_2u in 2,
8IVulP~22 4 a(x)|ulP~2u =0 onas2

is considered. Heré € {0, 1}, the functiona is strictly positive and the exponents verify
l<g<p<r<pN/(N - p). The author find the existence of two valuas< A, such
that two branches of nonnegative solutions existfar (0, A2) with the energy of one of
them changing sign atz.

v" In [31] Chipot, Fila and Quittner studied the problem

Au=au? in$2,
{ (3.28)

ou _ .q
g, = U onos2,
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whenp, ¢ > 1,a > 0. The authors consider the existence of positive solutions, multiplicity,

its symmetry, bifurcations (depending on the paramejeand stability properties. They

give a very complete picture in the one-dimensional case and extend some of the results to
the general case, see also [32] for a more detailed study of the multidimensional case. Let
us present the results for the one-dimensional problem. As it can be noticed the existence
and symmetry of the solutions depend stronglypoandg.

THEOREM 3.14. Denote byE the set of solutions and:; the symmetric solutions
of (3.28).For N =1 (2 = (-1, 1)) we have five cases

(1) p>29 —1.ThencardE) =1, E = E;, foranya > 0.

(2) p=29—1.ThenE=¢forO<a<qgandcardE)=1,E = E,fora > q.

(3) ¢ < p <29 — 1. Then there exisD < ap < a1 such that £ = ¢ for a < ao;
cardE)=1,E =E,,fora =ap;, cardE) =2, E = E;, for ag < a < a1; cardE) > 4,
evencardE;) = 2fora > aj.

(4) p =gq. Then there existd < a; such that E =@ for 0 <a < 1/1; cardE) = 1,
E=E forl/l <a<ai,cardE) =3, cardEy) = 1fora > aj.

(5) p < ¢q. Then there exist® < a1 such thatcardE) =1, E = E for 0 < a < az;
cardE) =3, cardE;) = 1fora > as.

v In[121] and [122] Umezu studied the problem

—Au+c(X)u=Arf) inS2,
{a(x)g—g +b(x)gu)=0 onds.

It is discussed there the existence and uniqueness of a branch of positive solutions. The
main tools used here are not variational, the results are obtained via the implicit function
theorem and ideas relying on super- and subsolutions.
v In [36,37,103] the problem,
—div(a()|VulP~2Vu) + h(x)u" "= f(r, x,u) in 2,
a()|Vu|P=234 + p(x)uP~t =0g(x,u) onag,
is studied using a bifurcation approach with parameteedd. The authors consider

the subcritical casep <r < pN/(N — p). They also consider the case of an unbounded
domain using appropriate weighted Sobolev spaces.

4. Problems inRY

In this section we consider solutions of elliptic problems with nonlinear boundary condi-
tions inRY.
We have already find a nonexistence resukfhfor subcritical exponents, Theorem 3.7.
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Now, let us look for positive solutions of the problem
—Au=au? in Rﬁ,

_du
XN

=uf on{xy = 0}. 1)

Herea > 0 andp, g > 1. It is easy to see that fov¥ = 1 solutions do not exist, also for
N = 2 there is no positive solution of (4.1).

When N > 3 solutions exist for the critical exponengs= (N + 2)/(N — 2) and
g=N/(N —2). It was proved in [33] and [93] using the method of moving spheres
(instead of moving planes) that in this case any positive solution has the form

o
(x =5+ pN-272°

u(x) =

wherea > 0, % = (X1, ..., fy) € RN with iy = —«? V=2 /(N — 2) andg = aa*/ N2/
(N(N — 2)).

Whena = 0 positive solutions do not existdf < N/(N — 2), see [87]. Here the moving
planes technique is applied with a plane parallel toxtfiedirection to prove that the solu-
tion has to depend only in they variable and therefore is the zero solution. See also [117]
for symmetry properties of problems with nonlinear boundary conditiorﬁ@ﬁ_’lmbtained
via the moving planes device.

In [30] it is proved that positive solutions do exist when> (N + 2)/(N — 2) and
g > N/(N — 2). Also it is proved there that solutions do not exist in any of the following
cases:

i) p<(N+2)/(N—2),q<N/(N —2) with at least one strict inequality,
(i) p<N/(N=2),

(i) g <N/(N —1).

Moreover, explicit solutions exist whem= g > N/(N — 2) anda > 0. They have the
form

o
u(x) = m,
whereiy = —1(N — 2p/(p — 1)) anda = (=2iy/(p — )Y P~D.

The proof of nonexistence in case (i) follows by an application of the moving planes
method, in cases (ii) and (iii) it is a consequence of some blow-up results for parabolic
problems.

The idea of existence is as follows, consider the auxiliary nonlinear eigenvalue problem

—Au=u+alulP~tu in B¥(O,R) ={Ix| < R}NRY,
—g—Z:IMW_lu On{|x|<R,xN=O},
u=0 0n{|x|=R,xN>O}.

The proof comes from the use of Rabinowitz’s theorem that shows that there exists a
branch of solutiongu®, A®) emanating from0, A1), 0 < A < A1, A1 the first eigenvalue
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of the corresponding linear problem. The fact thé&tis positive is proved by a Pohozaev
identity and used to show that® — 0 asR — oo. It is the Pohozaev identity where
p>(N+2/(N—2 andg > N/(N — 2) are needed. Then, Schauder estimates show
that u® converges along a subsequence to a solution of (4.8 as oo. The proof of
existence finishes by showing some symmetry and monotonicity results that allow us to
conclude that the limit is nontrivial.

v' Escobar [53] and Beckner [18] proved the following sharp trace inequality in the
half-space for the critical exponent,

(f || 2N =D/ (N=D) g5
aRY

1 [ (N -1 T/(N_l)/ vul?d
S R -2 | T -2/ (M' I x)'

This result has applications in geometry to the Yamabe problem on manifolds with bound-
ary, see Section 5.
v In [106] Park proved the following logarithmic Sobolev trace inequality

N
/ uﬁmmmag—m@m/ wm%&.
aRY 2 RY

+

)(N—Z)/(N—l)

The resultis obtained as a limit case for the best Sobolev trace inequality proved by Escobar
in [53], see Section 5. Also bounds for the best constant in this logarithmic inequality are
proved in [106].

v’ See also Section 12 and [42] for existence and symmetry results for a problem with a
non-Lipschitz nonlinearity in the half-space.

v' Finally, in [24] Cabre and Sola-Morales studied existence and unigueness of layer
solutions for the problem,

Au=0 inRY,
e _o (4.2)
— 2 = f) onfxy=0}.
For layer solutions we mean solutions of the fostxy, ..., xy) that are monotone in-

creasing from-1 to 1 in thex; variable withi £ N.

5. Yamabe problem on manifolds with boundary

In this section we describe some results obtained by Escobar [56] concerning the prob-
lem of prescribing the mean curvature of the boundary for a Riemannian manifold. See
also [3]. This problem leads naturally to an elliptic problem with nonlinear boundary con-
ditions. We will only present the geometrical motivation and some results, refereing to [3,5,
53-56,60,85,86] for further references.
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Let (MV,g) be a compact Riemannian manifold with bounda¥y,> 3. Let § =
u*N=2¢ be a conformally related metric i Now we address the following problem:
Given a functionf on the boundary oM, can you find a conformally related metigc
such that the scalar curvatureis zero onM and the mean curvature &M with respect
to the metricg is the functionf?

This problem is equivalent to finding a smooth positive functiodefined onM such
that

N-2
Au — g l)Ru_O onM, (5.1)
g_‘l,j+N 2h N— ZfMN/(N 2) OnaM

whereR is the scalar curvature dif, 4 is the mean curvature @fM, andv is the outer
normal vector with respect to the metgc If we choosez = u*/ N2 ¢ the first equation
in (5.1) says that the metrig has zero scalar curvature and the second equation says that
the boundary has mean curvatytevith respect to the metrig.

For a functiorw € C1(M) we define the energy associated to our problem as

E()/|V|+N—2R2+N__2/h2
Y aN—-1 " 2 Jo

and the Sobolev quotie®@ (M, dM) by
O(M,3M) =inf{Q(v): ve CY(M),v£0o0naM},

where

E(v)

Q) = (fy3y PN -D/(N=-2))(N-2)/(N-T)"

The constraint sef (M) is defined as

C(M):{Uecl(ﬂ) f|U|2(N1)/(N2):1}.

oM

We have the following proposition.

PrRoOPOSITIONS.1. There is a functiomn that realizes the minimum energyi( M) if

. N -2 -
(max /)N 2/ VY inf £ (v) < (VoI (sV=1)YM=,
ve

The constant that appear in the right-hand side is the Sobolev constant of the ball in the
Euclidean space.

Now we assume the generic condition that there exists a peind M where the eigen-
values of the second fundamental formxatare not the same. That is to say thgtis a
nonumbilic point.
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THEOREM5.1. Let M be anN-dimensional compact Riemannian manifold with bound-
ary, N > 5.If M has a nonumbilic point oA M then

Q(M,3M) < Q(B(0,1),B(0, 1)),

whereB(0, 1) is the ball in the Euclidean space

Let f verifies that is somewhere positive and achieves a global maximum at a nonum-
bilic point xo whereA f (xg) < C(N)|l — hg||?(xo) (7 stands for the second fundamental
form), then problen{5.1) has a solution

For manifolds with positive Sobolev quotient ahd? umbilic we have the following
theorem.

THEOREM5.2. Let M be anN-dimensional compact Riemannian manifold with bound-
ary, N >3andQ(M,aM) > 0.Assume that/ is locally conformally flat and M umbilic.

If M is not conformally diffeomorphic to the ball antlverifies that it is somewhere posi-
tive and achieves a global maximumxate dM with V f(xg) =0fork=1,...,N — 2,
then problem(5.1) has a positive smooth solution

Finally, we state a nonexistence result.

THEOREM5.3. Let B be theN-dimensional Euclidean balLet X be the conformal vec-
tor field ond B. For a function f such that

/BBfo(;éO,

problem(5.1) has no positive solution

See also [85] and [86] for other existence results assuming®iff 1), g) is of positive
type.

v In [5] itis shown that when the metrigis close to the standard metric in the ball then
there exists a positive solution of (5.1).

v In [60] and [61] some a priori estimates on the solutions are given.

v See [124] for existence results for general elliptic operators, may be in nondivergence
form.

6. Dependence of the best Sobolev trace constant on the domain
In this section we deal with the dependence of the best Sobolev trace constant on the
domain.

First, we consider the family of domains given by contraction or expanding a fixed do-

main, that is, foru > 0 we consider the family of domains

2, =u82 ={ux;x € $2}.



Nonlinear boundary conditions 347

The main purpose of this section is to describe the asymptotic behavior of the best
Sobolev trace constanf§s2,,, p, ¢) asu — 0+ andu — +oo.

As we have mentioned in the preliminaries, for angIp < N and 1< ¢ < px =
p(N —1)/(N — p), we have thaW -7 (£2) — L9(3£2) and hence the following inequality
holds

Slll ooy < ltllfyap g

for all u € WhP(£2). This is known as the Sobolev trace embedding theorem. The best
constant for this embedding is the larg8guch that the above inequality holds, that is,

. Jo IVul? + |ul? dx
S($2,p,q) = inf T
wewtr@\wir (@) (yg ul?do)P/d

Moreover, if 1< g < p, the embedding is compact and as a consequence we have the
existence of extremals, that is, functions where the infimum is attained, see [71]. These
extremals are weak solutions of the following problem

Apu = ulP~%u in £,

|Vu|P=23% =2 Jul9=2u  onds.

Standard regularity theory, like the one sketched in Section 2, see also [119], and the strong
maximum principle [123], show that any extremadbelongs to the Claﬁﬂ)’g‘([)) NC%(2)
and that is strictly one signed 2, so we can assume that- 0 in £2.

In [46] Flores and del Pino, performed a detailed analysis of the behavior of extremals
and best Sobolev constants in expanding domaing fer2 andg > 2. Their first result
says that the best Sobolev trace constant in an expanding domain approaches the one in the
half-space and gives an estimate of the error.

THEOREM 6.1. There exists a constampt= y (¢, N) > 0 such that the following expan-
sion holds

1 1
S(us2,2,q) =S(RY,2,q) — =y max H(x) + o<—>
Mn xedf2 "

asu — +oo. Here H(x) denotes the mean curvature of the boundary.at

The second result proved in that paper says that the extremals constitute a single bump
at the boundary, whose shape is asymptotically that of an extremal for the half-space trace
theorem. This bump is centered around a point of maximum mean curvature.

THEOREM®6.2. Lety, be a maximum point of,.. Thenx,, =y, /u € 352 verifies

H(x,) — maxH (x)
xe€o82
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as 1 — +o0. Alsq, there exist constants, g > 0 such thatu,, (y) < ae #P=! for all
y € us2. Besidesgiven a sequence,, — oo there exists a subsequeneaa extremakw of
SR, 2, ¢) and a rotationQ such that

SUP [un (y) = w(Q(y = ¥y, )| = 0
VEUn 2

ask — oo.
The main ingredient of the proof is to obtain some information on the limit problem

Aw=w inRY,

v —wP ondRY.

For this problem we have the existence of a least energy solution that verifies the decay
estimatdw (x)| + |Vw(x)| < C1e~ 2|, See also Section 4 for more results for problems
with nonlinear boundary conditions Y .

Let us go back to our general proble‘ml*”(fzﬂ) — L1(052,). Now we deal with the
case of contractiong; — 0+. As we will see the behavior of the Sobolev constant and
extremals is very different when the domain is contracted than when it is expanded.

Let us callx,, an extremal corresponding 1@,,. Making a change of variables, we go
back to the original domaige. If we definev, (x) = u, (ux), we have that, wir ()
and

Ng-Nptpyjg Jo P71V VulP + v lP dx
(fa.o |9 dor)P/a

S(Q2u,p.q)=n (6.1)

We can assume, and we do so, that the functignare normalized so that

/ v, ?do =1.
082

We remark that the quantity (6.1) is not homogeneous under dilations or contractions
of the domain. This is a remarkable difference with the study of the Sobolev embedding

Wol(2) = LI(R2).
The first result of Fernandez Bonder and the author in [74] is the following theorem.

THEOREM®G6.3. Letl < g < p,. Then

- S, p,9) 12|

ull[r(;Jr uNa=Np+p)/a — |9§2|r/4’ (6.2)
and if we scale the extremals, to the original domain2 asv, (x) = u, (ux), x € £2, with
lvullze@2) = 1, thenv,, is nearly constant in the sense that— [92|~Y/4 in WL ().
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Observe that the behavior of the Sobolev trace constant, strongly depepdsdyg . If
we call8,, = (Nq — Np + p)/q then we have that, g8 — 0+,

0 if Bpg >0,
§— { 4+oo if Bpg <O,
C#0 if By =0.

Let us remark that the influence of the geometry of the domain appears in (6.2).
An idea of the proof of Theorem 6.3 runs as follows. Let us begin by the simple obser-
vation that, taking: = 1 as a test function in (6.1), it follows that

52|

(Nqg—Np+p)/q
Sy, p.q) <1 B

(6.3)

This shows that the rati§(£2,,, p, ¢)/uN4=Nr+P)/4 is bounded. So a natural question
will be to determine if it converges to some value. This is answered in Theorem 6.3 that
we prove next.

PROOF OFTHEOREMG6.3. Letu, Wlﬂf’(.Q,L) be a extremal fo(£2,,, p, ¢) and define
v (x) = u,(ux), we have thav, WlP(£2). We can assume that the functiong are
chosen so that

/ [v|7do =1.
R

Equations (6.1) and (6.3) give, far< 1,

2
P =p p p |
1920y < [ 119017 e < B2

so there exists a functione W17 (£2) and a sequenge; — 0+ such that

v, ~ v weakly inWh?(£2),
vy, —> v in LP(£2),

v, > v inL1(982).
Moreover,

2
[ ey < o,
o |082|P/4
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Hence Vv, — 0 in L?(£2). It follows that the limitv is a constant and must verify
fm [v|? =1, hencev = const= [3§2|~ /4 and so the full sequenag, converges weakly
in WL7(£2) to v. From our previous bounds we have

UM—> W in LP(Q) and /Q|Vvﬂ|pdx—>0

Therefore, we have strong convergencg,— |0£2|~Y4 in wlP(£2). The proof is fin-
ished. O

In the special casg = ¢, the problem,

Apu=|u|/’_2u in £2,

|Vu|P=234 = Aju|9=2u  ondL, (64)
becomes a nonlinear eigenvalue problem. pet 2, this eigenvalue problem is known
as the Steklov problem [115]. In [71] it is proved, applying the Ljusternik—Schnirelman
critical point theory onC! manifolds, that there exists a sequence of variational eigen-
valuesi; /' 400, see Section 3. It is easy to see that the first eigenve(e) veri-
fiesA1(£2) = S(£2, p, p). So Theorem 6.3 shows a difference in the behavior of the first
eigenvalue of (6.4) witlp = ¢ with respect to the domain with the behavior of the first
eigenvalue of the following Dirichlet problem

{ —Apu=AlulP~?u in 2,
u=0 onos2,

where it is a well-known fact that; increases as the domain decreases, see [79]. Recall
from Section 3 that variational eigenvalugsof (6.4) are characterized by

p
. ||M||Lp(ag)

- = ] s
)\k CeCy ueC ”u”[‘jvlp(g)

whereCy = {C ¢ WLP(£2); C is compact, symmetric and(C) > k} andy is the genus.

It is shown in [72] that there exists a second eigenvalue for (6.4) and that it coincides
with the second variational eigenvalug Moreover, the following characterization of the
second eigenvalug; holds

A2 = inf {/ |Vu|p+|u|pdx},
ueA | Jo

where A = {u € WHP(2); lullLrpe) = 1 and [a2F| > ¢}, with 92+ = {x € 352;
u(x) > 0} ando 2~ is defined analogously. Concerning the eigenvalue problem, we have
the following result.
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THEOREM6.4. There exists a constanp such that

lim u? 1a(2,) = io.
M%O+M 2( M) 2

This constant., is the first nonzero eigenvalue of the following problem

Apu=0 in £2,
—23u _ 5, 1p—2 (6.5)

|VulP~=50 = AulP™“u  0onos2.
Moreover if we take an eigenfunctiomy ,, associated t0.2(§2,,) and scale it tof2 as in
Theoren6.3,we obtain that, ,, — v2 in wlP(£2), whered, is an eigenfunction of6.5)
associated ta.,. Alsa, every eigenvalues(£2,,) < A(£2,) < Ax(£2,) of (6.4) (variational
or not) behaves as(£2,) ~ u*~7 asp — 0+. Finally, if 1; — Oand; = A(2,,) is a
sequence of eigenvalues such that there existih

i p=1, . _

jllﬁm<>o Wi TAj=A

Let (v;) be the sequence of associated eigenfunctions rescaled as in The@giren
(v;) has a convergent subsequer(@s, ) and a limitv, that is an eigenfunction o{6.5)
with eigenvalue..

Observe that the first eigenvalue of (6.5) is zero with associated eigenfunction a con-
stant. Hence, Theorem 6.3 says that the first eigenvalue and the first eigenfunction of our
problem (6.4) converges to the ones of (6.5). Theorem 6.4 says.tfiat) — +oo as
u — 0+ for the remaining eigenvalues and that problem (6.5) is a limit problem for (6.4)
whenu — 0+.

Since we are dealing with the eigenvalue problem, let us prove the isolation and simplic-
ity for the first eigenvalue of the-Laplacian with a nonlinear boundary condition. This
result was proved by Martinez and the author and is contained in [100]. So, let us study the
first eigenvalue for the following problem

Apu = ulP~2u in £,

‘ 6.6
|Vu|P=23% =3 u|P~2u  onds. (66)

We have the following result, similar to the one known for Dirichlet boundary condi-
tions [7].

THEOREM®G6.5. A1 is isolated and simple

We remark that this theorem says that the extremals of the Sobolev trace inequality are
unique up to multiplication by a real number. In the special case of af3a#, B(0, R),
our result implies that the first eigenfunction is radial. In factqifx) is an eigenfunction
associated ta.1 andd(x) is any rotation them1(6(x)) is also an eigenfunction, by our
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result we have that;(x) = u1(6(x)). We conclude that, must be radial. Also from our
results it follows that any other eigenvalue has nonradial eigenfunctions as they have to
change sign on the boundary (see Lemma 6.4).

Now we prove Theorem 6.5. To clarify the exposition, we will divide the proof in several
lemmas.

LEMMA 6.1. Letus be an eigenfunction with eigenvalg, thenu, does not change sign
on £2. Moreoverif u1 is C1(£2), it does not vanish or2.

ProoF Recall that

A= inf {/ [Vul|? + |u|/’dx,/ |u|? do =1}. (6.7)
2 082

uewlr ()
Hence ifuy is a minimizer, we have that:;| is also a minimizer of (6.7). By the maxi-
mum principle (see [123]), we have that| > 0 in £2. Assume that is regular and that

there existscg € 952 such thatu1(xg) = 0. By the Hopf lemma (see [123]) we have that
the normal derivative has strict sigﬁ@(xo) < 0, but the boundary condition imposes

3‘”1‘ (x0) = 0, a contradiction, that proves that| > 0 in £2. The result follows. (|

Now we state an auxiliary lemma, whose proof can be found in [95].
LEMMA 6.2. (a)Letp > 2.Then for allgg, & e RY,

|62lP > |E1IP + pl&alP 2 (E1, £2 — £1) + C(p) |61 — &2l
(b) Letp < 2.Then for allég, & € RV,

&1 — &2|P

PR P21, 6 — £1) + C(p) o
1§21 > |8117 + pl&alP (61, 62 — &1) + (P)(|€2|+|§1|)2—p

whereC (p) is a constant depending only gn

LEMMA 6.3. Aj is simple Letu, v be two eigenfunctions associated with then there
existse such thatu = cv.

PROOF By Lemma 6.1 we can assume thatv are positive inf2. We perform the fol-
lowing calculations assuming that v are strictly positive inf2, to obtain our result we
can consider + ¢ andv + ¢ and lete — 0 at the end as in [95]. Therefore we can take
n = w? —vP)/uP~Landn, = (v? —uP)/vP~1 as test functions in the weak form of (6.6)
satisfied by andv, respectively. We have

— P
/qu|p ZVMV( v )dx
_ P
:A/ |u|p2u< = )da—/ |u|P~2 < v )dx
982
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p_ P
/|Vv|”_2VvV<v u )dx
2 vrt
vP —ub
:A/ |v|1’2v< )da—/ lo|P—2 ( - >dx
982

Adding both equations we get

uP — yP VP — yP
|w|” 2, v (Y Y de + |Vv|p 2vv( %) .
ub vp_l

and

(6.8)

Using that

vl 1

V(i) Vu—p—Vv—i—(p 1)—Vu
up-1

we obtain that the first term of (6.8) is

ubP — P
|Vu|1’ 2y, v (Y dx
upb-1

vp71 2 UP
=/ |Vu|p—p/ ——|Vu|P~ VvVudx—i—f (p—1)—|Vu|? dx
2 o ub~t 7, up

:/ |V|nulpupdx—p/ VPV InulP~2(VInu, VInv)uvdx
2 2

—i—/ (p —D|Vinu|Pv? dx.
2

We also have an analogous expression for the second term of (6.8). Using both expressions
we get that (6.8) becomes

0:/!2(up—vp)(|V|nu|p—|V|nv|p)dx
- p/Q VPIVINu|?~2(VInu, VIinv — Vinu) dx
—p/QuP|V|nu|P*2<VInv,V|nu — Vinv)dx.
Takingé1 = VInu andé2 = VInv and using Lemma 6.2 we get, fpr> 2,

02/ C(p)lVInu—Vlnv|p(up+vp)dx.
2
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Hence, 0= |VInu — VInv|. This implies that: = kv as we wanted to prove. Fgr < 2
we use the second part of Lemma 6.2 as above. |

Now we turn our attention to the proof of the isolation of the first eigenvalue. In order to
prove this we need the following nodal result.

LEMMA 6.4. Letw be an eigenfunction corresponding e A1. Thenw changes sign
on a2, thatis wt |yo# 0andw ™|y # 0. Moreoveythere exists a constaut such that

ot >ca P, JaeT|>ca P, (6.9)
whered 2t =92 N{w >0}, 92 =2 N{w <0}, B=(N-1/(p—1Difl<p<N
andg =2if p > N.Here|A| denotes thé N — 1)-dimensional measure of a subsebf
the boundary
PROOF Assume thatv does not change sign 2, then we can assume that> 0 in 2
using ideas similar to those of Lemma 6.1. ugtbe a positive eigenfunction associated

to A1. Making similar computations as the ones performed in the proof of Lemma 6.3 we
arrive at

(A1 — 1) (u{—wl’)dg>c/ IVInw — VInug|? (u] + w?)dx >0.
082 2
Therefore if we takéw instead ofw we get that, for every > 0, we have

/ (uf —k”wp)do <0,
a2

a contradiction if we take

o)< )

Thereforew changes sign i2 and by the maximum principle [123], alsochanges sign
in 9£2. Let us usav™ as test function in the weak form of (6.6) satisfiedunyo obtain

/le_l”dx—l—/ |w_|pdx=A/ lw™|? do.
2 2 32N{w<0}
Hence,
—P - e -1/
0 Wy < [ i) o

If 1 < p <N we choosewx = (N —1)/(N — p) andB = (N — 1)/(p — 1). Now, we
use the trace theorem to get that there exists a conétasuch that||w*||f,,a(m) <
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C||w*||"1,1,p(9). If p > N we choosex = 8 =2 and we argue as before using that
Wir(Q) < L2 (3£2). A similar argument works fow™. O

With these lemmas we can prove the isolation pf

LEMMA 6.5. A1 is isolated that is there exists: > A1 such thatis is the unique eigen-
value in[0, a].

PrROOFE From the characterization af it is easy to see that; < A for every eigenvalug.

Assume thatq is not isolated, then there exists a sequenceith A, > Aq, Ar \( A1. Let

wy be an eigenfunction associatediig we can assume thito || 1., ) = 1. Therefore
we can extract a subsequence (that we still denoted)ysuch thatw; — u1 in L?(352).

Let us defingpy, € (WP (£2)) as

i () Z)Lk,/ |wk|p_2wku do
082
andg € (WP (2)) by
du) = M/ lu1|?%u1u do.
082

From theL? (3£2) convergence ofv; to u1 we get thaip, converges t@ in (W17 (2))’.

Using the continuity ofA, given by Lemma 3.1 we get that the sequengeconverge

strongly in WP (£2). Therefore, passing to the limit in the weak form of (6.6) we get

thatuj is an eigenfunction with eigenvalug. By Lemma 6.1 we can assume that> 0

on 0£2. By Egorov’s theorem we can find a subsgt of 9£2 such that|A.| < ¢ and

wi — u1 > 0 uniformly in 92 \ A.. This contradicts the fact that, by (6.9), we have,

for everyk, [02, | =02 N {w; <0} > Ckk_(N_l)/(”_l). This result completes the proof.
a

Now, we go back to our original problem, the asymptotic behavior of the best Sobolev
trace constant when considered over the farjy.

Let us look now to the case — +o0. In this case we find, as before, that the behavior
strongly depends op andg. We prove the following theorem.

THEOREM®G6.6. LetB,, = (gN — pN + p)/q. It holds

() fl<qg<p, O<crubPri—lg S(82,, p,q) < coubPra—1,

2 fp<qg<pu0<c1 <S8y, p,q) <2 <00.
For the lower bound irf2) in the casep < g < p,, we have to assume that the correspond-
ing extremalsv, rescaled such thamaxz v, = 1 verify |[Vv,| < Cu. Moreover for all
caseswe have that the corresponding extremajsrescaled as in Theore®.3 concen-
trates at the boundaryn the sense that

/ luPdx <Cu™Pra -0 asp— +ooifg > p,
2
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and
/ lvulPde <Cu™t—0  asp— +ooifg <p,
2

with

/ [v,|7do =1.
082

As before, the behavior of the Sobolev trace constant dependsadg. We have that,
asu — +oo,

S—0 if By —1<0, i.e.,,qg <p,

O<c1<S<ep<o0 ifBy, =120, ie,q>p.

The hypothesi$Vv, | < Cu is a regularity assumption, see [29] and [119] for regularity
results. As a consequence we have that the extremals do not develop a peak i b
as in this case we have that

61</ [v,lP do < c2
482

and

/ [v,|?do =1.
082

For p = g itis proved in [100] that the first eigenvalug(£2,,) = S(£2,., p, p) is isolated
and simple, see Theorem 6.5. As a consequence of tiisi# a ball, the extremad,, is
radial and hence it does not develop a peak. Finallyg forp the extremals develop peak-
ing concentration phenomena in the sense that, for evenp, a”|9$2 N{v, > a}| — 0
asu — +oo, with maxs v, = 1. This is in concordance with the results of [46] where for
p =2,q > 2 they find that the extremals concentrate, with the formation of a peak near a
point of the boundary where the curvature maximizes. We believe thatfop, extremals
develop a single peak as in the case- 2. Nevertheless that kind of analysis needs some
fine knowledge of the limit problem iRﬁ that is not yet available for the-Laplacian.

Let us give an idea of the proof of the lower bounds. In the gaseq we can obtain
the lower bound by an approximation procedure. We repléiée’ ($2) by an increasing
sequence of subspaces in the minimization problem. Then we prove a convergence result
and find a uniform bound from below for the approximating problems. We believe that this
idea can be used in other contexts. For the gasep we use our assumptidVv,| < Cu
to prove a reverse Holder inequality for the extremals on the boundary that allows us to
reduce to the case=gq.

Finally, for largeu, in the case = ¢ we can prove that every eigenvalue is bounded.
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THEOREM6.7. Let A1(£2,) < A(£2,) < A ($2,,) be an eigenvalue of6.4) in £2,, (vari-
ational or no). Then there exists two constan;, C2 > 0, independent oft such that
0 < C1 < A(£2,) < C2 < +oo for everyu large.

Now we continue our study of the dependence of the best con$téntp, ¢) and ex-
tremals on the domain by considering the best Sobolev constant in thin domains. Now we
consider a different family of domains. L&t = n + k and define the family

2, ={(ux,y) | (x,y) € 2, x eR", y e RF}.

Remark that for small values of, £2,, is a narrow domain in the direction.

Our first result shows that, when the domain is very narrow, the problem of looking at
the trace of a function is equivalent, in some sense, to the problem of the immersion of the
function in the projection of the domain over thezariables. More precisely, we define the
projection

P(2) = |y eR* | 3x e R" with (x, y) € 22}

and consider the weighted Sobolev embeddify? (P (£2), ) < L9(P(£2), B) with as-
sociated best constant given by

_ (IVul? + [v|P)a(y)d
Sa.p(P(£2), p.q) = inf L S
veWLrP(P(2),x) (fp(_Q) |U|q,3(y) dy)p/q

We have the following theorem.

THEOREM 6.8. Let 1 < ¢ < p,.. Then there exist two nonnegative weigltss e
L°°(P(£2)) such that

. S(2u,p.q) =
M|LrTg+W = Sa,ﬁ(P(-Q)s P,Q)

and if we scale the extremals, of S(£2,, p, ¢) to the original domain2 asv, (x, y) =
up(ux,y), (x,y) € 2, normalized a$|uﬂ||’§4q(m“) =pu" 1 thenv, — v =v(y) strongly

in WLP(£2), wherev € WLP (P(£2), a) is an extremal foS, s (P (£2), p, q).

We want to remark that the weightsand8 can be determined in terms of the geometry
of . In fact,a(y) = |£2,| wheres2, is the section at level of £2.

To clarify the content of the result, assume tiatis a product,2 = 221 x 22 where
21 CR" and2; C R*. Then$2,, = 11821 x 22 = {(ux, y) | x € 21, y € £22}. Asin Theo-
rem 6.8, let us calk,, an extremal corresponding 18, and definev,, (x, y) = u, (ux, y).

We have that,, € W17 (£2) and

S(2u:p,q) Jo ™V, Vyu) 1P + |vy|? dx dy
M(M—”P‘FP)/‘I (fang.Qz |Uu|q dax dy + Mfglxagz |U[,L|q dx do'y)p/q 7
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whereVyiu = (uy,, ..., ux,) andVyu = (uy,, ..., uy,). The normalization imposed in The-
orem 6.8 in this case reduces to

/ [v,.|7 doy dy+,u/ [v,|?dx doy = 1. (6.10)
0821 x 827 21x9827

In this simpler case, the weight functio@sgs are constants and can be computed explicitly,
in fact,x(y) = |£21| andB(y) = |9£21|. Hence, Theorem 6.8 reads as follows.

THEOREM6.9. Letl < g < p, and 2 = £21 x £22. Then

im S(2u.p.q) _ _ I$2] (2.
u—0+ pa—np+p)/a |92, |P/4
where S(£22) = §1,1(.(22, p,q) is the usual Sobolev constamMoreovey if we scale the
extremalsy,, to the original domains2 as v, (x, y) = u,(ux,y), x € £21, y € §22, nor-

malized by(6.10),thenv, — v = v(y) strongly inW17(£2), wherev € W17 (£2,) is an

extremal forS($2,).

Observe, that the critical exponent for the Sobolev embeddiflg? (£22) < L9(£2)
valid for 1< g < pk/(k — p), is larger than the one for the Sobolev trace embedding
WipP(2) < L1(32), which holds for 1< ¢ < p(k +n —1)/(k +n — p).

Again, in the special case= ¢, the problem becomes a nonlinear eigenvalue problem.
Following [71] (see also [49]), a sequence of variational eigenvalyesan be character-
ized by

llull? |
. wlr(R
Aj = inf max——o—2)

: (6.11)
ceCjueC |ull} )0,

where

Ci={o(s" ) cwhr(@)|@:577H > Whr(@)\ (0)

is continuous and odd

andS/~1 is the unit sphere dR/. These eigenvalues differ slightly from the ones consid-
ered in [71]. However, the same arguments used there apply proving that [ fact an
unbounded sequence of eigenvalues.

Whenpu goes to zero, there is a limit problem which is a weighted eigenvalue problem
on the projectionP (£2). Let« and 8 be the weights given by Theorem 6.8 and consider
the following eigenvalue problem

—div(a|Vv|P72Vv) + a|v|P2v = A8|v|P~%v  in P(£2),
{ ( ) (6.12)

=0 onaP(£2).
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For problem (6.12), one can define the sequence

= . (IVul? + |ulP)a dy
Aj= inf maxfp(m
ceC; ueC fP(Q) |ulP B dy

, (6.13)

where

Ci={o (/N c whr(P(@)): :571 > W (P(2))\ {0}

is continuous and odd

Once again, applying the Ljusternik—Schnirelmann critical point theory one could check
that{};} is an unbounded sequence of eigenvalues for (6.12). However, this fact is a direct
consequence of our next result.

THEOREM®6.10. Leta; , given by(6.11)in 2, and letu; , be an associated eigenfunc-
tion normalized as in Theoref8.Then

whereij is defined by(6.13)and is an eigenvalue of6.12).Alsg, along a subsequenge
vju(x,y) =uj,(ux,y) converges strongly iVl (2)to a functionv; = v;(y) which
is an eigenfunction of6.12)with eigenvalue. ;.

Observe that the first eigenvalug coincides with the best Sobolev trace con-
stantS(£2, p, p). Hence, forp = g and for the first eigenvalue, Theorem 6.8 and The-
orem 6.10 coincide.

As before, in the cas® = 21 x £22, the limit problem has a simpler form, that is,

18§21
[£21]

—Apv+ ]P0 = MulP~2v in 2,

=0 on 942.
However, Theorem 6.10 conserves the same statement.

Our last result is concerned with the following fact: once the domain has been contracted
in the x direction, we can now try to contract it in thedirection and see if the limit
coincides with the one obtained by contracting the domain in every direction at the same
time. Surprisingly, this is not the case. In fact, we obtain the following theorem.

THEOREM®G6.11. Let$2 = £21 x £27 and consider?,, , = {(ux, vy): (x, y) € £2}, then

. . S(82uv, P> q) 1£2]
lim{ lim = .
-0\ -0 p(na—np+p)/ayka—kp)/q (10£21]|822))P/2
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By the previous results, Theorem 6.3, we have

S(us2,p.q) 15| 1£2]

lim .
# (10821]|822])P/4

w—0 uNa=Np+p)/a — |32|P/4

This shows that the double limit lig, .y 0,0) S(£2,.,v, p, ¢) does not exists.
For a general domaif? we have

lim ( 1im S(Q/L,v, D, q) _ [£2]
10\ u—0 pMa=—np+p)/aykg—kp)/q | — (fP(Q),de)P/‘I'

To prove this fact we assume that the immersioh? (P (£2), o) < L7(P($2), B) is com-
pact. To see in which cases this holds, see [66].

7. Symmetry of extremals

The aim of this section is to study of the following problem: Given a ball of ragius
B(0, p), in RN, N > 3, decide whether or not there exists a radial extremal for the embed-
ding

HY(B(O, p)) = LI(3B(0, p)).

First, let us introduce our motivation. Recall that the best constant for the Sobolev trace
embedding

\V/ 2+ de
s@2p= it 12 iy (7.1)
veH @\HR@) ([yq V19 do)?/a

As we noticed before, the best constds2, 2, ¢) is hot homogeneous under dilatations.
In fact, we have

-2 2 2
. Vul* + |v]“dx
sp2.2.qy=pf it et VY vl
veH @\HE@)  (fyq V]9 D)4

whereg = (Ng—2N +2)/q.For1< g <2, =2(N —1)/(N — 2), the embedding is com-
pact, so we have existence of extremals, that is, functions where the infimum is attained.
These extremals are weak solutions of the following problem

Au=u in 2,
g_;; =Aul?%u ondg.

The asymptotic behavior &f(1$2, p, ¢) in expanding & — oo) and contracting domains
(u — 0) was studied in the previous section, see also [46] and [73]. In [46] it is proved that
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for expanding domains anfl> 2, S(u£2, 2, g) — S(RY, 2, ¢). In [73], see Theorem 6.3,
it is shown that

i S(us2,2,q) 2]
m = .
>0+ uh [082]|2/4

As we mentioned in the previous section, the behavior of the extremals for (7.1) in
expanding and contracting domains is also studied in [46] and [73]. For expanding do-
mains, it is proved in [46] that the extremals develop a peak near a point where the mean
curvature of the boundary is a maximum. For contracting domains, we have that the ex-
tremals, when rescaled to the original domainvés) = u(ux), x € £2, and normalized
with ||v]| e s2) = 1, are nearly constant in the sense thaplimg v = [92|~Y7 in H1(£2).

Abig difference between the Sobolev trace theorem and the Sobolev embedding theorem
arises in the behavior of extremals. Namelyfis a ball,2 = B(0, p), as the extremals
do not change sign, from results of [82] the extremals for the usual Sobolev embedding,
Hol(B(O, 1)) — L(B(0, 1)), are radial while, if exceeds 2 ang is large, extremals
for (7.1) are not, since they develop a peaking concentration phenomena as is described
in [46].

The above discussion leads naturally to the purpose of this section: the study of the
symmetry properties for the extremals of the Sobolev trace embedding in small balls. We
find that the symmetry properties of the extremals depend on the size of the ball. Our first
result describes when there exists a radial extremal.

THEOREM 7.1. Let 2, = 2(N — 1)/(N — 2) be the critical exponent for the Sobolev
trace immersion Concerning symmetry properties of the extremals for the embedding
HY(B(0, p)) = L1(3B(0, p)) there holds
(1) Letl < g < 2.Foreveryp > 0there exists a radial extremal
(2) Let2 < g < 2,. There existsgg > 0 such that for everyp < po, there is a unique
positive extremal:, normalized such thafu(ox)| rs58(0,1)) = 1; moreover this
extremal is a radial functionHowevey for large values ofp, there is no radial
extremal
(3) Letg = 2,. There existeg > 0 such thatfor everyp < po, there is a positive radial
extremal

The main ingredient of the proof of the symmetry result for small balls is the implicit
function theorem. We remark that the moving planes technigue cannot be applied to obtain
symmetry results in this case, as the extremals for largee not radial.

For small balls, using the symmetry result in balls, for the critical exponggat 2 x
(N —1)/(N — 2), we can prove existence of extremals, which turns out to be radial func-
tions. For general domain®, see [3], where it is proved that a extremal exists if the
domain (bounded or not) verifies that it contains a point at the boundary with strictly pos-
itive curvature. We remark that the existence of extremals for the critical exponent is not
trivial, this is due to the lack of compactness. This result has to be compared with the case
of the immersionH}(B(0, p)) — L? (B(0, p)) where it is well known that, by Pohozaev
identity, there is no positive solution regardless the size of the ball for the critical exponent
2* =2N /(N — 2). However, there exist solutions for topologically nontrivial domains.
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In [92] Lami-Dozo and Torne studied the symmetry and symmetry breaking of the ex-
tremals in a ball for general 4 p < co. Consider

. [Vul|P + |ulP dx
S(B(0,p), p.q) = inf Jo To i (7.2)
uewir@nwir @) (Jyg lul? do)

As we have already mentioned for subcritigall < g < p(N — 1)/(N — p), the best
constant is attained and we can assume that extremals are posif®,in). With the
normalization (different frony, , u? = 1)

(r—a)/q
u? da) =1,

S(B(O. p). pm])(/a

the extremals are solutions of

B(0.p)

: T in B(0, p), (7.3)

|Vu|P=234 =4~ ondB(O, p).

Let us callp; the eigenfunction associated with the first eigenvaluef the problem

{AW = |p|P~2p in B(O, p), .4

IVlP~232 = 1|p|P~2p  ondB(0, p).

Recall that the first eigenvalue is isolated and simple, see Section 6 and [100], therefore
@1 is radial. We have the following theorem.

THEOREM7.2. Letp > 0and1 < p < oo be fixed
(1) If there exists a radial minimizer df7.2)then it is a multiple of;.
(2) Assume that there exists a radial minimizer$@B (0, p), p, go) then any minimizer
for S(B(0, p), p, q) with g < gg is radial and a multiple ofp;.
(3) Let1l < g < p. Then the solution of7.3) is unique and it is a multiple ap;. In
particular, any extremal is a multiple af;.

Radial symmetry is lost whem or g is sufficiently large. Define the function

(1—(1\1—1)“;")) 1

We have the following theorem.

Q(,O)=W

THEOREM7.3. Letl < p < oo be fixed
(1) Letp > 0.1f ¢ > Q(p) then there is no radial minimizer fa¥(B(0, p), p, q).
(2) Letp < g < p(N —1)/(N — p). There existR(g) such that for any > R(q) there
is no radial minimizer forS(B(O0, p), p, q).
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The main ideas of the proofs of these theorems are as follows. The proof of unique-
ness of the solution of (7.3) for & ¢ < p follows from Picone’s identity and the weak
formulation. In fact, assume that there exist two positive solutioasdv, then

ul
Og\/‘ |Vu|”dx— |Vv|”_2VvV<—_l> dx
B(0,p) B(0,p) vP
uP
:—/ updx+/ uqd0+/ vp_l—_ldx
B(0.p) 9B(0.p) B(0.p) vP
uP
— / -1 — do
9B(0.p) vP

= / u?do — / v Pu? do
3B(0,p) 3B(0,p)

_ / u? (w97 — v97P) dor (7.5)
9B(0,p)

We can interchange the rolesmwfaindv in (7.5) and finally obtain

0< / (up — vp)(uqu — vqu) do.
dB(0,p)

Sinceq < p, the integrand is nonpositive and hence- v on 3 B(0, p). The uniqueness
follows from the uniqueness of the Dirichlet problem fopu = u?~1.

The function Q(p) appears when one try to prove that the extremals are not radial
for large ¢. In fact, letug denote the positive radial solution @ ,uq = ug’l in RNV
normalized such thaig = 1 on dB(0, p). For anyr € R andx € R", denote byx’ =
(x1 —t, x2,...,xy) and consider the function

-/B(O,p) |Vuo(x")|P + uf (x") dx

D(t) =
" (famo,p) ud (x') do)r/a

After some calculations, see [92] for the details, we get
®'(0)=0
and

r(p)

@"(0) = C(l —(N=-121 (q — 1))\1(10)17/(17—1))_

Hence, whery > Q(p) we have®”(0) < 0 and hence = 0 is a local maximum fob.
Thereforeug is not a minimizer.
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One remarkable fact concerning the first eigenvalug) of (7.4) is that it verifies the
differential equation

A

with the initial conditioni1(0) = 1. The proof of this fact is as follows, see [92] for details.
Let ug denote the positive radial solution &f,ug = u?~in RN normalized such that
uo(0) = 1. For anyp > O the first eigenfunction of (7.4) is given by the restrictiorugf
to B(0, p). From the boundary condition we get
up(p)?~*
M(p)= e
uo(p)P=1
Differentiating with respect t@ and using the equation verified by,

_ -2 _1 p—1
(0" Hug() " up(0)) = oV tug " (0),
we get the desired differential equation

A
L) =1 (p = Dia(p)”/ "™V — (N - 1) 1;"),

To obtain the initial conditiork1(0) = 1 we just observe that;(p) — 1 asp — 0, see
Theorem 6.3.

The technique of spherical symmetrization, also known as foliated Schwarz symmetriza-
tion, is well suited for the study of the symmetry properties of nonradial extremals for our
problem. The definition o§pherical symmetrizatiofsee [90]) is as follows. Given a mea-
surable seft ¢ RV, the spherical symmetrizatiofi* of A is defined as follows: For each
take A N3 B(0, r) and replace it by the spherical cap of the same area and eerterhe
union of these caps id*.

Letu be an extremal and let* denote the spherical symmetrizationofvith respect to
the north polegy . It is well known that, for any balB(0, p), we have

[l < ullyr and
WLr(B(0,p)) W=2(B(0,p))
(B(0,0)) (7.6)

| Lr@B©.py = 14lIL9@B©.p)-

Henceu* is also a minimizer. Remark that the restrictionudfto any sphere centered at
the origin and contained iB (0, p) is an increasing function of the geodesic distance from
the north pole. This fact together with the maximum principle imply tlfatoncentrates
at a single point on the boundary Bf0, p).

For the special case when= 2, it is shown in [48] that either the inequality in (7.6) is
strict oru andu* coincide on every sphere up to a rotation. This implies that any minimizer
is spherically symmetric.



Nonlinear boundary conditions 365
8. Behavior of the best Sobolev trace constant and extremals in domains with holes

In this section, using results from [76], we study the best Sobolev trace constant cor-
responding to the embedding &1 7(£2) into L4(3£2) for functions that vanish on a
fixed subset of?2, that we will call A. We consider subcritical exponentsily < p, =

p(N — 1)/(N — p) so that the immersionv 17 (£2) — L9(3£2) is compact. To begin
with, we consider a subsdt C £2 with positive measure and define the best Sobolev trace
constant associated with this set, that is,

(IVul? + ul?) dx
fg(f w7 dS)P/a :“eWl’p(Q),“|aQ¢0andu|A=0}, (8.1)
82

Sa = inf{

Since along this section we are interested in the dependence of this best consgtanteon
have dropped the explicit dependenceain (£2, p, q).

As a consequence of the compact immersion, there exist extremals.féin extremal
for S4 is a weak solution to

—Apu+ulP2u=0 in2\A,
|Vu|P=23% =3 |u|9=2u  onds, (8.2)
u=~0 inA,

wherex depends on the normalization @f For instance, ifjullrs2) = 1 theni = Sy.
The existence of weak solutions to (8.2) whan= ¢ has been studied in Section 6,
see [71]. Of special importance is the case- p in which the equation and boundary
condition in (8.2) have the same homogeneity. In this case, (8.2) can be considered as a
nonlinear eigenvalue problem. This nonlinear eigenvalue problem, in theAcagé, has
been already studied in this work (Section 6), see also [71] and [100]. So we are study-
ing a nonlinear generalization of an eigenvalue problem by adding the restriction that the
functions involved vanish on a subsét

Optimal design problems are usually formulated as problems of minimization of the en-
ergy, stored in the design under a prescribed loading. Solutions of these problems are un-
stable to perturbations of the loading. The stable optimal design problem is formulated as
minimization of the stored energy of the project under the most unfavorable loading. This
most dangerous loading is one that maximizes the stored energy over the class of admissi-
ble functions. The problem is reduced to minimization of Steklov eigenvalues. See [28].

In view of the above discussion, our first concern is to consider the following optimiza-
tion problem: For a fixed & a < |£2], find a setAg of measure: that minimizesS, among
all subsetsA C 2 of measure:. We have that such a set exists and, in the case2hiat
a ball, that there exists an optimal set that is spherically symmetric in the sense of [90]
(see Section 7 for the definition). Moreover, in the cpase 2, every optimal set is spher-
ically symmetric. On the other hand, we also have that there does not exists dtest
maximizesS4. Also, supSs = 400 where the supremum is taken over all sétef given
measurez. We also get the continuity df4 with respect to the “holeA.

Optimization problems for eigenvalues of elliptic operators has been widely studied in
the past, and is still an area of intensive research. In [48] the author studies an optimization
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problem for the second Neumann eigenvalue of the LaplacianAvitiv 2. Our approach
to the optimization problem follows closely the one in [48]. Optimal design problems have
been widely studied not only for eigenvalue problems.

Now we state the main results of this section. Our first result is the sequential lower
semicontinuity ofS4.

THEOREMB.1. Let A, C £2 be sets of positive measure such that

* .
XA, = XAg INL%(£2),
wherey 4 is the characteristic function of the sét Then

Sao <Iliminf Sy,
n—00

whereS, is given by(8.1).

We remark that the continuity is not true in general. This semicontinuity result suggest
that a minimizer foiS4, among setst of fixed positive Lebesgue measure exists. However,
there is a major difficulty here because of the fact that sets of prescribed positive Lebesgue
measure are not compact with respect to the topology of Theorem 8.1. The result concern-
ing the existence of an optimal design for the consfanis as follows.

THEOREM8.2. Given0 < a < |£2], let us define

S(@):= inf  S4.
ACR,|Al=a

Then there exists a setlg C £2 such that|Ag| = a and S4, = S(a). On the other hand
there is no upper bound fd¥(a). Let0 < a < |£2]. Then

sup S4 =oo0.
ACR,|Al=a

Next we study symmetry properties of optimal satsin the special case where is a
ball. To this end, we use the definitiongdherical symmetrizatiofsee [90] and Section 7).
We have the following result.

THEOREMS8.3. Let2 = B(0,1) and0 < a < |B(0, 1)|. Then there exists an optimal hole
of measure: which is spherically symmetrithat is A* = A. Moreoverwhenp = 2 every
optimal hole is spherically symmetric

Now we state the results that allow us to consider the case of measure zero, that is,
|A| = 0. For simplicity we will consider closed setis When trying to give sense to a best
Sobolev trace constant for functions that vanish in a set of zero Lebesgue measure a dif-

ferent approach has to be made. We consider the sW%c"e(Q) = C8°(§\A), where
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the closure is taken i 1? norm. That is,W:’P(Q) stands for the set of functions of the
Sobolev spacaV®?(2) that can be approximated by smooth functions that vanish in a
neighborhood ofA.

In this context the best Sobolev trace constant is defined as

p P
Sy = inf Jo IVul? + |ul /dx
wew @ wir @) (Jye lul?dS)P/a

In this case this problem only makes sens# i§ a set with positivgp-capacity (see (8.3)).
More precisely, we have th&, = Sy if and only if the p-capacity of A is zero. Note
thatSy is the usual Sobolev trace constant frét? ($2) onto L4 (9£2). Observe that the
constantss, andS,4 need not be the same.

First, we study wherg, is equal to the usual Sobolev trace constant, that is, when
S4 = Sy. For this purpose we recall the definition pfcapacity. ForA C §2, define

Cag,(A)

=inf{/ |V¢>|1’dx‘d)éWl*P(RN)ﬂCOO(RN)andAc{¢>>l}°}. (8.3)
]Rn

We have the following theorem.

THEOREMS8.4. LetA C £2. ThenWj”’(.Q) = wlP () if and only ifCap,(A) = 0.
As a corollary we obtain:

COROLLARY 8.1. Cap,(A4) =0 if and only ifSy = S.

Next, we look for the dependence 8f under perturbations od. We find thatS, is
continuous with respect ta in the topology given by the Hausdorff distance.

THEOREM8.5. Let A, A,, C £2 be closed sets such thdtA,, A) — 0 asn — oo where
d(A,, A) is the Hausdorff distance betwedp and A. Then|Sy, — S| — Owhenn — oo
and if we denote by, an extremal forS,, normalized such thafu, | .¢50) = 1, there
exists a subsequenes, such thatlimg_, o u,, = u, strongly in wlr(2), andu is an
extremal forS,.

9. The Sobolev trace embedding with the critical exponent

In this section we look at problems with the critical Sobolev trace exponent in the bound-
ary condition. Existence result for elliptic problems with critical Sobolev exponents have
deserved a great deal of attention since the pioneering work [22] and is an intensive area
of research nowadays.
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Now we describe the results of [35]. The authors study the problem

Au+iu=0 in BT(0, 1),
u=~0 ondBT(0,1) N {xy > 0}, (9.1)
—f—; =uN/N=2 0nyB*(0,1)N{xy =0}.
Here Bt (0, 1) stands for the half-ballx| < 1, xy > 0}.
The following result parallels the one in [22] for Dirichlet boundary conditions.

THEOREM9.1. Let 1 be the first eigenvalue of the problem

Ap+up=0 inB+(0,1),
¢=0 ondBT(0,1) N {xy > 0},
~% =0 ondBT(0,1) N {xy = 0}.
Then
(1) if N > 4then a positive solution to problefd.1) exists if and only iD < A < u1;
(2) for N = 3 there is no positive solution a®.1)for A > w1 = 72 while for n2/4 <
1 < m2 positive solutions exisThere is a value.* € (0, t2/4) such that no positive solu-
tion exists for—oco < A < A*.

Remark that, as happens for the Dirichlet problem (see [22}; 3 is acritical dimen-
sion.

The main reason to deal with the half-bal* (0, 1) is the fact that solutions are
C2%2(B*(0, 1)) and have cylindrical symmetry. For the nonexistence proof the authors use
a sharp Pohozaev identity. For the existence part they consider the minimization problem

L2(2 L2(2
A, = 5 (£2) (£2)

2 2
Vull = Alull }
L2(N=1/(N=2) (3 B+(0,1)N{xn >0})

inf {
ue H1(£2),u=0 on (xy=0} | [|ul

and they prove that when Q@ A < u1 (N > 4) or A* < A < u1 (N = 3) there is the
case whemnd,, lies below a critical level. Hence the concentration—compactness results
of [96,97] can be used to obtain the existence of a minimizerfpthat turns out to be a
solution of (9.1).

v In [3] it is studied another linear perturbation of the Laplace equation with a critical
nonlinearity at the boundary, namely,

Au=0 in £2,
u=20 onrlp, (9.2)
—g—ﬁzuN/(N_z)+)\u only.

Here we assume that the boundarysafsplits into two parts’p and I'y. If we denote
by 11 the first eigenvalue of the problenag =0 with¢ =0onTlp and% =p¢only,
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then problem (9.2) has a positive solution if and only ¥Q. < (i1, no matter the dimen-
sion.

Hence, although (9.2) and (9.1) are linear perturbations of the same problem their be-
havior for N = 3 is very different.

For the existence result instead4f they consider minimizing

IVull?,, ., — Allull?,
L(2) L(FN):ueHl(.Q),u=00nFD},

B, = inf
[tk
L2(N—1)/(N—2)([‘N)

and prove that the minimum is attained if and only &0\ < 1.

To explain the different behavior of problems (9.2) and (9.1) oe= 3, we observe
that the linear perturbation taking place on(@h— 1)-dimensional manifold instead of an
N-dimensional domain typically reduces the critical dimension by 1, which leads to the
fact that there is no critical dimension for problem (9.2).

v Concerning the symmetry properties of the extremals of the Sobolev trace constant, it
is proved in [65] that ifi2 is a ball of sufficiently small radius, then the extremals are radial
functions, see Section 7. Also in [65] the authors use this result to prove that there exists
a radial extremal for the immersidti1(B(0, p)) — L% (3 B(0, p)) if the radiusp is small
enough. See also [3] for other geometric conditions that leads to existence of extremals
in the casep = 2. Concerning the existence of extremals for the Sobolev trace theorem
with the critical exponent in a general smooth bounded donithe main result of this
section is the following theorem.

THEOREMO.2. Let £2 be a hounded smooth domain®&? such that

1§21 1
< )
|as2(p/P= K (N, p)

(9.3)

whereK (N, p) is the trace constant deﬁ. Then there exists an extremal for the immer-
sionWLP(2) — LP+(382).

The proof of Theorem 9.2 uses the same approach as in [15], properly adapted to our new
context, see [75] for the details. The other key ingredient in the proof is the result of [20]
where the author compute the optimal const&d, p). See also [94] for a similar result
in the casep = 2.

REMARK 9.1. Lets2 be any smooth bounded domainR® and let
2, =ps2={ux|xe 82},

whereu > 0. We observe that whem is small enough, precisely

1 1052|Y/ P
<
K(N,p)Y/r |82|Hr

n

)
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then 2,, verifies the hypotheses of Theorem 9.2 and hence there is an extremal for the
immersionW17(£2,,) — LP(32,,).

REMARK 9.2. We observe that with the same ideas and computations, we can consider a
problem of the form

Apu=|u|1’_2u in £2,

|VulP~23% = a(x)uP*~1 onds,
with a € L*°(9£2) bounded away from zero. This corresponds to a Sobolev trace immer-

sion with a weighta, on the boundary. In this case the condition @nand the weight
functiona is

) < ([ aw)”
a0 K(N,p)\Jsg .

REMARK 9.3. From the proof of Theorem 9.2, see [75], we obtain the existence of ex-
tremals for every domair® that satisfies

1

Condition (9.3) is the simplest geometric condition that ensures (9.4).

v" Now, let us look at the special case of studying the best constant for the Sobolev trace
embedding fronW11(£2) into L1(3£2). We follow the presentation of [11], see also [104].

As Wh1(2) — L1(3£2) we have that there exists a const&rguch that the following
inequality holds S||u || ;150 < llullywre) for all u € Wh1(£2). The best constant for this
embedding is the largestsuch that the above inequality holds, that is,

S(2,1,1) =r1(£2)

=inf{/ |u|—|—f |Vul: uer’l(.Q),/ |u|=1}. (9.5)
2 2 a2

Our main interest now is to study the dependence of the best congtaa and ex-
tremals (functions where the constant is attained) on the domain. We remark again that the
existence of extremals is not trivial, due to the lack of compactness of the embedding.

For 1< p < N, let us consider the variational problem

S($2, P P) :)LP(Q)

= inf{/ |u|p+/ [VulP: u e Wl"”(.Q),/ lu|P =1}. (9.6)
2 2 082

This is the best constant for the trace map frém? (£2) into L?(3£2). Due to the com-
pactness of the embeddifigh? (£2) < LP(3£2), itis well known (see, for instance, [71])
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that problem (9.6) has a minimizer W17 (£2). These extremals are weak solutions of the
following problem

Apu:|l,{|p721/£ |n9,

(9.7)

|Vu|P=23% =2 Ju|P~2u  onas2,

whereA ,u = div(|Vu|P~?Vu) is thep-LapIacian,&% is the outer unit normal derivative
and if we use the normalizatidfx||z» 3y = 1, one can check that= 1, (£2), see [100].

Our first result says that; (£2) is the limit asp N\ 1 of ,(£2) and provides a bound
for 11(£2).

THEOREM 9.3. We havelim \ 11,(£2) = 11(£2), that is lim,\ 15(£2, p, p) = S(£2,
1,1) andr1(£2) < min{|$2|/ P(£2), 1}; here P (£2) stands for the perimeter a2.

Therefore, it seems natural to search for an extremal{(2) as the limit of extremals
for A, ($2) whenp N\ 1. Formally, if we take limit agp N\, 1 in (9.7), we get

(DY _ ;
Al“-—d'v(|DZ|)—\Z_| in 2,

lggl V=21 onos.

(9.8)

Hence we will look at Neumann problems involving the 1-Laplacian(u) = div(Du/

|Dul) in the context of bounded variation functions (that is a natural context for this type
of problems). Following [8] (see also [10]) we give the following definition of solution of
problem (9.8).

DEFINITION 9.1. A functionu € BV (£2) is said to be &olutionof problem (9.8) if there
existsz € X1(£2) with ||z]leo < 1, T € L°(£2) with ||7]lec < 1 and6 € L*°(3£2) with
10]lcc < 1 such that

diviz) =t in D'(£2), (9.9)
tu=|u| a.e.inf2 and (z,Du)=|Du| as measures (9.10)
[z,v]=A1(2)0 and Ou=u|, HY l-ae. ome. (9.11)

We shall say tha® has therace-propertyif there exists a vector fielgy € L> (2, RY)
with [|lzo llee < 1 such that ditzg) € L®(£2) and [z, v] = 11(2), HY1-a.e. ond 2.
Our main result states that for any domain that has the trace-property, the best Sobolev
trace constani1(£2), is attained by a function i 1(£2) whose derivatives in the sense of
distributions are bounded measures®nthat is, a function with bounded variation.

THEOREM 9.4. Let £2 be a bounded open set R with the trace-propertyThen there
exists a nonnegative function of bounded variation which is a minimizer of the variational
problem(9.5)and a solution of probler(®.8).
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We have that every bounded domain with(£2) < 1, has the trace-property. Hence
we have proved that, if1(£2) < 1 then there exists an extremal. Moreover, using results
from [104], we can find examples of domains (a ball or an annulus) such.ifgt) = 1
and verify the trace-property (and therefore they have extremals). We also have that every
planar domain with a point of curvature greater tha@ hasi1(2) < 1.

Now let us present some examples just to see how these definitions work.

EXAMPLE. Let £2 = B(0, R) c R", the ball inR" centered in 0 of radiu®. Then, if
z(x) := x/N, we have diz) = 1 in D'(£2) and[z,v] = R/N = |2|/P(22), HV l-ae.
onasf2. Moreover,|z]l.o = R/N < lifandonly if|2|/P(£2) < 1.

EXAMPLE. Let£2 = B(0, R) \ B(0,r) c R" the annulus iR" centered in 0 of radiR
andr. Then, it is easy to see that if

X
N(RN-14,N-1)°

N-1pN-1
7(x) 1= |:(RN_1 +rN_1) — (R —i—r)r R :|

[l (1Y

we have divz) = 1 in D'(£2) and [z, v] = |22|/P($2), HVN 1-a.e. onds2. Moreover,
lzllo < lifand onlyif|$2|/P(£2) < 1.

REMARK 9.4. Motron in [104] proves that 2 = B(0, R) is the ball inR" centered in 0
of radiusR or £2 = Bz (0) \ B,(0), the annulus iR" centered in 0 of radiR andr, then

P(R2
[ lu| do < Q/ |u|dx+/ |Vuldx Vue wti(), (9.12)
EY?) 121 Ja 2

and equality holds in (9.12) if and onlyiif is constant.
From (9.12), it follows that if2 = B(0, R) c RN or 2 = B(0, R) \ B(0, r) C RY, then

)Ll(Q) =

Moreover, if| 2|/ P (£2) < 1, thenu = (1/ P(£2)) x2 is a minimizer of the variational prob-
lem (9.5), being the only minimizer in the calge|/P(2) =1, and if| 2|/ P($2) > 1, the
variational problem (9.5) does not have minimizer.

In the following example we show that there exists bounded connected opef? sets
with [2|/P(£2) < 1, for whichA1(£2) < |£2|/P(£2).

EXAMPLE. Foré >0and O<a < 7, let
250 = B(0,1) U (B(0,2+8)\ B(0,2))

U{(x,y) eRT xRT: x2+y2<2,arct<z> <a}.
x
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We have

1250] T+ O +40) + 3
P(2s54) 10m+2n8+2—3a’

Thus, for 0< 6 <1 and O< a < 3, we get|$2;5.4|/P(£2s,.4) < 1. Now, if we takeu :=
XB(0,24+8)\B(0.2)"

fﬂs.a |Du|dx~|—f98.a |ue| dx _ 2(X+Tt(82+48)

21(825,0) < = )
1(825.0) f395u|u|do 8m + 261 — 2«

Then, it is easy to see that fér and « small enough, we gek1(£2s5.0) < |£25.4!/
P(£25.4) <1.

In the next example we will see that even we can t&keonvex.

EXAMPLE. Let$2 be the setifiR2 with boundary the isosceles triangle with heighbase
of length 2: and the two equal sides of length_et ¢ the angle between the height and one
of the equal side. Then

2|  ak ak _ ksint
P(2) 2(a+1) a2(a+a/sint)y  2(1+sinr)’

Let E C £2 be the set with boundary the isosceles triangle with hefghtr, base of
length 2 and the two equal sides of lengthThen, ifu := xg, we have

Jo|Duldx + [oluldx  2b+bk—r) bk+2—r)

M(2) < = = -
1(£2) [0 luldo 2] 2b/sint

=i£”(k+2—r).

Hencer1(2) < |R2]/P(2) < 1if

1 int _1 int
k<min{(r—2) +sin 2 +sin }

sint ' sint

Now, obviously, we can find, r anda satisfying the above inequality, and consequently,
we can obtain a convex, bounded open@etatisfyingr1(2) < |2|/P(2) < 1.

ExAMPLE. ForO< p <r ands > 0, let

2,5 = B(0, p) U (B(O,r +8)\ B(O,r)) C R?.
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We have

28] 82+ p2+2r8
P(2r8) 22r+8+p)

If we takeu := xp(0,p) @Ndv := x o . 45\ B0 theN

and

Suppose that & p < § < 2. If we consider the vector fieldin §2, , s defined by

8(2)}*) if (x,y) € B,(0),

z2(x,y) = !
[ -G +2niES0 355  if (v, y) € Bis(0)\ B, (0),

we havel|zllo < 1, div(z) = 7 in D'(£2, ,5), with 7 = %XBB(O,,O) + XB©Or+p)\B(O,r) and

[z,v] =6/2, H -a.e. o0nds2, r.po. NOw, A1(£2) < @(u) = p/2. Hencer1(2) < §/2. If
8 = p, we have

M 2prp) S OW) = D) = Blxa, ) = —sprel _ P
e o P(Rprp) 2

Suppose thap < 1. Then, if we consider the vector fiefdn £2, .., defined by

&2 if (x,y) € B(O, p),

z(x, y) :={ .
0 if (x,y) € B(O,r +p)\ B(O,r),

we have divz) = x3,(0) in D'(2,..), and[z, v] = 5 x98(0,p), H'-a.€.0M 82, ;. ,. There-
fore, u is a solution of the problem

[Du| [w]
Dw

[Dw]

(9.13)

=

: Aqw =div(BL) =2 in 2, ,,

—_ P
V=75 onaﬂp,r,p.

[wl

Now, if we consider the vector fieldin £2, ., defined by

if (x, y) € B(O, p),
LOVI=N [0 — (o 4+ 20 [ if (v, y) € BO.r + )\ BO.7),
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we have divz) = x50.r+,)\B©. IN D'(2).1.p) andlz, vI = 5 xa(s0.r+0)\BO.r), H'-a.€.

on as2, ,,. Thereforey is also a solution of the problem (9.13). Moreover, in this case
alsoxg, ., is asolution of the problem (9.13).

PROBLEM. IsA1(82,,,0) =p/2?

The next example shows that there are bounded connected opef? detswhich
11(22) <1 and|2|/P(£2) > 1.

EXAMPLE. Let$2 :=]—k,0[ x ]0, k[ U {0} x ]0,8[ U0, 1[ x 10, §[ c R? be. Then

121  K2+3
P(2) 4dk+2

>1 fk>2++/6-36.

Now, if we takeu := xj0,1/x]0,s7, W€ have

Jo |1Dul + [o |ul _
Jog lul 2+34

2(2) < <l < O0<é<2

Therefore, for instance, §=1 andk =5, we havg2|/P(£2) > 1 andr1(£2) < 1.

In [104] it is considered the—B program forw11(£2) andL1(3£2), that is, to find the
best possible constantsand B such that

f |u|d0<A/ |Vu|dx+Bf lu|dx.
082 2 2

It is proved that the best possibdeis 1, and the best possibkeis P(£2)/]£2].
v/ In [1,108,109] (see also [26]) it is studied a problem with critical nonlinearity both in
the equation and in the boundary condition, namely, they look for positive solutions of

—Au = |u|NTI/N=2) L £(x u) in$2,
%:uN/(N’z)—i—g(x,u) onos2.

Under adequate hypotheses prandg the problem admits a positive solution.

10. Dependence of the best Sobolev trace constant on the exponents

In this section we focus our attention on the dependence of the best Sobolev trace constant
on the involved exponentg, g.
For any 1< p < oo, we define the Sobolev trace conjugate as

pPIN=-1)
Dy = N if p<N,
00 if p>N.
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If 1 <gqg < ps« (with strict second inequality ifp = N), we have the immersion
wir(2) < L1(3£2) and hence the following inequality holds

Slullza@e) < lullwir o)

for all u € W17 (£2). As before, the best constant for this embedding is the lafyesth
that the above inequality holds, that is,

. (Jo IVul? + |u? dx) /P
S(2.p.q)= inf  =f Tdo e
ueWlr(2\Wy(2) (fy |u)9 do)

(10.1)

Moreover, if 1< g < p, the embedding is compact and as a consequence we have the
existence of extremals, that is, functions where the infimum is attained, see [71]. These
extremals are weak solutions of the following problem

Apu=|u|”_2u in £2,

|Vu|P=23% =3 |u|9"2u  onds2. (10-2)
Using [119] and [123] we can assume that the extremals are positive), in £2. In

the special casg = ¢, problem (10.2) becomes a nonlinear eigenvalue problem that was
studied in [71,100]. From now on, let us cal} , an extremal corresponding to the expo-
nents(p, q).

The main purposes of this section are to study the possibility of a uniform bound (inde-
pendent of(p, g)) on S(£2, p, ¢) and to study the limit behavior of the best Sobolev trace
constantsS($2, p,q) as p — +oo and asg — +oo and look at the limit casep = oo,
1<g<ooandN < p <00, g =oo. The first result of [64] is the following.

THEOREM10.1. GivenA C {(p,q): 1< p <00,1< g < ps}, asetof admissiblép, ),
there exist constant§; and C» independent ofp, ¢) € A such that

C1<85(82,p.q9) <2

if and only if A verifies the following propertythere is no sequencg;, g,) € A with
pn — N andg, — oc.

Notice that Theorem 10.1 says that we can obtain a uniform bour§{far p, g) on A
as long agp, gq) € A stays away from the pointV, co). Observe that the upper bound,
S(£2, p,q) < Co, follows easily by taking: = 1 in (10.1) and holds even if we are close
to (N, 0o). The main difficulty arises in the proof of the lower bound. This is due to the
fact that there exist functions W1V (£2) that do not belong td. > (3 £2).

As we mentioned before, one of our concerns is to analyze the gasex with
1< g < o0, that is, the immersiofi 1> (£2) — L4(32). The best constant is given by

S(£2,00,q) = inf

{ IVullL2) + lullLe2) }
UeWL®(@Z\WE*(2)

llell Laa2)
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From this expression it is easy to see th&2, co, ¢) = 1/]852|Y7 andS(£2, 0o, 00) =1,
with extremaluso 4 = Uoo,00 = 1 in both cases (we normalize the extremals according
{0 [[Uoo,qllLoe@2) = llHoo,00ll L 352) = 1). We prove thafS(£2, co, oo) = 1 is the limit of
S(£2, p,q) asp,q — oo and alsaS(s2, oo, g) is the limit of S(£2, p, g) whenp — oco.

THEOREM 10.2. Let S(£2, p, q) be the best Sobolev trace constant and, be any ex-
tremal normalized such thdiit,, 4|z~ @2) =1. Then

lim S(2,p,q) = S(£2,00,00) =1
P.gq—>0

and foranyl <r < oo,asp,q — oo,

Up.g = Uooso =1 weakly inW (%),

Upg — lUos,co =1 stronglyinC*(£2).
Moreoveyfor fixed1l < g < oo,

1

p“_f)nOOS(QaP»Q)=S(Q»OO»Q)=W
and foranyl <r < 0o, asp — oo,

Upg —Usog =1 weakly inwhr(2),

Upg — oo,y =1 strongly inC*(£2).

The limit g — oo with p > N fixed is more subtle since we do not know a priori which
is the extremal for the limit case. However we find an equation for the limit extremal.

THEOREM10.3. Letp > N. Then

lim S(2, p,q)=5(82, p,o0)
q— 00

and, up to subsequencessg — oo,

Upg—Upoo WeaklyinWh?(£2),

Upg— Upoo Strongly inC*(£2).

Moreoverthere exists a measufe e C(0£2)* with ({u oo = 1}) = 1 such thatu, « is
a weak solution of

Apu=|u|/’_2u in £2,

|VulP=234 = SP(2, p, c0) i x(u=y ONIL2.
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We observe thatW1V(2) «> L>®(3£2). Hence we expect that the best constant
S(£2, p,q) goes to zero aép, g) — (N, o0). This is the content of the next result.

THEOREM 10.4. The best constanf(£2, p, ¢) goes to zero asp,q) — (N, c0), and
moreoverfor anya < (N — 1)/ N, there exists a constat such that

1 o
S(82,p,q) < CmaX{(p - N, —} .
q

11. Elliptic systems with nonlinear boundary conditions

In this section we study existence and multiplicity results for elliptic systems coupled
through nonlinear boundary conditions. We divide our exposition according to dealing
with systems with or without variational structure.

Existence results for nonlinear elliptic systems have deserved a great deal of interest in
recent years, in particular, when the nonlinear term appears as a source in the equation,
complemented with Dirichlet boundary conditions. Problems without variational structure
can be treated via fixed point arguments. There are two main classes of systems that can be
treated variationally, Hamiltonian and gradient systems. The system is called Hamiltonian
if there exists a functiol/ such that the coupling nonlinearities veriy, = f andH, = g,
and is called gradient if there exisEswith VF = (f, g). For these type of results see the
survey [44].

Nonvariational systems. First, we address the existence problem without any variational
assumption ory andg. We study the existence via topological methods of nonnegative
solutions of the following elliptic system,

Au=u in $2,
{ Av—o. (11.2)
with nonlinear coupling at the boundary given by
u
3 = f(x,u,v) 0NoL2,
o (11.2)
5, = 8(x, u, v).

Here f,g:92 x Ry x Ry — R, are smooth positive functions witlf(x,0,0) =
g(x,0,0) = 0. Moreover, we deal with the “superlinear” case (see detailed assumptions
(H1)-(H3) onf andg).

The topological method (a fixed point argument) we apply here has been used by several
authors to deal with problems without variational structure and, as in our case, they were
forced to impose some growth restrictions prandg.
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The proofs need some knowledge on the following eigenvalue problem that was our
main subject of study in previous sections,

{A‘p:‘p in &2, (11.3)

3 —p oNds.

The main difficulty in carrying out the fixed point argument is to obtafY a priori
bounds for (11.1)—(11.2). This difficulty is overcome by means of the blow-up technique
introduced by Gidas and Spruck [83]. The key ingredient to make this technique work is a
Liouville-type theorem for the system

{Au:O inRY, (11.4)
Av =0, '

with boundary conditions

u _ \p N

=R onoRY,

{ o + (11.5)
3, = uf.

In [87], see also Section 4, the author studies the single equation
Au=0 inRY,
s v (11.6)
3, =uP onoRy.

There he proves that if £ p < N/(N — 2) there is no nontrivial nonnegative classical
solution of (11.6). In [88] such nonexistence-type result is applied to compute the blow-up
rate of a parabolic problem.

One can adapt the moving plane technique to deal with the system (11.4)-(11.5) and
obtain the same type of result with similar restrictions on the exponents (see Theorems
3.5and 3.6).

We remark that we can also deal with the semilinear case,

—Au+u=r(x,u,v) in$2,
—Av+v=s(x,u,v),

{ Bu— f(x,u,v) 0NdL,
Jv

3 =8(x, u,v),

using the same ideas. Since the main novelty here comes from the boundary terms, we
present our results for (11.1)—(11.2).

Let us give an idea of the arguments, see [70] for details. We want to apply the following
fixed point theorem that can be found, for instance, in [43].

THEOREM11.1. LetC be acone in a Banach spa&andS: C — C acompact mapping
such thatS(0) = 0. Assume that there are real numbérs r < R andr > 0 such that
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(1) x#tSxfor0<r<landx eC, |x||=r,and
(2) there exists a compact mapping : Bg x [0,00) — C (where B, = {x € C;
x|l < p}) such that
(@) H(x,0) = S(x) for [|x| = R,
(b) H(x,t)#x for |x|| =R andr > 0,
(€) H(x,t)=x has no solutiorx € Bg for t > 1.
ThenS has a fixed point iV = {x € C;r < | x|| < R}.

To apply this theorem, we proceed as follows. Consider the space
X ={@,v): u,veC(2)}

with the norm||(u, v)|| = |l#|leo + |Iv]lco, Which makes it a Banach space. l%tX — X
be the solution operator defined By¢, v) = (u, v), where(u, v) is the solution of

Au=u in 2,
{ M=flx.¢,9) oNoL,
Av=v in 2,

{ W —g(x,¢.9) oOndf.

We observe that a fixed point 6fis a solution of (11.1)—(11.2).

Now, let us see thaf§ verifies the hypothesis of the Theorem 11.1. By standard reg-
ularity theory [84], it follows thatx and v are C%, henceS is a compact operator. As
f(x,0,0) = g(x,0,0) = 0 we have, by Hopf lemma, th&t(0) = 0. Let C be the cone
C={(,v) € X;u>0,v >0} It follows from the maximum principle tha&&(C) c C.

To verify (1) in Theorem 11.1 we argue by contradiction. Let us assume that, for every
r > 0, there exists a & r < 1 and a pailU, V) such that

{AU:U in £2, (11.7)

AV =V,
with

{ W —tf(x,U,V) o0nas2,
%—\; =tg(x,U, V).

We multiply the first equation of (11.7) by, the first eigenfunction of (11.3), and we
obtain

o=/ (AU — U)py dx
2

=/ U(A(pl—gol)dx—i-t/ f@x, U, V)(pldo—/ v 2% 4o
2 982 d

(7 av
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Hence
O:t/ f(x,U,V)wldx—Al/ Ugp1do.
22 982

We assume that andg are “superlinear”, in fact, we make the following hypothesis that
we call (H1),
fx,U,V)<e(U+V) and
(H1)
g, U, V)<e(U+V) forsmall||(U,V)].

Using (H1) we obtain

A1/ Ugp1do gst/ (U + V)1 do.
982 082

Analogously, forV we get

)»1/ Veirdo < 8t/ (U + V)1 do.
082 082

Adding both inequalities we concludg < 2¢, a contradiction it verifiese < 11/2.
To see (2) we definél by H((¢, ¥),t) = S(¢ + ¢,y +¢t). Clearly (a) holds. To see (c)
we have to impose any of the following conditions, we call this (H2):
(H2.i) There exists real numbegs> A1 andC > 0 such that

f(x5u7v)>u‘u_c

uniformly in x € 2 andv e R
(H2.ii) There exists real numbers> A1 andC > 0 such that

gx,u,v) Zpuv—-=C

uniformly in x € 2 andu e R,
(H2.iii) There exists real numbefs> 11 andC > 0 such that

fx,u,v)+glx,u,v) > puw+v)—C

uniformly in x € 2.
For instance, assume that (H2.i) holds. Then¢flarge enough, we have

fout+t,v+)Z2p+1)—C2=pu
with 4 > A1 and hence, for large,u is a nonnegative solution of

Au=u in$2,
S—Z>uu onos2,



382 J.D. Rossi

which contradicts the fact thag is the first eigenvalue.
The other cases can be handled in a similar way.
Finally, condition (b) is an immediate consequence of an a priori bound for the system

Au=u inS2,
{szv (11.8)
with
u
WU — f(x,u+t,v+1t) 0nas2,
o A ) (11.9)
W:g(x,u+t,v+t).

Hence we have proved our existence result, provided we have an algtidsound for
(11.8)—(11.9).

THEOREM 11.2. Let f and g satisfy(H1)—(H2). If there exists a constar such that
for every solution(u, v) of (11.1311.2) it holds ||u|lc, [|[V]lcc < C then the system
(11.1)(11.2)has a nontrivial positive solution

Now our aim is to prove that, under further conditions prand g, the nonnegative
solutions of (11.1)—(11.2) are boundediff, so Theorem 11.2 applies. To do so, we apply
the blow-up technique introduced by Gidas and Spruck [83]. We argue by contradiction.
Assume that there is no such a priori bound. Then, there exists a sequence of positive
solutions(uy,, v,) with max{||u,|lco, lvnllee} = o00. Let B1, B2 be two positive numbers
to be fixed. We can assume that, ||, — oo and ||un||§§ > ||vn||fé. As 2 is compact
andu, is continuous, we can choosg € 2 such that, (x,) = maxs u,. Moreover, it
follows from the maximum principle that, € 2. Again, by the compactness 6f, we
can assume that, — xg € 9£2. We definey, such that;/,f31||bt,,||c>O = 1. This sequence,
Vn, goes to 0 ag — oco. Let

wn(y) = yYun (Yuy + x2),

zn(y) = V;fzvn Yy + xn).
These functions are defined ip, = {y € RY; y,,y + x,, € £2}. We observe that & w,,
zn < landw,(0) =1.
On f andg we impose the following condition (hypothesis (H3))
fx u,v) =ax)uP + b(x)vP2 + hi(x,u, v),
(H3)
gx,u,v) =cx)uP2 +d(x)vP2 + ho(x,u, v),

where O< k <a,b,c,d < K < oo andh; are lower-order terms

[ x4, 0)] < (14l + [v]2).
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Here the exponents; satisfy 0< «;; < p;j.
Hence,w, andz, satisfy

Aw, = y2 in 2,,
{ W = Vo " (11.10)
Az, = VYnins
with
1— 1 1—
68% zyfl( p1+ aw,l,m—i—yfﬁ ﬂZPlzbZ’lZlZ
1 — —
+ V}fﬁ_ hl('s Vn ﬂlwn’ Vn 'Bzzn) on a2y, (11.11)
1—- 1- 1 ’
%, — y’¢’32+ ﬁlPZlchIl’Zl_l_ynﬁZ( p22)+ dzfzz
Bo+1

+ Yn hz(s Vn_ﬂlwm yn_ﬂZZn)~

Now we want to pass to the limitin (11.10)—(11.11), so we need to know what happens
with the coefficients of the leading terms.

We distinguish two cases in terms pf;, the weakly coupled and the strongly coupled
case.

1. Weakly coupled case.We say that the system is weakly coupled if there exsts82
such that

p1(1—p11)+1=0, B1+1— Bopr2>0,
B2(1— p22) +1=0, B2+ 1— B1p21>0.

Thus, in this case, we choose

fr=—t ' o= —
1= E) 2= N
pii—1 p22—1

These conditions impose

-1 -1
p11(p22—1) and - p22(p11 ).

1< p11, p22, P12 <
pu—1 p22—1

2. Strongly coupled case.We say that the system is strongly coupled if there ekisi32
such that

p1(1—p11)+1>0, B1+1— Bap12=0,
Bo(l— p22) +1>0, B2+1— p1p21=0.
Thus, in this case, we choose

p12+1 pa1+1
1=——7F, = —.
p12p21—1 prz2p21—1
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These conditions impose

-1 -1
p21p12 and pao <1+ paip12— 2

1< p21, P12, pun<1l+
p2+1 p21+1

First we deal with the weakly coupled case. &g, z, are C* (see [84]) andf, g
are smooth, we have that,, z, are uniformly bounded irc*t®. Hence, by standard
Schauder theory [84], we obtain that,, z, are uniformly bounded irC%t. Using a
compactness argument we can assumethatz,) — (w, z) in CZHP x C%tP with 8 < «.
We observe that the domaigg, approaches thﬂ. Therefore, passing to the limit, we
obtain a nontrivial nonnegative bounded solutiorf
Aw=0 inRY,

- v (11.12)
gy =a(xo)wP  ondRL.

As we mentioned in Section 4, Hu in [87] proved the following nonexistence theorem.

THEOREM 11.3. The only nonnegative classical solution ¢f1.12)is w = 0 when
1< pi1< N/(N —2) (p11is subcritica) if N >3 0r0 < p11if N =2.

Using Theorem 11.3 we get a contradiction and this proves the a priori bound in the
weakly coupled case. In summary, we have proved the following result.

THEOREM 11.4. Assume that the systefhl.1)(11.2) satisfy(H3) and is weakly cou-
pled If 1 < p11, p22 < N/(N —2) (N = 3) or 0 < p11, p22 (N = 2) then there exists a
constantC such that every nonnegative solution verifiad o, || v]lco < C.

Next, we deal with the strongly coupled case. Passing to the limit as in the previous case,
we obtain a nontrivial, nonnegative solution of

{szo inRY, (11.13)
Az =0, .
with boundary conditions
3 = b(xp)zP2  ondRY, (11.14)
g—ﬁ = c(xg)wP2t, .

For this problem, using the moving planes technique, we have the following Liouville-
type theorems, see [71],

THEOREM 11.5. SupposeN > 3 and pi2, p21 < N/(N — 2) but not both equal
to N/(N —2), with p1op21 > 1. Let (w,z) be a classical nonnegative solution of
(11.13)411.14) thenw = z =0.
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For the caseV = 2 we have to suppose that or z is bounded, and we obtain the
same conclusion with no restriction on the expongnts p21. More precisely, we have
the following theorem.

THEOREM11.6. Let N =2 and p12, p21 > 0. Let (w, z) be a classical nonnegative solu-
tion of (11.13(11.14)with w boundedthenw =z =0.

Again, applying Theorems 11.5 and 11.6 we get a contradiction in the strongly coupled
case. In summary, we have proved the following theorem.

THEOREM 11.7. Assume that the systdiil.1}(11.2)satisfiegH3) and is strongly cou-
pled If 1 < p1op21 and p12, p21 < N/(N — 2) but not both equalN > 3) or 0 < p12, p21
(N = 2),then there exists a constafitsuch that every nonnegative solution v) verifies
[tlloos lV]loo < C.

v" Now we assume that the nonlinearities in the boundary conditions have some varia-
tional structure. As we have mentioned, there are two main classes of systems that can be
treated variationally, Hamiltonian and gradient systems. First, we deal with a Hamiltonian
problem. As we have already seen, problems with no variational structure can be treated
via fixed point arguments.

Hamiltonian elliptic systems. We study the existence of nontrivial solutions of the elliptic
system

Au=u Iin
' 11.15
{ Av = v, ( )
with nonlinear coupling at the boundary given by

ou

L =H,(x,u,v onas2,

o o (¥, u,0) (11.16)

Go=H,(x,u,v).

Here H:9£2 x R x R — R is a smooth positive function (say!) with growth control
on H and its first derivatives.

The results obtained for this Hamiltonian problem are strongly inspired by [45]. There
the authors study

—Au=Hy(x,u,v) in$2,
—Av=H,(x,u,v),

complemented with Dirichlet boundary conditions. They prove existence of strong solu-
tions using the same variational arguments we use here and, as in our case, they were
forced to impose similar growth restrictions éh

The crucial part here is to find the proper functional setting for (11.15)—(11.16) that
allows us to treat our problem variationally. We accomplish this by defining a self-adjoint
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operator that takes into account the boundary conditions together with the equations and
considering its fractional powers that verify a suitable “integration by parts” formula. Once
we have done this, the proof follows the steps used in [45]. For the proof we use a linking
theorem in a version of [62]. Linking theorems have been proved to be a useful tool in
order to obtain existence result of elliptic problems.

The precise assumptions on the Hamiltonfarmare

|H (x,u,v)| < C(lulP T+ et + 1), (11.17)
and forr > 0 small, if | (u, v)| <,
|H (cou,v)| < C(Jul + vlP), (11.18)
where the exponenis+1>ao > p>0andg + 1> 8 > g > 0 satisfy
1 1

1>—+4+—, (11.19)
a B
1 1 1
maq 244, 4 pr2 P atil 4 (11.20)
a B qg+1 « p+1 B N-1
1 1
_P atE 4 and P14 (11.21)
p+1 B qg+1 «
If N >4 we have to impose the additional hypothesis
1 1 1
max{ﬁ;ﬁ; a p—i-; P4+ }< N+ . (11.22)
o' B g+l a ‘p+1 B 2(N -1

Whena = p+ 1 andg = g + 1, conditions (11.19), (11.20) and (11.22) become

1 1 1 N+1 .
1- p,q<—+ if N > 4.

1 9
T o¥l g+l T N—1 N_3

REMARK 11.1. These hypothesis, (11.19)—(11.22), imply that there exiatsds with
s+t=1,s,t > 1/4 such that

« 2 N-1° S22 N-1
pig+1) 1 25—-1/2 1_ﬂp+h>}_2piﬂ
alg+1) 2 N-1°

a—p 1 25-1/2 B—q 1 20-1/2
B

- >
Bp+1) 2 N-1

’

On the derivatives oH we impose the following:

< C(|u|p + |U|P(q+l)/(17+l) + 1)7

JoH
—(xa u, U)
ou

(11.23)

OH
‘ngmu,m < C(Ju 1P D@D 4y 4 1),
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And for R large, if|(u, v)| > R

E—H()c u,v)u +E8—H(x u,v)v = H(x,u,v) >0, (11.24)
o Ju B ov

we observe that from (11.24), it follows that (see [62])
|H e u,v)| = c(jul® + v)P) - C. (11.25)
We have the following theorem.

THEOREM11.8. Letus assume thdf : 2 x R x R — R verifies(11.17}{(11.24).Then
there exists a nontrivial solution {d1.1511.16).

Next, we look for positive solutions. If we also impose

H
(x,u,v), 0 (x u,v) >0 forallu,v >0, (11.26)

oH
u
oH
o —(x,u,v) =0 whenu =0,

(11.27)
aa (x,u,v) =0 whenv =0,

we can prove the following theorem.

THEOREM11.9. If H:92 x R x R — R verifies(11.17}(11.24)and (11.26)}(11.27),
then there exists at least one positive solutioltb.15}(11.16).

Multiplicity. Now we study the existence of infinitely many nontrivial solutions of the
elliptic system (11.15)—(11.16). To study multiplicity of solutions we are inspired by the
articles [17] and [63] where the authors study a Hamiltonian system with Dirichlet bound-
ary conditions in a bounded domain.

As before the crucial part in the nonlinear boundary conditions case, is to find the proper
functional setting for (11.15)—(11.16) that allows us to treat our problem variationally.
We assume the same hypotheses on the Hamiltdtias before, but adding the following
symmetry condition

H(x,u,v)=H(x, —u, —v). (11.28)
We have the following theorem.
THEOREM 11.10. Assume thatH :922 x R x R — R satisfies(11.17311.28). Then

there exists a sequence of nontrivial strong soluti@ps v, } to (11.1}11.2) such that
lwnllw2.a+vr@ @) + Vnllwzp+n/m (o) = 0.
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v In [125] and [112] the previous results were generalized by using a new version of
the linking theorem with the same functional setting described below. This new version of
the linking argument may have applications to other elliptic problems.

Now let us describe the functional setting that allows us to treat (11.15)—(11.16) varia-
tionally. Let us consider the spad&(£2) x L2(352) which is a Hilbert space with inner
product, that we will denote by, -), given by

<(u,v>,(¢,w))=/gu¢dx+fa vy do.

2

Now, letA: D(A) C L2(£2) x L2(382) — L%(£2) x L2(382) be the operator given by
ou
Au,ulpe) = (—Au +u, —),
an

where D(A) = {(u,ulyo) | u € H3(2)}. We claim thatD(A) is dense inL2(2) x
L2(382). In fact, let(f, g) € C(2) x C(d82), takee > 0 and consider2, = {x € £ |
dist(x, 8£2) > }. Now we choose € C2(£2,) such thaf|u — fliLze,) is small. Asds2 is
smooth, we can extendto the wholes2 in such a way that € C%(£2) and||u — gllr2e)
is also small. Ag is arbitrary andC (£2) x C(9£2) is dense inL2(£2) x L?(3£2) the claim
follows.

We observe thatt is invertible with inverse given by\~1(f, g) = (u, ulyg2), whereu is
the solution of

—Au+u=f ing,
u—g onas.

By standard regularity theory, see [84], page 214, it follows #1at is bounded and com-
pact. ThereforeR(A) = L2(£2) x L?(9£2) thus in order to see that (and henced 1) is
self-adjoint it remains to check that is symmetric. To see this, let v € D(A), and by
Green’s formula we have

ou
(Au,v):/ (—Au+u)vdx+/ —uvdo
2 12 0

:/ u(—Av—i—v)dx—i—/ u%daz(u,Av),
o 0

a2 oV

therefore A is symmetric. Moreovera (and henced 1) is positive. In fact, lei € D(A)
and using again Green'’s formula,

(Au,u):/ (—Au—i—u)udx—i—/
2 3

d
—uuda=/ |Vul? + u?dx > 0.
2 v o)
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Therefore, there exists a sequence of eigenvalygsc R with eigenfunctiong¢,,, v,,) €
L%(£2) x L%(£2) such that O< A1 < Ap < -+ < Ay < -+ 400 and ¢, € H3(2),
¢n|3!2 = ‘(ﬂl’l!

Ad’n + ¢n = )\n(pn in 2,
3n = dnpn onagn.

Let us consider the fractional powers4ffor 0 < s < 1, A% : D(A®) — L?(2) x L?(382),
A* is given by

AN ="y " Wsan(n, Yn),

n=1

where u = Y a,(¢n, ¥n). We call E = D(A®). E* is a Hilbert space with inner
product, that we denote by, -)gs, given by (i, ¢)gs = (ASu, A*¢). Let us see that
ES C H* (). In fact, if we defined;: H3(2) C L3(2) - L%(2), Awu = —Au +u,
and As: HZ(SZ) C D(A2) C L%(382) — L2%(382), Agu = u_ThenA = (Aq, Ap) ver-
ify A= A|(M), u € D(A1) N D(A2), and henced® = AS |(u ,,), u € D(A}) N D(A%). As
D(A1) = H3(2) C D(A5), we haveD(A}) C D(A3), thereforeE* = D(A*) = D(A3}).
Now, by the results of [118], a® is smooth, it follows thaE® = D(A3) C H%(£2). So
we have the following inclusions

ES < H®(Q)— H* Y230)— LP(3R).

More precisely, we have the following immersion theorem.

THEOREM 11.11. Givens > 1/4and p > 1 so that1 — ZsN’_l{Z the inclusion map
i:E— LP(32)iswell defined and boundeluloreoverlf above we have strict inequaljty
then the inclusion is compact

Let us now set£ = E* x E" wheres + 1 =1, s,t given by Remark 11.1 and define
B E x E — R by B((u, v), (¢, V) = (ASu, Aly) + (AS¢, ATv). E is a Hilbert space
with the usual product structure, and her@ds a bounded, bilinear, symmetric form.
Therefore, there exists a unique bounded, self-adjoint, linear opetatbr— E, such
thatB(z, y) = (Lz, y)e. Now we define

0@)= —B(Z Z)——(LZ e =(A"u, Alv).
By (11.17), Remark 11.1 and Theorem 11.11, we can défin€ — R as

H(u,v) :/ H(x,u,v)do.
a0
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ProPOSITION11.1. The functionalH defined above is of clasg! and its derivative is
given by

H (u,v) (¢, ¥) = / H,(x,u,v)¢pdo +/ Hy(x,u,v)y do. (11.29)
02 a2

Moreovey H' is compact

PrROOFE From (11.23) we have

0H
/ '—(x,u,v)¢
a2l du

By Holder’s inequality and Theorem 11.11, we have

J.

In a similar way we obtain the analogous inequality ffy.

Thus H' is well defined and bounded iB. Next, a standard argument gives tltatis
Fréchet differentiable witlil’ continuous. The fact thai’ is compact comes from Theo-
rem 11.11 (see [110] for the details). ]

do < c/ (lul? + [P @D/ PHD 4 1)|| do.
982

oH 1 1
5w 0| do < C(ullfs + Ll 2T 1) 1) s

Now we can define the function&l: E — R as
F(u,v)=Qu,v) — H(u,v).

The functionalF is of classC?! and it has the structure needed in order to apply minimax
techniques.

To end the description of the functional setting let us now give the definition of weak
solution of (11.15)—(11.16).

DEFINITION 11.1. We say that = (u,v) € E = E’ x E! is an (s, t)-weak solution of
(11.15)—(11.16) it is a critical point ofF'. In other words, for everyg, ) € E, we have

<A‘Yu,At1p>+<AS¢,A’v)—/ Hu(x,u,v)qﬁda—/ Hy(x,u,v)¥do =0.
082 082

With this definition it only remains to show thdt has critical points using a linking
argument [68,69,112,125].

Gradient elliptic systems. Now we assume that we are dealing with a gradient elliptic
system

Apu=ulP~2u in 2,
{ pit = ul”%u i (11.30)

Agv = |v]9 20,
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with nonlinear coupling at the boundary given by

Vu|P=2% — F (x,u,v) 0nag,
{| |P=204 = Fy(x,u, v) (11.5)

Vo928 = F, (x, u, v).

Here(F,, F,) is the gradient of some positive potentfal 952 x R x R — R with precise
hypotheses that we state below.

As before, for (weak) solutions of (11.30)—(11.31) we understand critical points of the
functional

Vul? P Vold q
f(u,v):/ [Vul +ﬂdx+ Vol +ﬁdx— F(x,u,v)do.
P p 2 9 q 082

(11.32)

The geometry ofF is similar to the one of the functional
1
Fir(u) = —/ |Vul? + |u|? dx —/ F(x,u)do
pPJe EI)

which corresponds to a single quasilinear equation with nonlinear boundary conditions.

The functionalF; was studied in [71] where essentially the c#&e, u) = |u|" was con-

sider. However, some interesting phenomena appear in (11.32) due to the coupling in the
system (11.30)—(11.31). Our results for (11.30)—(11.31) generalize the ones in [71] both to
systems and to more general potentials. In [17] the functional

f(u,v):/ |Vu|p+|Vv|qu—/ F(x,u,v)dx
2 2

was analyzed. In this paper we extend their results to the nonlinear boundary condition
case and moreover some new results are obtained. For instance, multiplicity results in the
subcritical case with an oddness conditionforand mainly, existence results with critical
growth.

Let us introduce the precise assumptiong’of-rom now on, we fix k p, ¢ < N, and
so the functionalF will be defined in the Banach spa#el?(£2) x Wl4(£2). Of course,
the growth ofF has to be controlled in order fof to make sense fau, v) € Wh7(2) x
wl4(£2). According to the Sobolev trace embedding, we impose

|F(x, 1, v)| < C(L+ JulP + o)), (F1)

where p, = p(N — 1)/(N — p) andg. = g(N — 1)/(N — gq) are the critical Sobolev
trace exponents and is some positive constant. With{f; asw1?(§2) — L?*(352) and
wh4(2)— L% (382) by the Sobolev trace theorem, we have thas well defined.
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In order to apply variational techniques, we need the functighta beC?. To this end,
(F1) is not enough. One has to consider the stronger assumption

|Fu(x, u, v)| < C(1_|_ |u|1’*—1 + |U|q*(p*—1)/p*),

(F2)
|Fy (e, u, v)| < C(L4 o]t o || P+ (0= D/ds),

One can easily check that{Fmplies (F1) and under (E), it follows that critical points
of F are weak solutions of (11.30)—(11.31).

Now, the geometry of depends strongly on the precise growth of the pote#tidlhat
is, on the exponentsands in the inequality

|F(x,u,0)| < C(L1+ |ul” + o)), (Fs)

wherer < p, ands < gs.
Of course, the case of interest is

F(x,0,00=F,(x,0,00)=F,(x,0,00=0 forxeds2, (Fa)

thenu = v =0 is a trivial solution of the system (11.30)—(11.31).

We will distinguish mainly four different cases:

(1) r < p ands < ¢. (Sublinear-like.)

(2) r = p ands = ¢. (Resonant.)

(3) p <r < ps andg < s < g. (Superlinear-like, subcritical.)

(4) r = p, ands = g,. (Critical.)

First, we turn our attention to the superlinear and subcritical case (3). In order to ver-
ify the Palais—Smale condition, we need to impose the following assumption: There exist
R > 0,0, andf, with 6, <1/p, 6, < 1/g, such that

0<F(.x,u,v)gquFu(.x,u,v)+9quv(.x,l/l,U) (FS)
for all x € 982 and|u|, |v| > R. We have the following theorem.
THEOREM 11.12. Assume that the potentidl satisfies(F2), (F3) with r, s as in (3),
(Fs) and (Fs). Assume moreover that there exists constants > 0 and ¢ > 0 and
D« >T > p,qs > 5§ > q such that

|F(x,u,0)| <e(lul” +vf) forx €92, lul, [v] <e. (Fe)

ThenF has a critical point If, moreover F is even thenF has infinitely many critical
points which are unbounded W17 (£2) x Wl4(£2).

Case (1) is similar in nature to a sublinear problem for the usual Laplacian. So, direct
minimization yields a nontrivial solution. However, under a hypothesis similargpwe
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can show the existence of infinitely many solutions (of course, with an oddness assumption
on F). The condition is: There exis® > 0,6, and§, with 6, <1/p, 6, < 1/q, such that

OpuFy (x,u,v) + 0gvFy(x, u,v) — F(x,u,v) > —c(jul” + [v]*) (F7)
for all x € 982 and|u|, |v| > R. We have the following theorem.

THEOREM 11.13. Assume that the potentidi’ satisfies(F2), (F3) with r,s as in (1),
and (F4). ThenF has a nontrivial critical point providing there exists a constaht- 0,
6 < 1 and a continuous functiok : 92 x R x R — R such that

F(x, Py, tl/qv) >1PK(x,u,v)

for x € 082, |u|, [v]| < R and smalls > 0. (Fs)

If, moreover F is even andF7;) holds then F has infinitely many critical points which
form a compact set it 17 (£2) x W4 ().

The case (2) is a resonant problem. So there is an underlying (nonlinear) eigenvalue
problem. In this case, it is natural to assume a conditio’dhat implies that the func-
tional F satisfies the so-calle@erami condition This assumption is as follows: There are
positive constants, R, a, b with 0 < a < p, 0< b < ¢ such that

1 1 A
—uF,(x,u,v) + =vFy(x,u,v) — F(x,u,v) = c(ju|* + |v]”) (Fo)
P q

forx € 982, |ul, |v| > R.
In order to avoid resonance, we need to understand the underlying eigenvalue problem.
A similar eigenvalue problem for the Dirichlet boundary condition case, was introduced
in[17]. Let G : R? — [0, o) be aC* positive even function such that
G(tYPu, 1Y) =tGu, v), (G1)

G(u,v) <k(lul” +[v|). (G2)
The eigenvalue problem is
Agv= [v]9~ 2y,

< Apu=ulP~2u ing,

‘ (11.33)
{ |VulP=23% — aG, = AulP~%u onds,

|Vo|97282 — 4G, = AJv]1~2v,

wherea € L*(352).
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We will see that problem (11.33) has a first eigenvaly@:). So in order to avoid res-
onance, we assume that there exists positive nun®ensde, anda, b € L*°(3£2) such
that

ri(a) <0, F(x,u,v) 2a(x)Gu,v), |ul,|v]=R,

_ (F10)
A1(b) >0, F(x,u,v) <b(x)G(u,v), |ul,v]<e,

whereG andG satisfy (G). We have the following theorem.

THEOREM 11.14. Assume that the potenti@l satisfieqF»), (F3) with » ands as in(2),
(F4), (F9) and (F10). Then the functionaF has a nontrivial critical point

Now we turn our attention to the critical case (4). As it is well known, the compactness
in the immersioW 17 (£2) x Wk4(£2) — LP+(352) x L% (352) fails, so the functionalF
does not verify the Palais—Smale condition. However, by applying the concentration—
compactness method (see [96,97]), we can prove/&hsstisfy alocal Palais—Smaleon-
dition that will suffices to apply the usual variational techniques.

The hypotheses on the potentialare

F(x,u,v) = Fp.(x,u,v) = F(x,u, v) + AF3(x, u, v), (F11)
where F¢ is thecritical part of F; and FS is a subcritical perturbation, that verifiessJF
with r ands as in (1) or (3).

The hypotheses on the critical p#it are: There exist two constantsC > 0 such that

c(lulPs + [v|%) < FLCe,u, v)u + F(x, u, v)v < C([ulP* + |v|%), (FD)
c(lulP* + [v|7) <0, Fg(x, u, v)u + 64 FF(x, u, v)v — FS(x,u, v), (FS)

wheref, andé, are defined for the two cases insjfand (F).
For the subcritical perturbatioRs, we need also to impose the following condition,

Fo(x,u,v)u+ Fy(x,u, v)v < C(L+ [ul” + [v]*). (FD
We have the following theorem.

THEOREM11.15. Assume thar), satisfieqF;1) with FS satisfying(F,), (F3) with » ands
as in(3), (), (Fs) and (F3) and F°¢ satisfying(F7) and (F5). Then there exists a constant
A > 0such thatif A > A, F has a critical point inW17(£2) x Wk4(£2).

Finally, for sublinear perturbations we have the theorem.

THEOREM11.16. Assume thar), satisfieqF11) with FS satisfying(F»), (F3) with r ands
asin(1), (Fs), (F7) and(F3) and F°¢ satisfying(F7) and (F5). Then there exists a constant
A > 0 such thatif 0 < A < A, F has a nontrivial critical point Moreover if F is even
thenF has infinitely many critical points itV -7(§2) x W4(£2).
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12. Other results

In this section we collect more results for elliptic problems with nonlinear boundary con-
ditions.

v Brock in [23] prove the following isoperimetric result concerning eigenvalues of the
Steklov problem,

Au=0 in $2, 121
{3—“ Apu  0Nas2, (12.1)

v

wherep € L*®°(952) is positive.
THEOREM12.1. Let|£2| = |B(0, R)| and ; the sequence of eigenvalues(®f.1),then

N1 NeyRN-?
>

~ i~ Jiglpdo’

1=
v" In [41] Davila and Montenegro study nonnegative solutions of the problem

{Au:u in 2,

= —uP+ fx,u) onden{u> 0}
Remark that for this problemfeee boundaryappears, the solution is allowed to vanish on
some part of the boundary and hence it develops a free boundary, the boundary of the set
{u > 0} N 0£2. The authors show that, under adequate hypothes¢s there exists a non-

trivial maximal solution and also find conditions under which it develops a free boundary.
Also, some regularity results are provided.

v' Let us recall that in [38] it is proved the well-known maximum/antimaximum prin-
ciple for the linear Laplace operator with zero Dirichlet boundary condition. Denoting
by 11 the first eigenvalue of the Laplace operator (with zero Dirichlet boundary condi-
tion), it states thatdiven any positivés € L ($2), r > N, there existg = ¢(h) > 0 such
that every solution: of —Au = uu + h in 2 with u|3o = 0 satisfies eithen < 0 in 2
provided thatu1 < u < 1 + ¢ (@ntimaximum principle)or u > 0in 2 if u < u1” (Max-
imum principle).

Our main goal now is to extend the maximum/antimaximum principle to the case of
elliptic equations with nonlinear boundary conditions,

—Aut+u=h in$2,
{ (12.2)

W _u+g 0oNIK.

v

We have the following result, see [14] for a proof.

THEOREM12.2. Leth e L"(£2) andg € L*(32) withr > N/2ands > N — 1. Let

A:/ h(pldx+/ gy1do.
2 I8
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(1) If A > 0then there exists > 0 such that every solution of12.2) with A1 — ¢ <
A < A1 verifiesu > 0in £2 and every solution of12.2)with A1 < A < A1 + ¢ verifies
u<0in .

(2) If A <0 then there exists > 0 such that every solution dfL2.2) with A1 — ¢ <
A < Aq verifiesu < 0in £2 and every solution of12.2)with A1 < A < A1+ ¢ verifies
u>0in 2.

(3) If A=0then every solution of12.2)with 1 # A1 changes sign im2.

With respect to the proof of this theorem, we emphasize that the main idea is to look at
the problem from a bifurcation (from infinity) point of view like in [13].

Note that for the Neumann boundary condition we are just assuming tham L" (£2)
with r > N /2. This is in contrast with the case of Dirichlet boundary condition in [38]
where it is assumed > N. This strengthened assumption is necessary for the Dirichlet
case. Indeed, it is proved in [116] that there exists a positive fundtienL.” (£2) for
which the antimaximum principle does not hold; that is, the sgad&2) with » > N is
sharp for this principle.

We also have that.¥/2($2) and LN~1(32) are sharp for the antimaximum principle
in the case of Neumann boundary conditions. First, let us see that antimaximum principle
does not hold, in general, fare LN/2($2).

THEOREM 12.3. There exists a positive functione LY/2($2) such that the solution
of (12.2)with g = 0andA > )1 is positive somewhere i2.

Also, the hypothesig € LN ~1(3£2) is not sufficient to obtain the antimaximum princi-
ple.

THEOREM12.4. There exist a bounded domaihand a positive functiog € LN ~1(32)
such that the solution of12.2)with 2 =0 and A > A; is positive somewhere i2.

v The authors of [19] study questions of existence, uniqueness and continuous depen-
dence for semilinear elliptic equations with nonlinear boundary condit@mg,— Au > f
on £2, %y(u) € 0 onds2, where f € L1(£2). The nonlinearitiegd andy are maximal
monotone graphs iR. In particular, the authors obtain results concerning the continuous
dependence of the solutions on the nonlinearities in the problem, which in turn implies
analogous results for a related parabolic problem.

See also [9] and [12] where it is proved existence and uniqueness of solutions to equa-
tions of the formu — diva(x, Du(x)) = f in £2, supplied with the boundary condition
—% € B(u) on 32, wheref € L1(£2); andd/(dv,) is the Neumann boundary operator
associated ta, that is,du/dv, = {(a(x, Du(x)),n) and 8 is a maximal monotone graph
in R x R with 0 € 8(0). As a consequence of the existence—uniqueness result, the au-
thors associate an-complete accretive operator In'(£2) to the corresponding parabolic
equation, which permits them to study that equation from the point of view of nonlinear
semigroup theory.
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v Now, following [42], we deal with self-similar solutions of the porous medium equa-
tion in a half-space with a nonlinear boundary condition. We study existence and symmetry
of nonnegative solutions of the following problem

Au=u® inRY,

N (12.3)

fu—u  onaRY,

where O< o < 1. This elliptic problem appears naturally when one considers self-similar
blowing up solutions of the porous medium equatien> 1)

v, =Av" inRY x (0, T),
{ ! +x 0.1 (12.4)

S =y ondRY x (0, 7).
The blow-up problem for the porous medium equation has deserved a great deal of atten-
tion, see for example the survey [78]. In the study of blow-up problems, self-similar profiles
are used to study the fine asymptotic behavior of a solution of the parabolic equation near
its blow-up time. It often happens that the spatial shape of the solution near blow-up is
close to a self-similar profile, see [78].

In our case, assume thatx, r) is a solution of (12.4) with blow-up tim&. Then the
rescaled function(x, 1) = (T — t)Y/™=Dy(x, r) should converge as ' T to a stationary
profile z(x) satisfying

m__ 1 ; N
Az ==z |nR+,

B = onaRY,
as is often the case when dealing with parabolic problems. Tilen= cz(x)" is a so-
lution of (12.3) witha = 1/m for a suitable choice of the constantOn the other hand,
given a nonnegative solutiom(x) of (12.3), z(x) = (u(x)/c)¥™ gives rise to a special
solution to (12.4) (in self-similar form) blowing up at timE, of the formv(x,t) =

(T —1)~Ym=Dz(x). Remark that in our case the self-similar scaling does not change
the spatial variable, and hence the blow-up set is given by the suppgt)ofTherefore
there is an interest in studying self-similar profiles, in our case solutions of (12.3). In order
to motivate our study, let us recall what is known for the problem

v =AV" +v" inRN x (0, 7). (12.5)

Problem (12.5) admits self-similar solutions. In this case the profdgis a solution of

1
0=AZ"+7"———z inRV, (12.6)
m—1

One way to look for solutions of (12.6) is to search for radial ones. The existence of a
radial compactly supported nontrivial solution reduces to the study of an ODE and was
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done in [40]. Moreover, a symmetry analysis using moving planes implies that every solu-
tion with finite energy has compact support and is composed by a finite number of radial
“bumps” located such that their supports do not intersect, see [40].

Concerning the existence of solutions of (12.3), let us observe that in one space dimen-
sion we are facing an ODE that can be solved explicitly. It turns out that there exists only
one compactly supported solutionlity, u(x) = c1((c2 — x)4)%1=®)  Unfortunately, for
N > 2, an easy inspection of problem (12.3) shows that there is no hope to look for radial
solutions since they cannot verify the boundary condition. Therefore, in the case under
study, the elliptic problem remains a PDE that cannot be solved by ODE methods. How-
ever, the problem has still some natural symmetry in the tangential variables. In fact, if we
call a pointx € Rﬁ, x = (x’, xy) (x’ e RV-1), we can search for solutions that are radial
in the tangential variables, that is,

u(x) =u(]x'], xy). (12.7)
It has to be noted that this symmetry assumption does not reduce the problem to an ODE.
The first result of [42] reads as follows.

THEOREM 12.5. There exists a nontrivialnonnegative compactly supported solution
of (12.3)of the form(12.7).

Next, we use the moving planes device (with a moving plane parallel towtlirection)
to prove the following result that justifies our symmetry assumption in Theorem 12.5.

THEOREM 12.6. Letu € Hl(Rﬁ) be a nonnegative solution dfLl2.3) with connected
support Thenu is compactly supported and radial in the tangential variabtbat is it
has the form(12.7).

The problem of uniqueness of solutions to (12.3) with compact support remains open.
In the case of equation (12.6), it is known that solutions with compact support are unique
except for translations, but the argument relies strongly on ODE techniques.

When this analysis is performed we can obtain some easy corollaries concerning prob-
lem (12.4).

COROLLARY 12.1. Every nonnegative nontrivial solution ¢£2.4)blows up in finite time

The proof of this fact follows by contradiction. Assume thats a global nontrivial
solution. Asv is a supersolution of the porous medium equation its support expands, [123],
and eventually covers the support of a self-similar prafiléhe proof ends just with the use
of a comparison argument using a self-similar solution Witlarge enough as subsolution.

COROLLARY 12.2. There exists a solution fL2.4)with a blow-up set composed by an
arbitrary number of connected components

In fact, we may consider a self-similar solution with a profile) composed by: dis-
joint copies of the compactly supported solution provided by Theorem 12.5.
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v Now we study weak solutions for theLaplacian with a nonlinear boundary condi-
tion at resonance, see [101]. We look for conditions that provide existence of weak solu-
tions for the problem

{Apuz |ulP~2u + f(x,u) in £2, (12.8)

|Vu|P=23% = A ulP~2u — h(x,u) ONJL.

We assume that the perturbatiofis2 x R — R and%:92 x R — R are bounded
Carathéodory functions. In a variational approach, the functional associated to the prob-
lemis

J;L(u)zlf |Vu|pdx+E/ Iulpdx—ﬁf |u|? do
pPJe pPJ P Joae

—l—f F(x,u)dx~|—/ H(x,u)do,
2 082

whereF and H are primitives off andh with respect tas, respectively. Weak solutions
of (12.8) are critical points of; in W7 (£2).

Let us introduce some motivation to deal with (12.8). As we mentioned before, we will
say thati is an eigenvalue for thg-Laplacian with a nonlinear boundary condition if the
problem,

Apu=|u|"’_2u in £2,
(12.9)

|Vu|P=23% = 3 u|P~2u  onds2,

has nontrivial solutions. The set of solutions (called eigenfunctions) for a givenil

be denoted byA,. Resonance problems are well known in the literature. For exam-
ple, for the resonance problem for tipeLaplacian with Dirichlet boundary conditions

see [13,49] and references therein. In problem (12.8) we have a perturbation of the eigen-
value problem (12.9) given by the two nonlinear terf&, ) and i(x, u). Following

ideas from [49], we prove the following result, that establishes Landesman-Lazer-type
conditions on the nonlinear perturbation terms in order to have existence of weak solutions
for (12.8).

THEOREM 12.7. Let f* = Mo ioo f(x,1), BT = Iim,eigoh(x,t). Assume that
there exist_f € L9(2) and h € L9(382) such that|f(x,1)| < f Y(x,1) € 2 x R and
|h(x, )] <hV(x,t) €2 x R (whereq = p/p — 1). Also assume that either

(LL)j{:/ f+v+f htv
{v>0N42} {v>0Na$2}

+/ f_v+f h~v >0 forallve A;\{0}
{v<0Ns2} {v<0nas2}
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or

(LL);:/ f*v—i—/ hto
{v>0N$2} {v>0N0£2}

+/ v +/ h~v <0 forall ve A;\{0},
(v<0N$2} {v<0N3R)

then(12.8)has a weak solutian

Observe that in the case wherés not an eigenvalue the hypotheses trivially hold. The
integral conditions (of Landesman—Lazer type) that we imposeffand i are used to
prove a Palais—Smale condition for the functiodalassociated to the problem (12.8).
Observe that these conditions involve an integral balance (with the eingenfunctams
weights) betweery andk. Hence we allow perturbations both in the equation and in the
boundary condition.

Let us have a close look at the conditions for the first eigenvalue. As the first eigenvalue
is isolated and simple with an eigenfunction that does not change si@n(we call it ¢1
and assume; > 0 in £2) [100] and Section 6, the conditions involved in Theorem 12.7
for A1 read as

(LL); /Qf+¢1dx+fmh+¢lda>o and

ff‘¢1dx+/ h¢rdo <0
2 082

or
(LL);,: / f+q>1dx+/ ht¢p1do <0 and
o) a2

/ f_¢1dx+f h™¢1do > 0.
2 082

For this case). = A1, we will prove a more general result which improve the conditions
on f andh. In [13] the resonance problem for the Dirichlet problem was analyzed using
bifurcation theory. If we adapt the arguments of [13] to our situation, using bifurcation
techniques to deal with (12.8), we can improve the previous result by measuring the speed
and the form at whicly andi approaches the limitg* andi®, see [101] for the details.

v" We end this section with the study of theduspectrum and a resonance problem
for the p-Laplacian with an asymmetric nonlinearity at the nonlinear boundary condition.
We want to find existence results for elliptic problems involving theaplacian with a
nonlinear flux boundary condition. More precisely, we look for solutions of

{ Apu = A(x,u) in £2, (12.10)

|Vu|P=234 = B(x,u) onyg.
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We assume that (x, u) and B(x, u) behave like

Ax,u) = |u|"2u — f(x,u),
B, u)=a(u)’ ™t = B )P+ hix, w),

wheref andh are lower-order terms. Hence we are assuming that we deal with a resonance
problem with an asymmetric nonlinearity at the flux boundary condition.

To study this problem, as happens for the usual Dirichlet boundary conditions, we
first have to make an analysis of the associated spectrum. Ttik §pectrum for the
p-Laplacian with a nonlinear boundary condition is defined as thégemf (a, B) € R?
such that

Apu = ulP~2u in 2,
(12.11)

Vu P28 — o (u+)" " — )P~ onag

has a nontrivial solution. I&s = g = A then we arrive to our old friend, the eigenvalue
problem,
Apu:|u|p_2u in 2,
25 ) (12.12)
|VulP=258 = AMulP~u  onos2.

Let us go back to (12.11). We observe thatifs an eigenvalue for (12.12) then the
point (A, A) belongs toZ Moreover, the lineR x {11} and{r1} x R belong toEP, this
follows from the fact that the first eigenfunction is positive.

The main results for this problem can be summarized as follows: first we have a first
nontrivial curve |n2 We also have that the liné® x {11} and {11} x R are isolated
in E and that the curve is the first nontrivial curve. This implies in particular that this
curve passes through.2, A2) which yields a variational characterization of the second
eigenvaluel, by a mountain-pass procedure. The first curve is monotone and its asymp-
totic behavior is similar to the Dirichlet problem i < N and in the case > N it is
similar to the homogeneous Neumann problem. We also find a sequence of curves locally
around a suitable sequence of variational eigenvalugs.y).
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Abstract

We describe classical and recent results on the spectral theory of Schrédinger and Pauli
operators with singular electric and magnetic potentials.



Schrddinger operators with singular potentials 409
1. Introduction

Analogous to Newton’s equations, describing the motion of macroscopic bodies, from
falling apples to space crafts orbiting the Earth, the Schrédinger equation describes mi-
croscopic phenomena, from the simplest atoms to processes inside stars. The differential
operator appearing in the Schrédinger equation, the so-catledbdinger operatgrchar-
acterizes the physical system and it is therefore one of the most interesting objects in Math-
ematical Physics; its spectral theory has deep roots in nonrelativistic quantum mechanics.
A number of mathematical notions and theories were inspired by the needs of the theory
of the Schrédinger operator and its generalizations. Formally, the Schrddinger operator is
obtained from the Hamilton function describing the classical system by some vaguely de-
fined “quantization” procedure. So, if the classical Hamiltonialip, ¢) = p? + V(q),

p.q € R4 being the momenta and coordinates, the corresponding Schradinger operator
is H=—A + V(x) in L2(R%).1 A number of questions arise immediately, in particular,
about definingd as a self-adjoint operator in a proper Hilbert space and on determining its
spectral properties on qualitative and quantitative level. As a result of the activity of many
mathematicians starting in the 1950s, a rather complete set of answers to these questions
was found, under regularity conditions on the potentialmore and more relaxed with

time. Later, the researchers directed their interest also to the operators involving not only
an electric field with potentiaV/ (x) but also magnetic fields: the magnetic Schrédinger
and Pauli operators. Here passage from regular to more singular potentials presented even
harder mathematical problems. During the past several years, fundamental results con-
cerning Schrédinger and Pauli operators with very singular potentials were obtained. So
far these results are restricted to the qualitative questions of spectral theory, self-adjoint
realizations, semiboundedness, discreteness of the whole or the negative spectrum. The
guantitative results on the spectrum lag behind at the moment.

There are a number of sources dealing with the spectral theory of the Schrédinger oper-
ator. We name, first of all, the books [13,17,27,29,32,54,63,79,112-114,120,123,131] and
references therein.

An extensive presentation of the spectral theory, even restricted to the most important
operators in Mathematical Physics, would be far beyond the frames of a 100-pages review
paper. We decided to cover “extreme parts” of the theory. We describe the setting of the
main problems, some classical ideas and methods, and then pass to the most recent results
in the field, not pretending to cover the whole multitude. We concentrate in our exposi-
tion on the most singular cases. This means that we are interested in such results where
the conditions on the magnetic and electric potentials are relaxed, as far as possible. This
requires often a new understanding of the problem, new ideas, and always overcoming con-
siderable technical difficulties. In many cases the need for such extensions of mathematical
knowledge is inspired by physical and technical needs. This choice, however, restricts the
selection of the material to be presented in our review. We do not provide a survey, for
example, over the vast landscape of microlocal methods in spectral theory [58,123] (where
spectacular developments follow one another during the last decennia) since these methods

ITraditionally, both+V and—V occur in the notation. Not breaking the traditions, we apply both notations in
the text, specifying explicitly which one is used in a particular place, so this must not cause a confusion.
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require considerable regularity of the problem. We do not touch upon the exciting topic of
scattering theory describing the large time evolution of quantum systems; it surely deserves
separate expositions. We also leave aside such important fields as the theory of operators
with periodic, almost periodic and random coefficients, as well as the study of the asymp-
totic properties of eigenvalues and other spectral characteristics of Schrdodinger operators,
see, e.g., [120] for some basic facts and references about these topics.

Obviously, we cannot go into all technical details, which the interested reader has to
look for in the literature, but we try to explain the main ideas and the driving forces of the
proofs.

The structure of the chapter is the following. Part 1 (Sections 2—6) is devoted to the qual-
itative spectral analysis. We consider two central questions: how to define the Schrodinger-
type operator as a self-adjoint operator in a suitable Hilbert space, and what information of
the structure and location of the spectrum one can obtain.

We begin with a description of the three main objects considered in the chapter, the
Schradinger operator, the magnetic Schrédinger operator and the Pauli operator. Of course,
the first one is just a particular case of the second operator. However, not only the tradition
advises to consider the nonmagnetic operator as a separate object of study, but the results
for this operator are most complete and, at the same time, methods of the spectral analysis
are usually invented for the Schrodinger operator, and further adapted and extended to more
complicated cases. The Pauli operator is the first stage in taking into account relativistic
features: it involves the interaction of the spin with the magnetic field.

Having described our operators formally, we have to define them as self-adjoint opera-
tors in a Hilbert space. The operators are self-adjoint only formally, so the task is to de-
scribe the proper domain of definition and the action of the operators on this domain. Only
then one can develop the spectral theory. We discuss the general self-adjointness problem
in Section 3, where, in particular, we explain the perturbation approach. The comfortable
case here is when the operator, defined initially on some “nice” set, is essentially self-
adjoint, which means that there is just one “natural” self-adjoint realization of the operator.
This usually happens in “regular” situations. Recently, however, a substantial progress took
place even in this classical field, and we describe these results in Section 4.

In more singular cases, a less explicit method of quadratic forms is needed to define the
operator. It requires by far less regularity of the potentials. One can apply this method, not
only for defining the operator but also for studying its spectrum, as soon as the necessary
facts from the theory of functional spaces are obtained. These facts concern conditions
for certain functional inequalities to hold, relating the quadratic form of the operator (the
Sobolev space norm of the function, in the simplest case) and the norm of the function
in some weighted space. Physically, it amounts to controlling the potential energy of the
system by the kinetic one. The mathematical problem lies in the study of boundedness, in-
finitesimal boundedness and compactness of embeddings of Sobolev-type spaces in spaces
of functions square-integrable with respect to some specified measure. We devote a ma-
jor part of Section 5 to the explanation of basic facts and a description of the most recent
results in the field of such functional inequalities. Having abstract perturbation theorems
(presented in Section 3) at hand, one arrives at self-adjointness results.

Beginning from Section 6 we proceed to spectral theory. The questions addressed here
concern the qualitative structure of the spectrum: is the negative spectrum empty, finite,
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discrete, or is the whole spectrum discrete. In other words, it is aigemvaluesor bound
statesin the physical terminology.

Generally, if E is an eigenvalue of the operatéf describing the quantum system
andug is the corresponding eigenfunction, then the evolution of the system, governed
by the Schrddinger equationi% = H+r with the initial stateyr(0) = ug, has the form
¥ (t) = ug exp(—it E). Thus the (physically sensible) absolute value of the solution does
not depend om and the system is in a stationary (bound) state. Such states correspond to
closed orbits in Bohr’s classical theory of quantum systems. The study of eigenvalues of
Schrddinger-type operators is important for Physics and Chemistry, since they determine
the main properties of the physical systems. In Mathematics, the properties of eigenvalues
of various operators have deep relations in real and complex analysis, partial differential
equations, geometry, stochastic analysis and other topics.

One of the most powerful instruments in the qualitative, as well as in quantitative spec-
tral analysis, is th8irman—Schwinger principlehich relates the properties of eigenvalues
of Schrodinger-type operators to the properties of embedding operators. In Section 6 we
discuss this principle, and using results on embedding operators, we give answers to the
guestions above, starting from the most simple, classical ones, requiring a considerable
regularity of the potentials, up to the most recent developments related to much more sin-
gular situations. In some cases, the results we discuss here are final in the sense that they
give necessary and sufficient conditions for the spectral properties in question to hold.

The second part of the chapter is devoted to the quantitative spectral analysis of our op-
erators. Here, again, a selection of material was necessary, and our choice, of course, was
influenced by our own research interests. We present several topics concerning estimates
of eigenvalues of Schrddinger-type operators. Such results are important for physical ap-
plications, especially in quantum mechanics, and the corresponding formulas have deep
physical roots.

We consider thenegativeeigenvalues—E; of the Schrodinger-type operatofsy =
Ho—V (= —h?A — V) in L2(R%); heret is the Planck constant divided byt2Informa-
tion on their numbew (0; Hy) and their sum are important for physical applications.

From the “old quantum theory” one has the somewhat mydioAt—Sommerfeld quan-
tization conditiorthat “each nice set in the classigilase-spacwith volume (2n/)¢ can
accommodate one eigenstatefHf. Hence, heuristically, one expects that

N(©; Hy) ~ (2xth) / / dr d,
{(x,6)|H (x,£)<0}

whereH (x, £) = |£|2 — V (x) is the corresponding (classicafamilton function For the
standard Schrédinger operatern — V one obtains that

N@©O;—A=V)~LG, /R V@2 dx; (1.1)

here V,(x) = maxV(x),0}, and Lg’d = (2nh) 9w, is the classical constantwy; =
n?/2/ T (1+ %) denotes the volume of the unit ballRf, I'(«), & > 0, denotes the Gamma
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functionT («) = j(;’o 1“~1e~* dr, and the meaning of the symbelhas to be further speci-
fied. The right-hand side of (1.1) is usually referred to agese-space volume

It was only in the 1970s that this formula was mathematically justified. The result, the
CLR estimatestates that in dimensiors> 3 the left-hand side in (1.1) is estimated from
above by the right-hand side times some constant, depending on the diméosilynviz.

N(0; Hy) < Cy / Vi (x)2 d. (1.2
Rd

Estimate (1.2) belongs to the “singular” theory from the very beginning: the only condition
is finiteness of the integral on the right-hand side.

This estimate, as well as its generalizations to other operators, proved to be very helpful
in many problems in Spectral Theory and Mathematical Physics. To get a better under-
standing of it, improve the constant, and generalize it to other classes of operators, several
alternative proofs were proposed, using quite different mathematical machinery. We de-
scribe here, in Section 7, several approaches to proving (1.2), including the most recent,
and probably the most abstract one, based on the analysis of positive semigroups. Abstract-
ness of the method enables one to carry over the estimate to a wider class of operators,
including many operators with magnetic fields, discrete operators, operators on manifolds,
some relativistic operators, etc. We present also the recent important generalization of the
CLR estimate to the case of the Schrodinger operator acting in a space of vector-valued
functions.

One of the important applications of the CLR estimate lies in finding asymptotic for-
mulas forN (0; Hy) as some of the parameters tend to zeroxgt For instance, when
n — 0, one talks about theemiclassicabsymptotics, and the uniformness of the esti-
mate (1.2) was crucial in justifying the heuristic formula (1.1) asymptotically. It holds,
again, as long as the integral on the right-hand side is finite. On the other hand, one can
replaceV by gV, g being acoupling constantand get the asymptotics of (0; H,v) as
g — o0 [15,88],

N(0; Hgv)

lim p = 2nh)w, / Vi ()2 dx; (1.3)
/2 R

g—>00 g
this is the strong-coupling limit.

In proving this and many other asymptotic results, one usually establishes the asymp-
totics first for some nice, say, smooth and compactly supported potentials and then applies
the CLR estimate together with methods from perturbation theory of linear operators (see
Section A.11) to extend the asymptotics to all potentials. We do not discuss this kind of
asymptotic formulas in this chapter, referring the reader to [32,120] and references therein.

However, in relation to the asymptotics (1.3), the following question arises. Consider the
sum of the negative eigenvalues taken to some pgwei0,

Sya(V)= Y EY.

7Ej<0
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By means of formal integration in (1.3), one arrives at the asymptotics

- Sya(V) c d/2+y
g|L>moo WTV = L)/,d /H;d V+(x) dx (14)
with a certain constant?, ,. Is this, formally obtained, asymptotics correct?
; Vs . .
Information abouts, 4(V) and especially estimates of the form

Sy.a(V) < Lya /R Ve @E dr, (1.5)

which are called.ieb—Thirringinequalities, turned out to be crucial in the study of stabil-

ity of matter in nonrelativistic and relativistic quantum mechanics. Again, as soon as the
estimate (1.5) is established, the asymptotics of the form (1.4) follows by perturbational
reasoning. The physical applications require knowledge of the optimal constant, and it is
only recently that essential progress was made here. In Section 8 we discuss these, as well
as classical results in detail.

In Section 9 we present an abstract approach to obtaining eigenvalue estimates for oper-
ators with magnetic fields. The basic point here is an important propertgljaheagnetic
inequality, saying, in application to the magnetic Schrddinger operator, that the kernel of
the Green function of the heat semigroup generated by this operator is pointwise majorized
by the Green function of the analogous semigroup generated by the nonmagnetic opera-
tor. We discuss both classical and recently found methods for establishing diamagnetic
inequalities and present their use in spectral theory: any, sufficiently regular eigenvalue
estimate for the nonmagnetic operator is inherited by the magnetic one. This general ob-
servation fails, however, in the case of the Pauli operator, since it does not possess the
diamagnetic property, on the contraryparamagnetiqroperty is excepted, with the op-
posite monotonicity.

One of the complicating features for Pauli operators is the presence of so-paited
modes The Pauli operator, even without electric field, may have zero as an eigenvalue,
and its multiplicity, especially if it is infinite, influences significantly the behavior of the
spectrum under perturbations. We describe in Section 10 how these zero modes can arise
and present the latest results dealing with their study.

In Section 11 we consider the perturbed Pauli operator. Its spectral properties are con-
siderably more complicated and less known than the ones for the magnetic Schrédinger
operator. In particular, one must not expect that an analogy of the CLR estimate is valid
here. Lieb—Thirring-type inequalities are looked for, with stability of matter problems al-
ready waiting. Unlike the Schrddinger case, there is no natural candidate for the form of
such an inequality. We present the proof of the Lieb—Thirring inequality for the case of a
constant magnetic field, the hardest proof we have taken arisk to include, and then describe
the latest developments concerning Lieb—Thirring inequalities for nonconstant magnetic
fields.

The spectral theory of differential operators is based heavily on the abstract spectral the-
ory of operators in Hilbert spaces. We think, moreover, that the more abstract formulation
(or proof) of a result in the theory of partial differential equations is found, the deeper
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is the understanding of particular ideas and engines involved, and the more possibilities
exist to generalize the results. Therefore we try to emphasize, where possible, the abstract
operator theory content of the concrete considerations for differential operators.

We assume that the reader knows the basic facts about linear operator theory in Hilbert
spaces; we include in the Appendix some more specialized information, concerning
guadratic forms, variational description of the spectrum (e.g., Glazman’s lemma) and the
Birman—Schwinger principle, thus relating the spectral properties of the operator to prop-
erties of embeddings for Sobolev-type Hilbert spaces. The Appendix contains also some
useful facts from the theory of compact operators in Hilbert spaces. To the interested reader
we, nevertheless, strongly advise to preclude the study of the paper by a more fundamental
study of the abstract theory found in, say, [17,114] or [155].

2. Main operators

In this review we consider three important operators of Mathematical Physics: the
Schrédinger operator, the magnetic Schrodinger operator and the Pauli operator. We begin
by defining them formally, adifferential expressionsr differential operationswithout
discussing particular regularity conditions for coefficients, reserving the apedcatorto
operators in a Hilbert space, with a specified domain.

The Laplacian. The (negative) Laplace operator Rf is denoted by—A. The Hilbert
space usually will be.2(R?) with Lebesgue measurerdWe consider also theaplace—
Beltrami operatoron Riemannian manifolds. Given a manifald with metric tensorg ;.

in local coordinates, we define the Laplace—Beltrami operaty as

—A — 1/223 g]k 1/2 (21)

where {g/¥} is the matrix, inverse tdg .}, and g = detg;x. The Hilbert space here is
L?(M, p(dx)), where the Riemannian measuréas local densitg/2.

Magnetic Laplacian. Let A(x) = (A;(x))j=1...« be a real vector-valued function
in R?, called themagnetic potential The components of thmagnetic gradienv 4 =
(P1,...,Pg) areP; = P; 4 =0; +1iA;(x) and the magnetic Laplacian is defined by the
differential operation

A== P2= 3 (0 +i4,;00) (2.2)
j j

The matrix-valued function (in fact, distributioB)= curl A = {B,k} =1 Bjx =0 A —
dAj), is called themagnetic fieldUnder certain, rather weak, regularlty conditions, op-
erators corresponding to different magnetic potentials but the same magneti fedd
related by a unitary equivalence relation, aige transformation

—Ag=e"7(—A )€, (2.3)
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provided

Vo=A—-A,  VxA=VxA (2.4)

This equivalence is discussed in [71,72]. The gagigaust be a function irLlloc. If such
an equivalence takes place, the operators with magnetic potemiaﬁs describe “the
same physics” since it is only the absolute value of the wave function that has physical
meaning. If, however, the gaugeneeded to formally transformA 4 to —A 7 is more
singular, then the corresponding operators are not necessarily unitary equivalent; the most
interesting example here is the Aharonov—Bohm effect, to be discussed later on.

For dimensiord = 3, since there are only three independent nonzero componeBis in
one can compose a vectBy settingB; = B3, B» = B31, B3 = B12 which is also called
the magnetic field.

In dimensiond = 2 the magnetic field is reduced to just one elemer8,= B1> =
d2A1 — 01A2. The same happens in the three-dimensional case, provided the field has
constant direction, say, along the-axis, and here one can find a gauge whetéia-
(A1(x1, x2), A2(x1, x2), 0).

To define the magnetic Laplacian on a Riemannian manifold, it is convenient to consider
the magnetic potential as a real 1-forn=)_ A; dx; in local coordinates. The magnetic
differential

dgiurdu+iuAd

maps functions to 1-forms, in other words, it defines a connection on the trivial linear
bundle overM. Denoting the adjoint (with respect to the scalar product in the space of
forms, (o, B) = [ g/*a; frg"/? dx) differential as ¢, (it maps 1-forms to functions), the
magnetic Laplacian is defined as

—A g =d%da. (2.5)

The magnetic field in this representation is a 2-fofth= d.A, the curvature of the
connection. On manifolds, even for regular magnetic potentiglsi, the equality of

the corresponding magnetic fields does not necessarily imply gauge equivalence of the
corresponding operators: the topology of the maniftddmay create obstacles for this.

More exactly, if the first co-homology group @f is nontrivial, the equality d = dA

does not necessarily imply existence of a smooth funetisach that ¢ = A— A Inthe

cases when itis possible, in particular, in the Euclidean space for sufficiently regular mag-
netic potential, one chooses the gauge in some convenient way, say to preserve a certain
symmetry or to require’dd = 0 — the so-calle€oulomb gauge

Pauli operator. We consider the Pauli operator in the most important casesdi=.2
andd = 3, and only for the Euclidean space.
Leto;, j =1, 2,3, be the Pauli matrices

(001 (0 i (10
=\1 0)0 27 o) T\o -1)
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satisfying the anticommutation relationgoy + oxoj = 2811, and leto = (o1, 02, 03).
For the magnetic potentiad = (A1, A2, A3), the Pauli operator is defined as

Pa=—(0-(V+id)’=—(V+id?+0 B, (2.6)

in dimension 3, with obvious modification for dimension 2.

Thus, the Pauli operator acts on two-component vector-valued functions and differs just
by a matrix termp - 5 from the magnetic Laplacian. In dimension 2 as well as in dimen-
sion 3 with magnetic field having constant direction, in the proper gauge the Pauli operator
splits into the direct sum of two magnetic Schddinger operators

P4 = Diag(—(V +i.4)? £ B). (2.7)

In dimension 2 the Pauli operator admits another representation, a convenient factoriza-
tion (temporarily, just formally),

([ 9+0- 0
PA_( 0 Q+Q—>’ (2:8)

whereQy = (91 +1A1) £i(d2 +iA>), provided the Coulomb gauge diy= 0 is chosen.

Operators with electric potential. The operators defined above, with or without magnetic
field, will be perturbed by an electric field. The elecpimtential henceforth denoted by,

will be a real-valued measurable function or, possibly, a signed measure (in the latter case
we also denote it by). If V is a function, the differential operation will be denoted by
Hpyv=Ha+V (or Hgy = Hy— V), whereH 4 is the magnetic Laplaciar A 4 (the

usual Laplacian, if4 = 0), or the Pauli operatdP 4. We keep the same formal notation
even in the case df being a measure.

3. Self-adjointness

We discuss in this section the problem of defining operators, whose spectral properties
are to be analyzed later. The most important observation here, as well as in other related
problems is that the key instrument in spectral analysis of differential operators is given by

functional inequalities

3.1. Essential self-adjointness

The first task one encounters when studying the differential expressions described above is
to associate to them some self-adjoint operators in proper Hilbert spaces, which includes
defining directly or indirectly the domain of the operator and the action of the operator
on the functions in this domain. The requirement of operators being self-adjoint follows
from the condition of unitarity of the time evolution for the linear Schrédinger equation
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—i % = Hy, whereH is the operator in question. See the discussion in [112], Section X.1,
on the physical meaning of self-adjointness.

In very few cases one can approach this task directly. Thus, for the (negative) Lapla-
cian in L2(R?), the Fourier transform establishes self-adjointness of the operator on the
domain®(—A) = H2(R%), the Sobolev spaceHowever, as soon as variable coefficients
are present, such a direct approach does not work.

In more or less regular situations, one considers, for a given differential exprdgsion
a symmetric operataif ® defined on some dense subsp@n the Hilbert spacé.2. Most
often, the space of compactly supported smooth functignserves as this initial domain.
Then one applies thelosureprocedure. This means that one considers the closuf¥ of
with respect to the norru||%, = | Hu||? + |lu]|2. The operatot® extends by continuity
to this new domain, and may turn out to be self-adjoint there. In the affirmative case we say
that the operatoH? is essentially self-adjointon ©°) and this means that there is just one
“natural” self-adjoint operator corresponding to the differential operation under scrutiny.

To implement this approach, one, first of all, needs that the coefficients of the opera-
tor are sufficiently regular, so that the differential expression, when acting on compactly
supported smooth functions, produces functionsanThus, since the magnetic Laplacian
can be represented as

—Aqu=—Au—20A-Vu+ (idiv A+ |AP)u, (3.1)
the componentd ; of the magnetic potential must satisfy (see [72])
dvAeL?, AelLps (3.2)

and, additionally3 = curl A Lﬁ)c for the Pauli operator. The condition for the electric
potential here i/ € Lﬁ)c. For potentials having stronger but localized singularities, one
can try considering a smaller initial doma®P of the operator, defining it on compactly
supported smooth functions whose support does not touch the points of singularity of the
coefficients.

If the operatorH® can be defined in this way, it is symmetric, and the next task is to
prove its essential self-adjointness. In Section 4 we will discuss some methods one uses to
show this as well as some classical and recent results.

If the operatorH? is not (proved to be) essentially self-adjoint, there may be an infinite
set of self-adjoint extensions, the most interesting of which usually are realized by means
of boundary conditions at singular points or at infinity. An extensive discussion of this
topic can be found in [112], Section X.1. The important example we will consider in this
chapter is the Aharonov—Bohm operator; see Sections 3.2 and 9.3.

For more singular potentials one even cannot define the action of the initial op&iator
on compactly supported smooth functions, since formally applying the differential oper-
ation to such functions results in functions outsideor even not functions. This means
that the self-adjoint operator corresponding to the differential expression in question must

2Breaking the tradition, we denote Sobolev spaces by the boldfaceHetidre regularH is too overloaded in
this field.
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be somehow defined on nonsmooth functions. Being applied to the functions in the proper
domain in the sense of distributions, the operation produces a sum of several distributions,
such that being added together, strong singularities somehow cancel, resulting in a function
that belongs td.2; say, for the Schrédinger operaterA + V with V not in Lﬁ)c (or even

a measure) one can consider thaximaloperator defined on such functionss L? that

both —Au andVu make sense as distributions and their sum belong$ t@he maximal
operatorH M thus defined, is, generally, not symmetric, and to obtain a self-adjoint oper-
ator one has teestrict HM®to some smaller domain. Since the description of the domain

of the maximal operator is rather implicit, this approach is not very productive.

As in many other cases, a perturbation approach is rather efficient here. If we are given
an operatorHy which is already known to be essentially self-adjoint and we can show
that the perturbationy in our case, is in a certain sense weaker thgnthen the proper
perturbation theorem assures that the perturbed opefaarV, is essentially self-adjoint
on a certain domain, sometimes even describing explicitly the domain of the self-adjoint
extension.

The first basic result here is the Kato—Rellich theorem (see, e.g., [112], Theorem X.12).

DEFINITION 3.1. LetS andT be densely defined operators in a Hilbert space. Suppose
that®(S) D ©(T) and, for certain positive numbers b and all elements iD(T), the
inequality

ISull® < allTull® + bllul? (3.3)
holds or, what is equivalent,
[ Sull <allTull +bjul (3.4)

(with some otheb). Then the operatas is calledbounded with respect t6 (or, shorter,
T-bounded) with relative bound. If for any positivea, a numberb exists such that
(3.4) holds, the operatdr is calledinfinitesimallyT -bounded

THEOREM 3.2 (Kato—Rellich (with addition by Wiist))Let T be a self-adjoint operator
Suppose that the symmetric operafois T-bounded with relative bound smaller than
Then the operator + S is self-adjoint with® (T + §) = ©(T) and essentially self-adjoint
on any subspace whef® is essentially self-adjointf the relative bound equal$, the
operatorT + S is essentially self-adjoint o® (7).

Thus, if the relative bound equals one, the theorem does not give a direct description of
the domain of the self-adjoint extension of the operdter S.

As a classical example demonstrating how the Kato—Rellich theorem works, we consider
the Schrédinger operator ®R® [61].

ExaMPLE 3.3 (Kato's theorem). Suppose thiédtcan be represented as a siin+ Vo,
where V1, V» are real-valued functions, such tHate L2, Vo € L® (henceforth this will
be denoted by € L? + L>°). Then the operatorA + V is self-adjoint orH?(R?) and
essentially self-adjoint o7 (R3).
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The proof is based on ambedding theorenfror anya > 0 there exists & such that
lullL < allAullp2 + bllull 2
for anyu € 2(R3) (see, e.g., [112], Theorem 1X.28). This inequality, together with
IVullpz < Vallp2llullze + [[Vallpe llull 2,

gives (3.4). So, the operator of multiplication Byis infinitesimally — A-bounded, and
the Kato—Rellich theorem applies. This example hints that in more general situations,
one needs more advanced functional inequalities (embedding theorems) to establish self-
adjointness.

The condition of the perturbation being relatively bounded is rather restrictive. In partic-
ular, it is not fulfilled if the potential/ tends to+oo or —oo at infinity. Important examples
here are the harmonic oscillatér= c|x|? and the Stark potential (a constant electric field,
V(x) =k - x). We will discuss the advanced methods for handling such situations in Sec-
tion 4.

3.2. Quadratic forms

As it was mentioned above, the Schrédinger operatprin R¢ can be defined o (R?)
only providedV e Lﬁ)c. If the potentialV has stronger local singularities, or especially, if
it is a measure, not absolutely continuous with respect to the Lebesgue (or Riemannian)
measure, one cannot apply the differential operation to arbitrary functio@g{) and
therefore the direct definition of the minimal operator (which we plan to extend further)
encounters obstacles. The powerful method to handle such singular situations, as well as
operators with magnetic fields, is the method of quadratic forms.

First, some abstract theory. Having a self-adjoint operatorith domain® (H), un-
der the condition tha#{ is lower semibounded(Hu, u) > —C|u||? for someC > 0,
one can consider thquadratic form hlu] = (Hu,u),u € ®(H). The quadratic form
h can be extended by continuity to the clos@eéh) of ©(H) with respect to the met-
ric hlu] + (C + 1)|u||2. The resulting quadratic form will be denoted Iy (H), and
its domain® (h) also byQ(H). Thus the quadratic form can be constructed if the self-
adjoint semibounded operatéf is given. An important fact in operator theory is that the
inverse construction also works. Having a quadratic form defined on some dense subspace,
satisfying certain conditions specified below, one can, in a unique way, associate to it a self-
adjoint operator. The conditions are the following. To justify the name “quadratic form”,
h must be positively homogeneows$;u] = |¢|2h[u]. The parallelogram identity must hold,
blu + v] + blu — v] = 2h[u] + 2p[v]; the necessity of these conditions follows automati-
cally from the relatioy[u] = (Hu, u). Furthermore, the form must be lower semibounded
and, the last but the hardest to check, it mustlbsed the latter means that for a sequence
of elements:; € ©(h), the relationg|u; — u| — 0 andblu; — ur] — 0 imply u € D(h)
andhlu; —u] — 0. If these conditions hold, a canonical procedure enables one to con-
struct the unique self-adjoint operatdrsuch thaty = Q F (H). First, one has to construct
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the sesquilinear form[u, v] corresponding to the quadratic form, by means of the polar-
ization identity, see, e.g., [155], Theorem 1.6, and secondly, one defines the domain of the
operatorH as consisting of such € ©(h) that the functionad, [v] = b[v, u] defined for

v € D(h), is bounded in the basic Hilbert space. For sucthe action of the operatdi

on the element is defined by means of identity, Hu) = h[v, u]; the elemenH u exists

and is unique, due to the Riesz representation theorem.

Thus, in concrete situations, in order to define the operator having a quadratic form,
one has to prove that the quadratic form is semibounded and closed (homogeneity and
the parallelogram identity usually can be verified immediately). However, the closedness
condition can be relaxed. We say that the fdyfn defined on the dense linear th°)
is closableif for any sequence; € D(H9), lujll = 0O, the property)o[uj —ur] — 0im-
plies ho[uj] — 0. If the form is closable, one can consider, as we have done it with the
form (Hu, u) above, the closure @ (h°) in the metrich[u] + C||u||% with properC. The
form h° extends there by continuity to a closed fohmClosability of a quadratic form is
much easier to establish than closedness, however, in singular situations even this can be
a hard technical task. We present here two examples; the first one shows how the proof of
closability usually goes in simple cases, the second produces a form which is not closable.

EXAMPLE 3.4. LetV > 1 be a real-valued function irZLlloc(Rd). Consider the form

HOlu] = [(IVul? + V]u|?) dx, with domain®(h%) = Z(R¢). Supposing thah®[u; —

ur] — 0, we can deduce, from known completeness of the Sobolev $phend the
weighted spacéL‘Z/, that the sequence; converges to som&1 in the Sobolev norm, as

well as it converges to sonté in the norm ofL2.. At the same time, sinae; converges to

zero inL?, there is a subsequence which converges to zero almost everywhere. Taking yet
another subsequence, we find that it convergds;talmost everywhere, when@& = 0.

Finally, convergence ii! implies convergence i?, sou; — Uz in L? and therefore
U1=0.In conclusionbo[u‘,] — 0 and therefore closability is proved.

The crucial point in the reasoning above was the possibility of separating the terms in
the formh? and therefore enabling one to use already known completeness of Sobolev and
weightedL? spaces. This trick does not go through if we drop the condition of positivity
of the potentialV. We will see later how one handles this case.

Now, the second example.

ExAMPLE 3.5. Let hO[u] = |u(x0)|?, D(h%) = 2(R?), where xg is some fixed point
in RY. Fix some functiong € 2(R?), such that¢(0) = 1. Consider the sequence
uj(x) =¢(j(x —xp)). This sequence converges to zerdf ho[uj — uy] =0, however
ho[u.,] - 0, and therefore the form is not closable.

The method of forms enables one to construct certain special self-adjoint extensions
of symmetricsemibounded operators. Having such an oper&tdwith domain® (H%),
one considers the fort[u] = (Hu, u) with domain®(h°) = D (H°). This form is auto-
matically closable (see, for example, [112], Theorem X.23, and [13]) and by closing the
form and then finding the corresponding self-adjoint operator, we obtain the self-adjoint
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operator which is called theriedrichs extensiof the symmetric operatat?®. Quite of-

ten (but not always) this extension turns out to be the most physically reasonable of all

extensions. It is the absence of the Friedrichs extension that is one of the serious obstacles

in the study of nonsemibounded operators, for example, Dirac and Maxwell operators.
When considering the magnetic Laplacian and Pauli operators without electric potential,

the quadratic forms used to define the operators are respectively

h&[u]=f |V +iAul?dx (3.5)
R4
and
p94[u] = / 1|cr - (Vu + iAu)|2dx (3.6)
R{

defined on the initial domai (R¢). These expressions are obtained by formal integration
by parts in quadratic forms of the magnetic Laplacian and Pauli operators described in Sec-
tion 2. If the magnetic field is sufficiently regular, so that the minimal symmetric operators
can be defined o (RY), these forms, after closure, produce the same self-adjoint opera-
tors as the ones obtained above by means of the procedure of closing symmetric operators.
If, however, these regularity conditions are broken, it is the quadratic forms (3.5)
and (3.6) that must be used directly to define the operator. The conditions on the forms
can be considerably relaxed. It suffices that the componepisf the magnetic field be-
long locally to L?; this is the natural requirement for the forms to be definedZgRR?).
It is rather easy (however, involving some technical tricks) to prove that for such magnetic
potentials the forms (3.5) and (3.6) are closable (see, for example, [136]) and therefore de-
fine self-adjoint operators. The same proof applies to the case of operators on Riemannian
manifolds, with the form (3.5) modified accordingly [20]. In the case of more singular mag-
netic potentials, one chooses the same expression for the form, but with different domain.
For example, for the Aharonov—Bohm magnetic potenti@#{5],

2

Alxt, x2) = a(xor 2, —xar ), r=(xF+x3) 77, (3.7)

which does not belong tblzoc, one may consider, as the domain of the quadratic form, the
subspaceZ(R? \ {0}), which produces a self-adjoint operator, denctetiag, identical to

the Friedrichs extension of the symmetric operator defined on the same domain. Alterna-
tively, as a maximal domain for the quadratic form, one may take such funatiens?

for which (Vu +i.Au) € L2. This procedure generates another self-adjoint operator. In
fact, there is a four-parameter family of self-adjoint operators corresponding to the same
differential expression, and many of them have physical sense; see, e.g., the discussion in
[3,122,148].

As soon as the electric potentitlis present, some additional perturbational reasoning
must be used. Example 3.4 shows how to handle the case of a positive potential, but it is
more convenient to give an abstract formulation, including, among others, the following
case.
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PROPOSITION 3.6. Let the semibounded fornis;[u] with domains®(h;), j = 1,2,
be closableand let®(h1) N D(h2) be denseThen the formh = h1 + h2 with domain
D(h1) ND(h2) is closable

PROOF. Since both formg); are semibounded, for a sequenges ©(h1) N D(h2) the
relationf[uy — u;]1 — O impliesh ;[ux — u;]1 — 0, and therefore, closability ¢f; implies
thath ;[ux] — 0 and, finally,h[uz] — O. O

For the Schrodinger or Pauli operators with lower semibounded electric poterttiig
fact enables one to define the self-adjoint operator provld@dLﬁJC. If V is even more
singular, i.e., itis a measugeincluding a singular component, the forfnu|2p(dx) is not
closable orZ (it can be shown similarly to Example 3.5), and this limits the applicability
of the proposition.

In order to handle such singular situations, one has to modify Proposition 3.6 in the
following way. Having a closable form, defined on®(t), we say that the forns, not
necessarily semiboundedefined on an dense s@t(s) C ®(t) is closable with respect
to t if for any sequenca; € D(s), the relationguy || — O, t{ux] — 0 ands[uy — u;] — O,

k,1 — oo, imply s[uz] — O. In particular, if the forns is bounded with respect tQ which
means thats[u]| < at[u] + b|lul/? u € D(s), it is automatically closable with respecttto

This notion enables one to establish a perturbation criterion for closedness of quadratic
forms, which generalizes the KLMN theorem (see [112], Theorem X.17).

THEOREM 3.7 (KLMN). Let t with domain®(t) be a semibounded closable quadratic
form; let the forms be closable with respect toand moreoverassume that

s[u] > —at[u] — bl|ul|? (3.8)

holds for some < 1 and some, for all u € ©(t). Then the form + s is semibounded and
closable oD (t), and thus defines a unique self-adjoint operator

The KLMN theorem in its usual formulation requires, in addition to (3.8), a similar
estimate from above, which can be a too restrictive condition.

PROOF OFTHEOREM 3.7. One can just repeat the reasoning in the proof of KLMN the-
orem in [112]. In fact, the estimate (3.8) implies that the far#ns is semibounded from
below and that

(t+8)[u] > (1 — a)tfu] — bllu]?. (3.9)

So, if we have a sequeneg such thatj|u|| — 0 and(t + s)[ux — u;] — 0, (3.9) gives
us thatt[ux — u;] — 0. Now, sincet is closablef[u;] — 0 and, finally, relative closability
of s implies thats[u;] — 0. O

In Section 5 we will discuss some recent results concerning finding concrete analytical
conditions for relative closedness and for estimates of the form (3.8). Here we just give a
simple example.
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EXAMPLE 3.8. Letd >3,V e L} (R?), and let its negative pabt_ belong toL4/?(R).
Then the form

f)v[u]=/Rd(|VM|2+V|M|2)dx (3.10)

is semibounded and closable @nand thus defines a unique self-adjoint operator.

The main analytical fact in the study of this example is8wbolev inequalitysee, e.g.,
[91,112]), viz.

d

2/q
/ |Vu|2dx>Cd(/ |u|qu> forue@(Rd);qz—. (3.11)
R4 R4 d—2

Fix someK such that/((V — K)_)¥/2dx < (2C4)~4/2. Then, using tha¥ > —K —
(V — K)_, the Holder inequality and the Sobolev inequality, in this order, yield

f V|u|2dx>—K||u||§2—/ (V — K_)ul*dx
R4 R4

~ 2 B 42 2/d . 2/q
z —K|ull7, ((V—=K)-)""dx |ue|7 dx
R4 R4

1
> =Kl — 5 [ 1vale.

Thus one of the hypotheses of Theorem 3.7 is satisfied. To check relative closedness is now
easy.

Finally, we compare the conditions imposedWrby the Kato—Rellich theorem and by
the quadratic form method in the case of dimensiog 3. The Kato—Rellich approach,
see Example 3.3, requires that the potential belongs’t¢- L°°. On the other hand, the
quadratic form definition can be applied providede L%, with V_ e L¥2. Thus the
restrictions on the growth of the potential and on the strength of singularities are both
considerably relaxed. On the other hand, the quadratic form approach gives a rather implicit
description of the domain of the self-adjoint operator and of the action of the operator on
the functions in this domain.

In the next example we present a perturbation which is not closable and which is not
bounded with respect to the leading form but, nevertheless, is closable with respect to the
leading term, and thus the Schrédinger operator can be defined.

EXAMPLE 3.9. Letd = 1 andt[u] = [p: |u'[?dx, D(t) = Z(RY). Define the measure
on the line,p = Y, n28(x — n). Then the forms[u] = [ |u|?dp is closable with respect
to t. Since it is semibounded, the sum s defines a self-adjoint operator irf (R1), which
is natural to associate to the differential operatief/dx2 + p.
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It is easy to show that the formis not closable inL?; just repeat the construction in
Example 3.5. To prove that it is closable with respedt twe use the inequality: (xg)|? <
[1u')?dx + [ |ul?dx,u € 2(RY) (the easiest way to prove it is to apply to the right-hand
side of

2 o -
’u(xo)’ =2/ Eﬁ(u u)dx,

the Cauchy—Schwartz inequality). Therefore, having a sequencguch thatju ;|| — O,
tfu;1 — 0 ands[u; — ux] — 0, we can verify that:;(n) — O for eachn. Denote byU;
the sequenceu ;(n),n € Z. Sinces[u; — ux] — 0, U; is a Cauchy sequence iR, and
therefore it converges itf to someUy, s[uj —uol — 0. It follows thatu ; (n) — ug(n) for
all » and thereforeg(n) = 0, whences[u ;] — 0.

In Section 5.2 we discuss general closability conditions.

When we pass to operators with magnetic fields, it is again certain inequalities that
play a crucial part. The main principle is that the presence of the magnetic field for the
Schrédinger operator improves the crucial estimates. The most simple realization of this
diamagneticityprinciple is the “weak diamagnetic inequality”.

PROPOSITION3.10. If A€ L2 (RY) andu € 2(R?), then

loc
/ |Vu+iAu|2dx>/ |V ]ul|* dx. (3.12)
R4 R4

The short proof of (3.12) can be found in [133] (see also [138], p. 2). It follows
from (3.12), in particular, that if a fOl’rTf|u|2p(dx) for some (signed) measuye (or,
for a usual potentiaV (x), the form [ lu|?V dx) is relatively bounded with certain bound
or relatively closed with respect to the forfy Vu|?dx, the same is true with respect to the
magnetic Dirichlet form. Thus, if for some electric potential, the self-adjoint extension can
be constructed by the quadratic form method for the nonmagnetic Schrodinger operator, it
can be constructed for the magnetic Schrédinger operator as well. In fact, a much stronger
version of the diamagnetic inequality can be proved (see Section 9.2), and in Section 9.5
we will show its applications in spectral theory. A much more hard task is to find out how
the situationimproveswhen the magnetic field is being switched on. We discuss some
recent results in Section 9.4.

For the Pauli operator, even the weak version of the diamagnetic inequality does not
hold. The most direct way to handle the problem of defining the self-adjoint extension here
is using the relation (2.6), connecting the Pauli operator with the magnetic Schrédinger
operator. Thus, in dimension 2, if we wish to define the Pauli operator with magnetic
potential A, magnetic fieldB and electric fieldV, it is sufficient to solve this problem for
the magnetic Schrodinger operator with electric potentials B andV — B (recall that
here the magnetic field has only two nonzero componeni, In the three-dimensional
case one can consider operators with electric field B, whereB. are the eigenvalues
of the matrixo - B. A deeper analysis of the interaction of the electric and magnetic fields
gives more exact results, and we present some of them in Section 6.4.
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For the case when no electric potential is present, there is a more direct way of under-
standing how the quadratic form method for defining operators works.

For the magnetic Laplaciah A 4 on a manifoldM, with magnetic potentiald belong-
ing to Lﬁ)c, we can consider the magnetic gradi&)f as an operator acting from some
spacevg of smooth sections of the trivial linear bundle]l.tf{)C sections of the bundle of
1-forms. One can show that such an operator is closable, and we denote its closure by
V 4(00). The domairpg can be chosen, generally, in different ways. In particular, we can
takedg as Z, and this gives us thminimal operatorVﬂi”. On the other hand, one might
have taken asg the space o#ll smooth functions: € L2 on M such thatV 4u € L?, the
corresponding closure being timeaximal operatorvjax. Whatever domaing is cho-
sen, the process of closing the operatj is the same as the process of closing the
quadratic formp[u] = [ |V qu|2dx = (V4qu, V. 4u); it is the completion ofog with re-
spect to the same metric. Thus, the operator corresponding to the closure of the quadratic
form p[u] is the same as the operatar, (0p) = V4(00)*V_4(00), and the latter operator
is automatically self-adjoint. Without magnetic field, since every function in the maxi-
mal domainH! can be approximated iH? by finitely supported functions, the maximal
and minimal quadratic forms and therefore the maximal and minimal operators coincide.
A similar approximation approach works also for the magnetic operator in the Euclidean
space [29,136]. Here, however, certain additional technicalities occur, since a priori it is
not even clear that bounded functions form a dense set in the maximal domain, and this
boundedness is important for approximating functions in this maximal domain by cut-offs
with compact supports. Here the diamagnetic inequality (see Section 9.2) is crucial. For
general Riemannian manifolds the equality of minimal and maximal quadratic forms is
still an open question.

The representation (2.8) enables one to use the same reasoning for the Pauli operator
in R2. On some spaci of 2-component smooth functions= (u,., u_)" onR? consider
the first-order operato® (u4,u_)" = (Q_u_, Q4u,)'. The closure of this operator, as
before, produces the closed operafbe= Q (00), with domain coinciding with the domain
of the closure of the quadratic forfrQu |2 defined originally ordg. Thus the Pauli opera-
tor can be defined aB 4 = P 4(ho) = Q* Q, which is automatically self-adjoint. There is
no diamagnetic inequality for the Pauli operator, so one must not expect that without addi-
tional conditions imposed on the magnetic potential, the maximal operator coincides with
the minimal one. This is surely not the case for very singular magnetic fields, for example,
the Aharonov—Bohm one; see Section 9.3.

In dimension 3 there is no analogy of the factorization (2.8) of the Pauli operator. Proba-
bly, the most natural way to construct the self-adjoint operator is to consider it as the square
of the self-adjoint Dirac operatd = o - (V + i.A), thus corresponding to the quadratic
form [|o - (V + iA)u|?dx. In this setting one must use the fact that foe L%C the Dirac
operator is essentially self-adjoint an (see, e.g., [51,149], wherein it was proved for
smooth magnetic field, but the reasoning works.foe Lﬁm as well [129]). So, the Pauli
operator is the square of the self-adjoint Dirac operator, and this definition coincides with
the quadratic form approach. Note that the same reasoning gives a self-adjoint extension
for the Pauli operator in dimension 2.
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4. Essential self-adjointness

We discuss here the methods for proving self-adjointness of Schrédinger-type operators
and present some recent results on this topic.

4.1. Evolution equation approach

Having a symmetric densely defined operatdr with domain®(H), it is rather un-
practical to try to prove essential self-adjointnesstbfoy directly using the definition
D(H) =D(H*), since, generally, it is rather hard to find an explicit descriptio® o )

and, especially, o (H*). In the case (we are interested in) when the leading teri of

is a second-order elliptic differential operator with smooth coefficients and the lower-order
terms are not too singular, locally the domaieH) and® (H*) coincide, they consist of
functions inHZ ..

It is the behavior at infinity, or at singular points which may distinguish between these
domains, and it is far from being easy to describe explicitly such “boundary conditions”.
Thus, probably, the technically easiest approach to proving essential self-adjointness is
based on the analysis of Cauchy problemsdenlution equationselated toH and H*,
since it is often only local effects that are important here. The following exposition follows
essentially the one in [128], where one can find further details.

On the abstract level, the relation between self-adjointness and evolution equations is
explained by the following statement, due to Povzner [107] (the abstract version is found
in [12], p. 388).

ProPOSITION4.1. Let H be a(lower) semibounded densely defined symmetric operator
Suppose that the abstract wave equation

v'=—H"Y, ¥(0)=uo, ¥'(0)=u1; uo, us € 9(H), (4.1)

has a unique solution i (H*); here derivatives are understood in the strong seiiken
the operatorH is essentially self-adjoint

The idea of the proof is as follows. H is not essentially self-adjoint, then it has at least
two different self-adjoint extension&]® and H @, which both are restrictions @i *. For
each extension, the solution of (4.1) exists, and is given by the formula

. , sinv H(Wt
v (1) = cosv HDrug + — = (4.2)
HU

(the choice of the square root does not matter because both functighs)ae sirgir) /A
are even). The difference of solutions in (4.2) gives a nonzero solution of (4.1), thus unique-
ness is broken.

Proposition 4.1 can be modified in different ways. For instance, it is possible to re-
place the abstract wave equation (4.1) by the abstract heat equédtien- H*v. Even
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the semiboundedness condition can be dropped, being replaced, in fact, by the equal-
ity of deficiency indices offf (otherwise the operator surely cannot be essentially self-
adjoint); in this case, uniqueness is required for the abstract Schrédinger evolution equation
Y’ =iH*y. The proofs follow the reasoning in Proposition 4.1. Further generalizations al-
low the derivatives in the evolution equations to be understood in the weak sense, etc.

It is, nevertheless, the wave equation approach which is most efficient for proving es-
sential self-adjointness a# (M) of second-order elliptic operators on a manifafd As a
matter of fact, in order to prove uniqueness of (4.1), it is not necessary to kiiosince,
due toHolmgren’s principle this uniqueness follows from treolvability of the Cauchy
problem for the adjoint equation

V" =Hy, ¥(0) =uo, ¥ (0) =u1,uo, u1 € O(H). (4.3)

The latter solvability can be established by means ofitiite propagation speed property
for hyperbolic equations. In fact, if initial conditions for the hyperbolic equation are com-
pactly supported, the solution exists, and the support of the solution is controlled by the
eigenvalues of the matrix of leading coefficients of the operator. So, if these coefficients
ensure that the support of the solution is compact for allO, this solution will surely
belong to®(H). This idea is due to Povzner [107]; it was later rediscovered and used in
geometrical situations by Chernoff [25].

In particular, if the leading term is the Laplace—Beltrami operator on the manifold
then the propagation of solutions is described by geodesic distance. Therefore, if any geo-
desic on the manifold can be indefinitely continued — such manifolds are cpdteibsi-
cally complete- then the reasoning above establishes essential self-adjointness. Moreover,
lower-order terms can be added, as long as they do not destroy two crucial features required
by this approach: they do not influence propagation of solutions, and semiboundedness
from below must be kept. Shubin has established the following theorem [128].

THEOREM4.2. Let M be a complete Riemannian manifold andAete a second-order
symmetric operator of the form

H=—Ag+L, (4.4)

whereA, is the Laplace—Beltrami operator antl is a differential operator of order not
greater than ongwith smooth coefficientSuppose that/ is semibounded from below
on 2(M). ThenH is essentially self-adjoint o (M).

Thus, in the case of the standard Schrddinger operator V, with V € C*°, The-
orem 4.2 establishes essential self-adjointness of the minimal operator as soon as it is
bounded from below, or, what is equivalent, as soon as

—f V|u|2dx</ |Vu|2dx+C/ ul>dx, ueDM). (4.5)
M M M
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Thus, any progress in extending conditions for the inequality (4.5) automatically leads
to new self-adjointness conditions. In Section 5 we discuss recent achievements on such
estimates.

The local smoothness condition on the potential can be considerably relaxed. In fact, this
condition is only needed in order to establish local properties of the domain of the operator,
i.e., thatu € L2 and—Au + Vu € L2 imply u € HZ ; this would justify the reasoning
above on local coincidence of domainsifand H*. Following this direction, the regular-
ity conditions onV were gradually weakened up 16, € Lﬁ)c, V_e Lﬁ)c with p =2 for
d<3,p>2ford=4andp =d/2ford > 5 (see, for details, [112] for the Schrddinger
operator inR¢ and [20] for operators on Riemannian manifolds). The conditiofvpris
sharp, the condition oW_ can be a little bit sharpened, being formulated in terms of lo-
cal Stummel classes (see, again, [112]). Further weakening of these conditions consists in
expressing them not in terms of spaces but rather by means of functional inequalities [20]:

for any compack C M there existg < 1 andCg, such that

/|v_|2|u|2dx<aK||Agu||i2(M)+cK||u||i2(M), ue (M. (4.6)
K

However, in practice, all these results are almost sharp: in the example considered in [112],
page 172V (x) = —a|x|~2, where the potential just marginally fails to get into the classes
above, ford > 5, self-adjointness fails fow > «4. Here one can satisfy (4.6) for any

ag > 1, by choosingr sufficiently close tax,.

Results on self-adjointness for semiboundgeratorswere preceded by weaker state-
ments, where semiboundedtentialswere involved (see, e.g., [62]).

The condition of the manifold to be complete cannot be dropped, even for the Euclidean
space with a nonstandard metric. Examples were constructed (see, e.g., [151]) of elliptic
operators of the form-}"d;g;x(x) 9 with matricesg i, which are not essentially self-
adjoint onZ(R?), due to the fact that the coefficients (x) grow very fast at infinity, thus
forcing the propagation speed for solutions of the hyperbolic equation to grow at infinity in
such a way that geodesics reach infinity in a finite time. This can, however, happen only in
dimensions higher than 2. It was shown by Maz'ya [90] (see also [91]) that in dimensions
1 or 2 this cannot happen, and thus any uniformly elliptic operator in divergence form is
essentially self-adjoint o@(R%), d = 1, 2.

Returning to the Schrédinger operatorRfi, note that if the potentiaV is lower semi-
bounded, even the domain of the self-adjoint operatbe= H can be described explicitly,
provided some extra conditions are imposed/qmoughly forbiddingV to change too fast

on a finite distance. So, if, for simplicity; > 1,V € L. and

V(x)
<C, —yl<1, 4.7
Vo) lx =yl 4.7)

then®(H) = H? N L2,; in other words—Au + Vu € L? andu € L? imply that both
Au and Vu are in L2. This property for operators containing several terms is called
separability The result above was obtained in [117]. More general (but more complicated)

conditions for separability can be found in [92].



Schrddinger operators with singular potentials 429

4.2. Nonsemibounded operators

Suppose that the potentitlltends to—oo at infinity, at least in some directions. This looks
like a rather exotic case, from the first glance. However, some important physical models,
including the (Stark) Hamiltonian with a constant electric field (thus a linear potential) get
into this category. Potentials liké (x) = —A|x|? arise also in the semiclassical analysis
near points of local maximum of the electric potential. In such cases the minimal operator
usually turns out to be not semibounded, and Proposition 4.1 cannot be applied, at least
directly (see, however, an ingenious trick of Kato, [62]). The Schrbédinger equation version
of this approach is hard to use as well, since the finite propagation speed property is ab-
sent here. Thus the problem of proving essential self-adjointness presents a considerable
mathematical challenge, and much work has been done here.

So, consider, first in the Euclidean space, the Schrédinger operator

Hyu=—-Au+Vu, ue.@(Rd), (4.8)

with V — —oo at infinity. Such an operator is not semibounded, but the involuties
maps isomorphically the deficiency subspace (Kgr+ i/) onto Ker(H;; — il), thus
Hy has equal deficiency numbers and therefore it has self-adjoint extensions. Following
the physical intuition, one must expect that the behavior of integral curves of the complete
classical Hamiltonial (p, ) = p>+V(q), (p, q) € R? x R4, i.e., solutions of the system
qg'=0H(p,q)/9p, p' =—0H(p, q)/dq, must determine self-adjointness. If these trajec-
tories can be infinitely continued (the systenglassically complefgthe operator does not
need boundary conditions at infinity and therefore must be essentially self-adjoint; if some
trajectories reach infinity in a finite time, one has to describe what happens with the system
after this time, and this means that some boundary conditions must be specified at infinity,
and the choice of these conditions determines the self-adjoint extension. In this case, the
intuition turns out to be essentially correct, provided one imposes certain regularity condi-
tions. Without regularity, classical and quantum completeness are not necessarily related
even in the one-dimensional case, as discussed in, e.g., [112], Appendix to X.1.

The following approach is used to establish essential self-adjointnegds ohis prop-
erty is equivalent to symmetricity aff *. Hence, it suffices to prove that, fat v in the
domain of the maximal operator, the equality

(Hu,v) = /(WW+ V(x)ux)v(x))dx, (4.9)

holds, i.e., integration by parts does not produce out-of-integral terms. (Note that one does
not expect that integrals of separate terms in (4.9) are finite.) Assuming that local regularity
conditions onV are fulfilled, one can hope that for a b&lk with radiusr,

/ Au(x)v(x)dx +/ VuVvdx — 0, (4.10)
Bpr Bpg
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as R — oo, at least along some sequence. This, in fact, can be proved, provided that
V (x) can be minorized by a regular function depending only en|x| and tending te-oo
not too fast, i.e.,

Vx)=z-00), (4.11)

whereQ(r) is a positive nondecreasing function on the semiaxis, obeying

/oo 0~ Y2dr = 0. (4.12)
0

Thisessential self-adjointnesssult by Titchmarsh and Sears (see [13] for a modern expo-
sition), shows that if, e.g¥ (x) = —(1 + |x|%)%/? the condition (4.12) is satisfied exactly

for o < 2. Separation of variables enables one to study self-adjointness for this operator di-
rectly and it turns out that, in fact, if > 2 then the operator is not essentially self-adjoint,

so the condition is relatively precise. Also classical completeness takes place exactly for
a < 2. More elaborate reasoning enables one to replace (4.11) by a similar estimate ex-
pressed in the sense of quadratic forms,

(Hu,u) > —8§{Au,u) — <Q(r)u, u), ue Q(Rd), (4.13)

for somes € (0, 1), thus admitting potential® which are not even locally bounded from
below (see [115]). Itis this generalization that establishes self-adjointness for Hamiltonians
arising in quantum mechanics, with negative potentials having strong local singularities.

Returning to (4.9), note that, in fact, one cannot guarantee that even under the conditions
(4.11) and (4.12), integrals of separate terms in (4.9) are finite. Separability, mentioned at
the end of Section 4.1, does not take place even for quadratic forms. What one can prove,
nevertheless, and it is an important step in the proof of Titthmarsh—Sears-type theorems,
is that the integralp[u] = [ |Vu(x)|?/Q(2|x]) dx is finite foru € D(H).

This observation turns out to be also essential in finding proper versions of this result for
Schrédinger operators on manifolds. In fact, condition (4.12) means also that the Euclidean
spaceR?, equipped with the modified metrigy = & i O(lx])~1is complete, so finiteness
of Ip[u] is just the finiteness of the Dirichlet integral with respect to this metric.

In the most general setting, essential self-adjointness of nonnecessarily semibounded
operators on manifolds was established recently by Oleinik [103].

THEOREM 4.3. Let M be a complete Riemannian manifpld e Lﬁ)c and let the local
condition(4.6) be satisfiedLet Q(x) > 0 be a function on such thatQ—1/2 is globally
Lipschitz onM . Assume that the Schrodinger operator can be estimated from belewpby

in the sense of quadratic fornfas in(4.13))and moreoverassume that

/Q_l/zds =00 (4.14)

along any curve inM, going to infinity i.e., leaving every compact séthen the minimal
operatorH = —A, + V is essentially self-adjoint o (M).
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Note that the condition (4.14) simply means that the manifdfd g) is complete with
the metricQ1g.

The proof in [103] (see also [20] for further generalizations and general discussion)
consists in an elaborate localization: one proves that, for a properly chosen seguence
of cut-off Lipschitz functions o/, an approximate integration by parts can be performed
foru,v e D(H*), i.e., the difference

(Gnu, H*v) — (H*u, $ppv)

can be controlled and tends to zero as the supporp,0bxtends. This proves that
H* is symmetric. In the process of this localization, the most technically involved step
consists in estimating integrals containipg? and |Vu|? with weights via integrals of
|Au|? and|Hu|?.

Note, finally, that the cases of linear or negative quadratic potentials, mentioned in the
beginning of this subsection, are dealt with by the most simple versions of Theorem 4.3.

4.3. Operators with magnetic fields

For themagnetic Schrédinger operattine traditional way of establishing self-adjointness

(as well as many other questions) is using inequalities in some way expressing the main
property — diamagneticity. The concrete inequality used in self-adjointness studies is the
Kato inequality established first in [62] for the Laplacian and then extended to the mag-
netic Laplacian in [53]. We present the distributional form of Kato’s inequality derived

in [20]. A distributionv is calledpositiveif (v, ¢) > 0 for any nonnegative test functiagn

(this definition concerns both the Euclidean space and an arbitrary manifold).

PROPOSITION 4.4 (Kato's inequality).Let A be a smooth magnetic potential on the
Riemannian manifold/ and let A 4 be the corresponding magnetic Laplacian defined
in (2.2). Then for anyu e L} . such thatA 4u € LY in the sense of distributionene has

Alu| < R(SignuA qu), (4.15)

where A is the Laplacian onM and sign(u(x)) is defined as:(x)/|u(x)| at the points
whereu # 0 and zero elsewhere

The inequality is proved first for smooth functiomgor which one directly establishes
ueAug < RwA qu), ue = (Ju|?>+ 212, and passes to the limit— 0, and then it extends
to anyu by means of mollifiers. In [20] an even more general form of the Kato inequality is
established, valid for magnetic Laplacians acting on sections of Hermitian vector bundles
over M. The conditions on the magnetic potential can be relaxed. The reasoning explained
above still works for the continuously differentiable

Having (4.15) at disposal, one can follow the proof of essential self-adjointness of the
nonmagnetic operator, where, in the process of localization, integrals of the fuhgtion
with different weight were estimated by integralsfi. Due to Kato's inequality, these
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estimates are still valid, with the Laplacian replaced by the magnetic Laplacian. As for
estimates of integrals containing the magnetic gradiemt, @f is evaluated via the usual
gradient, with the help of (3.12). This proves tl#t is symmetric.

This way of reasoning gives, in particular, the following self-adjointness condition ob-
tained by Braverman, Milatovic and Shubin [20].

THEOREM4.5. Suppose that the magnetic potentiabn the manifoldV is continuously
differentiable and the electric potential satisfies the hypotheses of Theo&ithen the
operator H 4 v is essentially self-adjoint o (M).

The conditions on the magnetic potential in Theorem 4.5 can be relaxed. On a general
manifold, it is sufficient to suppose that it is locally Lipschitz. Moreover, in the special case
of the Euclidean space, with lower semibounded poteftiadssential self-adjointness is
proved as soon as the minimal operator is defined@gR?), i.e., under conditions (3.2)

(see [72]).

Kato’s inequality can also be used to prove the semigroup form of the diamagnetic in-

equality (see Theorem 9.2). It will be discussed later in relation to spectral estimates.

Pauli operator. There are no special studies of essential self-adjointness of Pauli oper-
ators (with or without electric potential) but a number of results can be obtained from
the connection with the magnetic Schrodinger operator; see (2.6). In dimension 2, as well
as in dimension 3, provided the magnetic field has constant direction, (2.7) reduces the
self-adjointness problem for the Pauli opera®y + V to the same problem for two mag-

netic Schrodinger operators with electric potentials, respectiVelyy, B. Thus the results

above on the magnetic Schrédinger operator can be used. For general magnetic field one
does not have such a decomposition and one has to study magnetic Schrddinger operators
with matrix-valued potentials. Such a study was performed in [20], even in a more general
setting, for Schrodinger-type operators in sections of Hermitian vector bundles over mani-
folds. Self-adjointness conditions for Pauli operators can be extracted from [20] (however,
no explicit formulations are given there).

5. Quadratic forms estimates

Now we return to the definition of the operators by means of quadratic forms. As it was
mentioned above, the quadratic form definition requires considerably less regularity of the
electric and magnetic potentials. In fact, they even do not have to be functions; certain
classes of measures are allowed. There are several basic questions which we are going to
address. First, for aonnegativeelectric potentialV, we discuss conditions under which
the form [ |u|2V dx is closable with respect to the forfnof the unperturbed operatéf.
This enables one to use Theorem 3.7 to define the opefiaterV by means of quadratic
forms.

Another group of questions deals witbnpositivgpotentials. The first problem here lies
in finding conditions of boundedness of the quadratic form of the potential with respect to
the unperturbed quadratic form, with control over the relative bound. Such estimates are
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needed already when one studies the essential self-adjointness, see Theorem 4.2. For more
singular potentials, this estimate is required by the KLMN theorem. A convenient case,
frequent but not universal, is the infinitesimal form-boundedness, where one may avoid
controlling constants. Infinitesimal form-boundedness is also closely related to relative
compactness which is crucial in the question of finiteness or discreteness of the negative
spectrum of the operatdip + V.

The above questions are classical in spectral theory, going back to the 1930s, but they
continue to be of much interest up to today and the latest results, which may be considered
as being final for the Schrodinger and magnetic Schrddinger operators, were obtained in
the course of the last 3—4 years.

Clearly, the natural next step would be to consider potentials with variable sign. Here
the situation is not quite clear yet, however essential progress was achieved lately as well.
Until quite recently, the analysis of such potentials was reduced to the consideration of
positive and negative parts separately. This led to sufficient but nonnecessary conditions
for the crucial inequalities to hold, and thus to conditions only sufficient for semibounded-
ness of operators, discreteness of the whole or only negative spectrum. Lately new methods
have been developed enabling one to take into account possible cancellation of influence
of positive and negative parts of the potential. In the process even exact criteria for rel-
ative boundedness, infinitesimal boundedness and compactness of the quadratic forms of
the perturbation, were found, and this automatically produces new semiboundedness con-
ditions and description of the spectrum for the perturbed operators.

The progress in this field is mainly due to the developing of efficient methods in function
theory, especially capacities and potentials. In the next section we present a short review
of the necessary facts, for our special case of second-order operators. For details on the
general cases, as well as for proofs, and further references, the reader is referred to the
book by Maz'ya [91], as well as [4,93] and the recent papers [65,95-97,152].

5.1. Capacities, potentials and functional classes

Quite long ago it was noticed, probably, first by Wiener, that the Lebesgue measure is
not sufficient to control fine effects for partial differential equations. It turned out that the
notion of capacityprovides one with the adequate instrument. In what follows, when we
say that some quantities are equivalent, we mean that their ratio is bounded from above
and from below by some constants depending only on the dimedsadrthe underlying
space.

Let F be a compact set iR and letG be an open set containirfg Denote by)t(F, G)
the set of functions € 2(G) such thatt > 1 on F. Then theWiener capacityf F with
respect taG is defined as

capF,G) = inf{||Vu||i2(G): u € N(F,G)}. (5.1)

In the case wheiG coincides withR¢, G is omitted from this notatiorL Faf > 3, one
always consider& =R¢, since forF being a subset in a culi, cap(F, Q) is equivalent
to caff F) for the concentric cub@ with twice as large sidelength.
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Wiener capacity forl > 3 is equivalent tdRiesz capacitydefined by

where the Riesz kernelR(|x|) = C4|x|~4*1, is the kernel of the integral operator
(—A) Y2 in L2(RY).
Another capacity, named after Bessel, is also needed, defined equivalently as

Cap(F) = inf{[VulZ2 g + 1l u € NE)}, (5.3)
or

inf{[l f172ga): G * f ONF >0; (5.4)
where the Bessel kernel,

B(|x]) = Calx| D2 K g1y 2(Ix]), (5.5)

K, being the modified Bessel functions, is the integral kernel of the opethtera)~1/2
in L2(RY).

Note that the Riesz and Bessel kernels have the same behavior at zero, while at infin-
ity B(r) decays power-like, anft(r) decays exponentially. Evidently, a@p) < Cap(F).
Bessel capacity is used first of all in the study of the spdteRiesz capacity handles the
case of the spade! (the homogeneous Sobolev space), the closug@) with respect
to the metric||Vu/||2. The latter space is considered only fbe= 3; otherwise it is not a
space of functions. For sueh of courseH! ¢ h, and locally the spaces coincide. Among
other properties of capacities, we mention the two of most importance for us. First, it is
their relation to Lebesgue and Hausdorff measures. One has

cap(F) > C(mea$F))l_2/d,

d>3 (5.6)
Furthermore, fotl > 3, all sets with finite Hausdorff measure of dimensibn2 have zero
capacity. For Bessel capacity this statement is correct also for the cdse &fprovided

the logarithmic Hausdorff measure of a set is finite. On the other hand, if the set has positive
Hausdorff measure of dimension larger thas 2, then it has positive capacity.

Another property is related to convergence. We say that a sequence of Lipschitz func-
tions converges to zero quasieverywhere with respect to Riesz or Bessel capacity if it con-
verges everywhere with exception of some set having zero capacity. The property we need
says that if a sequence of functionsdnconverges to zero ih', resp.H*, then one can
select a subsequence converging quasieverywhere with respect to the corresponding capac-

ity.
5.2. Closability

In this subsection we will consider perturbation of the Laplace (resp., magnetic Laplace or
Pauli) operator by a lower semibounded quadratic fgpia] = lu|2dp(x), wherep is a
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Borel measure oi®?. The unperturbed form is closable, so, according to Theorem 3.7,
one has to check closability @f, with respect tay, all forms defined orZ(R?). We say
that the measurg is absolutely continuous with respect to Cap if all sets with vanishing
Bessel capacity have zero measpre

THEOREMS.1. Let the measurg be absolutely continuous with respecGap.Then the
form g, is closable with respect to the forms of the Laplacian and the magnetic Lapjacian
for the Laplace operator this condition on the measure is also necessary for closability
PROOF We prove the sufficiency part. For a given magnetic fidla Lﬁ)c we denote
by b 4 the magnetic quadratic form (3.5) and lpshe usual Dirichlet formp[u] = || Vu|?.

Letu, € 2 be a sequence such thgf[u,] + |u||? — 0 and assume it is a Cauchy se-
guence with respect to the forgy. Consider the sequeneg = |u,|. These functions are
Lipschitz, and sinc@jv,| — |vm|| < |v, — vu|, they form a Cauchy sequence fgy. At the

same time, due to (3.12), the sequengeonverges to zero iflt. Therefore it contains

a subsequence converging to zero quasieverywhere and, due to the conditions imposed on
the measure, almost everywhere with respect to measud®w, since this subsequence

is a Cauchy sequence IL‘%, it must converge to zero in this space. The necessity proof is
more cumbersome (see [91]). a

Theorem 5.1 enables one to define self-adjoint Schrédinger and magnetic Schrodinger
operators with a very wide class of measures as electric potentials. If such a measure is
absolutely continuous with respect to Lebesgue measure, this situation (without magnetic
field) is taken care of in Example 3.8. Now some singular measures are allowed, in par-
ticular, supported on smooth surfaces of co-dimension one and absolutely continuous with
respect to the surface measure, or, more generally, on sets having Hausdorff dimension
larger thand — 2 and absolutely continuous with respect to the corresponding Hausdorff
measure. In addition, one may, having a nonsemibounded potential, break it into the posi-
tive and negative parts, add the positive part using the theorem, and then add the negative
part, using other perturbation theorems.

The reasoning above does not work for the Pauli operator, the main reason for this (as
well as for many other questions concerning Pauli operators) being the absence of the
diamagnetic inequality for the Pauli quadratic form.

5.3. Relative boundedness
As it can be seen above, the key instrument in establishing essential self-adjointness as

well as in defining the operator by means of quadratic forms is given by inequalities of the
form

Igp[u]|=’ f u?p(dy)| < C1blul + C2llul®,  u e Z(RY), (5.7)

where} is the quadratic form of the unperturbed operator (Laplace, magnetic Laplace, etc.,
probably, containing some previously included perturbations). In many cases one needs
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the constantCy in (5.7) to be smaller (or not larger) than 1. To trace the constants in
inequalities may be a rather tedious job, but the task simplifies considerably if the form
is infinitesimally form-bounded with respectioi.e., (5.7) holds for any positiv€; = ¢,

with C2, of course, depending an For the needs of spectral analysis, one should be able
also to find conditions for the formg, to becompactwith respect td), meaning that any
sequence, bounded inL2 and with respect t§ contains a subsequence which converges
with respect tgy,. Below we present some results concerning these questions.

Consider first the case of a nonnegative meagurehe easiest result of the form (5.7)
follows directly from Hélder's inequality and Sobolev's embedding theorem. If one as-
sumes thap is absolutely continuous with respect to Lebesgue meag@e) = V (x) dx
and for someX, the function(V — K) belongs taL.”, wherer =d/2 ford > 3 andr > 1
for d = 2, (5.7) holds for an arbitrarily smadl'y, i.e., g is infinitesimally form-bounded
with respect toh. The proof is essentially the same as in Example 3.8: if the condition
above is satisfied then, by choosing a profepone can make the” norm of (V — K). ar-
bitrarily small. The Holder inequality yieldsiu] < ||V |- ||u||%,,, q =2r/(r — 1). Finally,
the latter norm of: is estimated by[x] + |l«||? according to the embedding theorem.

Thus, for example, an arbitrary finite configuration of Coulomb potentiaksind > 3,
V=3 Z;/Ix — x| satisfies the above conditions.

If the functionV itself belongstd.”, r =d/2,d > 3, (5.7) holds even without the lower
order termiju/|2,:

} / o (d)

with C1 = ¢4|| V| ;4/2 and the constant; depending only on dimension; one just uses the
Sobolev inequality (3.11) instead of the embedding theorem.

These results are easy to use, but they do not cover the important case of potentials be-
having liker —2, wherer is the distance to some pointRf or to a submanifold. Although
this singularity is essentially stronger than the most interesting Coulomb case, it arises, for
example, when one considers singular magnetic fields. At the same tinié hfaving the
orderr—2, the inequality of the form (5.7) and even (5.8) may hold, the best known case
being the Hardy inequality, viz.

< Ciblul, ue 2(RY), (5.8)

— 22
/|x|—2|u|2dx< @ 2 ) /|Vu|2dx, d > 3,u e h'(RY). (5.9)

Finding weights (and measures) which can repla¢e? here is important for many ques-
tions in spectral theory, in particular, for obtaining eigenvalue estimates.

The criteria for estimates of the form (5.7) and (5.8) were obtained first in the 1960s
by Maz'ya, in terms of capacity [89]. Later, several equivalent criteria were found. One
can follow the development in the books [4,91,93] and a series of papers (we mention [95]
in the first place). These results deal with a honnegative measukiong with capacity,
criteria for estimates can be expressed in terms of potentials of the measure. They are
defined ad (p) = R * p (Riesz potential), and (p) = B * p (Bessel potential). Of course,
certain local and global restrictions on these measures must be imposed in order that the
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potentials are finite almost everywhere; see the aforementioned references for details and
additional boundedness criteria.

THEOREM5.2 (Relative boundedness for nonnegative measutet) be a nonnegative
Borel measure ofR¢.
(1) For d > 3 the following statements are equivalentith equivalent constants
C1,C2,C3:
(a) the inequality/ [u|?p(dx) < C1]|Vul|?, u € Z(R?), holds
(b) for every compacF c R¢,

p(F) < C2cap(F); (5.10)

(c) for every ballB,

| (1wm)as < can (5.11)

wherepp is the restriction ofo to B.
(2) For d > 2 the following statements are equivalgntith equivalent constants
C1,Co,C3:
() the inequalityl [ |u|?p(dx)| < C1(||Vul? + |lu]|?), u € Z(RY), holds
(b) for every compacF c R¢,

p(F) < C2CapF); (5.12)

(c) for every ballB,

[ (Gon)*de < capia. (5.13)

REMARK 5.3. The words above, concerning “equivalent constants”, require an explana-
tion. This expression means that if one of the equivalent statements is true, with some
constaniC;, then another statement is also true with some constareo thatC, < c¢C;

for somec depending only on the dimension. Conversely, if the second condition holds
with someCy, the first one holds with somé;, againC} < ¢Cy. The theorem does not
declare thaC’; = C};. Thus the statements of the theorem are equivalent as it concerns the
inequalities involved, but still there is a gap in the size of constants. This remark concerns
also all further results where equivalent constants are present.

Thus, if for a given measurein (5.12) or (5.13) the constan% or C3 are sufficiently
small, so that the constadt; is smaller than 1, the fornf lu|?p(dx) is bounded with
respect to the form of the Laplacian with relative bound smaller than 1, and therefore one
can apply the KLMN theorem to define the Schrodinger operator with “potential”

Since capacitory or potential terms are rather implicit, it is fairly hard to apply the above
criteria directly. One can, however, extract more transpasafiicientconditions, using
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estimates for capacity and potentials. For example, the estimate (5.6) of capacity from
below by Lebesgue measure, gives a sufficient condjii@f) < C4 Cap(F) for relative
boundedness.

In particular, let p(dx) = V(x)dx, V > 0. Denote byM () = M(t,V) the set
{x: V(x) >t} and setm(r) = meagM(t)). Then for a fixedy = meagF), the largest
possible value op (F) is obtained wheF = M (s), wheres = sugz: m(t) > y}. An easy
calculation shows that ifi (r) < Cer /2 then

(M) =~ / tdm () < C7(meagM (s))) 2/,

s

and thereforep (F) < C;measF)~2/¢ for any compactF. This, together with (5.6),
gives the following sufficient condition for boundedness [91].

COROLLARY 5.4. Letp(dx) = Vdx, V > 0,d > 3,andmeasM (r, V)) < Cet—4/2. Then
the estimat€5.8) holds with a constant equivalent €.

(Note that the functiond/ satisfying the above condition are said to belong to the
“weak L/2” space, denoted?/?.)

When applying the KLMN theorem, and generally, establishing semiboundedness, we
need not (5.8) but only (5.7) witl'; < 1. Therefore the following condition is more con-
venient to use, putting restrictions only on “large” valued/abut not requiring any decay
at infinity. It follows automatically from Corollary 5.4.

COROLLARY 5.5. Let p(dx) =V dx, V > 0,d > 3, and assume thanheagsM (¢, V)) <
Cet~%/2 for t > 1o. Then(5.7) holds with C; equivalent toCs and someC, depending
on fo. If the resultingCy is not greater tharil, the quadratic form||Vu||2 — f V|u|?dx

is lower semibounded o (RY). If C1 < 1, this quadratic form defines a self-adjoint
operator inL2(RY).

The general theorem can also be customized for measures supported on submanifolds or
fractal sets, using the relation of capacity to Hausdorff measure.

Due to the weak diamagnetic inequality (3.12), the conditions above immediately im-
ply relative boundedness and, resp., semiboundedness of the forms for the magnetic
Schrédinger operator.

As it was mentioned above, if one can establish infinitesimal form-boundedness of the
potential perturbation, one can handle the problem of defining the operator more comfort-
ably, since one does not need to trace the values of the constants. As for the conditions
of Corollary 5.5, infinitesimal form-boundedness obviously follows if one replaces there
the inequality mea@/ (s, V)) < Cet~%/2 by meagM (¢, V)) = o(r—%/?), t — co. A recent
criterion [97], similar to Theorem 5.2, can also be expressed in terms of capacities (for
other terms, see [97], Theorem 4.1).
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THEOREM 5.6. For a nonnegative measur@ on R, d > 2, infinitesimal form-
boundedness of |u|?p (dx) with respect tq| Vu||? is equivalent to

. p(F) d 4 _
ginosup{ CanF)’ F Cc R, diam(F) < 8} =0. (5.14)

5.4. Nonsign-definite weights

In the case of nonsign-definite weights, relative boundedness conditions can, of course, be
obtained from the sign-definite case. In fact, if we represent the measwwrthe difference

of two nonnegative measures~= p+ — p—, and the measurg, is closable with respect

to the form||Vu/||2, then the boundedness with proper relative bound (infinitesimal bound-
edness) of the fornj lu|2p_(dx) with respect to| Vu |2 implies the same with respect to

a larger form||Vu|? + f lu|?p,4(dx), and this, as before, leads to semiboundedness and
closedness of the whole perturbed form. This, however, does not take into account an im-
provement of situation which hopefully may happen if the influenge,oéind of o cancel

each other. It was only in 2002 that a new approach was developed capable of taking into
account such cancellation. As a result, necessary and sufficient conditions were found for
form-boundedness and infinitesimal form-boundedness [96].

THEOREMS5.7. Letp be a Borel measure oR“.
(1) For d > 3the following are equivalentvith equivalent constants
() the inequalityl [ |u|?p(dx)| < C1[Vull?, u € 2(RY) holds
(b) there exists a vector fiell = (I'y,...,Iy) € Lﬁ)c such that the quadratic
form grlul = [ ||®)|ul?dx satisfies the inequalitgr[u] < Co||Vul|?, u €
2(R?), and p = div I' in the sense of distributions
(2) The form [ lul2p(dx) is bounded with equivalent constantifinitesimally
bounded with respect to||Vu|/?, d > 1, if and only if there exist a vector field
I=(,...,Iy) e L and a functionlp € LY, such that the quadratic form
[(Tol + Y1113 ul?dx is bounded(infinitesimally bounde}l with respect to
[Vu||2 and p = div I + I in the sense of distributions

PROOF In the expression
f|u|2divrdx=/uﬁdivrdx, ue2(R?,

we integrate by parts, obtaining

‘/|u|2divl‘dx) :2‘/5}%(uVu)Fdx

1/2
< 2||Vu||(/ |u|2|F|2dx) ,
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and this explains the sufficiency part of the theorem. The “necessary” part is by far more
delicate. It turns out that one can even get explicit expressiongfand I

r=-va-n=2p, rn=a-ap,

where(1 — A)~1p is understood in the sense of distributions or as the Bessel potential of
order 2. 0

In this way, the case of nonsign-definite potential is reduced to the case of a nonnegative
potential, which is taken care of by Theorems 5.2 and 5.6.

Again, by means of the weak diamagnetic inequality (3.12), the above theorensgiives
ficientconditions for boundedness (infinitesimal boundedness) for the case when a mag-
netic field is present. Necessary conditions for that case are unknown at the moment of
writing.

5.5. Relative compactness

In the study ofspectral propertieof the Schrodinger operator the key role is played by
compactness theorems. As it will be shown in the next section, questions of discreteness
of the whole or negative spectrum as well as finiteness of the negative spectrum can be
reduced to the relative compactness of corresponding forms.

Generally, having a closable nonnegative fdyrin the Hilbert space, we say that the
form g is compactith respect tg) if any sequence,,, such thap[u, ] is bounded, contains
a subsequence, convergent in gaporm.

In other way, this property is convenient to describe by means d@itinean—Schwinger
operatorTy , defined by the quadratic forgjx] in the Hilbert spacé (h), equipped with
the normh[u] + |lu|? (see also Section A.10). In more details, using the sesquilinear forms
corresponding to our quadratic forms, this means

O Tg,pu, v1=((H + DY2Ty yu, (H + D?0) = glu, v], (5.15)

where H is the self-adjoint operator corresponding to the fdynCompactness of the
form g with respect toh means that the operatdi,  is compact. If we return to our
basic Hilbert space, settind + 1)Y/%u = ¢, (H 4+ 1)/?v = v in (5.15), we find that the
operatorTy j is unitary equivalent to the operat&t, , there, defined by the relation

(Kg.hd,¥) =o[(H+ 1)~ ?¢, (H+1)"?y]. (5.16)

The operatoK j is just another useful variant of the Birman—Schwinger operator which
is applied time after time in spectral analysis; see also Sections 6.2, 7.1 and A.10.

In the particular case whelf = —A andg = g,,, the operatoK g ,, according to (5.16),
is the integral operator with kernel

Kg,h(xiy)=/B(Ix—ZI)B(Iy—zl)p(dz), (5.17)
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whereB is the Bessel kernel (5.5), the integral kernel for the operatdr + 1)~1/2. When
p =V dx, the operatok , , can also be written agd + 1)~Y2V (H + 1)~%/2,

A number of spectral properties of the Schrodinger operator can be expressed in terms
of the Birman—Schwinger operator. In particular, relative compactness of thegfpim
simply compactness @y , or K .

Unlike boundedness, compactness conditions for forms in the whole space consist of
two parts. Local conditions assure that the operator of the type (5.15) or (5.16) defined
by the restriction of the measugeto any bounded ball is compact. Additionally, one has
to require some sort of decay at infinity, so that the operator defined by the restriction of
the measurg to the exterior of the ball decays in the norm as the ball extends; here the
boundedness conditions described in Sections 5.3 and 5.4 play a key role. This implements
the basic property of compact operators: the norm limit of a sequence of compact operators
is compact.

The easiest compactness conditions follow from the Sobolev—Rellich embedding the-
orems (see, e.g., [32]). Let, for example(dx) = V(x)dx, V € L*°® andV — 0 as
x| = oco. Inthe ballBg, Holder's inequality gives [ 1u[?V dx| < lullZy 5, 1V Il Lo 5
with someg* > d/2, (2q)~1 4+ ¢*~1 = 1. Sinceg~! > d~1 — 271, the Sobolev—Rellich
embedding theorem assures compactness of the embedditig BE) into L4(Bg), and
therefore grants compactness of the fofg}e lu|?V dx in HY(Bg). Outside the ball, the
supremum ol goes to zero a& — oo, and therefore, syp [ |u|2V dx|/||u||? goes to
zero askR — oo; this demonstrates the general scheme. One can see that even some singu-
larities of V are allowed in a compact set, as long as the step involving Hélder’s inequality
goes through.

Looking at this example, one might get a feeling that relative compactness must be
closely related to infinitesimal form-boundedness. This is partly correct. If the §oisn
compact with respect th, it is infinitesimal form-bounded. The converse is not true: even
the form [ lu|2dx is not compact irHX(R4). To show this, one can take a functiap
supported in the unit cube and then construct a sequencensisting of the shifted copies
of u placed in some other, disjoint cubes. Surely, the sequends not compact with
respect td|u|| ;2. This demonstrates that one cannot drop the requirement of decay of the
potential at infinity.

For a nonnegative measupe the necessary and sufficient compactness conditions in
terms of capacity were first found by Maz'ya [89], and later developments (see [4,91,93])
are related to finding equivalent formulations, in particular, in terms of potentials, similar
to Theorem 5.2. We present here the initial formulation from [89]. It uses the function of
sets defined by

p(F)
F)y=n(F;p)=—
n(F)=n(F;p) CanF)’
provided the Bessel capacity is positive, and’) = 0 otherwise.
THEOREM5.8. The conditions

limsup{z (F): diam(F) < &}
§—0

0 (5.18)
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and

limsup{z (F): F c CBg,diam(F) <1} =0 (5.19)

R— o0

are necessary and sufficient for compactness of the fo|rznr12p(dx) in the Sobolev space
HL(RY), d > 3.

The compactness conditions fér= 2 are considerably more cumbersome, see [4,93].
Recalling the discussion preceding Theorem 5.8, note that (5.18) is a local condition, re-
stricting the local singularities of, while (5.19) is a condition of decay at infinity. To
understand why the theorem is likely to be correct (not proving it, of course), one can just
try constructing a counterexample, a sequence, bounded,ibut not compact with re-
spect to the fornyg. On the one hand, one might try taking some functignvith compact
support and then construct a sequeng®f shifted functions. Supports of such functions
run away towards infinity and the global condition (5.19) foraggo 0 thus failing our
effort. Another attempt might consist in, again, starting with a functignvith compact
support and constructing a sequence of functignsvith disjoint supports, but not run-
ning away. To do this, one takas (x) = 214=2/2,(2"x), so that||u, || ;> are bounded and
separated from zero. The size of the supports,alecays very fast therefore one can shift
them together, so that the supports are disjoint, and fit this infinite sequence into some
fixed ball inR¢. However, this time, the condition (5.18) forcgis:,,] to zero, and again
we have convergence. The actual proof, both of necessity and sufficiency, is based upon
these considerations; see [89] for details.

Using estimates from below for the capacity, say, via Lebesgue or Hausdorff measure,
one can derive more transparent sufficient compactness conditions. For example, following
Corollary 5.5, one obtains the following result as a consequence of Theorem 5.8.

COROLLARY 5.9. Suppose thap(dx) = V dx with a functionV > 0 which belongs
locally, i.e,, on any bal] to the weak classLﬂ/z. For any ball Bg, let measg{x € Bg,
V(x) >t}) = o(t~%/?) ast — oo, and for some functions(R), t(R) — 0 as R — oo,
meas{x € CBg, V(x) >t} <s(R)t~%/?) fort > +(R)~1. Then the forny |u|?V dx is com-
pactinHL(RY), d > 3.

Similar to Theorem 5.7, one obtains a compactness criterion for the case of a signed
measure (see [96]).

THEOREM5.10. Let p be a measure oR?, d > 3. The formg[u] = i lu|? dx is compact
in H1 if and only if there exists a vector-valued functibre L2 . and a function/” € L .

such thato = div I + I'p and the form/ (|'|? 4 |I'p|)|u|? dx is compact inH?.

The proof of the sufficiency part goes in the same way as in Theorem 5.7. Necessity is
by far more intricate. It turns out that one can Use= —V(—A)~1p andlp = (—A) " 1p.

An attempt to derive sufficient conditions for compactness of the fpmith respect to
the magnetic Dirichlet fornh 4[u] = [ |Vu + iAu|?dx from the above results along the
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lines of reasoning for boundedness or infinitesimal boundedness, fails. In fact, supposing

that the “nonmagnetic conditions” are satisfied, we take a sequgrmech that 4[u,] is

bounded. From the weak diamagnetic inequality (3.12) it follows that the sequgnece

lu,| is bounded irH!, and according to the theorems just stated, it is compact with respect

to g. However, it is the sequenag that is compact due to this reasoning, ngt as we

wish. Hence, to obtain compactness in this case, we need some more instruments.
Recall that we are interested in compactness of the Birman—-Schwinger operator

in (5.16), Kg,.5.4, Whereh 4[u] = [[(V + iA)ul|? is the quadratic form of the operator

—A4, see Section 2. Suppose that the meagure nonnegative and compa#;, y ,

with operatorK g, , corresponding to the nonmagnetic Laplacian; from Theorem 5.8 we

already know compactness conditions for the latter. Howegy,, possesses one more

important property, it ipositivity preservingsee also Section 7.5). In fagt-A + 1)~1/2

is an integral operator withositive kernelthis can be seen from the explicit formula for

the kernel in terms of modified Bessel functions, or from the representation

(—A+1DY2=C foo exp(t (A — 1))t ~Y2dr (5.20)
0

and the Poisson formula for the heat kernel (integral kernel for(teéxp. So, for

any nonnegative functions and v the expressionKg, pu,v) = [(—=A + )72 x

(—A + 1)7Y25p(dx) is nonnegative, which implies tha, nu > 0 a.e. for any > 0.

This property is calledpositivity preserving Now we use thestrong diamagnetic in-
equality in Theorem 9.2 (see Section 9.2), which, after comparing (5.20) and similar
representation fo¢— A 4 + 1)~%/2, gives that the integral kernel ¢t A 4 + 1)~1/2 (gen-
erally, a nonreal one) is majorized by the ong-efA +1)~Y2, [(—A 4 + 1)~Y?(x, y)| <

(—A +1)~Y2(x, y) a.e. This majoration leads us MK g, 4% V)| < (Kg, plul, [v]) and
therefore

|Kg,.pau()| <Kg,plul(x) ae. (5.21)

For operators satisfying a relation like (5.21) one sayskhaty , is dominateddy K, -

It is an important question, which properties of the dominating operator are inherited by
the dominated one. About compactness such a property was established by Pitt [106]. This
gives us a sufficient compactness condition for the magnetic quadratic form.

COROLLARY 5.11. Let A € L%C(Rd), let the measurep be nonnegativeand let the
form g[u] be compact with respect tgu] = || Vu|2. Theng[u] is compact with respect
to h 4[u] = | Vu + iAu||?. In particular, this is the case if the hypotheses of Theofe®)

d > 3, are fulfilled

Note that the approach above does not apply to the case of a nonsign-definite npeasure
where nothing but separate compactness of the forms corresponding to the positive and
negative parts of the measysds known to grant compactness of the whgje

We discuss now a somewhat different case, compactness of thegfesrg, in the
spaceh?, the closure ofZ(R%) with respect to the metri¢Vu|/2, 4 > 3. This space lo-
cally coincides withH* but the conditions on the behavior at infinity are weaker. Indeed,
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functions inh! do not have to belong ta2; according to the Hardy inequality one can
only be sure that they belong #? with weight |x|~2. Therefore the local conditions of
compactness of the form,, are the same here as feit, but the global conditions are
more restrictive: one has to control the quantity¥') not only over the sets with diameter

not bigger than 1, as in (5.19), but over all compact sets. The following result can be found
in [91] (see also [89]).

THEOREM5.12. Let p be a nonnegative measurehe formg, is compact inh® if and
only if the condition(5.18)is satisfied and

limsup|{p(F): diam(F) <38} =0, (5.22)
§—0
limsup{p(F): F cCBg}=0. (5.23)
R—o0

There is also an analogy of Theorem 5.10 for this situation (see [96]).

THEOREM 5.13. Let p be a nonsign-definite measuréo ensure compactness of the
form g, in hl it is necessary and sufficient that there exists a vector-fundtienLZ .
such thatp = div I' and that the form/ |I"'|2|u|? dx is compact irh®.

The “sufficiency” part of Theorem 5.12 carries over to the magnetic case in the same
way as Theorem 5.8.

6. Qualitative spectral analysis

Having defined a Schrddinger operatdr= Hgp + V, the next question one tries to answer
is about the qualitative structure of its spectrum.

There are at least two physically motivated situations, where discrete spectrum comes
into consideration. If the electric potential vanishes at infinity, one must usually expect
that the Schrodinger operator has essential spectrum on the positive semiaxis, with some
negative eigenvalues, finitely or infinitely many. On the other hand, the electric potential
may grow at infinity, similar to the harmonic oscillator, and here it is natural to expect
that the whole spectrum is discrete, consisting of a sequence of eigenvalues tending to
infinity. (Spectral properties in the case of potentials tending o, see Section 4.2, are
completely unknown fod > 2.)

We are thus going to look for answers to the following questions.

1. Is the operator nonnegative (the negative spectrum is empty)?

2. Is the negative spectrum finite?

3. Is the negative spectrum discrete?

4. Is the whole spectrum discrete?

In quantum mechanical applications one usually considers the Schrddinger operator
with the square of Planck’s constant in front of the Laplacian. It is important also to find
conditionzs for the answers to the above questions to be the same for the whole family
Hyp = —h?A — V.
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As soon as the existence of some discrete spectrum has been established, additional
guestions concern how to describe it quantitatively, finding estimates or even asymptotics.
These questions are addressed in the sequel. If the essential spectrum is nonempty, the vast
field of scattering theoremerges; we do not discuss this topic in the present chapter.

6.1. Positivity

The first question seems to be the easiest one. As a direct consequence of Theorem 5.7,
one gets the following result.

THEOREMG.1. Let the measurp satisfy one of the conditions of part one of TheoEeih
so that the constanty there is not greater that. Then the operator defined by the form
| Vu||?— g,[u] is nonnegative and thus its negative spectrum is erfiptya nonnegativey
the conditions of part one of Theorés2 with properC; are also necessary for this

REMARK 6.2. As it was explained in Remark 5.3, there is a gap, controlled by a factor
depending only on dimension, in the constants appearing in the (necessary and sufficient)
conditions.

Discreteness and finiteness for &ll We proceed to the case when there may be some
negative spectrum.

Starting, probably, from Friedrichs’ paper [44], a relation between spectral properties of
the Schrédinger operator and compactness properties of some embeddings was established
(although embedding theorems were not invented by that time). It is in the fundamental
paper by Birman [14] that this relation was emphasized and understood, and one may say
that a major part of modern spectral analysis of Schrédinger operators, both qualitative and
guantitative, is based upon this paper, its ideas and methods.

We formulate the results from [14] (see, mostly, Theorem 1.4 therein) in a form which
is convenient for our purpose.

THEOREM 6.3. Let h and g be quadratic forms in a Hilbert spack, defined initially
on D%, such thath is positive and closablend g is closable with respect th. Assume
moreoverthat the conditions ofthe KLMN) Theorem3.7 are satisfied fori?h — g. Let
H (h) be the self-adjoint operator defined by the quadratic fd@#h — g. Denote by®,
resp D1, the closures o®° with respect to normg[u], resp hlu] + ||u||2. Then the fol-
lowing statements are true
(1) For the negative spectrum @f (i) to be finitefor all # > 0, it is sufficienf and for
nonnegativgy also necessaryhat the formg is compact in the spac®.
(2) For the negative spectrum @&f (%) to be discretdor all # > 0, it is sufficienf and
for nonnegativey also necessaryhat the formg is compact in the space;.

Note that the requirement of closability @fvith respect td)° is redundant: it is satisfied
automatically if the compactness conditions are fulfilled.
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REMARK 6.4. Since the operatdr2H (h) corresponds to the quadratic fom- ~2g,
where the parametédr—2 stands before the perturbation and plays the role of a coupling
constant, the statements of Theorem 6.3 hold also for this situation.

Applying Theorem 6.3 to compactness conditions obtained for particular quadratic
forms in the preceding section (Theorems 5.12 and 5.13), we get concrete conditions for
finiteness, resp. discreteness, of the spectrum fdr:alD for the nonmagnetic or magnetic
Schrédinger operators.

THEOREM 6.5. For the Schrodinger operatoH, = —h%A — p defined by means of
guadratic formsone has that
(1) For the negative spectrum to be finite for &ll> 0, it is sufficient that the condi-
tions of Theorend.13are satisfiedfor a nonnegative measuyeg the conditions of
Theorenb.12are necessary and sufficient
(2) For the negative spectrum to be discrete forfalk- 0, it is sufficient that the condi-
tions of Theoren®.10are satisfiedfor a nonnegative measuyeg the conditions of
Theorenb.8are necessary and sufficient
(3) The sufficiency statements above for nonnegative measures hold for the magnetic
Schrédinger operator with magnetic potentidle Lﬁ)c.
The particular sufficient compactness conditions from Section 5.5 lead immediately to
more transparent conditions for discreteness or finiteness of the negative spectrum. We
present just two examples, more can be found in [13,91,113].

COROLLARY 6.6. If V e L42(R%), d > 3, then the Schrédinger operatori’A — V
has finite spectrum for alt > 0.1f d >3, V = Vq + Vo, V4 € LY2(R?), Vo € L®(RY),
V> — 0 at infinity, then—A2A — V has discrete negative spectrum for Aall

6.2. Birman—Schwinger principle

The finiteness and discreteness conditions fiixed/s (we seti = 1) are more intricate,

but still can be obtained, not directly from Theorem 6.3 but rather from the more univer-
sal and cruciaBirman—Schwinger principlésee also Section A.10), concealed in [14] as
Lemma 1.3, being up to now the main instrument in the spectral analysis of singular oper-
ators (later, Schwinger proposed this principle in a considerably less general form [124]).

THEOREM 6.7 (Birman—Schwinger principle)Jnder the conditions of Theoref3, the
number of negative eigenvalues of the operatti) equals the number of eigenvalues
in (1, co) of the operatolTy, 4 (see(5.15))or K4 (see(5.16))defined by the quadratic
form g in the space®, provided one of these numbers is finil#herwise for both opera-
tors the dimension of the spectral subspace in the corresponding interval is infinite

One obtains Theorem 6.3 as a particular case — directly for finiteness (for a compact
operator, the number of eigenvalues abgvs finite for anys > 0), and witho1 in place
of o for the discreteness.
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6.3. Finiteness and discreteness of the spectrum

For a fixed (again we seti = 1) it is more convenient to apply Theorem 6.7 directly.
The mechanism of establishing finiteness of the discrete spectrd@ij oabover = 1 for
g=/[ lu|?p (dx) is the following. For a fixedR, split the measurg into two parts,og, sup-
ported in the ballBg, andgg, supported outside the ball. Correspondingly, the quadratic
form g splits into two partsg = gr + gr, as well as the operatdi, ; = Tr + Tx. If local
compactness conditions are satisfied, the spectrufix @bove 1 is finite. So, one has to
suppose that the norm @ (or, even more generally, the norm of the positive parfef
is less than 1. Then the spectrumof above 1 is finite. Furthermore, discreteness of the
spectrum ofT for fixed i = 1 is equivalent to finiteness of the spectrum of the operator
T — ¢ for anye > 0. This line of reasoning gives also necessary conditions for finiteness,
resp. discreteness, of the negative spectrum.

Implementing this strategy to particular forms corresponding to Schrddinger operators,
we arrive at the following description of the spectrum. Less general conditions were found
in [14,89,91].

THEOREM®6.8. Letd > 3 and let the measure satisfy the conditio(5.18).

(1) If for sufficiently largeR the restriction ofp to the exterior of the balBy satisfies
the conditions of the first part of Theorén¥ so that the constar@; in the resulting
estimate is not larger that, then the negative spectrum of the operatok — p is
finite.

(2) For ¢ > 0, define a measurg;, p.(F) =sup(p(e) — e mease))., e C F} (itis the
positive part of(o — ¢ meas). Suppose that for any > 0, the restriction ofp, to
the exterior of a sufficiently large baBg, R = R(¢), satisfies the conditions of the
first part of Theoren®.2 so that the constan; in this theorem is less thah Then
the negative spectrum of the operaten — p is discrete

(3) The statements above hold also for the magnetic Schrédinger operator with mag-

netic potentiald € LZ,.

If the measure is nonnegative, one can even give exact values of the constants involved
(see [89,91)).

THEOREM 6.9. Let d > 3 and suppose that the conditigf®.18) is fulfilled. Denote
by S(p) the quantity

im limsup{z (F): F C CBg, diam(F) < 5}. (6.1)

I
-0 R0

For discreteness of the negative spectrum of the Schrddinger operator p the con-
dition S(p) < 1/4 is sufficient and S(p) < 1 is necessarylf one dropsdiam(F) < §
from (6.1), the same conditions are sufficiemtsp, necessaryfor finiteness of the neg-
ative spectrum
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We give an example of the finiteness condition in elementary terms. This condition fol-
lows from the estimates expressed in terms of the capacity, taking also into account the
relation of the capacity and Lebesgue measure (5.6).

COROLLARY 6.10. LetV > 0,d > 3. Suppose thaV = V1 + V,, whereV; € L4/2(R4)
andVz < §(Ix|+1)~2.1If ¢ < (d — 2), then the negative spectrum of the operatak — V
in L2(RY) is finite

The condition here is exact in the sense that if onesetsd — 2)2, the result may break
down, i.e., finiteness does not hold for all values of the coupling constant. The authors
failed to find examples where the negative spectrum is discrete but not for all values of the
coupling constant (with local compactness conditions still holding).

6.3.1. Discreteness of the whole spectrunPhysical intuition suggests that if the po-

tential V (x) tends to+oo as|x| — oo, one must expect that the whole spectrum of the

Schrddinger operater A + V is discrete: conservation of energy does not allow a particle

to escape to infinity. As it often happens, the intuition turns out to be essentially correct.
Here, again, the Birman—Schwinger principle enables one to reduce the problem to com-

pactness of certain embeddings. lH$ be the unperturbed operator associated with the

quadratic formhg (e.g.,Ho = —A) and for the measurethe self-adjoint, semibounded op-

eratorH, = Hp + p corresponds to the quadratic fofim+ g, defined initially onZ(RY).

Chooses so thath,[u] = holu] + g,[u] + s|lul|? > ||u||?. Consider the spac® defined as

the closure ofZ(R?) in the normb[u].

PrOPOSITIONG6.11. The following statements are equivalent
(1) The spectrum of, = Hp + p is discrete
(2) The form|ju||? is compact in the spac® (or, in other words the embedding oD
into L2(R) is compack

We present the proof which demonstrates the beauty of the Birman—Schwinger principle.

PROOF OFPROPOSITIONG.11. Without loss of generality we may set 0. Discreteness

of the spectrum of the operator means that for amy0 the spectrum of the operatéf,
below2 is finite. This is equivalent to the negative spectrum of the ope#gor 1 being

finite. The operatoH, — A is defined by the quadratic forfp[u] + g,[u] — Allu]l2. Now,
according to the Birman—Schwinger principle, the number of its negative eigenvalues is
equal to the number of eigenvalues abavé of the operatof” defined by the formju |2

in the space with nornyo[u] + g,[u], i.e., in®. The quadratic form of’, i.e., lu|l? is
positive, thereforeT is a positive self-adjoint operator. Finiteness of its spectrum above
anyr = »~1 means exactly that the operator is compact. O

Having Proposition 6.11 at disposal, one can further obtain different discreteness condi-
tions, just by finding conditions for the compactness of the above embedding.

The mechanism of proving this compactness is usually the following. Takarge
enough and split the formu||2 into two terms, ||u||?2 = ng[u] + fg[u], where the first
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form corresponds to integration over the ba}{, and the second one to integration over
its complement. In the case @fy being the Laplacian, the first form is compactHit,
due to the Sobolev—Rellich embedding theorem. So it remains to show that the §@wiin
satisfies

nglu] <e(R)holu] with e(R) — 0asR — oo, (6.2)

and it is here the additional analytical work begins. As soon as (6.2) is fulfilled, this gives a
norm approximation of the operat@r(generated by the forru||2) by compact operators,
soT is compact. The most simple condition for this is just to require plielt) = V (x) dx

andV tends to+oo at infinity. Then, ifV > ¢~ for |x| > R, (6.2) follows from

f |u|2dx<s/ V|u|2dx<g<ho[u]+fvm|2dx).
|x|>R [x|>R

This gives the following sufficient condition, originally obtained by Friedrichs [44].
THEOREM®G6.12. If V(x) — 400 as|x| — oo, then the spectrum 6f A + V is discrete

Theorem 6.12 was later substantially improved. In [102] it was shown that far0,
in dimension 1, the condition of going to+oo can be replaced by the requirement for
the integral ofV over intervals of every fixed size to tend+tao, when the interval moves
to infinity, and this property is necessary and sufficient for discreteness of the spectrum.
In higher dimensions, this condition is still necessary (with intervals replaced by cubes
or balls), but not sufficient. The necessary and sufficient condition, found by Molchanov
[102] is as follows.

The setF" in the cubeQ = Q, with sidelengths is callednegligibleif cap(F, Q)
y capQ, 0) for somey < 1, whereQ is a concentric cube, twice as large, and(darQ)
is the Wiener capacity (see Section 5.1). ok 3 one can replace cép, 0), resp.
capQ, Q), by the Bessel capacity Céap), resp. capQ). Introduce theMolchanov func-
tional

MV, Q)= M(V, Q;y):inf{f V(x)dx}, (6.3)
O\F

where infimum is taken over all negligible sets in the cgheso M (V, Q) can be small if
V is large only on a small, nonessential set, although the integialaver the whole cube
might be large. For the case of a measuvé(V, p) is defined by (6.3), with the integral
replaced byo(Q \ F).

THEOREM6.13 (Molchanov's criterion).There existg such that the condition
MV, Qs;¥) —> +oo asQs — oo, (6.4)

for any§ > 0 is necessary and sufficient for discreteness of the spectrum of the operator
—A+Vin L3RY).
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In other words, the discreteness condition declares that not only the integrabedr
the whole cube must be large, but also the integral over complements of all negligible sets.
So, if V is supported in a negligible set in any cube (or just in a sequence of cubes going
to infinity), it cannot assure discreteness of the spectrum, no matter howMasge

Although Molchanov found some concrete value of the constarit remained un-
known, for more than 50 years, how close to zero this constant can be, in other words, how
small the negligible sets are allowed to be. Formally, the smalisr the largetM is and
therefore the less restrictive are the conditionsVoim (6.4). This question is especially
important if one replaces the functidhby a measure, which may be supported on some
small, probably, negligible sets. This problem was solved only recently, and the result by
Maz’ya and Shubin was quite unexpected [94]. The negligibility characterjstican be
taken arbitrarily close to 0.

THEOREM6.14. Let p be a nonnegative measure such that the operatar+ p can be
defined via quadratic form3hen for any functiony : (0, co) — (0, 1), the necessary and
sufficient condition for discreteness of the spectrum af+ p consists in

M(p, Qs5:y(8) — +o0 asQs— oo Vs> 0. (6.5)

6.4. Discreteness of spectrum for magnetic operators

Due to the diamagnetic inequality, the condition (6.5) is sufficient also for discreteness
of spectrum of the magnetic Schrédinger operator; the reasoning goes in the same way
as in Corollary 5.11. However, this condition is far from being necessary. It was pre-
dicted first by physicists, and then justified mathematically that the magnetic Laplacian
—A 4 =—(V +i4)? can have discrete spectrum even without any electric potential. This
phenomenon is called magnetic bottle The physical explanation is that the magnetic
field, acting orthogonally to the velocity of the particle, forces the particle to turn, and if
the magnetic field grows at infinity, this may prevent the particle from escaping to infinity.
In fact, if | B(x)| — oo at infinity, then in dimensiod = 2 the spectrum of the magnetic
Laplacian is discrete. In dimensidr> 3 this is not sufficient since the magnetic fi@dr),

being a vector now, may change its direction, and therefore it may fail to prevent a particle
from escaping (it was Dufresnoy [31] who constructed the first example). One may require
that the direction of the field varies sufficiently slowly, and this implies discreteness of
the spectrum. In the presence of the electric potemtithie situation becomes even more
complicated, since it is the cooperation of both fields that determines the spectrum, and
it is possible, that acting together, electric and magnetic fields grant discreteness of the
spectrum while separately they fail to do this.

Until recently the study of this problem gave some sulfficient conditions, far from neces-
sary ones, as well as spectacular examples demonstrating various pathologies. Lately, how-
ever, discreteness conditions, necessary and sufficient, were found by Kondratiev, Maz'ya
and Shubin [65,66].

As usual for operators with magnetic fields, the case2 is more clear. We present here
the sufficient condition from [66], nicely illustrating interaction of magnetic and electric
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fields. To avoid the influence of other factors, we assume that the magnetic potntial
belongs toC! andV is locally bounded.

THEOREMG6.15. For the magnetic Schrodinger operator irf (R?) the effective potential
VT is defined as

VET(x) = V(x) + 8 B(x).

Suppose that for somé e [—1, 1], V(Seﬂ(x) — 400 as |x| - oo. Then the operator
Hpy=—(V+ i4)2 + V is essentially self-adjoint o (R?) and has discrete spectrum

In less elementary terms, it is even sufficient tﬁ§ff(x) satisfies Molchanov’s condi-
tion (6.4).

The conditions of Theorem 6.15 are not necessary for discreteness of the spectrum but
they are exact in the sense that there are examples of the conclusion failing if the conditions
are satisfied only for somgoutside the intervgl—1, 1].

In higher dimensions, not only the values of the electric and magnetic fields con-
tribute to the effective potential but also a characteristic of the direction of the mag-
netic field; thesmoothened directionf the magnetic fieldB(x) = dA(x) is defined as
vjr(x) = x (IBl(x))Bx(x)/|1B(x)|, wherey is a Lipschitz function or0, co), x (r) =0,
r>1/2, x(r)=14r>1 xr)=2r —1,r €[1/2, 1]. Kondratiev and Shubin obtained the
following result [66].

THEOREM6.16. Suppose thaB; are Lipschitz functionsand for some positive measur-
able functionX (x), the inequalityd ", [dxv;x| < X (x) holds for allx € R?. For ¢ > 0 and
8 €0, 1), define the effective potential

8d

2
ded_11e L W

Vel = v + B(x)| -

d—1+c¢ |
If for someé, ¢ the effective potential satisfies the Molchanov condif@#) (in particu-
lar, if Vfg(x) — oo at infinity), then the operatof 4 v is essentially self-adjoinsemi-
bounded and has discrete specttum

Several more transparent conditions following from Theorem 6.16 are given in [66]. We
present here just one of them.

COROLLARY 6.17. Suppose thatgradB(x)|(1 + |[B(x)|)~%/? — 0 as |x| — oo. If the
effective potential/ (x) + ﬁ|B| satisfies the Molchanov conditi¢6.4),in particular, if
it tends to+oo at infinity, then the conclusion of Theoregril6hold.

Theorem 6.16 and other results in [66] are carried over also to the magnetic Schrddinger
operators on Riemannian manifolds with bounded geometry.

The most recent result in this field, established by Kondratiev, Maz'ya and Shubin [65],
finally gives the necessary and sufficient conditions for discreteness of the spectrum of
the magnetic Schrédinger operator. These criteria also involve local characteristics of the
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magnetic and electric fields, so that their sum has to tend to infinity at infinity. However,
these characteristics are more elaborate than in Theorem 6.16. For the description of the
electric potential/, the Molchanov functionaM (V, Q; y) (see (6.3)) is used. To describe

the magnetic field, its local energy(Q) = 1o(Q, A) in the cubeQ is introduced as

u+iAdu|?dx
fQ|V +iAul } 6.6)

where infimum is taken over Lipschitz functions@h Thusuo(Q) is the lowest eigenvalue

of the Neumann problem for the magnetic Laplacia®inThe discreteness conditions re-
quire that some combinations of these two characteristics grow at infinity. To describe
these combinations, we consider a positive funcg@, s € (0, o) such thatg(s) > §2
andg(8) — 0 asé — 0. Let also the functiorf : [0, co) — (0, co) be continuous, decreas-

ing and, moreoverf (t) < (1+log(1+1)1,d =2, andf (1) < (1 +1)@D/2 4 > 2,

THEOREM6.18. The spectrum of the magnetic Schrodinger operatoV +iA)2+ V is
discrete if and only if for soméy and some pair of functiong and g as aboveand for
everys < 4o,

10(Qs) +8 I M(V, Qs ¥(8)) = +00  asQs — oo, (6.7)
wherey (8) =y (8; f, 8) = ca8? f (8%110(Qs))g(8) 2.

A more simple, sufficient but not necessary discreteness condition is that for some
fixed y and evens < do,

110(Q5) + 8" MV, Qu; ) — +00  asQs — oo.

7. CLR estimates

In this section we begin the study of quantitative characteristics of the discrete spectrum of
Schrédinger-type operators. The first quantity to be considered is the number of negative
eigenvalues, and here due to tradition we consiigr= —A — V.

The first bounds onV(0; Hy) having the correct strong coupling behavior (see the
Introduction) are due to Simon [130], however, they are not expressed in terms of the
phase-space volumsee the right-hand side of (1.1). The breakthrough was independently
achieved in the 1970s by Cwikel [28], Lieb [76] and Rozenblum [116], who gave three
very different proofs of the following inequality, now known as tBER estimate

THEOREM7.1 (CLR estimate)lf 4 > 3and V.. € L%/2(R%), then the number of negative
eigenvalues of the operaterA — V satisfies

N(0; Hy) < cdf Vi ()2 dx (7.1)
Rd

for a suitable constant,.
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We make here an important observation concerning (7.1) and all the following spectral
estimates. Although the eigenvalues of the operator depend on the potential as a whole,
only its positive part is present in the estimate. In other words, the influence of the negative
part of V, which may decrease the number of negative eigenvalues, is not taken into ac-
count. At present the methods in qualitative spectral analysis do not allow one to evaluate
the interaction of the positive and negative parts of the potential.

The three original methods for proving (7.1), as well as later developments, of which
we especially note the proofs by Li and Yau [75] and Fefferman [42] are based upon dif-
ferent mathematical machinery, admit different generalizations, and give different values
of the constant,. Lieb’s approach yields the best constant but the question of the optimal
constant in (7.1) remains unanswered; to be precise, one would like to determine

Roq = supLH;/)2 > (7.2)
Vi LGy Jpa Vi dx

Other problems we address here are generalizations to Schodinger operators with mag-
netic fields, with variable coefficients, and Schrédinger operators with operator-valued po-
tentials.

In recent years the methods of Cwikel, Lieb, and also Li and Yau, have inspired sig-
nificant progress, which we present in subsequent sections. Thus it is natural to discuss
their methods here. Before doing so it is necessary to take another look at the Birman—
Schwinger principle (cf. Section 6.2) and, in particular, Bieman—Schwinger operator
already used for the needs of the qualitative analysis in Section 5.5.

7.1. Birman-Schwinger operator

We are interested in estimating the number of negative eigenvalues of the Schrddinger
operator—A — V, whereV :R? — R is a measurable function andA is the negative
Laplacian. The Laplaciar A corresponds to the closed quadratic form

h[u]zfd|Vu(x)|2dx, u € d(h) =H(RY).
R

Its spectrum is absolutely continuous and coincides with the senjaxis).

EXAMPLE 7.2. Ifu € 2(R3), then the resolvert—A + E2)~1, E > 0, can be expressed
explicitly as

«VEIx—]

[(—Aa+E)y ] = (47[)_1/ Z  u(y)dy. (7.3)
R |x =l

The quadratic form associated with the potential is givep[by = gy [u] = [ V (x) x
lu(x)|2dx. Assume first tha > 0. In order to estimate the eigenvalues belew of
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—A — V, according to Glazman’s lemma (see Section A.9) and the Birman—Schwinger
principle, we should study subspaces where the ratio

olu] Jra V 0)u ()17 dx
blul+ Ellul|® " [ |Vu)Pdr + E [rg |ux)]?dx

is smaller than 1. Setting heve= (—A + E)Y/2y and thus: = (—A + E)~Y2y we obtain

alu] _ Jrav(=A+E)VAV(-A+ E)” 1/2vdx
blul+ Ellul® Jga [v(x)[2dx

It follows therefore that the eigenvalues of the operdigy . ¢ defined byg with respect
to the norm(h[-]1 + E|| - ||2)¥/2 are identical to the eigenvalues of the operator

Ke(V)=Kgpie=(—A+E) " Y2v(—A+ E)"V2=x*x (7.4)

on L2(R?), whereX = X (V) = VY2(—A + E)~/2. This operatoiX z (V) has the same
nonzero eigenvalues as

Ke(V)=VY2(—A 4+ E)tv1?2 = x x*; (7.5)

both operators are calldBirman—Schwinger operatgraind it depends on the particular
problem, which of them is more convenient to use.

OnR3, for suitableV, K (V) is a Hilbert—-Schmidt operator. Sin¢e-A + E)~! has
the integral kerne{4n|x — y|)"Lexp(—vE|x — y|) (cf. (7.3)),

N(—E; Hy)
Str(Ke(V)KE(V))

(4n)2// VOV ()lx =17 exp(~2VElx — y) d dy. (7.6)

For E > 0 andua € [0, 1] we define the generalized Birman—Schwinger operator

Kae(V) = (V) — A=) E)/2(~A +aE) Y (V) - L - a)E)?

=VY2(—A+aE) VY2 (7.7)

where V, = (V(x) — (1 — @)E)+ denotes the positive part of the functidn(x) —
(1 — @)E. Lieb and Thirring introduced the following modification of the Birman—
Schwinger principle [85].

THEOREM 7.3. The numberN(—E; Hy) of eigenvalues ofA — V in (—o0, —E) is
bounded above by the number of eigenvalues of the generalized Birman—Schwinger oper-
ator K, g (V) in (1, co) counting multiplicities
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7.2. Cwikel's method

This method, having its roots in harmonic analysis, handles a class of operators for which
Xg(V), defined immediately after (7.4), is a particular case. Such operators are defined by
means of the Fourier transform in the following way.

If . denotes the Fourier transform agde L>°(R?) then¢ — .Z ~1(g.Z ¢) defines a
bounded operator oh?(R¢); we shall denote it by (—iV). The weakL? space consists
of all the functionsg for which

||g||257(Rd) = sug)t - (meag|g ()| > t))l/p < 00; (7.8)
>

we already encountered it in Section 5.3.
Assuming thatf € L?(R?), #g € LY, RY) with 1/p +1/p’ =1 and 2< p < oo, we
can define

Zio¥ = fe(=iV)y, ¢ e s (R, (7.9)
which extends to a bounded operatoriof{R¢). Cwikel proved the following result [28].

THEOREM 7.4 (Cwikel's inequality).For 2 < p < oo, let f € LP(RY), Fg e LL (RY)
with1/p +1/p’ =1.ThenZ, is a compact operator ofi2(R?) and, in fact, it belongs
to the weak trace ideab’,. In particular, its singular valueg.; obey

K\l < cpall flpllglyp, k=12, (7.10)

wherec, 4 is a constant depending only gnandd.

In particular,

1-2/p
p 4 1p_d
e S E(17/2—1) w7

For d > 3, Theorem 7.4 can be applied to our operax(V) = Z;, with p=d
and the functionsf, g chosen asg(x) = 31~ @*+D/2r (4= x|1=4 with ||g||*d L=

$n~@+D/2p (421 and f (x) = V (x). The Birman-Schwinger principle gives then that
0 od—@sn2ap (4= 1) /2
N(O; Hy) < c¢f j27dn= @b/ F<T> / va4/2dx (7.11)
: e

which yields the consta 2 if d =3 (which is about 17 times greater than the best
possible value; cf. Lieb’s approach) The estimate (7.11), in conjunction with monotonicity

3Finiteness °"g"25, follows from the condition% g € LY.
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(cf. Section A.9, Lemma A.4), proves (7.1) for a genevabf variable sign; with the
constant appearing in (7.11).

The analysis of the proof of Theorem 7.4, made in [18], shows that, in fact, a much
more general theorem holds: one can replace the Fourier transform in the definition of the
operatorZ s , by any integral operator with a bounded kernel, which is boundéd ihis
generalization might lead to obtaining CLR-type estimates on some noncompact manifolds
different fromR¢, however this possibility has not been explored yet.

If one tries to apply (7.10) to the Schrédinger operator in dimengien2, one has to
take p = d = 2 which is not allowed. A weaker version of Theorem 7.4 for this special
case was found by Weidl [154].

7.3. Lieb’s approach

E. Lieb applies completely different tools in order to derive the phase-space bound
on N(—E; Hy); in particular, the Wiener integral representation of functighef the
Birman—Schwinger operatdfz (V) given in (7.5).

If dyy,y,, denotes the conditional Wiener measure on continuous paths 0 < = <t,
in R? with w (0) = x andw (1) = y, then the Green function for the heat semigroifpean
be represented as

2
(4m)‘d/2exp<—%> =/dux,y,,(w). (7.12)

The Feynman—Kac formula [112], Theorem X.68, generalizes (7.12) to the semigroup
¢ (A+V) Using this, Lieb found the following expression for the trace of a function of
the Birman—Schwinger operator [76].

THEOREM7.5. LetV >0andV e LP(RY) + L4(R?), with p =d/2 (if d >3), p > 1
d=2),p=1(d=1)and p < g < oo. Let f be a nonnegative lower semicontinuous

function on[0, co) satisfying f(0) = 0 and x” f(x) — 0 asx — oo for somer < cc.
DefineF by

00 —y
F(x) = / Fan S dy. (7.13)
0 y
Then

[ee] t
trF(KE)=/ ge*'E"/ /dm,x,,f(/ V(a)(s))ds). (7.14)
o ! R4 0

To use (7.14), one supposes additionally tlfais a convex function. Then Jensen’s
inequality applied to the last term in Lieb’s trace formula, yields that

t 1 t
f(/o V(a)(s))ds) < ;/0 £tV (0(5))) ds. (7.15)
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Fubini's theorem allows one to change the order of integrations, which implies that

dr g, ' ds
trF(KE)gf —e /duo,o;l/ —/ dx f(V(w(s) +x)). (7.16)
o I 0 I Jprd

Since d is translation invariant, one may ignore theterm for any field path — w(¢).
The latter fact allows us to carry out thentegration and the integration with respect to
duo.o,: Using the representation (7.12). In this way we deduce Lieb’s result [76,77].

COROLLARY 7.6. Let f be convex and satisfy the conditions of TheoreThen
—a2 [T _in g
tr F(Kg) < (47) Tt e dx f(1V (). (7.17)
0 Rd

The Birman—Schwinger principle and the monotonicityroyield
N(—E; Hy) =n(1; Kg(V)) (B=S principle)

<FQO™1 Z F(vj) (v; are eigenvalues dtz(V))
J

= F) M F(Ke(V)),

which is valid also in the limit a& tends to zero. Finally, the change of variable 1V (x)
yields the CLR estimate.

COROLLARY 7.7. Let f be convex and satisfy the conditions of TheofeBnSetZ,(f) =
(Jo© f(£)s™ @27 Lds)(f5° f(s)s~Le* ds)~L. Then

N(O; Hy) < (4m)~92Z,4(f) / | V()Y dx (7.18)
R

or, in the notations 0{7.2),

d
Ro.a < Zd(f)F<E + 1). (7.19)
Hence, to find the best (for this method) constant in (7.1), one has to evaluate

d
cy = inf{l‘(E + 1> Zqs(f)f #£0, £(0) =0, f nonnegative and convx%zx
(7.20)
With the particular choice

0, s <a,

s—a, a<s

f(s):{
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for somea > 0 (recall thatd > 2), we find that

r?
min ——=——,
x>0 xd/ZF(—l, X)

)

c; < (7.22)

whereI'(z,x) = fxoo 1*~e~! dr denotes the incompletE function. If d = 3 one gets
c3<0.116.

The following formal computation hints that the above choicefa$, in fact, optimal.
Indeed, rewrite the right-hand side of (7.19) as

Jo " (s) f(s)ds

¢l,m(f) = fooom//(s)f(s)ds

with /(s) = I'(452)s~4/2 and

00 o0 e—t’
m(s) =/ / dt’ dr =sT'(—1, s).
s Ji

t/

Then integration by parts yields

Jo 1) f"(s) < min L®)

qjl,m(f):fooom(s)f//(s) “ s m(s)

which is attained iff”(s) >~ 8(s — xmin) Wherexmin is the position of the minimum of

[(s)/m(s).

7.4. The proof by Li and Yau

To the Schrodinger operator one can associate another semigroup, also useful in the
study of eigenvalues. Suppose that- 0 and consider the operatﬁ’rgl =V V2(—A+
E)V—Y2; the inverse to the Birman—Schwinger operator (7.5). The semigrotffr e
consists, under suitable conditions, of trace class operators. Moregyer= tre ' Ke™ =

-1
Y e e 'wherex; (K ) are the eigenvalues df ;. Another way to understangl(r)
is taking the trace of the Green function of the parabolic equation

L oY
V(x)Af_az'

Considering this equation first on a bounded donsaig R¢ with Dirichlet conditions and
using positivity of the aforementioned Green function and the Sobolev inequality (3.11),
Li and Yau established the estimapér) < ¢t~/ [, V¥/?dx, where the constant,
depends only on the dimensiah By choosing: = d /(44 ;), they obtained the following
result [75].
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THEOREM 7.8. Let £2 be a bounded domain iR¢, d > 3. Letx; denote thejth eigen-
value of the boundary value problem

—Af(x)=AaV(x)fx),
{ f|a£io e i
Then
chzg*el—d/zng?/z/KZV(x)‘”zdx, (7.23)

whereK, 2+ denotes the best constant appearing in the Sobolev ineq@lity),namely

B 1 rd) \*4
ki = s (Fam) (7.24)

Let Ay be the largest eigenvalue less than or equal to 1. Then Theorem 7.8 yields

/Vd/zd >Ad/2/ Va/2 gy
2 2

NK—d 1-1/2

> N(0;—A - V)K 5.2,

where the last inequality follows from the Birman—Schwinger principle. Some technical
steps, justified by Li and Yau, make it possible to take the linit*> R?” and also to
dismiss the conditiof¥ > 0. In this way, one arrives at the CLR estimate.

THEOREM 7.9. The CLR estimatg7.1) holds and the constant is given hy =
e(d—z)/szj’z*, whereK >« denotes the constafit.24).

Further analysis of the proof, performed by Levin and Solomyak [74], has shown that it
is only the positivity of the heat semigroup and the Sobolev inequality, but not the differ-
ential nature of the Laplacian, that are essential for this approach. This enabled the authors
of [74] to carry over the CLR estimate to certain operators with variable coefficients.

7.5. CLR estimate for positivity preserving semigroups

In both approaches above the semigroups have an important positivity property. It turns out
that it is this property that is crucial for eigenvalue estimates.

Throughout this subsectiof? is a space with &-finite measure.. Moreover,L? will
denote the spack? (2, 1), 1< p < oo.
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Positivity. There are two natural notions of positivity for operators acting in the Hilbert
spaceL?(£2). First, an operatof is nonnegativef (Su,u«) > 0 for all u in the domain
D(S) of §; this is the positivity in the operator sense. Secahds positivity preserving
(P.P.) if (Su)(x) > 0 almost everywhere (a.e.) for any a.e. positive funcii@n® (S); this
notion is related to the lattice structure of thé space.

Positivity preserving semigroupsAny self-adjoint nonnegative operatdrin L? gener-

ates a strongly continuous contractive semigr@p) = Q7 (1) =e~'7, 0< t < oo. The
class of positivity preserving or, shortlgpsitivesemigroups is defined by the property
Q(tu > 0 a.e. for any nonnegative functiene L2. Generators of positive semigroups
can be characterized in terms of their quadratic forms according to the following criterion
[113], Theorem XII1.50.

THEOREM7.10 (First Beurling—Deny criterion)Let T be a nonnegative self-adjoint oper-
ator on L2(£2, du). Extend(y, T+) to all of L? by setting it equal to infinity ify ¢ Q(T).
Then the following are equivalent
() Q@) =e"'T is positivity preserving for alt > 0.
(i) (1wl.TIv)) < (v, Ty) forall y € L2.
(i) Q(z) is reality preserving and

(. T 1) < (Y, TY)

for all real-valuedy € L2. Here v, := max(y (x), O}.
(iv) Q(z) is reality preserving and

Ve TY )+ Y-, TY_) < (W, TY)
for all real-valuedy € L2. Herey_ =, — .

Another (related) notion is the one @2, co)-bounded semigrougefined as a self-
adjoint contractive semigroup(s) = e'” in L2, which for eachs > 0 is bounded as
acting fromL? to L. Such operators turn out to be integral operators, see, e.g., [60],
Section XI.1, or [8], Theorem 1.3. Denoting the integral kernel of eby Q(z; x, y) =
Or(t; x,y), (2,00)-boundedness yields that

2
t
M7(t) := esssu;f ‘QT(E;x, y)‘ dy = ||e_(t/2)T||i2HLOO <00 (7.25)
x J

(for brevity, we write d instead ofu(dy)).

The kernelQ(z; x, y) is defined almost everywhere @b x £2 for anyt > 0. One can
re-define the kernel on a set of measure zero for each in such a way that it becomes
measurable in all variables (see [8], Lemma 2.2) and symmeic:x, y) = Q(¢; y, x)
a.e. We always suppose that this has been done.

By duality, Q(¢) is also bounded as an operator frarhto L2. The semigroup property
Q(t1) Q(t2) = Q(r1+12) shows thaiQ(¢) acts fromL! to L> and is factorized through?.
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This makes it possible to define the value of the kernel on the diagoaat for almost
all x,

Q(t;x,x)=f O(t1;x,y)Q(t2; y, x)dy, t1,r0>0andy +m=1r. (7.26)
2

The resulting function is well defined as an element.8f which does not depend on the
particular choice of; andz,. Thus, (7.25) can be rewritten as

Mr(t) = esssu;f QT(EQ X, y) QT(E; yvx) dy
x J§2 2 2

= esssu@(t; x, x). (7.27)

So we see that
|0r(t;x,y)| <Mr(t)  ae. omRy x 2 x £2, (7.28)
0<Or(t;x,x) < Myp(t) a.e.onRy x £2. (7.29)

The same semigroup property, together with contractivitizdnimply that M7 (¢) is non-
increasing on0, co). We usually require

o
/ My (t)dt <oo, a>0. (7.30)
a

We will write T € P if the self-adjoint operatof” generates a semigroup which is both
positive and(2, co)-bounded. For sucli, the kernelQ 7 (¢; x, y) is nonnegative:

Ort;x,y)>0 ae onRy x 2 x £2,
(7.31)
Or(;x,x)>0 ae onR; x £2.

If T eP andT > y with somey > 0, then for anyr > —y the operatofT, =T + r
also belongs t&. The corresponding semigroup @, (t) = € "' Q7 (¢), thus My, (1) =
e ""Mr(z). It follows that M7, () with r > —y decays at infinity exponentially.

CLR estimate for generators of positivity preserving semigroupget T be a nonnegative
self-adjoint operator irL2. Suppose that a given measurable functioa: 0 (more rig-
orously, the operator of multiplication by) is form-bounded with respect tB, with a
bound smaller than 1. Then the self-adjoint bounded from below opéFatov is defined
by the method of quadratic forms (see Section 3.2).

Denote by® the class of all continuous functior® on [0, co), growing at infinity no
faster than a polynomial and such that G(z) is integrable at zero; the latter assumption
implies G (0) = 0. We already encountered this class in Section 7.3. In addition, set

8o =/ G (e dz (7.32)
0
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Rozenblum and Solomyak [121], Theorem 2.1, have established the following CLR es-
timate for a positive semigroup perturbed by a poteritial

THEOREM 7.11. Let T € P be such thatMy(¢) satisfies(7.30) and My (t) = O(t™%)
at zerq with somewx > 0. Fix a nonnegative convex functidh# G € &, polynomially
growing at infinity and such that (z) = 0 nearz = 0. Then

NO;T-V)< i/mgf Mr()G(tV (x))dx, (7.33)
gJo It Ja

as long as the expression on the right-hand side is finite

Their method is an “abstract version” of Lieb’s approach. The latter was based upon
the path integral technique. Instead of this formalism, fairly hard to be carried over from
the Laplacian to other operators, the authors of [121] use the operator analysis only. As a
consequence, their approach applies to a quite general situation; requiring fomty the
structure of measure space.

REMARK 7.12. 1. The finiteness of (7.33) assures that the opefaterV is bounded
from below.

2. It follows from convexity thaiG (z) grows at infinity at least as a constant tintes
Therefore, the condition (7.30) is necessary in order that the estimate (7.33) be meaningful.

Since the functior; appears in (7.33) as a parameter, one Hasély of estimates and,
consequently, it is possible to optimize in the paramételhe idea of a parametric esti-
mate of the type (7.33) is due to Lieb [76], who proved it for the Schrédinger operator. He
also suggested to use the functiGp(z) = (z — a)+, a > 0, wherea is a scalar parameter.
Optimization of G can be performed as described in Section 7.3.

EXAMPLE 7.13 (Schrédinger operator). Le® = R? with the Lebesgue measure,
T = —A. The kernel of 7 equalsQ(t; x, x) = (2n)~4/%=4/2 on the diagonal. So,
(7.30) dictates! > 3. Following Lieb [76] (see also [138], p. 96), sel&&tz) = (z — a)+,
with some positive constaatto be chosen. Then (7.33) gives

N@O; —A - V)< (2n)*"/2g51/oo/ t7271G (1 v (x)) dx d, (7.34)
0 R4

where, according to (7.32%p = fa"o(l — az~YHe?dz. After the change of variables we
come to the CLR estimate

N@©O;—A—-V)< C(G)/ V(x)4/? dx, (7.35)
Rd
where

C(G) = (2n)_d/2g61/ (t —a)= % 1dr.
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Then one should optimize im. Ford = 3, it turns out that the best constant in (7.35) is
obtained whem: = 0.25 which givesC (G) = 0.1156, the constant found by Lieb. It was
explained in Section 7.3 that this choice®fis optimal.

The approach above applies to many operators of Mathematical Physics, e.g., the rela-
tivistic Schrédinger operator, the discrete Schrédinger operator, sub-Laplacian on a nilpo-
tent Lie group, and nonisotropic operators, the only decisive restriction being the condition
of positivity [121].

7.6. CLR estimate for operator-valued potentials

Some problems in quantum physics can be reduced to Schrodinger-type operators acting
not on scalar-valued functions but on finite, and even infinite-dimensional vector-valued
functions. Some of such problems arise when consideringtine—Oppenheimer approx-
imation for systems containing both heavy and light particles (see, e.g., [43]), others are
obtained from the scalar systems by separation of variables. A natural question is how
to obtain eigenvalue estimates for such operators. Even for operators acting on functions
with a finite-dimensional space of values, it is important to have eigenvalue estimates not
depending on the dimension of this latter space.

Hundertmark [55] has shown that Cwikel’s proof of the CLR estimate can be adapted to
the following operator-valued setting.

Let G be a Hilbert space with norrii - ||g, scalar product-, -)g, and letlg be the
identity operator org. Let L?(R?, 6" (G)) be the space of operator-valued functighs
whose norm

11 = 11 g gy = /R trg (| o]")*'" d

is finite; &” is defined in Section A.8.
Hundertmark obtained the following result.

THEOREM 7.14 (Cwikel's inequality, operator-valued casépt f and g be operator-
valued functions on an auxiliary Hilbert spaGeAssume thaf € L4 (R4, &%(G)) andg €

L% (R?, B(G))) for someg > 2. Then f(x)g(—iV) is a compact operator on2(R?, G).
In fact, it belongs to the weak operator ide@f, (L2(R?, G)) and moreover

| feg=n]; , = fg?kl/qﬂk(f(x)g(—iv)) <Kyl fllgqllgls.,.  (7.36)

where the constark, is given by

8 1-2/q 2 1/q
qu(zn)—d/q%<_q 2) <1+—> . (7.37)
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As in the scalar-valued case, the CLR estimate is an immediate consequence of Theo-
rem 7.14; in the operator-valued setting it takes the following form.

THEOREM 7.15. Let G be some auxiliary Hilbert space and I&t be a potential with
Vi e LY?(RY, 89/2(G)). Then the operator-A ® 1g — V has a finite numbenV of
negative eigenvalues and the following estimate holds

NO;-A®1g — V)gcdf trg V2 dx. (7.38)
R4

7.7. Generalizations to variable coefficients

A natural generalization of the CLR estimate, with the Laplacian replaced by the Laplace—
Beltrami operator (2.1) on a manifold with a metricg, would have the form

NO: -8 =) <C [ Ve Py, d >3 (7.39)
M

whereu, (dx) is the Riemannian volume,
11 (dx) = (detg) Y2 dx, (7.40)

in local coordinates. There is no hope that this estimate holds for all manifolds, in particu-
lar, it surely fails for compact manifolds, for which even the smallest positiywoduces
at least one negative eigenvalue.

However, in the case of the Euclidean space with a nonstandard metric, certain results
can be obtained. In principle, all methods proving the usual CLR estimate, might be used
to handle (7.39), with exception of Cwikel's one, the latter being too closely related to the
Euclidean structure dR?. The initial approach, originating in [16], used by Rozenblum
to prove the CLR estimate (see [116], and modern presentations of this method in [99]
or in [119]) can be applied to handle this problem. The idea of the approach lies in con-
structing a subspace of proper co-dimension, on which the ratio of quadratic forms cor-
responding to the two terms inA, — V is less than 1,

[ v@lue g < [ Ve, ey o (7.41)
R4 R4

where |Vgu|2 = |Zgjk djudiul. As soon as such a subspace is constructed, the co-
dimension ofL gives, according to Glazman’s lemma (see Section A.9), an estimate
from above for the number of eigenvalues above 1 of the operator defined by quadratic
forms in (7.41). The Birman-Schwinger principle then immediately leads to estimates for
N(0; —A, — V). Hence, the problem lies in constructing such subspaces. In fact, it is a
problem in approximation theory. One can understérd the orthogonal complement to a
finite-dimensional subspadeé (it is the dimension of thi& that is the co-dimension af).
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Thus the estimate (7.41) simply measures how gaditrary functions with controlled

i |Vgu|2ug(dx) can be approximated by functions 4@ in the metrics of the spack?

with weight V. In [116] K was taken as a linear span of characteristic functions of a cer-
tain system of cubes, so in this case the approximation method was piecewise constant.
A concrete realization of this idea involves obtaining Poincaré-type estimates in cubes,

/QV(x)!u(X)—uQIZMg(dx)SC(V,g, Q)/QIVgMIZMg(dx), (7.42)

whereu ¢ is the mean value of over the cubg?. Combinatorial-geometric considerations
then provide us with a systef of cubes, covering some compact p@rin R? with finite
multiplicity, so that the constar@(V, g, Q) has the order 1 foQ € &. Outsides2, V is
“small”: fpa, o Vu|? g (dx) < & Jpave |Vou|? 1 (dx). After this construction is done, one
takes asC the space spanned by the characteristic functions of the qddke& . In the
original realization in [116] (see also [99,119]), the Holder inequality and the Sobolev
embedding theorems were used to establish (7.42). Applied to our concrete situation, one
obtains the estimate

N, —Ag — V)
1/p 1/q
< c(f V+(x)pd/2dx> (/ a)(x)qd/zdx> , d>3 (7.43)
R‘l Rd

for arbitrary p, ¢ > 1, p~* + ¢~ = 1, wherew(x) is the smallest eigenvalue of the ma-
trix gjx(x). Thus possible cancellation of singularities ofnd V at finite points or at
infinity cannot be taken into account. Another shortcoming in (7.43) is that it involves the
smallest eigenvalue of the matrpy; and not the determinant, as one would like to have,
thus weakening the result for nonisotropic metrics.

Fefferman in [42] initiated the use of advanced methods of harmonic analysis, more
exactly, the theory of singular integrals, to establish inequalities of the form (7.42) with
better control over constants. He has also improved the combinatorial-geometrical consid-
erations. Further developments (by Chanillo and Wheeden [23] and Tachizawa [145]) led,
in particular, to estimates of the form

N(@©; —A, — V) < C/ Vi) 2w (x)?dx, d>3, (7.44)
R4

under some mild conditions imposed erix): this function must belong to tha, class
of Mackenhoupt and satisfy a certain reverse Hdélder inequality — see [23] for details. Say,
functions having power-like singularities satisfy these conditions. In particular, if the met-
ric is isotropic, that is, the matrig;« (x) is a multiple of the identity matrix, (7.44) turns
into (7.39).

We note here that this approach generalizes successfully to operators of higher order;
this involves piecewise polynomial, instead of piecewise constant, approximation. Such
a generalization is impossible for the methods using the heat kernel analysis: they rely
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heavily on positivity (or positive domination) of the kernel, which always fail for higher-
order operators.

The recent progress in eigenvalue estimates on general manifolds is related to new results
in the heat kernel analysis. On the one hand, for a maniféddg) with a nonnegative
Ricci curvature, the heat kernél(z, x, x) is estimated in terms of the volume of geodesic
balls B(x, ) with centrum atr and radius/2 (see [24] and literature therein),

Q(t,x,x) < C|B(x, /Y2, (7.45)

Setting this estimate into Theorem 7.11, one obtains an eigenvalue estimate for the
Schrédinger operator. This estimate, generally, does not have CLR-form, since one does
not have at present any estimates of volumes of balls in terms of the metric gensor

Another recent development, generalizing the method of Li and Yau, can be found in the
work by Grigor'yan and Yau [50]. Being customized to the case of a geometrical operator
(the work, actually, deals with an abstract setting of operators defined by Dirichlet forms)
the result of Grigor'yan and Yau is the following [50], Theorem 4.3.

Let u be a measure oM, absolutely continuous with respect to the Riemannian mea-
sure, and let:(x) be a positively definite matrix depending continuouslyxon M.

THEOREM 7.16. Suppose that for some> 0, p > 1 and for any open se® C M, the
estimate

/9 |VgulPpug (dx) = bu(2)~? /Q Jul?pag (cbx) (7.46)
holds for anyu € C3°(£2). Then for a nonnegative functio#,

N(O; —%vg(azvg) — v) <cb? /M VPpe(dx), m:= (%g. (7.47)
The main ingredient in the proof is the fact that the condition (7.46) implies rather de-
tailed heat kernel estimates for the operakghrvg (azvg).
For the case of the Euclidean space, (7.46) is obtained easily from the Sobolev inequality
and the Holder inequality and this produces again the estimate (7.43). Establishing (7.46)
in more general situations will lead to a progress in proving (7.44).

8. Lieb—Thirring inequalities
Fory > 0, we consider the sum

Sya(Viky= Y |E;I, (8.1)
Ejgo

where E; = E;(V; i) denote the negative eigenvaluesij = —h?A — V. Obviously
So(V; h) = N(O; Hy). By generalizing the reasoning leading to (1.1), one expects that
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bounds on thenomentsS, ;(V; i) expressed in terms of thghase-space volunexist,
ie.,

Sy.a(Vih) < Ry,dS;’d(V; h), (8.2)

whereR,, 4 are (optimal) constants and
S5 4 (Vi h) == 2uh)™ // |H (x,8)| dx dg
(x,8)|H (x,§)<0}
=L 4h~ /}R ) Vi (x)Y 42 dx (8.3)

with

'y+1

4
24 md/2T (y +14d/2) (8.4)

c —
L=

being theclassical constanwhen’ = 1 we setS, 4(V) := S, 4(V; 1). The word “classi-
cal” is explained by the relation to the eigenvalue asymptotics (1.3). Using Lemma A.5 (in
Section A.9) we find that

o0
Sy.a(Vih) = V/ E"7IN(0; H_piv (1)) dE
0
o0
=y [ BTN HpivdE, g =2 (8.5)
0

Substituting instead oV (0; Hy(— £ v)) its asymptotical expression (1.3), we arrive at
Sy.a(Vih) = (1+0(2))S5 4,(V;h) ash— 0. (8.6)

In particular, the question arises, for which valuesjofand d does the inequality
Sy.a(Vih) < S;ﬁd(V; #) hold for all vV?

8.1. Admissible values of and results

It is well known that any arbitrary small attractive potential well has at least one bound
state in low dimensiong = 1, 2 [14,132]. Thus, the quantit§y 4 (V'), being the number of
negative eigenvalues, is a positive integer for any nontrivial nonnegtiv@n the other
hand, the phase-space volursig, (V) can be made arbitrary small and, consequently,
we cannot estimat§p 4(V) from above byS0 +(V). Moreover, we can rule out the case
0<y <1/2,d =1, because the unique weakly coupled negative eigenvalue obeys [132]

(—E1(V; )2 = (271 + o)A~ /RV(x)dx ash — oo, (8.7)
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which shows thas, 1(V; h) = O(h~%) for largef, while 851 (Vih) = o 1.
In 1975, Lieb and Thirring proved the following result for the cages 1/2,d = 1, and
y >0,d >2[84,85].

THEOREM 8.1 (Lieb—Thirring inequality).Let E1 < E2 < --- < 0 denote the negative
eigenvalues oHy = —h%A — V in L2(R?). Then the inequality

Sy.a(Vih) < Ly qh? fR V(o T dx (8.8)

holds for suitable constants, ; if and only if

y>1/2 ford=1,
y >0 ford =2, (8.9)
y >0 ford > 3.

Note that the right-hand side of (8.8) has the correct order of the semiclassical Weyl-
type asymptotics (8.6). In comparison to the latter, however, the inequality (88fasm
in 2 > 0. This enables one to obtain information on the negative spectrum of Schrédinger
operators from the classical considerations also imtreasymptoticalegime.

Lieb and Thirring applied (8.8) to give a proof stability of mattemwithin nonrelativis-
tic quantum mechanics [78,84,85]. Their proof of (8.8) proceed by establishing an upper
bound toN (—E; Hy) using their generalization of the Birman—Schwinger principle, The-
orem 7.3, in combination with the bound (7.6). The result then follows from Lemma A.5
in Section A.9.

For values ofl, where the CLR estimate is valid, the Lieb—Thirring inequality can easily
be derived from it:

o
Sya(V)= y*lf #E;(V) < —t)t"Lde
0
o
= y*1/ So.q(V —t)t¥Ldr
0

o0

< RO,dV_l/ S5 (V=0 L
o 0
1 [ ded | g
=Ro 1/ {// —}tV dr
v 0 HEx)<—t 21)¢
= Roa S5, 4(V). (8.10)

Even here it does not give the optimal constant. #e&t 2, however, the latter approach
does not work and progress is thus not related to (8.10).
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The casey = 1/2 andd = 1 was treated by Weidl [153]. In fact, Weidl obtain$veo-
sidedestimate

85101 (V) < S1/21(V) <28551(V)., V>0,VeL'(R). (8.11)

The optimal constant in the upper estimate was established in [57] and it seems that the
optimal lower estimate in (8.11) was first noted in [49]. By comparing the weak and the
strong coupling constant behavior one easily seesythatl/2 andd = 1 is the only case
in the Lieb—Thirring scale, where one can express such two-sided estimate via the phase-
space volume.

It is worth to mention that the lower estimate in (8.11) implies that (see [49])

So,2(V) = 85 ,(V) (8.12)

for nonnegativespherical symmetrid’ in two dimensions. Furthermore, far= 2 the
negative spectrum affy is infinite for anynonnegative potentidl LIOC\L1 i.e., when
S5.2(V) isinfinite [153]. An interesting open problem is to find out in which way (8.12) can

be extended to a larger class of potentials. This calculation can be also successfully re-
peated, with the Laplacian replaced by any other operator, for which the CLR estimate is
known. In particular, if applying here the estimate (7.44) for the LaplaciaRomwith a
non-Euclidean metric, we obtain

Sya(8. V)< C / Ve ()2 ()2 dx, d >3,
]Rd

whereS, 4(g, V) is the Lieb—Thirring sum for the operaterA, + V. Results of this kind
were recently obtained by Tachizawa for certain degenerate elliptic operators [145].

8.2. Optimal values of the constants, 4

An important, and still partially open problem is to determine the optimal value of the con-
stantL, q, especially to determine those cases in whigh; = L7 ,, in other words, when
Ryq= L},,d/L;’d = 1. In fact, in the study of the stability of matter the numerical value
of the constanL,, 4 is compared with fundamental physical constants, so exact knowledge
of L, 4, may decide the fate of the Universe.

By an argument similar to the one leading to (8.10), Aizenman and Lieb showed that
R, 4 is a monotonically nonincreasing functionpf7].

THEOREMB8.2. If R, 4 is finite for somel and somey > 0, then
R, 4<Ry,q foraly >y. (8.13)

The results in dimensiod = 1 are the most detailed ones. Optimal constants were ob-
tained already in [7,85], wherein it was shown that

R,1=1 forally >3/2. (8.14)
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Since the asymptotical behavior (8.6) entails
R,q>1 (8.15)

for admissible pairg andd, the constants (8.14) must be sharp.
In the cases = 1/2, Hundertmark, Lieb and Thomas [57] showed that

Rij21=2 (8.16)

by means of a monotonicity principle for partial eigenvalue moments of the modified
Birman—Schwinger operator (7.7); the constant (8.16) reflects the weak coupling limit be-
havior (8.7). Furthermore, i¥ (x) = §(x) then H; has the unique negative eigenvalue
E1(8) = —1/4. Up to translation and scaling this is the only potential for which the con-
stant (8.16) is achieved [57].

In the case 12 < y < 3/2, an analysis of the lowest bound state shows that

_ _ y—1/2
Ram s SV gy ROy 12y

VeLy+1/2 S}C,,]_(V) - VelLv+1/2 S;’l(V) Yy + 1/2

(8.17)

The maximizing potential is

1
Vix)= <y2 — Z) cosh?x.

Lieb and Thirring conjectured in [85] tha, ; is actually equal to the numerical factor on
the right-hand side of (8.17). The result (8.16) in combination with (8.13) implies at least
R, 1 < 2. But the sharp values @, 1 remain unknown.

Another case where the Lieb—Thirring inequalities can be tested by direct calculation is
the harmonic oscillator.

THEOREM 8.3. For the harmonic oscillatorV, = A — Y¢_; a2x?, a = (a1, ..., aa),
ar > 0and A > 0, the inequality

Sy,d(va) < S;,d(va) (818)
holds for ally > 1and alld € N.

For the dimensior = 1 this can be shown by direct computation in conjunction with
the Aizenman-Lieb argument. The reasoning in higher dimengion4 is more involved
and has been carried out by De la Bretéche [30] and Laptev [68].

The harmonic oscillator provides also illuminating counterexamples. Indeed, one can
show that ify < 1 then for certain parametersanda the inequalitys, 4(V,) > S;’,d(va)
is valid [52], and hence

R,q>1 foraly <l,deN. (8.19)
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Further analysis, see [77,85], shows that do& 2 the inequality (8.19) holds for all
Y <o~ 1.16 and it also gives some explicit upper bounds for the consfnjs

Until recently the following Lieb—Thirring conjecture posed in [85] was completely
open.

CONJECTURES.4. In any dimensiod there exists a finite critical valug,(d) such that
R, 4 =1forally > ycr(d). One expects thak(d) = 1 ford > 3.

One of the most important cases for applicationg is 1, d = 3, for which the latter
conjecture would imply, via a duality argument, that the kinetic energy of fermions is
bounded below by the Thomas—Fermi ansatz for the kinetic energy, which in turn has
certain consequences for the energy of large Coulomb systems [77,84], a topic of much
current interest. The latest essential progress here is related to considering Lieb—Thirring
inequalities for operator-valued potentials.

Lieb—Thirring inequalities for operator-valued potentialsln a breakthrough paper
Laptev and Weidl [69] showed that, at first sight, a purely technical extension of the
Lieb—Thirring inequality from scalar-valued to operator-valued potentials first suggested
by Laptev [67] is a key in establishing at least a part of the Lieb—Thirring Conjecture 8.4.
Their setting is as in Section 7.6: I@tbe a separable Hilbert space, lgtbe the identity
operator org and letV be a function oiR? with values being self-adjoint operatorgx)
ing.
Let {E;(V; i)} denote the negative eigenvalues of the operaltpy = —hPAQ® 1 -
V (x) acting onL?(R%) ® G. Moreover, let

Sya(Vih) =t 2agg[H-(Vi)]" = |E;(Vin)|”

J
and

ya(Vil) = // tI’g[H_(S,x)]y (g:[:fd = L;,dh_d/trg V()Y /2y

whereH (£, x) = €] ® 1g — V(x) and tg[H- (&, x)]” is the Lieb—Thirring sum for the
operatorH (¢, x). Define

% . —sup Sy.a(V;h)
PEUNVILS [ gV (0] a2y

Laptev and Weidl obtained the following generalized Lieb—Thirring inequality [69].
THEOREM 8.5 (Lieb—Thirring inequalities, operator-valued casghe inequality

Sy.a(Vih) < Ry.aS5 4(Vi h) (8.20)
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holds with

Rya=Rya=1 (8.21)
whenevery > 3/2 andd € N.

The latter confirms the first part of the Lieb—Thirring conjecture with< 3/2. The
crucial observation made by Laptev and Weidl was that this extension of the Lieb—Thirring
inequality enables one to perform an inductive proofRgf, s = 1 as long as one has the
a priori informationr, 1 = 1 for operator-valued potentials.

For the physically most important cage= 1 andd = 3, the best-known estimate was
R1.3 < 5.24 [19] until Hundertmark, Laptev and Weidl [56] obtained the following im-
provement by using arguments similar to the ones in [69] in combination with ideas in [57].

THEOREM8.6. The inequalities

- 4 forl/2<y <1,
Ryd<Rya< (8.22)
2 forl<y <3/2,
are valid for alld € N. In particular, if d = 1 then
Rip1=Rip1=2 fory=1/2, (8.23)
R,1<R,1<2 forl/2<y <3/2, (8.24)

Whereﬁy,d is defined in(8.20)and its relation toR, 4 is given in(8.21)providedy > 3/2.

Unlike the scalar-valued case, the range of parametersdd for which (8.20) holds
is not known. Theorem 8.6 shows only that these inequalities are trye*ot/2 and all
d € N. This shortcoming arises from the very way the Lieb—Thirring inequalities are shown
for operator-valued potentials. First, the inequality is justifieddog 1 (for this case,
an elementary proof based on the Darboux transformation was later found by Benguria
and Loss [11]). Then the induction on dimension is used with the one-dimensional result
applied both as a base of induction and on each step. This approach gives good estimates
for the coefficientsR,, 4 in the Lieb—Thirring inequality, for instance, they do not depend
on the dimension. Moments for < 1/2, however, cannot be estimated via this technique,
since the one-dimensional estimate fails already in the scalar-valued case.

REMARK 8.7. The method of [85] extends to systems and verifies (8.20y fer0 if

d > 2 and fory > 1/2 if d = 1 with the same upper estimates on the constapis as are
obtained forR, 4 therein. The validity of (8.20) foy = 0 andd > 3 has been established
by Hundertmark [55]; see Section 7.6.

Based upon the aforementioned results, Laptev and Weidl [70] formulated the following
conjecture, which remains open.



Schrddinger operators with singular potentials 473

CONJECTURES.8. The inequality (8.20) holds for all paiysd for which (8.2) holds, and
the optimal values of the constarRs ; andR,, ; coincide.

9. Diamagnetic properties and spectral estimates

We pass here to the quantitative spectral analysis of operators with magnetic fields. The
key role here is played by different monotonicities arising for such operators.

9.1. Domination

Given two operators andT in L2(£2) such thatT is positivity preserving, one says that
S is positively dominatetdy T (abbreviated as P.D. or, in symbolsx T) if

|[(S) ()| < (Tlul)x),  ue L), (9.1)

almost everywhere. If, T are integral operators with kerne§x, y), T'(x, y), then this
is equivalent to the inequalitys (x, y)| < T (x, y) for almost all(x, y) € 2 x 2.4

Itis natural to pose the question: which propertieg @fre inherited bys? Boundedness
is clearly inherited and Pitt [106] showed that compactness is carried over as well; we
already used it in Section 5.5.

Domination, however, does not imply that all eigenvalues$ afe smaller than the cor-
responding eigenvalues &f as the following example shows.

ExamMPLE 9.1. Consider

1 0 11
S:<O 1) and T:(1 1).

Here$ has eigenvalues, 1 andT has eigenvalueg'2, 0.

Hence, by measuring the “quality” of an operator's compactness in terms of the rate of
decay of itss-numbers (or eigenvalues, if the operator is self-adjoint), one must not expect
that S < T implies the inequality:(, S) < n(A, T) for the distribution functions for the
s-numbers of§ andT (see Section A.8).

Compactness can also be “measured” in terms of Schatten ideals (see Section A.8). It
is easy to show (see, e.g., [137]) that if the operdtdoelongs to the Hilbert—-Schmidt
ideal &2 then the same holds fat. This statement is valid also for the clas€#% consist-
ing of compact operators for which the sequence-nfimbers belongs #¥, providedp is
an even integer [137]. However, this does not remain true fa8Jlp > 2, as Simon con-
jectured in [137]. Indeed, Peller [105] showed that for @mwvhich is not an even integer,
there exist operator$ < T such thatl’ € G? but S ¢ G”.

If we replace hereS? by the classSY, (see Section A.8), then even fpr= 2 (and
p = 4) such examples are found [26].

4For additional notions of domination, we refer to Section 9.4.
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9.2. Diamagnetic inequality

The study of domination (as defined above) was partially motivated by the spectral analysis
of Schrédinger operators with magnetic fields; see Section 2.

One of the fundamental facts for Schrédinger operators with (regular) magnetic fields is
the so-calledliamagnetic inequality

THEOREM 9.2 (Diamagnetic inequality)lf A e L%C then the semigroupxp(tA) domi-
nates the semigrougxp(zA 4), t > 0,

gra g el (9.2)

The inequality hints that the overall effect of introducing the magnetic field is to “push
up the spectrum” and, consequently, it implies that the free energy of a system of spinless
distinguishable particles or of spinless bosons within a magnetic field obeying the condition
is not smaller than without a magnetic field [133].

In combination with the Trotter—Kato—Masuda formula (see Theorem 9.3) it implies that
the resolvent (or, which is equivalent, the heat semigroup) op#raurbedSchrodinger
operatorH 4 v = —A 4 — V with electric potential-V is dominated by that oHp v . It
might thus be very tempting to derive individual eigenvalue estimates for the magnetic
operator from the nonmagnetic ones, using the diamagnetic inequality only. This would,
in particular, lead automatically to estimates not depending on the magnetic field, which
agrees with the physical intuition. The example constructed in [9], however, shows that
even in this concrete situation switching on the magnetic field may move some eigenvalues
in the “wrong” direction, therefore domination does not generally imply inequalities for
eigenvalues. Obtaining eigenvalue estimates for the magnetic Schrédinger operator there-
fore became a separate problem, and many methods used in the nonmagnetic situation did
not work in the magnetic case.

The diamagnetic inequality (9.2) was originally conjectured by Simon [134] as a par-
ticular case of a general conjecture on wherde< e~'7. The general conjecture was
proven independently by Hess, Schrader and Uhlenbrock [53] and Simon [135] providing
a purely functional analytic proof by relating it to Kato’s (distributional) inequality (see
Proposition 4.4).

There are several ways to establish the diamagnetic inequality. The proof we give here
(first proposed in [136]) is not the simplest one but, probably, the most enlightening. It is
based on an important abstract result from operator theory [64].

THEOREM 9.3 (Trotter—Kato—Masuda formula).etS; >0, j = 1,..., k, be self-adjoint
operators so that the sufi= S; + --- + S; is defined in the sense of quadratic forms
Then as a strong limit

exp(—tS) =5 — lim [exp(—ﬂ> exp<—@> --~exp<—@)} .
n—o00 n n n
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Now we are able to prove Theorem 9.2. Fdixed, define

w,-(x)zwj(xl,...,x,-,...,xd)=f0 ' Aj(x1, .. &, xg) dE.

Then

This is a formal relation, however under the conditippe Lﬁ)C, the equality (9.3) holds
in the rigorous sense: the maximal operators on the left-hand side, resp. right-hand side,
of (9.3) are self-adjoint and have the same domain. Thus the operatgr can be rep-
resented as a sum (in the sense of quadratic forms) of operaﬁﬁrsTherefore we may

apply Theorem 9.3 to express the semigroup generateday,

&84 — |lim (e—inU]_(L)ei(‘//l—WZ)Uz(i)...Ud(i)ei‘Pd) ) (9.4)
n— 00 n n n

whereU; (1) = e’afz. Now note that eacl; (1) is an integral operator with positive kernel,

and the expression in (9.4) is a composition of several (rather many) such operators and
multiplications by functions having absolute valudfive replace these exponents by their
absolute value, in other words delete them, the value of the integral can only increase, and
this gives|€®A (x, y)| < €2 (x, y) as we need.

9.3. Semigroup domination criterion

A different way of establishing domination, found in the 1970s, is based on the Kato
inequality in Proposition 4.4. A development of this method, enabling one to consider
guadratic forms rather than operators, was proposed by Ouhabaz [104]; this technique per-
mits one to handle more singular cases thaa L2 .
Lets be a sesquilinear form which satisfies

D(s) is dense inL?(R?), (9.5)
NRs[u,u]l >0 VueD(s), (9.6)
|s[u, v]| < Cllullslvlls Yu,veD(s), 9.7)

whereC is a constant aniu||s = v/Ns[u, u] + |Ju||2, and moreover,

(D(s). Il - IIs) is a complete space (9.8)

DEFINITION 9.4. LetK and £ be two subspaces df2(R¢). We shall say thak is an
ideal of £ if the following two assertions are fulfilled:
(1) u e Kimplies|u| € L.
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(2) If u € K andv € £ such thatv| < |u| thenv - signu € K.

Lets andt be two sesquilinear forms both of which satisfy (9.5)—(9.8). The semigroups
associated to corresponding self-adjoint operasors will be denoted by &5 and €7,
respectively. The following result was established by Ouhabaz [104], Theorem 3.3 and its
Corollary.

THEOREM 9.5. Assume that the semigroep’” is positive The following assertions are
equivalent
(1) e <xeTforallr>0andall f € H.
(2) ©(s) is an ideal of©(t) and
Ns[u, v signu] = t[|ul, [v]] (9.9)

forall (u,v) € ®(s) x D (t) such thatv| < |u].
(3) D(s) is an ideal of©(t) and

Nslu, v] > t[|ul, |v]] (9.10)
forall u, v € ©D(s) such thats - v > 0.
In particular, one gets
SePD(T) = {(Su,u)>t[|ul, |ul] for anyu € D(S)}. (9.11)
By means of Ouhabaz’ criterion, Melgaard, Ouhabaz and Rozenblum have shown that
the diamagnetic inequality is valid for the Friedrichs extension of the Aharonov—-Bohm

Hamiltonian [98].

THEOREM 9.6. Let Aag be the Aharonov—Bohm vector potential given(&7). The
Aharonov—Bohm Hamiltoniar Aag = —(V +i.4ag)? in L2(R?) obeys

ghms < g

Note that the result does not follow directly from the known diamagnetic inequality
since the components of the Aharonov—Bohm vector potential do not beldi:@ctdhis
latter condition is crucial in all previously existing proofs of the diamagnetic inequality.
The proof in [98] carries over to an arbitrary system of Aharonov—Bohm magnetic fields
placed at the points of some discrete set in the plane, e.g., a lattice (see also Section 9.5).

9.4. Diamagnetic and paramagnetic monotonicity

A drawback of the diamagnetic inequality is that it only allows one to compare the two
extreme cases, hamely with or without magnetic field. It does not provide control when a
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magnetic field is varied (pointwise) from a given nonzero value to another nonzero value. In
this section we shall see thdiamagnetic monotonicitgnd, in the case of Pauli operators,
paramagnetic monotonicityn this broader sense are much more difficult to obtain and
they are even wrong in general.

Due to the nature of the questions (and answers) addressed here, it is convenient to
change slightly our notation for magnetic Schrodinger operators and Pauli operators.
Throughout we emphasize the dependence of the magnetic field by setting

Hgv=—-A+V and
Pey=[o- (V+iAP+V

whereB = dA is the (2-form) magnetic field and is the electric potentlal Theointwise
strengthof the magnetic field is defined a8(x)| :=tr|[B(x)| =3, d/z] 1B, (x)|, where
HB(x) is considered as a real skew-symmetric matrix with entt{asx)e,,ek)}j’k 1=
{Bjr(x)} (for any orthonormal baSI$ek}k 1) with eigenvaluestig,(x) (in odd di-
mensions there is an extra zero eigenvalue). Hgredenotes the integer part. Further-
more, thelocal energy nornof the magnetic is defined g8 (x)||2 = (tr|B(x)|%)¥2 =
(23,118, ()92, Note that|B(x)] = [B(x)|l2 for d = 2, 3.

For potentialsi, V», being just real-valued functions, domination is easily introduced
as a (partial) ordering: we say th#i is smallerthan V, if Vi(x) < Va(x) holds for all
x e R4,

Domination for magnetic fields, on the other hand, can be ordered in three ways,
at least. First, we say th&; is smaller thanB, in the sense opointwise strengthf
|B1(x)] < [B2(x)] for all x € R?. SecondB; is smaller tharB, in the sense ofocal
energy normf ||B1(x)|l2 < [IB2(x)|l2 for all x € R, Third, B; is smaller tharB, as a
2-form if | A1(x)| < | %2(x)| as nonnegative matrices for all Observe that all three types
of domination coincide inl = 2 and ind = 3 provided the magnetic fields have constant
direction. The first two notions coincide ih= 3 for any field.

We list next some possibilities to say that an oper@tdominatesS defined by means of
various (partial) orderings of self-adjoint operators (assuming that both are semibounded,
defined onL?(R%) and the kernels below exist).

(D.1) S T. (Operator sense.)

(D.2) |exp(—tT)(x, )| < |exp(—tS)(x,y)| Vx,y € RY, r > 0. (Heat kernel point-

wise.)

(D.3) exp(—1T)(x,x) < exp(—tS)(x,x) Vx,y € R?, t > 0. (Heat kernel diagonal

pointwise.)

(D.4) trexp—tT) <trexp(—tS) Vr > 0. (Trace of heat kernel.)

(D.5) info(S) <info (T). (Infimum of spectrum.)

(D.6) llexp(—tT)llp,q < lexp(—=tS)llpqg, 1 < p < g < oo, (Heat kernel L? —

L7-norm.)

SFor the Pauli operator one always consider the partial tracevtith respect to the spin variables to reduce it
to an operator ol.2(RY).
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Evidently these definitions are related. Some of them imply some of the others, e.g.,
(D.2) = (D.3) = (D.4) = (D.5). Within Physics, (D.1), (D.4) and (D.5) are the most
significant.

If the magnetic field equals zero, then the following classical result says, roughly, that
the energy increases as the electric potential increases; the result is most easily shown by
means of the Trotter—Kato formula.

PROPOSITION9.7. In any dimensionif Vi < V» pointwise H, = —A + V> dominates
Hi = —A + Vi in the sense ofD.1)—(D.6).

The search for analogous statements in the case where the magnetic field increases may
be guided by the following loosely formulated conjectures.

CONJECTURE9.8. (i) Diamagnetic principle: The Schrédinger operator “increases” as
the magnetic field increases pointwise.

(i) Paramagnetic principle: The Pauli operator “decreases” as the magnetic field in-
creases pointwise.

Several arguments support these conjectures, the simplest one based upon explicit for-
mulas for the diagonal element of the corresponding heat kernel for a constant magnetic
field and zero potential. We will see below that both statements are true in the “short time”
limit for the heat kernel limit (i.e., for small) and, equivalently, in the semiclassical limit
h — 0. For the Schrédinger case, it is even true in the strong field limit wBere 1B
andu — oo. It turns out, however, that if no limiting procedure is involved then none of
these conjectures are correct unlike the nonmagnetic case.

Magnetic Schrédinger operators.If both B; andB; areconstanandV = 0, then the heat
kernels can be compared explicitly, since they are given by Mehler’s formula (see [138]),
and one easily sees that domination in the sense of (D.2) (hence also (D.3)—(D.5)) follows
if the fields are ordered in the sense of 2-forms. Due to the lack of positivity, however, the
domination (D.6) is not trivial. Nevertheless, Loss and Thaller [86] managed to show that
the domination (D.6) follows under certain conditionsgry andB;.

Next we turn to the case of nonconstant fieBisand B, obeying thatB; is “smaller”
thanB; in some of the aforementioned senses. An obvious simplification is to introduce a
coupling parameter in the magnetic field, viz,g 0 = —A 4 = (V+ in.A)2, and consider
the weak and large field limitg«(— 0O, u — o0).

We consider first the short time case witB(x)||> determining the ordering and we
impose the constrainiu — 0. In particular, this covers the semiclassical limit witk::

Bh?, u=h~1, whereg is the “inverse temperature”.

The following result, obtained by Erdds, shows that Conjecture 9.8(i) is valid in the short
time (large temperature) limit. In other words, domination (D.3) and (D.4) are valid [35],
Corollary 11.2.
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THEOREM 9.9. If the magnetic field8; and B, with finite C1-norm satisfyi|B1(x) |2 <
IB2(x)|l2, V is semibounded and continuously differentiakien for anyx € R¢,

e HuB1V (x, x) — e HiB2V (x, x)

> C* () ()~ 2V O 2u2(|Bo() |2 — | Brx) |5) > O (9.12)

for someC*(x) and for small enoughu < sq, < €9, Whereeg, C*(x) > 0 depend on
the C1-norms ofB; and B, on Vg = minyeRd V(y) and moreover C*(x) depends on
max,; [y—x<1|VV(y)l. If, in addition [exp(—:V (x))dx is finite for all + > 0 and the
C1-norm of V is finite, then the dominatiofD.4) is valid as well for small enough

Next we consider the large field limit — oo for which Erdds obtained the following
result [35], Theorem 11.8.

THEOREM 9.10. Suppose thaB; and B, are two C? fields obeyingd < [B1(x)] <
[B2(x)] and letV be a smooth semibounded potentigthen the dominatiofD.4)}D.6)
are true for the operator$l, = H,g, v, n =1, 2,in theu — oo limit; for (D.6) one needs
the additional requirement thaxp(—z (—A + V)) is in trace class for alk > 0.

Next the question arises whether these conjectures are true without any limiting proce-
dure. It suffices to consider dimension two. We definegitveind-state energy

Eo(B,V):=info(Hy.v) = inf (4, Hs.v).

The following counter-intuitive examples proposed by Erdds demonstrate that the general
form of the Conjecture 9.8(i) is wrong [35].

ExXAMPLE 9.11. There exist a potenti# (in fact, centrally symmetric such that| —
V (|x]) is decreasing outside some compact set) and two constant magnetic fields such that
0< By < By butEg(B2, V) < Eo(B1, V).

EXAMPLE 9.12. There exist two nonconstant centrally symmetric magnetic fields obeying
0< B1(x) < Ba(x) for all x € R? but Eg(Bz, 0) < Eg(B1,0).

These counterexamples, in particular, show that the domination in the sense of (D.5)
cannot be true, which excludes also domination in the sense of (D.2)—(D.4).

Nevertheless, as shown by Leschke, Ruder and Warzel [73], Theorem 1, one can restore
domination in the sense of (D.5) if the ground-state wave function in the Poincaré gauge is
real. Indeed, in Examples 9.11 and 9.12 the ground-state wave funigfion Hg, v,, in
thePoincaré gauge

1
A(x) == (—x2, n)/o ¢Bo(¢x)de, (9.13)
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is an eigenfunction of the canonical angular-momentiim: = g1 p» — g2 p1 operator with
a nonzero eigenvalue. Thug is not real-valued, which motivates the additional assump-
tion in the following result [73], Theorem 1.

THEOREM 9.13. Let the Schrddinger operatoHp, v, in the Poincaré gaug€9.13)
possess a real-valued ground-state wave functi@en Eo(B2, V2) = (Yo, Hp,,v,¥0) for
someyrg in the domain oz, v, with ||| = 1. Then the pointwise inequaliti¢B1(x)| <
|B2(x)| and Vi (x) < Vo(x) for all x € R? imply the inequality

Eo(B1, V1) < Eo(B2, V2)
for the corresponding ground-state energies

As mentioned above, Loss and Thaller studied domination in the sense of (D.6) asso-
ciated with a nonconstant fielBl(x) which is globally bounded from below by a positive
constant. In particular, they have shown the following inequality [86], Theorem 1.3.

THEOREM9.14. Suppose thaB(x) > B > 0is continuousThen the magnetic heat ker-
nel satisfies the estimate

_ Bo N2
ey )| < : e (=02 9.14
| (x y)| 47 sinh(Bot /2) ( )

Erdos showed that (9.14) is basically the best “off-diagonal” upper bound one can hope
for, unlessB : R? — R has additional properties. More exactly, he proved that (9.14) cannot

be sharpened by replacing its right-hand sideeby??o (x, y)|, which has faster Gaussian
decay agx — y| — oo [35].

ExXAMPLE 9.15. DefineB(x) = (1+xf/M2)Bo with two constant$g, A > 0. Then there
exist somek > 0, somex, y € R? and someBg > 0, such thatBy < B(x) for all x € R?,
but|e#s (x, y)| > 1€/ (x, y)|.

Itis, however, possible to improve (9.14) at the price of permitting only a restricted class
of nonconstant magnetic fields (including the one in Example 9.15). For a field which is
constant in one direction Leschke, Ruder and Warzel obtained the following result [73],
Theorem 2.

THEOREM9.16. Let B1, Bo and V4, V> be two magnetic fields and two potentials of which
neither depends on the second coordinateThen the pointwise inequalitie®q (x1)| <
| B2(x1)| and Vi(x1) < Va(x1) for all x1 € R imply the inequality

e~ 522 (x, y)| < |€7" B2 ((x1, 0), (y1, 0))|

for all x = (x1, x2), y = (y1, y2) € R2 and allz > 0.

6Hereq = (g1, 92) andp = (p1, p2) denote the usual two-component vector operators of position and canoni-
cal momentum, respectively.
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Pauli operators. For large temperature (short time in the heat kernel) the diamagnetic and
paramagnetic effects can be compared and Erdos established the following general result
in dimensionsd = 2, 3. Again, this statement includes the semiclassical result by using
t:=pr% n=nh"".

THEOREM9.17. Supposel = 3 and letV be a semibounded continuously differentiable
function LetB e €2 with ||B||z~ + || VB|z~ < oo and lety > 1 be a scaling parameter
For anyx € R?, one has that

tree e 'Pus.v (x,x)

_ _ e[ B(x))
— 2(4m)-42(1 + O(:5/22 + 4 1V (x) LU COS
(Amt) =51+ O(r”2u” + 1*u))e “Snhia Bl
+ 2(e_’HB=°~V (x,x) — e VWegrtHe=0v (y x)) (9.15)

ast — 0 and i — 0. The error depends omax;: |x—y<1[| VZB()| + |VB(»)|], the
Cl-norm ofB, on Vg := minye]Rd V(y) and onmax,: |y—x<1|VV (»)|. The same holds for
d =2;hereB(x), |B(x)] is replaced byB(x) everywhere above

The latter implies Conjecture 9.8(ii) in the sense of (D.3) and (D.4) [35], Corollary I11.2.

COROLLARY 9.18. Suppose = 3, B1, By € C3 with finite C1-norms and thatV € Clis
semiboundedror anyx satisfying|B1(x)| < [B2(x)], one has that

tra € PulB20LY (x, x) — trep @ TRIBLIOLY (x, x)
> C*(x)(dnt)~2e V1242 (| By |? = [Ban) [?) > 0 (9.16)

for small enoughrie < go and someC*(x), wheregg, C*(x) > 0 depend on the global
lower bound ofV, onmax;: |, <1[IVV(y)| + I[V2B(y)| + |V3B(y)|], and on the global
Cl-norms ofB; andBs. If, moreover [ exp(—tV (x)) dx < oo for all 7, and theCl-norm
of V and theC3-norms ofB1, B, are boundedthen domination in the sense ¢b.4)
is valid for + small enoughThe same holds fod = 2; here B;(x), |B;(x)] is replaced
by B; (x) everywhere above

An interesting open problem is to investigate paramagnetisah#n3 for a general
magnetic field away from the short time regime.
9.5. CLR estimate for generators of positively dominated semigroups
The CLR estimate for Schrodinger operators with magnetic fields takes the following form.

THEOREM9.19 (CLR estimate)For A € L2 (RY) and V. € LY/2(R9),

N©;—A4—V)< C,;/ V2 dx (9.17)
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with constaniC, depending only on the dimension

The first proof of Theorem 9.19, following Lieb’s method [77], was based upon the
path integral technique [9,138]. Later Melgaard and Rozenblum [99] obtained an analytic
proof by means of a “customized” diamagnetic inequality expressed in terms of certain
semigroups combined with Rozenblum’s original approach. Among the applications of
the “magnetic” CLR estimate are asymptotics of eigenvalues and stability of matter in
magnetic fields (even in the more realistic Pauli setting, where one takes into account spin
of the patrticles).

Let S generate a positively dominated semigroup. Like in the positive case (see Sec-
tion 7.5), suppose that multiplication by a givén> 0 is form-bounded with respect
with a bound smaller than 1. (Note that this is always the case, provided the above condi-
tion is satisfied for the dominatdr; this is an easy consequence of (9.11).) Then we can
define the self-adjoint operatér— V and, as above, consider the quanfity0; S — V).

Rozenblum and Solomyak obtained the following result [121].

THEOREM 9.20. Let T € P and S € PD(T). Suppose thadly(¢) satisfies(7.30) and
Mr(t) = O(t~%) at zerq with somex > 0. Let G be a function as in Theoreml1land
let go be the constant thereiffhen

N(O;S—V)gi/wg/ M7 ()G(tV (x))dx, (9.18)
goJo t Jg

as long as the expression on the right-hand side is finite

Comparing Theorems 7.11 and 9.20, we seefh@& S — V) andN (0; T — V) have the
same estimate. However, the natural conjecii(®; S — V) < N(0; T — V) is, generally,
wrong as noted in [9].

Evidently, Theorem 7.11 is a particular case of Theorem 9.2@, fofT. A more general
version of Theorem 9.20 exists which does not require (7.30) [118].

PROOF OF THE MAGNETIC CLR ESTIMATE. For a given magnetic vector poten-
tial A(x) = (Aj(x))‘;:1 e L2 (RY), consider the magnetic Laplaciafi= —A 4 =

—(V —iA)2. According to Theorem 9.2; A 4 € PD(—A) and thus Theorem 9.20 gives
N@O;—A4—V) <C(G)/ V)2de, d>3, (9.19)
R4

with the same constant as in (7.35). O

The proof of (9.19), outlined in [138], page 168, uses the stochastic It6 integral. A more
elementary proof in [99], avoiding path integration, gives a somewhat worse constant than
in the nonmagnetic case.

The same scheme enables one to derive CLR-type estimates for several other operators
of Mathematical Physics with magnetic fields [118].
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The proof of the diamagnetic inequality for tlme-vortexAharonov—Bohm Hamil-
tonian (see Theorem 9.6) can be carried over to the case of finitely, and even infinitely
many vortices (e.g., a lattice). Equipped with the latter diamagnetic inequality, Melgaard,
Ouhabaz and Rozenblum used Theorem 9.20 to derive the Lieb—Thirring inequality, as well
as CLR-type estimates, for the (multivortex) Aharonov—Bohm Hamiltonian. Moreover, the
presence of special Hardy-type inequalities gives much better eigenvalue estimates than
without magnetic fields [98].

9.6. Comparison theorem for semigroup generators

We start with a general eigenvalue comparison theorem for semigroup generators. In the
Hilbert spacel?(£2) we consider two positive self-adjoint operatdreind 7. These op-
erators generate contraction semigrodis) = exp(—tS) and Q(¢t) = exp(—tT), t > 0,

in L2(£2). We suppose that the semigrogr) is positivity preserving and® (r) < Q(t),

¢ > 0. For afunctionp (1), A > 0, growing subexponentially, we denotedyy) the Laplace
transform of¢. Such functiony is calledregular if

td(1) < Cpp(t71), >0, (9.20)
for a certain constar@y,. There are plenty of regular functions, which, obviously, form a
convex cone in the space of functions on the semiaxis. In particular, power functions, these
times logarithm to some power, etc. are regular.
Rozenblum showed the following result [118].
THEOREM9.21. Suppose that for the operat@r the estimate
N, T)<oO) (9.21)
holds for allx > 0, with a certain nondecreasing functi@n() of subexponential growth
If the semigroupP (r) = exp(—tS) is dominated byQ (1) = exp(—tT), t > 0, then
(i) the eigenvalue distribution function Sfobeys
NG, S <entp(rh), 0<a<oo, (9.22)
in particular, for a regularfunctiong,
N, S) <eCpp(r), 0<i<oo; (9.23)
(i) if the operator7—1 belongs to the clas&?}, 0 < p < oo, thens~1 € &4 and
1S Hlgr <COIT e

(iii) if the operatorT—1 belongs to the clas&”, 0 < p < oo, thenS~! € &7 and
1S Hler <IT Hler.
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PrROOF The trace of the positive operat@t) can be expressed as
00 A
t/ N, T)yexp(—t ) da <tp(t), t>0.
0

Since the functiorp grows subexponentially, this integral converges, and iy be-
longs to the trace clas&® and, therefore, to the Hilbert—-Schmidt cla&& for any
positive t. This implies that the operatorB(+) dominated byQ(¢) also belong to the
Hilbert—Schmidt class for all positive with domination of Hilbert—-Schmidt norms. Thus

o)

Being expressed in terms of eigenvalugof the operatos, this gives

trP(t)=|P®)| g1 = HP(%) 2=trQ(z) <1(1).

2
S

trP(r) = Ze‘“i <th(r). (9.24)
=1

Now, for a given positive., we setr = =1 in (9.24). Since the first(x, S) terms in the
sum in (9.24) are greater tharm’e we arrive at (9.22). The regularity condition (9.20)
gives (9.23). Since the power function is regular, we obtain part (ii) of the theorem,
with C(p) =el'(1+ %). Finally, [|S~1)1%, = F(%)—lfo"o 1Y/P=Ltrexp(—1S) dr, and sim-
ilarly, for the operatorZ’—1; in this way (iii) follows from the inequality trexp-zS) <
trexp(—tT). ([

9.7. “Meta” CLR estimates for dominated pairs of semigroups
We start with the most regular case; here it is possible to avoid troublesome technicalities
present in the general situation. LeandT be positive definite operators P (£2), with
the semigroup exp-tT) positivity preserving and exp-zS) dominated by exg-:T),
¢ > 0. For a nonnegative measurable functiofr), with V and V1 both bounded, we
define the operator — ¢V, S —qV,q > 0.
Rozenblum obtained the following result [118].
THEOREM9.22. Suppose that
N(@©O; B—qV)<¢(q) (9.25)

for all ¢ > 0, for some nondecreasing functigrig) of subexponential growtfihen

NO;A—gV)<egp(¢7), q>0, (9.26)
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and
o o
/ N(O;A—qV)qpfldqg‘/ N(O; B—qV)gP tdg, 0<p < oo,
° 0 9.27)

as long as the integral in the right-hand side is finigand if the functionp in (9.25)is
regular, then

N(@O; A—qV) <eCypp(q). (9.28)

PrRoOOF We will construct semigroup generators related to our Schrodinger-type operators,
and apply Theorem 9.21. According to the Birman—Schwinger principle, see Theorem 6.7,

N(; B—qV)=n(t,Kp), N@O;A—qV)=n(t,Ka), t=4¢ Y2
where
Ky = VY2412, Kp=VY2B~12,

andn(z, K) denotes the distribution function fernumbers ; (K') of K (see Section A.8).

Under our conditions, these operators are bounded, they are products of bounded opera-
tors, andK 3 is compact. Moreover, they have trivial kernels and therefore the self-adjoint
compact operator& K3 = VY2B-1vY2 andk 4, K = VY/2A~1v1/2 have self-adjoint
positive-definite inverse& and T4, respectively. The estimate (9.25) can therefore be
written asN (A, Tg) < ¢ (1), A > 0. So, Theorem 9.21, with = T andS = T4 will give

us the required estimate as soon as we show that the semigroup:&gp dominates
exp(—tT4). This is equivalent to the resolvent domination

(Ta+0)"t<xTp+0)L >0
We can write(Ty 4 1)1 = (V" Y2Av—Y2 1 1)~ = v1/2(A 4+ tV)~1v1/2 and a similar
identity for 7. Now it remains to notice that the Trotter formula implies+ V)™ <
(B +tV)~1and to use positivity of. O
REMARK 9.23. The relation (9.27) can be expressed also as

[Kallg2r < 1KBllg2, O< p<oo,
at the same time, for the regular functigiy) = ¢”, (9.28) implies

[Kallgr < C(PIKBllgr, 0<p<oo.

Applied to Schrédinger operators, with= —A, S = —A 4, the conditions of bounded-

ness ofv andV —1 are too restrictive. In a more advanced version of Theorem 9.22, these

restrictions are removed and, moreovércan be a measure, like in Sections 5.2 and 5.3,
the main idea of the proof being the same [118].
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10. Zero modes for Pauli operator

One of the important features in the spectral properties of Pauli operators is the presence of
zero modes, eigenfunctions corresponding to a zero eigenvalue. This phenomenon, rather
unusual for nonmagnetic operators, became an interesting field of research lately, both for
physicists and mathematicians. Zero modes induce certain pathological behavior of the
operator under perturbations by an electric potential, since the potential energy cannot be
controlled by the kinetic one. Therefore, in particular, even a very weak electric field may
produce an infinite negative discrete spectrum. Analysis of zero modes becomes thus a
crucial step in the study of stability of quantum systems (see [80,87]). At the same time,
they play an important role in quantum electrodynamics, since they produce singularities
in fermionic determinants; see, e.g., [45—-47]. In this section we discuss different situations
where zero modes arise. We start with the most classical example.

10.1. Constant magnetic field

We recall that the Pauli operator with constant magnetic field in dimerbioR is

0-04 0 >
0 0:0-)°

QO+ = (01 +1A1) £i(92 +1A2) (cf. (2.8)) with the magnetic potentiad(x) having the
form (Bx2/2, —Bx1/2). Here the fieldB is supposed to be positive.

Since the zero modef(x) are solutions of the equatidhyr = 0 andP 4 is the square
of the Dirac operatorP 4 = D?, they must be solutions of the first-order systBm = 0.
We write this equation for the components , ¥_ of the vector functiony, arriving at
equations

Pa=(o- (V+iA))2=< (10.1)

(01 +102 —1A1 + A2)¥r =0,

. . 10.2
(01— 102 —i1A1— A2)y_ =0, 8]‘:3)6./. ( )
Taking into account the explicit expression fdr we transform (10.2) to
(01 +idp)e” B/AGTHDy, =0, (10.3)
(81 — idp)eB/A0i D)y, — 0, (10.4)

These equations mean that the functighs= e¥5/441+9 ., are analytical in the vari-
ablesz = x1 — ixp andz = x1 + ixp, respectively. Consider (10.3). Supposing that it has a
solutiony, € L?, we obtain an analytical functiofi, € L?; there are, however, no such
analytical functions. This means that (10.3) has no (nontrivial) solutiorfs?irOn the
other hand, (10.4) has quite a lot bf solutions. In fact, iff_ is any entire function of
the variablez growing at infinity slower than exjfz|>—¢), then the corresponding function

Y_ = e B/AGHD £ solves (10.4).



Schrddinger operators with singular potentials 487

The factorization (2.8) enables one to describe completely the spectrdin .of his
description is based on the commutation relation

010-—0_0+=-2BI, (10.5)

and the well-known fact that the operatd% and T S have the same nonzero spectrum.
Notice, moreover, thaD - = Q% . So, 0 and, thereforeQ , 0 have zero eigenvalue.
SinceQ,Q_>0andQ_Q4 =2BI + 0+ 0_, the operatorQ_Q has no spectrum
below 2B, and thereforeQ Q_ has nononzerospectrum in[0, 2B). This means that
Q_Q+ has no spectrum ii2B, 4B) and so on. Repeating this reasoning, one can see
that the only possible points of spectrum fOr, 0 and Q_ Q. are the points of the
arithmetical progressiomvB, v=0,1,2,... for 0. Q_ andv=12,... for 0_Q.
Next, it follows again from (10.5) thaP _ transforms isomorphically the space of zero
modes forQ O _ onto the spectral subspace@f Q. with eigenvalue B. This means,
moreover, thalD Q0_ also has an infinitely degenerate eigenvalue it /e iterate this
reasoning to conclude that all pointsR are infinitely degenerate eigenvaluesvf. They
are called_andau levelsin a number of questions the explicit description of eigenspaces
of P 4 is needed. We return to the study of these eigenspaces in Section 11.1.

Infinite degeneracy of the zero eigenvalue for a constant magnetic field was known quite
long ago. It was only in 1979 that the existence of zero modes was discovered for a non-
constant field and, moreover, the multiplicity was calculated.

10.2. Aharonov—Casher theorem and zero modesifer2

We consider the Pauli operat®r, in R? with a magnetic potentiall which, for a start,
we suppose to be Lipschitz, such that the fiBld) = dA1/0x2 — dA2/dx1 decays suffi-
ciently fast at infinity (we may even suppose that it has compact support). This does not,
however, mean that the magnetic potentialecays at infinity, so the operator is not a
weak perturbation of the nonmagnetic operator.

To see thatd cannot decay at infinity too fast, consider the circulation of the vector
field .4 along a circleCg with large radiusk. According to the Green formula,

/ A(x)dx = B(x)dx, (10.6)
Cr Ix|<R
so, if the totalflux of the magnetic field,
@ =(2u)—1/ B(x)dx, (10.7)
R2

is nonzero,A cannot decay at infinity faster thatx| 1, at least in some directions.
It was found by Aharonov and Casher that it is this flux which determines the number
of zero modes [6].
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THEOREM10.1. For areal numbeg, let {g} denote the largest integstrictly lessthang.
Let the magnetic field# have compact supporthen the dimension of the space of zero
modes for the Pauli operator equdlp |}, if |@| > 0andOif |@| =0.

PrROOFE We introduce thacalar potential

o) = @0 [ log(lx = y1) B dy. (108)
which behaves like
¢(x) = ®loglx| +O(lx|™Y) as|x| — co. (10.9)

Since—(27) 1log(|x|) is the Green function for the Laplacian,satisfies the equation
—Ag@ = B, and the vector field

Ax) = (@y, —¢x) (10.10)

can serve as a magnetic potential for the fieldn addition,.4(x) satisfies the Coulomb
gauge div4 =0.
Now the system (10.2) determining the zero modes can be transformed to

(91 +id2)e ¥y =0, (10.11)
(91 — id0) €’y =0, (10.12)

taking into account the expression df via ¢. The reasoning follows now the pattern

of the case of a constant magnetic field. Equations (10.11)—(10.12), being simply the
Cauchy—Riemann equations, mean that the funcfioe= e ¢+, is analytical in the vari-
ablez = x1 —ixp, and f_ = €”y_ is analytical inz = x1 + ix2. Suppose thap > 0. Then

(10.9) implies that & is a bounded function ii®2, and if ¥, belongs toL?, this would

mean that the analytical functiofi. belongs tol2. However, there are no (nontrivial) an-
alytical functions inL2, and this means that (10.11) has no solutions.yFoe= e~% f_ to

be in L2, the functionf_ may increase at infinity no faster than a polynomial, and being
analytical, it must be a polynomial inand, furthermore, it must be of degree< @ — 1,

as seen from the asymptotics (10.9). The space of such polynomials has dimension ex-
actly {®}, and this proves our theorem. Note, moreover, that all zero modes have zero
components/ ., so they are “spin down”, as physicists express thig & 0, the same
reasoning works, but now it ig_ which is forced to vanish, and all zero modes are “spin
up”. (|

As we see, the two starting points in the study of zero modes in dimetisiod are the
constant magnetic field, with infinitely many zero modes, and a compactly supported one,
with finitely many. A considerable work was done in order to find more general situations,
where zero modes can be studied.
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10.3. Zero modes for singular fields

The conditions in the Aharonov—Casher theorem are far from being optimal. Even a su-
perficial analysis of the proof shows that both smoothness and decay conditions can be
considerably relaxed. Along this direction, we describe here the strongest result up to now,
established by Erdds and Vugalter [41]. But first we must return to the problem of how to
definea self-adjoint Pauli operator with a very singular magnetic field. This is achieved,
again, by introducing the scalar potential and using the ideas presented in Section 3.2.

Let B be a signed locally-finite measure @&%. A direct definition of the operator by
means of the formulas (2.6) or (2.7), using some magnetic potential, would immediately
require some regularity conditions @ encountering moreover nontrivial essential self-
adjointness questions. Using quadratic forms, as it is explained in Section 3.2, proves to be
more efficient.

First, supposing thaB is nice and is defined by means of the magnetic potestjale
write the quadratic form of the Pauli operator using the factorization (10.1) and the fact

thatQ* = 04,
pAlV=pa[Ws. v ] = /(|Q+w+|2 +10-v_?)dx. (10.13)

This form is well defined foryL € ©(Q4), providedA € Lﬁ)c, which gives more freedom,
but is still a too restrictive condition. So, suppose that there exists a scalar pogerasal
in (10.10). Then, using the complex derivatives, as we already did twice, we can rewrite

the quadratic form (10.13) as

pAlVL, v 1= 4/(e2‘/’ 3. (e %yy) |2 +e%|9:(efy_) |2) dx. (10.14)

Note that the magnetic vector potential is not present in (10.14); the scalar poecdial
be defined directly, as a solution of the equation

—Agp = B. (10.15)

Now, suppose thak is a signed Borel measure with locally-finite total variation. We denote
the set of such measures #y. If, moreover, for any point € R2, B({x}) € (—m, nt], the
measureB is said to belong t@t*. Note that points with nonzero measure correspond to
Aharonov—-Bohm solenoids placed in these points.

The sets of measures it and 9, resp., with finite global variation are denoted by
M andIN*, resp. Two measureB, B’ are called equivalent if for any point the differ-
enceB(x) — B(x)* is an integer multiple of . For any measur® € M there exists a
uniqueB’ € 9* equivalent toB, the same holds also o)t and9t*. Now, supposing that
for a givenB € M there exists a potentigl L%C satisfying (10.15) in the sense of dis-
tributions, one can define the Pauli operd®yr as the one corresponding to the quadratic
form (10.14) with domain consisting of those pairs of functigns v_ e L? for which the
expression (10.14) is finite. It is shown that, in fact, such a poteptaivays exists and,
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moreover, it is a rather nice function: its derivatives locally belongidor anyp < 2, and
furthermore, expt-2¢) belongs locally ta.1*+¢ for somee > 0. This regularity is used to
prove that the form (10.14), thus defined, is closed and therefore determines a self-adjoint
operator.

The Aharonov—Casher theorem can be extended to Pauli operators defined in this
way [41].

THEOREM 10.2. Suppose that the fielB is a measure ift* with finite total variation
Define the total flux oB as (B) = (2n) 1 B(R?). Then the dimension of the space of zero
modes associated with the Pauli operaly equals{(B)}, if (B) is noninteger ofB) = 0.

If (B) is an integerthis dimension can bgB)} or {(B)} — 1.

We note that for an integer flux, both cases may occur, and the difference depends on
the behavior ofB at infinity. Moreover, an example constructed in [41] shows that for a
measure with an infinite local variation the statement may be wrong.

10.4. Infinite number of zero modes

Now we discuss more examples when there is an infinite number of zero modes, as this
is the case for the constant magnetic field. The first idea here would be to consider some
perturbations of the constant field. As the most simple example, we consider a weak per-
turbation of the magnetic potentiall = A + A’, where A; is the potential of the con-
stant magnetic fielddg = (Bx2/2, —Bx1/2) and A’ — 0 at infinity. In this case the Pauli
operatorP 4 can be (using methods from Section 5) shown to be a form-compact pertur-
bation of P4,. According to Weyl's theorem on the invariance of the essential spectrum
under relatively compact perturbations (see, e.g., [155] or [114]), zero will still be a point
in the essential spectrum of the perturbed operator. In fact, 0 is in the essential spectrum
for 0 Q_; since 0 is not in the essential spectrumf O, it is an isolated point of the
spectrum, so it has to be an infinitely degenerate eigenvalue again. A more delicate reason-
ing is needed if it is the magnetic fiell that is weakly perturbed but the corresponding
perturbation of the magnetic potentidlis not weak. For this case the infiniteness of zero
modes was proved by Iwatsuka [59] using a perturbation of the commutator relation (10.5).
The situation was finally cleared by Shigekawa [127] who showed, using again commuta-
tion relations, that there are infinitely many zero modes also in the caseRvisezontinu-
ous and tends to infinity at infinity; a sharp contrast to the magnetic Schrédinger operator,
where in this case the essential spectrum is empty; see Section 6.4.

A recent development is related to the study of zero modes for infinite systems of
Aharonov—-Bohm solenoids. Let1, wy be two linearly independent vectors &¢ and
in each point of the lattice,, ,, = n1w1 + npwy, an Aharonov—Bohm solenoid with a
fixed flux « is placed. In the language of Section 10.3, the magnetic field here is a measure
consisting of point loads with weight placed in the points of the lattice. Since the total
variation is infinite, this case is not covered in [41]. In [48] Geyler and Grishanov con-
structed explicitly the vector potential for this singular field using methods of elliptic
functions, and an infinite number of zero modes were shown to exist. This is the case even
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if such a lattice of Aharonov—Bohm solenoids is placed on the background of a constant
magnetic field.

Just recently the problem of infinitely many zero modes was settled by Shirokov and
Rozenblum Igttp://front.math.ucdavis.edu/math-ph/0501D38the field B is nonnegative
regular Borel measure as in [41], such that the total flBx of the field is infinite, then
the space of zero modes is infinite-dimensional. This is still the case if the nonnegative
condition is replaced by the requirement that for someB(Dg) > 0 for any diskDg
with radiusR. If, moreover,B(Dg) > a > 0 then zero is an isolated point in the spectrum
of the Pauli operator.

10.5. Zero modes in dimensiah= 3

While the presence of zero modes for the Pauli operator in the plane seems to be rather
common, for a long time no examples of zero modes were known in the three-dimensional
case. Only in 1986, Loss and Yau [87] constructed a series of examples, where zero modes
can occur. In particular, the operator with the magnetic field

(2x1x3 — 2x2, 2xox3+ 2x1,1 — )CJZ_ — x% + x?z,)

possesses at least one zero mode. It was established recently by Erdds and Solovej that
the dimension of the space of zero modes can be arbitrarily large [38], and Elton found
that for any open se@ c R® and for anym, there exists a potential with support ins2
possessing at least zero modes [33]. For a decaying magnetic field one can estimate
from above the number of zero modes. In fact, from the representation (2.6), it follows
that this number can be majorized by the number of negative eigenvalues of the magnetic
Schrédinger operator with electric potentialB(x)|. Applying the magnetic CLR esti-
mate, we obtain that the number of zero modes is not greaterctfigfi(x)|¥2dx. The

study of this number and also of taero modes density(x) = | ()2, where{y;} is

the system of orthogonal zero modes, is an important problem related, again, to stability of
different quantum systems and asymptotical behavior of spectral characteristics. Not much
is known yet. It is found, however, that in dimension three zero modes are not a common
feature. In particular, Balinsky and Evans showed thdt3f(R3) magnetic fields without

zero modes form a dense open set and, moreover, for any magnetiB field/?, the set

of t € (0, co) such that the Pauli operator with magnetic figtlhas zero modes, is locally

finite [10]. In the language of potentials, Elton established that in the space of continuous
potentialsA(x) decaying as @x|~1), potentials possessing at leastzero modes form

a smooth submanifold of co-dimensierf, whenm = 1, 2 and is contained in a smooth
submanifold of co-dimensions2 — 1 for biggerm [33]. With all this experimental evi-
dence, the search is in the process for some quantization conditions which are expected
to determine the presence of zero modes. This might have great importance for quantum
theory. The reader is referred to [1,2] and references therein for further discussion on zero
modes and their relation to physical problems.
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11. Perturbed Pauli operators and Lieb—Thirring inequalities

There are serious reasons to consider the Pauli operator in atomic physics when one takes
into account the interaction of the magnetic moments of the electrons with the magnetic
field viathe Zeeman term - B. This interaction becomes most essential when the magnetic
fields in question are strong, for example, in astrophysics, and also quantum dots (e.g.,
artificial atoms). However the changes in the spectral properties of the operator are felt
even for weak fields.

As mentioned in Sections 8 and 9.5, the optimal form of CLR and Lieb—Thirring in-
equalities for Schrédinger operators is well established, even in the case of very singular
magnetic fields, and the remaining challenge consists in obtaining the optimal constants in
these inequalities.

When one replaces the Schrédinger operator by the Pauli operator, the situation changes
completely. The main observation here is that generally, a perturbation by a negative elec-
tric potential, even a very small one, may produce an infinite number of negative eigenval-
ues (as it was first noticed in [9]), and it is the presence of zero modes which is the primary
source for that. Hence, one cannot hope to find an analogy to the CLR estimate under gen-
eral conditions. Thus in order to describe the distribution of these eigenvalues, one has to
concentrate on the Lieb—Thirring-type inequalities, or look for some other characteristics
of eigenvalues.

The first result about Lieb—Thirring inequalities for the Pauli operator appeared only
in 1994 [81] and concerned tlwnstant magnetic field&Even here the situation turned out
to be far from being simple.

11.1. Constant magnetic field: The unperturbed operator

We have described the spectrum of the Pauli operator in dimedsioR with constant
magnetic field in Section 10.1. In order to perturb this operator and its three-dimensional
counterpart by an electric potential, we need a more detailed information about the corre-
sponding spectral subspaces, and it is more convenient to start by discussing the spectral
properties of the magnetic Laplaciam\ 4 with constant magnetic field iR? andR? (see,
e.g., [29,138,149)).

The potentiald(x) has the form(Bx2/2, —Bx1/2, 0), where the strength of the fielgl
is supposed to be positive. In dimensidn= 2 the spectrum of the operaterAfl) =
—(V +i.4)? (the superscript refers to the dimension) consists of eigenvaluesniiiiie
multiplicity,

Ay=(v+1B, v=0,1,..., (11.1)

which are called.andau levelsThis description of the spectrum follows from the one for

the Pauli operator; see Section 10.1 and the formula (2.6) relating the operators we are
studying now. The spectral projectiots onto the corresponding spectral subspdﬂ:&

are integral operators with smooth kern&gx’, y’) (we denote by’ = (x1, x») the two-
dimensional variable in order to distinguish it from the three-dimensional .oneAll
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kernels can be expressed explicitly via the Laguerre functions (see, especially, [150] where
many other useful formulas related to this operator are given as well as its relation to the
Heisenberg group). We will need here only the explicit expressiowgat’, y'),

B . B B
Wo(x',y') = > eXIO[I(lez — X2y = (' — y/)zz}s(m — ¥3). (11.2)

Consider now the magnetic Laplaciamf) = —Af) + p% in three dimensions, where

p3 = —id/dx3. Define the subspacé$,(,3) = 32) ® L2(RY) (for readers not used to the
tensor product, this simply means that these subspaces condistfofictions of three
variables(x’, x3), that belong tc5H§2) for almost all values of3). Separation of variables

shows that each subspatéug) is invariant with respect t(}Af’{) and the spectrum of

—Aﬁ) restricted th,(,S) is the semiaxist, + R ; the latter are callelandau bandsind
the corresponding subspaceslaaad subspace3he spectrum of the operaterAf() thus
coincides with the union of Landau bands, i.e., the semigjsc). The projectiondT,

onto subspacefblf,?’) have the formiT, = ¥, ® I (which means that they act &, in x’

and as identity operator ifg). One can formally (but rather conveniently) writg as an
integral operator with kernel

B , B, ,2B
Mo(x. ) = o exp[l(xlyz — X251~ — (x'—y )22}3(363 — y3). (11.3)

According to (2.6), the three-dimensional Pauli operd®gr with a constant magnetic
field B is the matrix operator acting on two-component vector functions and being the
direct sum of operator®; = —A 4 + B and P~ = —A 4 — B. The spectral structure
of P, resp.P_, is obtained by shifting the spectrum efA 4 by B, resp. by—B. So,
in particular, the spectrum af,. equals the semiaxi2B, co), and the one of_ equals
R, = [0, 0). Each Landau band shifts accordingly but the band subspaces do not change.
On the band subspace associated with the zero band, the Pauli ofefatats simply
aSpis, which can be written aBoP 4T = Hop%ﬂo. The same simplification can be made
for the resolvents

Mo(Pa+ ) o= Mo(p3+ 1) ‘Mo, p>0. (11.4)
It is the zero band (reaching zero), which is the cause of many interesting effects for the
Pauli operator.
11.2. Lieb-Thirring inequality for a constant magnetic field
Now we perturb the three-dimensional Pauli operator by an electric potéhtiat.
Pav=Pa—Vx). (11.5)

We suppose that, e L¥2(R3) N L%2(R3).
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As we already mentioned, simple considerations based on the Glazman lemma (see
Section A.9 and [9] for details) show th&t, v may have infinitely many eigenvalues
even whenV is a nice function with compact support (and it surely hag if positive).
However, the following Lieb—Thirring inequality obtained by Lieb, Solovej and Yngvason
shows that these infinitely many eigenvalues are summable [81].

THEOREM 11.1. Let V; € LY2(R3 N L¥?(R3) and letE;(B,V) <0, =1,23,...,
denote the negative eigenvalues of the oper@tgr— V (x) in L2(R3, C2). Then

SIE BV <CuB [ ViRt Ca [ VioT2ds (1L6)
- R R
J

with C1 = 4/3n andC, = 8./6/5m.

More generally, for each & § < 1, one can choos€; = (2/3n)(1—8)~ 1 andCy =
(24/6/5m)8 2.
Inequality (11.6) does not match the classical phase-space expression which is given by

B o0
> |E;(B. V)}:Q/Rg{v+(x)3/2+22(vm—zuB)i/z}dx. (11.7)

J v=1

However, the two terms in (11.6) correspond, resp., toRhe- oo (first term) and the
B — 0 (second term) asymptotics of (11.7), that was rigorously established later (see
[101,109,144]).

The proof we present here is a somewhat simplified version of the one in [82]; we,
however, do not struggle for the best constarisCo in (11.6).

In order not to interrupt the proof, we make some preparations. First, consider the oper-
atorpg in L2(RY). The resolven(p§ + )~ 1 of this operator can be found easily by means
of the Fourier transform. It is an integral operator with kernel

(P53 + M)_l(xs, ya) = (2m)~* / exp(igs(x3 — y3)) (63 + M)_l dés.

We are interested in the value of this kernel on the diagesat y3. A direct calculation
gives

(P5+ 1) (s, x) = @m) ! /R (E3+ 1) dEz = (4u) V2. (11.8)

In the three-dimensional case we will need the expression for the integral of the square of
the resolvent kernel. Since

(—A+ ) rx, y) =@2n)~3 / expliE(x — ) (E2+ ) ",
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Plancherel’s equality yields

/ [(—A+ w1, »]Pdy = @n) 3 / (£2+ ) 2de
= (12n) u~Y2 (11.9)

Next we give a simple inequality for functions. Lgt(1) be the characteristic function
of the semiaxis. > [ and letu be some positive number. Then

O+w M) <200+1+wL A0 (11.10)

The inequality follows immediately since> (A +1)/2 for A > [.
Finally, we establish a useful inequality for the distribution function. (For trace class
operators, see Section A.8.)

LEMMA 11.2. If S andT are positive semidefinite trace class operatdinen the number
N of eigenvalues greater than or equall®f S + T satisfies

N <2trS+4trT2. (11.11)

PROOF Let {¢j}§\’:1 be the orthonormal eigenfunctions ®# 7 with eigenvalues greater
than or equal to 1. For eaghwe have either

(@j.1S1p;) = (11.12)

or (¢;.1T|p;) >

NI =
NI =

Since(¢;, |T|¢,~)2 <APj, P ;) |T2|¢>j> = (¢;, |T2|¢j), we infer that 2tS + 4tr72 >
Y1205 T 19s) + 4. I T?I)) = N. O

Now we can proceed with the proof of Theorem 11.1.

PrROOF OFTHEOREM 11.1. First of all, we note that the opera®y y is a direct sum
of P —V andP_ — V. SinceP, — V > P_ — V, it suffices to prove our estimate for
P_ —V only.

For E > 0 we define the Birman—Schwinger operator

-1
E
Kg= vé/z(P_ + 5) Va2, (11.13)

whereVg = (V — (E/2))+. We divide K¢ into a part coming from the lowest Landau
band and a part coming from the higher bands. For this purpose we define

E -1
KO = vb%/zno(P_ + E) movy?

E -1
:v§/2n0<p§+5> mov;/?, (11.14)
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where, in the last equality, we used (11.4). Moreover, we define

E -1
K; =V - 1‘[0)<P_ + E) (1— o)V, (11.15)

Clearly,Kg = Kg + K sinceP_ commutes withTo.

To calculate the trace & 2, we first cyclically rearrange factors mg (this does not
change trace; cf. Section A.8) and then use the explicit formulas (11.3) and (11.8) to inte-
grate the kernel over the diagonat y

E -1
tr(Kg)ztr[VEHo<p§+E) ]
E -1
:// VE(X)(‘PO(X/,X/))<P§+ E) (x3, x3) dx” dx3

= %(ZE)_l/Z/VE(x)dx. (11.16)

The second part of the Birman—Schwinger operator will be evaluated in the following
way. Denote byQ the spectral projection af_ corresponding t¢B, co). We have

(1—-1To)Q =1 - o). (11.17)

According to the spectral theorem (see Section A.5), the opeiBr + %)*1Q equals

g(P_), whereg(A) = (A + %)*le (1). Using (11.10) and the functional calculus (Theo-
rem A.2 in Section A.5), we obtain the operator inequality

-1 -1 -1
o(r+E) oca(renE) co(-anr E) L i

According to (11.17), this implies that

ET?L ENL
(I—HO)[PJFE} (I — ITp) <2<—AA+ E) . (11.19)

This operator inequality keeps being true after we multiply it from both sideggy

E7? E\ !
Vel — 1'10)|:P + E} (I — o)V < 2Vg (—AA + E) Vg. (11.20)

The above inequalities are operator ones, understood in the Hilbert space sense. Now we
pass to integral kernels and use the diamagnetic inequality for resolvents,

[(=A 4+ 0| <A+ —y).
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Thus we get the following estimate for the trace(lsffg)2
5 EN-1 72
tr[(K7) ]<4tr[vE <—AA+ E) VE}

E -1 2
<4// VE(x){[—AJr—] (x—y)} Vi (y) dr dy.
R3 R3 2

We apply Schwarz’ inequality to the latter integral, which gives us the estimate

-1 2
tr[(Kg)2]<4/ VE(x)de/ H—AJFE} (y)} dy.
R3 R?’ 2

The value of the latter integral we know, see (11.9), so we obtain
t[(K7)%] < C/ Ve (x)2dx.
R3

To complete the proof of Theorem 11.1, we use that, as a consequence of the Birman—
Schwinger principle,

Z|Ej(B,V)|</ NEdE</ {2tr(KQ) + 4t (K7)°]}dE.  (11.22)
j 0 0

We insert here the estimates foK@ and tl[(Kg)z] we have just derived, and after per-
forming integration we arrive at (11.6). |

A similar result, with a somewhat simpler proof, is valid in the two-dimensional
case [83].

THEOREM 11.3. Let V4 € LY(R?) N L2(R?). Then the negative eigenvalugs of the
Pauli operatorP 4 — V with a constant magnetic fielB satisfy the inequality

ZIE,-K%A2 v+(x)o|x+3/IRZ Vi ()2 dx. (11.22)

In [81-83] spectacular applications of these inequalities to the problem of stability of
matter and analysis of ground states of large quantum systems are given.

11.3. Distribution of eigenvalues
Another way to describe the spectrum of the Pauli operator with a constant magnetic field

is to study the distribution of eigenvalues near the Landau levels in dimension 2. If the
electric potentiaV decays at infinity then it is a relatively compact perturbatio®gfand,



498 G. Rozenblum and M. Melgaard

according to Weyl's theorem, the essential spectrum of the perturbed opBatpiV is

the same as dPg. This means that some, finite or infinite, eigenvalue clusters may form
around each Landau level; if the cluster is finite, the Landau level remains intact, if the
cluster is infinite, the eigenvalues there must converge to the Landau level, the latter may
disappear. To find out what really happens, we introduce the distribution functions. Let
A be a Landau level, we fix some< A, so that the intervals, A) does not contain other
Landau levels, and fok € (s, A) denote byn(s, A; V) the number of eigenvalues of the
operatorP + V in (s, A). The problem consists in studying the behavior of this quantity
asi — A: if it is bounded then the number of eigenvalues which gjitvnfrom A is

finite; if n(s, A; V) is unbounded, one has to find estimates and, if possible, asymptotics as
A — A —0. In asimilar way, fixing some aboveA one considers the behaviorof:, s)

ask — A+0,i.e., distribution of eigenvalues splitting from A. In the three-dimensional
case, similar problems can be stated only for the distribution of eigenvalues lying below the
lowest Landau level, since the whole positive semiaxis is covered by the essential spectrum.
These problems were studied in [108,139-141,146,147]. It was found there that in three
dimensions, and in the case of not too fast decayingn two dimensions, there is an
infinite set of eigenvalues splitting from each Landau level, up or down, if the electric
potential has, respectively, nonzero positive or negative part, and additionally asymptotic
formulas were proved, admitting explanation in terms of the phase-space volume. Only
recently, Raikov and Warzel [111] and Melgaard and Rozenblum [100], considered the case
of very fast decaying potentialg (including compactly supported ones), and a number of
pathologies were discovered. In particularVifhas constant sign, an infinite number of
eigenvalues split from each Landau level, however they converge there so fast that the
asymptotic behavior oi(s, A; V) orn(A, s) does not fit into the phase volume pattern and
even does not depend &h For the case of variable magnetic field, when zero is an isolated
eigenvalue of the unperturbed Pauli operator with infinite multiplicity, similar results on the
distribution of eigenvalues d? + V near zero were obtained by Raykov [110].

11.4. Arbitrary magnetic field

Erdds initiated the study of Lieb—Thirring inequalities for Pauli operators with nonho-
mogeneous fields [34]. He observed that the direct extension of (11.6) to the case of the
nonconstant fields, namely

> |EB.V)]
J

<Cuy fR B[V ()2 dx + /R V@) 2y, (11.23)

as well as its possible consequence (via Holder’s inequality)
> |E;B.V)
J

<@y [ JBPVico et Coy [ Vi 92 (11.24)
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is false without substantial regularity conditions Bnin addition, he conjectured in [34]
that it would be necessary to replad® by some effective field strengtBes(x), obtained
by averaging 3| locally on the magnetic lengthscalé| /2.

Finding proper Lieb—Thirring-type inequalities for the Pauli operator is crucial for the
problem of stability of relativistic matter: in proving that the relativistic Hamiltonian for a
large Coulomb system of particles in a magnetic field is semibounded from below as well as
to find reasonable dependence of the lower bound on the number of particles and the energy
of the field. One more source of inspiration for construction Lieb—Thirring inequalities lies
in establishing asymptotic formulas, with respect to all parameters involved, for regular and
some singular potentials [36,144]. Since the “natural” inequality is wrong and there is no
intrinsic candidate for the “effective” field, the search in recent years went in the direction
of finding estimates satisfying some natural scaling conditions, and then checking how
good they serve the main problem. The scaling properties involve behavior for large and
small fields as well as with respect to Planck’s constani/e describe some key results
here.

Motivated by Erdos’ observation, Sobolev [142,143] obtained estimates in the forms of
(11.23) and (11.24), but witjB3| replaced by a effective (scalar) magnetic fidigs(x),

> |E;(B, V)| <C1 / Bet()¥2Vi()dv + C2 / Ve@F2de. (11.25)
- R R
J

Roughly speakingBesi(x) is a slow varying function which dominat¢8(x)| pointwise.
Subsequently, Bugliaro et al. [21] and Shen [125,126] established (11.25) \Bigh(&)
whose energy is comparable to that|Bf, viz. || Bett|| ;2 ~ || Bl ;2 (Shen showed that the
same holds for any.? norm). The latter in particular implies the following estimate by
Lieb, Loss and Solovej [80].

THEOREM 11.4. Let V4 € LY?(R%) N L*R3) and letE;(B,V) <0, j =1,2,3,...,
denote the negative eigenvalues of the oper@gr— V (x) in L2(R3, C?). Then

> |E;B.V)]
J

3/4 1/4
<ay/ V+(x)5/2dx+by</ B(x)zdx> </ V+(x)4dx> (11.26)
R3 R3 R3

for all 0 <0 < y, wherea, = (2%2/5)(1 — y)"1L3 and b, = 3¥/427%4x)=3/8(1 —
¥)~%8L3. One can takd.3, defined aboveo be0.1156.

The estimate (11.26) and the estimate by Bugliaro et al. [21] (and Shen [125,126]) have
been very useful in the proof of stability of matter within the Pauli setting; in this case the
magnetic energy’ |B|2, is also part of the total energy to be minimized and thus even the
second moment of the magnetic field is controlled [80].

Another reason why (11.23) cannot hold for an arbitrary magnetic field is due to the
existence of the zero modes [87], see Section 10. Indeed, for certain magnetic fields with
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nonconstant direction the Dirac operat= o - (—iV + .A) has a nontrivialL2-kernel.

If n(x) denotes the density of zero modeéy) = Zj [y ()2, where{y;} is an orthonor-
mal basis in Keb, then under a small potential perturbatiorDsfthe sumZ/ [E;j(Pav)l
behaves ag n(x)V, (x)dx, i.e., itis linear inV,.. Hence an extra term linear . must be
added to (11.23) andl(x) has to be estimated; being an important characteristic by itself.
In the works [21,34,80,125,126,142,143] the denasity) is estimated by a function that
behaves quantitatively a8(x)|%2. In particular, in the strong field regime these estimates
are not sufficient to prove semiclassical asymptoticsAary (i, b) uniformly in b; they
give the asymptotics only up o< const 21 [144].

The key task is thus to understand the density of Loss—Yau zero modesuGinseales
like (length—2 and|B(x)| scales like(length—2 under the dilation of the space, a simple
dimension counting shows thatx), thereforezj |E;|, cannot be estimated in general
by |B(x)| or by its smoothed version. However, if an extra lengthscale is introduced, for
example, certain derivatives of the field are allowed in the estimate, then it is possible to
give a bound on the eigenvalue sum that grows slower tBE¥? in the large field regime.

The semiclassical formula for the sum of the negative eigenva@qs,Ej (Pavl,
for a constant magnetic field behaves linearly in the field stren@th,see (11.7). This
fact suggests thazj |E;(P4,v)| may be bounded by an expression that grows with the
first power of|B| even for nonconstant magnetic fields and away from the semiclassical
asymptotic regime.

Two physical applications, especially, motivate the search for Lieb—Thirring inequalities
which are optimal in the stron§-field regime with respect to the field strengt}, namely
strong magnetic fields in astrophysics, and quantum dots (in particular, artificial atoms).

Recently, Erdds and Solovej [39,40] obtained two qualitatively different Lieb—Thirring
inequalities which fulfill these conditions with as weak assumption8 @s possible and
no technical assumptions dn The methods behind the proofs of these two estimates are
very different and they are somewhat complementary.

While both Lieb—Thirring inequalities are sharp as far as the potential and the strength
of the magnetic field are concerned, they require additional technical assumptions on the
magnetic field. These are usually formulated in termgaofation lengthscalesand practi-
cally they are regularity assumptions BnThis means that supremum norms of derivatives
of the magnetic field appear in the final Lieb—Thirring inequality.

The difference between the two inequalities is that the more involved bound, see Theo-
rem 11.7, contains only local supremum norms. Therefore it enjoys an imptotafity
property. the estimate is insensitive to the behavior of the magnetic field far away from the
support of V.. The simpler inequality, Theorem 11.5, involves the glab&inorm of the
direction of the magnetic fieldy := B/|5|. In particular, irregular behavior of far away
from the support oV, renders our estimate large despite that it should not substantially
influence the negative spectrum. As a compensation, less assumptions on the regularity of
the field strength3| are required and the proof is much shorter.

The simpler inequality. Consider the three-dimensional Pauli operaly,y = D? -V,
with a differentiable magnetic fiel =V x A, D :=¢ - (—iV + A) being the Dirac
operator. We make two global assumptions:
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ASSUMPTION 1. B(x) # 0 for all x € R3, i.e., the unit vector fieldh := B/|8] is well
defined.

AsSsSUMPTION2. The vector fielch satisfies the following global regularity condition
5
Lyt=>0v7n] Y < o0, (11.27)
y=1

whereL,, is called theglobal variation lengthscalef n.
For anyL > 0, x € R3, we also define
B} (x) :=sup{|BO)|: Iy —x| <L} + L-sup{|[VB)|: |y —x| < L}.
The simpler inequality takes the following form [40].
THEOREM 11.5 (Lieb—Thirring inequality without a locality propertylror any

0 < L < Ly, the sum of the absolute values of the negative eigenvaijes F> < --- <0,
for P4 v satisfies

Y IEiPav)| < c(Llfa(Bz(x>+L2)v+<x)dx
; R
+/ B} (x) Vi (x)¥?dx +/ Vi (x)>? dx) (11.28)
R3 R3
with a universal constant.
The involved inequality. Next we give the basic set-up necessary to present the more
involved Lieb—Thirring inequality.

We assume thaB € C*(R3, R®), and define three basic lengthscales5ofThe Pauli
operator will be localized on these lengthscales.riLet 5/|5] be the unit vector field in
the direction of the magnetic field at all points wh&eoes not vanish. For any > 0 and
x € R3, we define

B (x) :=sup{|B(y)|: |x — y| < L} (11.29)
and

by (x) :=inf{|BO)|: Ix — y| < L} (11.30)

to be the supremum and the infimum of the magnetic field strength on the ball of fadius
aboutx.
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DEFINITION 11.6 (Lengthscales of a magnetic field). Tiagnetic lengthscalef B is
defined as

Lin(x):=sup|L > 0: By (x) < L™?}.
Thevariation lengthscal®f B atx is given by
Ly(x) :==min{Ly(x), L,(x)},
where

Ly(x) :=sup{L > 0:

LY sup{|V”|BD||: Ix —yI < L} <br(x),y =1,2,3,4},
Ly(x) :=sup{L > 0:

LY sup{|[V'n(y)|: Ix —y| <L, B(y)#0} <1,y =1,2,3,4}

(with the convention that sup= —o0). Finally we set
Le(x) :=max{ Ly (x), L, (x)}. (11.31)

A magnetic fieldB : R® — R3 determines three local lengthscales. The magnetic length-
scale,L,,, is comparable withi3|~1/2. The lengthscalé.,; determines the scale on which
the strength of the field varies, i.e., it is the variation scale offfgThe field line struc-
ture, determined by, varies on the scale df,,. The variation lengthscale, is the smaller
of these last two scales, i.e., it is the scale of variation of the vectorffield

For weak magnetic fields the magnetic effects can be neglected in the final eigenvalue
estimate, so the variational lengthscale becomes irrelevant. This idea is reflected in the
definition of L.; there is no need to localize on scales shorter than the magnetidsgale

With these preparations we are ready to formulate the main result in [39].

THEOREM11.7 (Lieb—Thirring inequality with a locality propertyAssume that the mag-

netic field B = V x A is in C*(R3,R%). Then the sum of the negative eigenvalues of
Pay =lo-(P+.A))? -V satisfies

Z|E,~|<cf V+(x)5/2dx+c/ |B(x)| Vi (x)32 dx
| R3 R3

+C/3(|B(x)| + Le(0) %) Le(x) MV (x) dx. (11.32)
R

For the proof we refer to the paper [39]. More estimates having different forms were
obtained in recent years [22,37]. In general, however, there is still no conjecture for the
form of Lieb—Thirring inequalities for arbitrary magnetic fields, optimal in all aspects.
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Lately much effort has been put into the search for boundEgﬂEj (P.4.v)| which
grows like |B| even for nonconstant fields and away from the semiclassical asymptot-
ical regime. Such bounds would allow one to prove the semiclassic asymptotics for
Zj |E;(P4,v)| uniformly in B as# | 0.
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Appendix. Basic facts from abstract spectral theory
A.1. Linear operators. Closed operators

Let H be a complex Hilbert space, |& C H be a linear subset, usually dense, and let
T :D — 'H be a linear (not necessarily continuous) map. For bre?itys said to be a
linear operatorin H. The setD is denotedd (7T') and called thelomainof the operator. If
Dq is alinear subset ab thenTo = T|p, is said to be aestrictionof 7. The operatof
is then called amxtensiorof 7. We shall writeTg C T'.

On®(T) one can define thgraph normor T norm|| - |7 by

lulld = 1 Tull®+ |ul®, ueD(T). (A.1)

T is said to be @&losed operatoif ©(T) is complete in thd norm. An equivalent defini-
tion is this: T is closed of itgraphG(T) = {{u, v} e HOH: u € D(T), v = Tu} is closed
in H & H. We say thaf" is aclosable operatoif the closure of the graph df in H & H
is also the graph of an operator. An equivalent condition is thiat,if, whereu, € ©(T),
is a Cauchy sequence in tlienorm and|ju, || — O then|u, |7 — 0. The latter property
means that the topologies generated by the norfi{ @ind by theT norm on®(T) are
compatible.

If T is closable then the operatdrdefined byG(T) = G(T) is called theclosureof T
If T is bounded thef’ coincides with the extension @f by continuity.

An operatorT from H; into H> is said to beboundedf there exists aC > 0 such that
ITull3, < Cllully, forallu e ©(T). Any suchC is called aboundof T'.

An operator? from H; into Hy is said to becompactf every bounded sequenge, }
from ©(T) contains a subsequen{m,j} for which {Tu,,} is convergent.

By B(H1, H2) and B (H1, H2) we denote respectively the spaces of everywhere
defined bounded and compact operators acting figminto Hy; B(H) := B(H, H),
Boo(H) := B (H, H). Thenormof an operatof” in any of these spaces is given by

IT || =inf{C > 0| ITull3, < Cllully, for allu € D(T)}.
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A.2. The adjoint operator

Let T be adensely definedperator, i.e.©(T) = H. Then theadjoint operatorT* can be
constructed as follows. The domainbf is

D(T*) :={veH|IheH: (Tu,v)= (u,h) Yu e D(T)}. (A.2)
The vector is uniquely determined by, and we sek = T*v. Thus

(Tu,v)=(u, T*v) VueD(T),VYveD(T*). (A.3)
As opposed to the case Bfe B(H), this equality is used not only to describe the “action”
of T* but, as we shall see, also to describe the domaifi*of
The operatof* is always a closed operator, abd7*) = H if and only if T is closable.
If the latter holds ther7*)* =T. If To c T and®(Tp) = H thenTy O T*.

A.3. Self-adjoint operators

An operatorT which fulfills T* = T is said to beself-adjoint
An operatorT, such that (7)) = 'H and

(Tu,v) ={(u, Tv) Yu,veD(T), (A.4)

is calledsymmetric These two notions are equivalent fbre B(H). If T* =T thenT is
said to beessentially self-adjoinif T is symmetric and” # T* thenT* is seen not to be
symmetric.

The self-adjointness of an operator can often be established by means of perturbation
theory, i.e., from the fact that the operator is close to another operator known in advance to
be self-adjoint.

A.4. Spectrum of an operator

Let T be a closed operator. By definition, tresolvent sep(T) consists of points. € C
such that there exist§” — 11)~1 € B(H) (I being the identity operator if). The com-
plements (T) = C\p(T) of the resolvent set is called tlspectrumof 7. The seto(T) is
open and (T) is closed. Itis possible that(T) = C or o (T) = @. (ForT € B(H) neither
of these possibilities can be realized.)

If T = T* then the spectrum of is nonempty and lies on the real axis. The spec-
trumo (T) of a self-adjoint operator can be represented as the union pbihéspectrum
op(T), i.e., the set of all eigenvalues, and twntinuous spectrum

oc(T) = {1 € R| Im(T — AI) is a nonclosed skt (A.5)
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The spectrasp(T) andoc(T) can have a nonempty intersectiono}f(7) = @ thenT has

a purely continuous spectrunif the linear hull of the eigenspaces K&r— ATl), where

L € op(T), is dense ir{ thenT has apurely point spectrumin this case the continu-

ous spectrum coincides with the set of limit points of the point spectrum and, generally
speaking, is nonempty.

The union of the continuous spectrum and the set of eigenvalues of infinite multiplicity is
called theessential spectrurof a self-adjoint operatof, denotetresd 7). If oesdT) =0
thenT hasdiscrete spectrumAn equivalent condition fof” to have discrete spectrum is
that(7T — 1)~ be a compact operator for sorhe p(T') (and then for all such).

A.5. The spectral theorem

Suppose that associated with every Borel et R is an orthogonal projectiot (£2)

in H. Let E(R) = I and let the following condition of countable additivity be fulfilled:

if {22,},n=1,2,..., are pairwise disjoint Borel sets, thén, E(£2,) = E(lJ, £2,). (The

series on the left-hand side converges in the strong operator topology.) Any such map
E: 2 +— E(£) is called aspectral measursn H (defined on the Borel subsets of the real
axis).

If E is a spectral measure then, for any H, E(-)u is a vector-valued measure and
wau() = (E()u, u) is a scalar-valued Boreal measure normalizegpy) = ||u||2.

For anyu,v e H, w, »(-) = (E(-)u, v) is a complex-valued Borel measure.

As in the case of scalar measures, support of a spectral measufsuppE) can be
defined as the smallest closed subBet R such thatE(F) = I. The phrase “almost
everywhere with respect t6” ( E-a.e.) has the standard meaning.

Let E be a spectral measure and Jetbe a Borel measurable scalar function defined
E-a.e. onR. Then one can define the integral

Jf=fde (=ff(s)dE(s)>, (A.6)

which is a closed operator iH with dense domain

’D(Jf)=’)3f={ueH‘/|f|2duu<oo}. (A7)

The integral (A.6) can be understood, for example, in the “weak sense”, thd}is,v) =
[ fduy,y for u € ®, andv € H. The operatot/; is self-adjoint if and only iff is an
E-a.e. real-valued functioryy is bounded if and only iff is E-a.e. bounded.

The followingspectral theorerplays a central role in the spectral analysis of self-adjoint
operators.

THEOREM A.1. To every self-adjoint operatof there corresponds a unique spectral
measureEr such that

T =/sdET(s).
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One has thasupptr = o (T).

Having a spectral measure, we can associate to any bounded Borel fuficiion (7)
the operatot/;. This mappingf — J; = ¢(f) gives the following functional calculus
form of the spectral theorem which is very useful.

THEOREMA.2. LetT be a self-adjoint operator oft. Then there exists a unique map
from the bounded Borel functions ef{7) into B(H) having the following properties
(i) ¢ is an algebraick-homeomorphism.e.,

e(f)=0(He(@,  oOf)=rp(f),
e =1,  o(f)=0(H"

(i) ¢ is norm continuous.e., lle(H ) < Il flizoe.

(i) Let{f,} be a sequence of bounded Borel functions obeyjrig) — x for eachx
(asn — oo) and| f, (x)| < |x| for all x andn. Thenforanyy € D(T), lim,— ~ ¢(f)¥ =
Ty.

(iv) If f,(x) — f(x) pointwise and if the sequendd f,| .~} is bounded then
@(fn) = ¢(f) strongly

(V) If Ty =2y, thenp(f)yr = f(A)Y.

(vi) If f>0,theng(f) > 0.

A.6. Various spectra

Let T be a self-adjoint operator it and letEr be the spectral measure 6f One can
distinguish the following subspacesfp defined as the closure of the linear hull of all
eigenspaces of, Hac defined as the set of all € 1 such that the measure! (-) =
(E7(-)u,u) is absolute continuous with respect to the Lebesgue measureéianthe
orthogonal complement dflp ® Hac in H. If u € Hsc thenuf is a continuous measure
singular relative to the Lebesgue measure.

The subspaceXp, Hac andHsc are orthogonal to each other and invariant with respect
to T'. The partslp, Tac andTsc of T in these subspaces (for examiligs= T'| o (1)nt,.) are
self-adjoint as operators iHp, Hac andHsc, respectively. They are called tpere point
absolute continuoys&ndsingular continuougomponents of”. One can also speak about
the absolute continuous components of the spectrett If 7 = Ty then the spectrum
of T is said to beabsolute continuous

A.7. Distribution function
Thedistribution function

N(I; T) =dimRanEr(I) (A.8)
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(I c R being an arbitrary interval) serves as an important characteristic of the location
of the spectrum of a self-adjoint operatbr The case whe (I; T) < oo is the most
interesting one. In this case, the spectrunT'adn I consists of finitely many eigenvalues
of finite multiplicity and (A.8) is equal to the sum of the multiplicities.M(I; T) = oo
and ! is a bounded interval, then the closurelo€ontains at least one point belonging
to oesdT). If I Noesd T) = ¥ then the spectrum df is said to baliscrete on/.

For a lower semibounded self-adjoint operator, we set

N*;T)=N((—00,1);T) VieR. (A.9)

A.8. Classes of compact operators

The following information on compact operators can be found in, e.g., [17], Chapter 11.

If T is a compact operator on some Hilbert spatandu ; = 1 ;(T), j € N, denote the
eigenvalues of" enumerated counting algebraic multiplicity in the order of nonincreasing
moduli x|, then the nonzero eigenvalugs=s;(T) = ,/u;(T*T) of |T| are called the
singular numbersr singular valueor s-numberof 7. If Zj s;(T) < oo, thenT is called
atrace classoperator. For trace class operators, the series

trT:ZMj(T)

J

is absolutely convergent. The set of all trace class operators is deno®H &yd it is an
*-ideal in B(H), viz.

1. &lis a vector space.

2. If Ty e 6 and T, € B(H), thenTiT» € G and 72Ty € &L

3. If Ty € &%, thenT} € G2,
If T e &% and{g,} is any orthonormal basis, therftrequals the sumy_, (¢n, T,) which
also converges absolutely and the limit is independent of the choice of the basis. The map
tr: 61 — C, defined either way, obeys:

1. tr(-) is a linear map.

2. rT* =trT.

3. T =tr Ty if Ty € Gt andTs € B(H).
Letn(s, T) =#{s;(T) > s}, s > 0, be thecounting functionBy the definition ofs;, one
has that

n(sz, T*T) =n(s,T), (A.10)

and for any self-adjoint nonnegative operator, onesh&s) = 1 ; (7). The counting func-
tion satisfies th&Veyl inequality

n(s1+s2, T+ T2) < n(s1, Th) +n(s2, T2). (A.11)



508 G. Rozenblum and M. Melgaard

For 0 < p < oo the trace class (or Neumann—-Schatten cla®$)is a set of T €
Boo(H1, H2) for which the following functional is finite

o
T 1 prey 10, = D _[5i(D)]" = p/o sP~n(s, T) ds. (A.12)
j

If p>1 then (A.12) defines a norm dfi” and a quasinorm fop < 1. Evidently,T €
69(H1, Hp) if and only if

tr(1T17) = tr((7*7)"?) < o0.

For 0< p < oo the classS!, (H1, Hz2) C Boso(H1, Hz) is the set of all compact operatdfs
such that the following functional is finite:

p 1/p
ITleg = (sups”n(s, 7)) .

s>0

The functional|| - lsr is a quasinorm. The class&, (11, H,) are not separable (if
dimH; =dimH, = o0); a separable subspa@g c &% is defined by

& :={Tes’| m s'ns, 7)=0}.
s—>+

Note thatS” C .
For a compact self-adjoint operatfrwe set

na(s, T) = N((%, 00); £T). (A.13)

For operatord” = T* € B, the following functionals are introduced:

ASN(T) :=limsups”n(s, T), (A.14)
§—>00
8Ty :=liminf sPni(s, T), (A.15)
p §—>00

so that 0< (Si,i)(T) < Af,,i)(T) <oo.The functionaIsA;i), 8§,i) are continuous is,, and
do not change if their argument changes by an operator of the@@a.ss

A.9. Glazman’s lemma

The spectral theorem leads to the variational principle for the distribution function. There
are many different formulations of this principle, the one most convenient for our pur-
poses is called th&lazman lemmawhich plays an important role in both qualitative and
guantitative spectral analysis.
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For an operator with quadratic fortfu], the number of points of the spectrum, finite or
infinite on some interval, is described by the dimensions of subspac@éjnwhere the
ratiot[u]/||u|| = x[u] is controlled. In particularnV (»; T'), for the operatof” defined by
the quadratic form, equals the maximum of the dimensions of subspaces wtfefe< A,
or minimum of the co-dimensions of subspaces whetg > X. Construction of subspaces
satisfying these inequalities immediately gives estimatesVfer; 7) from below, resp.
from above. Taken together, they, in particular, prove various versions of the Birman—
Schwinger principle; see Section 6.2.

LEMMA A.3. LetT be alower(upper) semibounded self-adjoint operator and c D (t)
be a linear subsetlense in thg'-norm Then

Ni(h, T)=maxdim{£ C M: x(t[u] — k||u||2) <0,ueL\{0}}, (A.16)
N+(A, T)=mincodim{ £ C D(t): +(t[u] — k||u||2) >0,ucecl}. (A.17)

Here codim£ for a subspacel c ©(t) denotes the minimal number of orthogonality
conditions which determin€. Minus and plus signs correspond to uppessp lower,
semibounded operatars

An important consequence of the Glazman lemma is that the distribution function de-
pends on the quadratic form in a monotone way. Let, for example, two opefatarsl 7>
correspond to quadratic formsg[u], t2[u], so that®(t1) C D(tp) and t1[u] > tolul],

u € ®(t1). Then in (A.16), the set of subspaces over which we maximize is larggkfor
than forTy, and therefore)N (A, T2) > N (4, Ty) for anya.

We collect some properties of the distribution function for the Schrddinger operator
Hy = —A — V. The following lemma follows immediately from the Glazman lemma.

LEMMA A.4. (i) If V1 < Vo pointwise thenN(—E; Hy,) < N(—E; Hy,) forall E > 0.
In particular, N(—E; Hy) < N(—E; Hy,).
(i) Forallx €[0,1]andE >0,
N(—E; Hy) < N(—aE; Hyx)-1-0)E).) (A.18)

where(V (x) — (1 — @) E)+ denotes the positive part of the potentiélx) — (1 — «)E.

Looking at the graph oN (—E; Hy) one sees that integrating(— E; Hy) with respect
to E yields (minus) the sum of the negative eigenvalues. More generally, since

a
SENCEH) == 8(E—E)),
J

where(E;}; denote the eigenvalues &y, one has the following result [84,85].
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LEMMA A.5. Lety > 0andSy.a(V):=3 g, olE;|”. Then

Sy,d(V)zy/ E""IN(—E; Hy)dE. (A.19)
0

A.10. Birman-Schwinger principle

A variant of the method of forms based on the notion of a variational triple is useful in a
number of cases, in particular in the study of spectral problems of the form

GV = AHoy. (A.20)

A variational triple {H; ho, g} consists of a Hilbert spack with a metric formbo[u]
and a bounded sesquilinear Hermitian fagm, v] in H. The relation

glu, vl=ho[Tu,vl Vu,ve™H

assigns a unique operatdr= T (H; ho, g) to {H; o, g}. The operatof is bounded and
self-adjoint inH.

In particular, lethg and g be the quadratic forms of operatoks and G acting in a
Hilbert spaceH. More precisely, letHp be a positive definite self-adjoint operator and
let ho be its associated quadratic form. We assume ¢has a symmetric operator de-
fined on a dense s@& c Q(hp) (in the simplest cas® = D (Hp)) and the quadratic form
(Gu, v) is bounded imQ(ho). Extending the form by continuity, we can obtain a bounded
form g[u] on Q(ho). Hence we have constructed a variational trigfg ho, g}. The oper-
ator determined by the triple coincides wnglG:Q(ho) — Q(ho) onD. ltis therefore
natural to associate the spectrum of this operator with (A.20).

The study of the negative spectrum of the Schrddinger operator with a decreasing poten-
tial can be reduced to the investigation of the spectrum of an equation of the form

pYy =M-AY +ey), =0

The abstract scheme of such a reduction was developed by Birman [14]. We shall state
only the simplest result from [14].

THEOREM A.6 (Birman-Schwinger principle)Let H and Hp be semibounded self-
adjoint operators in a Hilbert spacgl and letHy > 0. Leth and hg be the corresponding
guadratic formsand letQ(h) = Q(ho) = K. Let T, wheree > 0, be the operator deter-
mined by the variational tripl¢/C; ho[u] + £||u||2,C, g="ho—h}. Then
N(—¢;H)=n(1,T,). (A.22)

If Hp is positive definitethen(A.21)is also valid fore = 0.
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The operatolT, is traditionally called theBirman—Schwinger operatoiThe proof of
Theorem A.6 can be reduced to comparing the formulae

N(—&, H) = maxdim{£ C K: blu] + &[u]|® < O},
ni (L, T.) = maxdim{ £ C K: glu] > holu] + ellu/?},

which follow directly from Lemma A.3. The assertion concerning the ¢ase0 can be
extended to anydp > 0, but the formulation becomes more involved (see [14]).

A.11. Asymptotic perturbation lemma

Generally, one should expect that if one perturbs an operator with a weaker one, the main
properties must not change. The lemma we give here (established first in [16]) assigns
concrete meaning to this vague statement, as it concerns asymptotics of the spectrum.

LEMMA A.7. Let K be a compact self-adjoint operatand for someg > 0 and any
¢ >0, K may be represented a su&i = K, + K., where

lim ni(t, Ko)t? =c4(e), limsupn (1, K.)1? < e.
1—+0 t—+0

Then there exist limitm,_,gc+(¢) = cx andlim,_, ;on4 (¢, K)t? = c4.

PROOF Fix somes > 0. The Weyl inequality (A.11) gives, (1, K) <ny(t(1—6), K.)+
n4(t8, K.). Passing to lim sup, we obtain

cf) =lim tsugmr(t, Ki? <cyp(e)(1—08)7+689s.

On the other hand, applying Weyl inequality k&g = K + (—K), we obtainn (¢, K) >
ny(t(1+6), K;) —n_(t8, K}). Passing here to liminf, we get fo[f) =liminf,_ o N, (¢,
K)—1

cS:) > lim ny (1(1+38), K )17 — limsupn_ (28, K} )t
t—0 t—0
>cr(@)(148)"7 -5,
Thus
cr@L+8) 71— e < <P <ep(e)A—8)7 + 5. (A.22)

We set here§ = ¢1/(4+D so thats~s — 0. Then (A.22) gives'{ = ¢{) = lim ¢ (¢).
O
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The lemma plays a crucial role whenever one wants to establish an asymptotic formula.
Here the general scheme is to prove the asymptotic formula first for some regular case (say,
smooth and compactly supported potentials if one considers Schrédinger operators) and
then use some uniform estimate (say, the CLR estimate) in combination with Lemma A.7
to extend the asymptotics to more singular cases.
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Introduction

The aim of this survey relies on focusing some recent multiplicity results for nonlinear
problems with a lack of compactness which could probably find new and different appli-
cations. The corresponding existence results are well known long before but a full under-
standing of the multiplicity problem has required more specific and recent techniques. Here
we shall show those techniques by stressing on the geometric ideas underlying them. More
precisely, two main problems will be addressed:

1. Elliptic problems at critical growth on a bounded domain

2. Elliptic problems at subcritical growth on the whole domain
For both the above problems there is a lack of compactness which is due to the existence
of extremely concentrated solutions in case 1 and to the existence of solutions whose cen-
ters of mass escape to infinity in case 2. In both cases the existence results are available
thanks to suitable hypotheses on the linear term which make the compactness degeneracy
increase the functional which is going to be minimized. Thus deviation from compact-
ness is possible in principle but it is not advantageous, under different hypotheses on the
lower-order terms one would easily show nonexistence results. This survey includes the
results in [13,19,20,43], some parts of which are borrowed with minor modifications, and
itis in large part devoted to a careful analysis of the two above problems following mainly
[19] and [13]. For the common features shared by these problems, they well offer the op-
portunity to clarify and to focus the ideas and the techniques employed in those works.
Moreover, we shall make the exposition self-contained as far as possible and organized in
a heuristic way. Nevertheless, a good knowledge of the use of the variational and topolog-
ical methods in nonlinear analysis and some familiarity with the study of nonlinear elliptic
equations is required to the reader.

The exposition begins with an introductory part in which we recall the known facts con-
cerning the two already mentioned problems and, after introducing suitable concentration—
compactness tools, briefly sketches the main ideas which lead to prove the existence of a
nontrivial solution, recovering compactness thanks to suitable estimates on the energy lev-
els. In Section 2 we shall prove the compactness theorems which show how, substituting
the Palais—Smale sequences with the sequences of solutions of approximating problems,
the concentration—compactness tools introduced in the first section lead to complete com-
pactness results. Section 3 is devoted to the proof of some decay estimates, inspired by
the analysis of some particular cases, employed in the previous section. Section 4 con-
cerns the proof of the multiplicity theorems, which will be given after a preliminary part
in which the notion of genus, together with a recent variant, is introduced and employed to
construct the suitable min—max approach. Finally, in Section 5 some concluding remarks
are stated and a result which falls out of the main hypotheses assumed here is shown.
Further introductory indications are given at the beginning of each section.

Notation. Throughout the paper we make use of the following notation:
e 2 denotes a bounded subseffY .
o L7(£2), 1< p <400, 2 CRY, denotes a Lebesgue space, the normAs2) is
denoted byl - | ,.
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. H&(Q), 2 c RY, denote the Sobolev space obtained as closur€gaf2), with
respect to the norm

1/2
||u||=[/ |W|2dx] :
2

o H~1(2), 2 c RV, denotes the dual spacesidgf($2).

o lfue H(}(_Q), 2 c RV, and if there is no risk of ambiguity, we denote alsoubigs
extension t®R”" made by setting = 0 onR" \ £2.

e S denotes the Sobolev constant, i®= inf{[|Vull3/|lull3. |« € H3($2),u # 0}.

e We denote byA; < A2 < A3 < --- < Ay < -+ the sequence of the eigenvalues of
the Laplacian operator A on Hol(Q) and bygs, @2, ..., ¢y, ... the corresponding
sequence of orthonormal eigenvectors, welset Sparig1, 2, ..., o).

For every real numbet we shall say that a sequenc¢e,),cn is a Palais—Smale
(briefly PS) sequence for the functioned H! — R at levelc if the following two con-
ditions hold:

(1) 1(un) — c;

(2) dI'(u,) — 0in H~1, where d is the Fréchet derivative df.

We shall briefly say thatu,),cn is @ PS sequence if there exists a lavel R such that
(un)nen is a PS sequence at level

1. Statement of the problems and sketch of the existence results
1.1. Elliptic problems at critical growth on a bounded domain

Let us consider the critical growth problem
{ Au = |u| u+Aiu In§2, (CP)
u = 0 on 89,

where 2 is an open regular subset (without any shape conditionR%f (N > 3),
2*=2N/(N — 2) is the critical Sobolev exponent for the embeddingHﬁ(Q) into
LP?(£2), andx > 0. Several people have got involved with this problem (see [2,3]) and
here, for the reader’s convenience, we summarize the main known results in the field.
1. If » <0, the Pohozaev identity (see [37]) allows us to say that problem (CP) has, in
general (for a star-shapeg), no nontrivial solution.
2. There exists a constanat € [0, A1[ such that (CP) has a positive solutionaife
1A%, A1[, where A is the first eigenvalue of A defined oan-}(Q). WhenN > 4
thenAr* = 0 (see [11]). The existence of a nontrivial solution alsoXfgr 11 has been
subsequently proved in [12]. In the three-dimensional case and Whé&na ball
theni* = A1/4. Moreover, by using also in this case a suitable version of Pohozaev
identity we know that, fon. €10, A*[, (CP) has no radial solution (see [11,12]) but it
is still unknown if there exist nonradial solutions (changing sign) to (CP).
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3. If N >4 and$? is a ball, then for any. > 0, (CP) has infinitely many changing sign
solutions (which sometimes cannot be radial, as shown in [2,3]) which are built by
using the particular symmetry of the domain(see [24]).

4. If N > 7 ands2 is a ball, then for each > 0, (CP) has infinitely many changing sign-
radial solutions, see [39] and a previous paper by Cerami, Solimini and Struwe [14],
where it is also shown that fav > 6, (CP) has at least two (pairs of ) solutions on
any smooth bounded domain.

5. When 4< N < 6 and$2 is a ball there exists a constaxit > 0 such that (CP) has
no changing sign-radial solution if € ]0, A*[. So the boundV > 7 in the previous
result cannot be removed (see [2,3]).

6. In[19] the question about existence of infinitely many solutions to problem (CP), for
any bounded smooth domaid ¢ R" in the caseV > 7, is affirmatively answered.
Furthermore, by the above mentioned result in [2,3], the compactness arguments,
which can be also employed in the radial case, cannot be extended to lower values
of N.

7. Finally, in [20] it is shown that, fok €]0, A1[ andN > 4, problem (CP) has at least
% + 1 (pairs of) solutions¥ + 1 for A close enough to 0) improving thus the result
in [14]. Such result has been extended in [15] to the éase..

The main difficulty in dealing with problem (CP) is the existence of noncompact Palais—

Smale sequences (PS sequences) of the corresponding functional

1 A 1 .
L == |Vu?P-Z 2——/ Z 11
o (u) 2f9| ul 2/QIMI > QIul (1.1)

defined on the Hilbert spadec}((z). The behavior of noncompact PS sequences has been
studied in [45] which, roughly speaking, assures the existence of a subsequence approx-
imated by its weak limit plus terms which tend to concentrate around a finite number
of points (see Theorem 1.6). This result allows a precise description of the behavior of
noncompact PS sequences of the functiahaand an estimate of their possible levels,
suggesting the idea to look fgiood leveldn order to get compactness. We shall employ
this analysis in conjunction with other suitable compactness techniques to deal with the
multiplicity problem. Then, following [19], we shall show as, in dimensigr: 7, every
min—max admissible class produces precompact PS sequences. This will follow as a con-
sequence of a uniform bound theorem stated for bounded/setsolutions to
{—Au=|u|1’—2u+/\u in £, (SP)
u=0 onos2,

with p € [2, 2*]. This result will require suitable a priori estimates on some norms of the
functions inU . Such estimates will be employed to the aim of finding a suitable control on
the functions and on their derivatives and, finally, a local Pohozaev identity will allow the
proof of the following uniform bound theorem.

THEOREM 1.1 (Uniform bound through concentration estimatdsgt N > 7 and U be a
bounded set irH01(Q) whose elements are solutigrisr a fixedi > 0, to problemgSP),
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for p varying in[2, 2*]. ThenU is uniformly bounded .e., there exists a constardt > 0
such that

supsup|u(x)| < C.
uelU xef2

The above result is equivalent to a compactness properiylif12) (see [10]) which
allows uniform L estimates in the case of a precompact set of solutions. Though there
is a lack of compactness for PS sequences, we have compactness for the bounded sets of
solutions. Thus the key idea, in the case of a critical growth, relies in using the variational
methods to solve slightly subcritical problems, where the usual arguments based on PS
sequences produce solutions, and then to pass to the limit on such a set of solutions. In the
light of these considerations, it becomes evident that Theorem 1.1 plays a crucial role in this
program of work, indeed its proof has involved the major difficulties. Furthermore, we shall
show how this technique allows to apply classical min—max arguments to problem (CP)
and to prove, in this way, the existence of infinitely many solutions, as it is stated in the
following theorem.

THEOREM1.2 (Infinitely many solutions to (CP) in large dimensiof) N > 7,then prob-
lem (CP)admits infinitely many solutions

As we have just observed, analogous multiplicity results, like the existence of infinitely
many radial solutions to (CP) whe® is a ball, can be obtained from Theorem 1.1 in the
same way as Theorem 1.2 and so the uniqueness result in [3], Theorem A, leads to the
following remark.

REMARK 1.1. The restrictioV > 7 in Theorem 1.1 cannot be removed. Indeed, the the-
orem is false folv < 6.

Theorem 1.2 does not give any answer to the existence of infinitely many solutions
to (CP) whenN < 6. In such a case it is only known the negative answer for radial solu-
tions and the affirmative one for symmetric domains. Here we shall show through different
techniques that whew > 4, for 1 €]0, A1[, problem (CP) has at Iea% + 1 (pairs of)
solutions (see [20]).

1.2. Elliptic problems at subcritical growth on the whole domain

Let us consider the problem

u e HIRM), )

{ —Au+a@)u=ul”%u inRY,
whereN > 2, p > 2 andp < 2N /(N — 2) whenN > 2, and the potential(x) is a con-
tinuous function, positive ilRY, except at most a bounded set, satisfying suitable decay
assumptions. We do not impose any symmetry properay(tg.
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Problems like (P) naturally arise in various branches of Mathematical Physics, indeed
the solutions to (P) can be seen as solitary waves (stationary states) in nonlinear equations
of the Klein—Gordon or Schrddinger type, moreover, they present specific mathematical
difficulties that make them challenging to the researchers.

The solutions to problem (P) can be searched as critical points of the energy functional
I: HY(R"Y) — R defined by

I(u) = %/RN (IVul? + a(x)u?) dx — %/RN |u|? dx. (1.2)

The usual variational methods, that allow to prove the existence of infinitely many solu-
tions to (P) in a bounded domain, cannot be straightly appligd ledeed, the embedding
jrHYRN) — LP(RV) is continuous but not compact, therefore the basic Palais—Smale
condition is not satisfied by at all the energy levels. This difficulty can be avoided when
a(x) enjoys some symmetry. Indeed, the first known results have been obtained consid-
eringa(x) = a(|x]) or evena(x) = ax € RT \ {0} (see [8,9,16,17,35,42]). In this case,
the restriction off to H(R"), the subspace off1(R") consisting of spherically sym-
metric functions, restores compactness, because the embedcﬂfj‘g{]@f’) into L? (RY)
is compact. So, the existence of a positive solution to (P) can be proved either by using
mountain pass theorem or by minimization on a natural constraint, while the existence of
infinitely many solutions follows by standard minimax arguments. Moreover, it is worth
recalling that, still under the assumptiafix) = a(|x|), one can also find the existence
of infinitely many nonradial changing sign solutions, breaking the radial symmetry of the
equation (see [6] and reference therein).

Whena(x) does not enjoy any symmetry property, the problem becomes more difficult
and even proving the existence of one positive solution is not a trivial matter. This situation
requires a deeper understanding of the nature of the obstructions to the compactness and
the use of more subtle tools. Most of the researches have been concerned with the case

im a(x)=ax >0 1.3)

|x]—+o00
so that (P) can be related to the “problem at infinity”,
—Au+ aoou = [u|?%u inRV. (Pxo)

Afirst answer to the existence question has been given proving that, in some cases, being
true some inequalities relating (P) and(R, the concentration—compactness principle can
be applied and (P) can be solved by minimization [28]. This is the case, for instance, when
a(x) is a continuous function that, besides (1.3) and some decay assumptions, satisfies

0<é1<alx)<as VxeRV. (1.4)
Subsequently, a careful analysis of the behavior of the Palais—Smale sequences (see [4,7])

has allowed to state that the compactness can be lost (in the sense that a PS sequence does
not converge to a critical point) if and only if such a sequence breaks into a finite number
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of solutions to (R,) which arecenterecat points which go to infinity. As a consequence, it

has been possible to give an estimate of the energy levels in which the PS condition fails in
terms of the energy of such masses and to face better some existence and multiplicity ques-
tions for (P). Indeed, the existence of a positive solution to (P) has been proved (see [4])
even when a ground state solution cannot exist, that is, for instance, when, besides (1.3)
and suitably decay assumptions, the potential satisfies the condition- ao, Vx € RY;
moreover, under conditions (1.3), (1.4) and a suitable decay at infinity, it has been shown
the existence of a changing sign solution in addition to the positive one (see [33]).

To conclude this brief review of known results, let us mention that there is some other
work involving the use of variational methods to deal with standing waves of nonlinear
Schrédinger equations. Some of these papers mainly deal with the existence of solutions
to (P) using mountain pass and comparison arguments. See, e.g., [21,38] as well as the
references therein. In particular, we point out that in [38] the existence of a positive and a
negative solution is proved, provided

(i infa(x) >0, (i) lim a(x)=+oo, (1.5)
RN [x|—>+o0

while in [5] the existence of a third changing sign solution is shown.

Some other papers study cases in which the potentialpossesses nondegenerate crit-
ical points and depends on a parameter, i.e., it appearsyik® = a(hx), and contain
results of multiplicity of positive solutions under restrictions on the size @ke [1,23,36]
and fora(x) of a special form [34]). Finally we remind that, under assumptions of period-
icity on a, (P) has been shown to posses infinitely many solutions (see [18]).

Following [13], we shall assume the functiarto satisfy the following conditions.

(1) a € C*RN,R);

(@) liminfj— 100 a(x) =daeo > 0;

(%)%awmuézw+mVa>QWMEW€RNHmj=xNW

(a4) there exists a constant- 1 such that
_aa N _
|foa(x)| < caf(x) Vx eR™: |x| >c,
X

whereV. a(x) denotes the component ®u(x) lying in the hyperplane orthogonal o
and containing.

Therefore, in such a setting, we shall prove the next theorems. The ingredients of the
proof recall the techniques and the estimates employed in the previous case for the problem
at critical growth on a bounded domain. The analogous of the subcritical problem (SP) is,
in this case, the same problem (P) on a bounded domain or, more specifically, oBa ball
centered in the origin, with homogeneous Dirichlet boundary conditions. Givef, we
shall therefore consider the approximating problem

— P2y i
{—Au+a(x)u—|u|P u in B.(0), (AP,)
u=0 on 3B, (0).
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The first theorem states a compactness property of the bounded sets of solutions to the
approximating problems.

THEOREM 1.3. Assume that(x) satisfies(a;)—(as). LetU ¢ HY(RV) be a bounded set
consisting of solutions tAP,) for somer > 0. ThenU is a precompact subset &f1(RV).

From such compactness property we shall deduce the infinite multiplicity result.

THEOREM 1.4. If a(x) satisfies the assumptiofia)—(as), then (P) has infinitely many
solutions

Let us consider a sequence of ballRif{, B, (0) = {x e RV: |x| <r,},rn —> +o0,
and the related problent®,) = (AP,, ) approaching (P). nee

Since it is possible to prove that, for every(P,) possesses infinitely many solutions,
obtained by constructing infinitely many critical levels for the related functionals as min-
imax on suitable classes of functions, it is a natural idea considering sequen¢ex
solutions to (R), corresponding to minimax classes of the same type, and then trying to
pass to the limit.

Clearly, once again, we need to prove that such sequences are precompact. Hence some
additional tool is needed to control the situation. This is again a local Pohozaev-type in-
equality that, combined with some uniform decay estimates and integral bounds on any
bounded sequence of solutions tg, JPallows to conclude that, under our assumptions,
the lack of compactness due to translations cannot occur for such sequences because it is
possible, in principle, but it is not convenient in order to minimize the functional.

REMARK 1.2. It is worth pointing out that, if in (P) we repla®" by RV \ £, where
£2 is any bounded smooth open sefliff, Theorem 1.4 is still true, because the arguments
we shall develop still hold after very simple modification.

1.3. Concentration—compactness tools

The presence of the critical exponent in the Sobolev embedding and the unbounded mea-
sure of the domain does not allow using the classical compactness techniques based on
Rellich theorem but requires more fine tools as the ones studied by Lions in [28,29]. Com-
pactness theorems are due to Struwe [45,46] for the problem at critical growth and to Benci
and Cerami [7] for the problem on the whole domain. We shall follow the approach pur-
sued in [42], where a sufficiently general statement including the two previous results is
given. To this aim let us begin by introducing some terminology.

We shall callscalingof centerxg andmoduluss the mappingo : x — xg + o (x — xg).
In order to have always the possibility to compose two scalings, we shall include among
them also the translations, which are the product of two scalings with inverse moduli and
different centers. In such a case there is no center, the modulus is of course 1 and the func-
tion is determined by the translation vector(#,),cy is a sequence of scalings we shall
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say that it isdiverging by concentratioif the corresponding sequence of the moduli di-
verges to+-oo. We shall say that it igiverging by vanishing the corresponding sequence
of the moduli converges to zero and that idigserging by translatiornf the corresponding
sequence of the moduli is bounded and bounded away from zero and the corresponding se-
guence of the centers or of the translation vectors is diverging. We shall saythaty is
divergingif every subsequence admits a subsequence which is diverging by concentration
or by vanishing or by translation. Two sequences of scalipgs,en and(p;,),en are said
to be mutually divergingf the sequence(p,) ™! o p/),en is diverging. If p is a scaling
with moduluse andu is a function defined oiR", for « € R fixed, we shall refer to the
functionA“u o p as the scaled functiam by p and we shall denote it by the symho(lu).
Fixed 1< p < 400, we shall takex = N/p in order to keep invariant th&” norm and
o = N/p*, for p < N, to keep invariant thé/%-? norm. We shall transfer to the scalings
of the functions the same terminology which we have introduced for the scalings of the
variable.

It turns out that a sequence of scalings),cy is diverging if for everyu the sequence
(pn () nen Weakly converges to zero or, equivalently, if there exists at least one function
u # 0 such that(p, (1)),eny Weakly converges to zero. In such a case, we can pass to a
subsequence which is diverging by concentration or vanishing or translation.

DEFINITION 1.1. LetU ¢ HY?(RN) be a bounded subset, we shall say thiahas a
bounded scald, for every diverging sequence of scalings,),cn and for every sequence
(un)nen C U, the sequence of scaled functio(s, (1,)),en Weakly converges to zero
in L (RV).

The following theorem has been proved in [42].

THEOREM1.5. Let(u,),en be a given bounded sequence of functiond i (RY), with
index p satisfyingl < p < N. Then replacing (u,),en With a suitable subsequenoge
can find a sequence of functiofis );cy belonging toH 7 (RY) and, in correspondence
of any index, we can find a sequence of scalir(@ﬁ)ieN in such a way that the sequence
(0L (@)i)ien is Summable irf 17 (RY), uniformly with respect ta, and that the sequence
(Un — D jen p,"l (¢)i)nen CONVerges to zero in.”". Moreover we have thatfor any pair of
indexesi and j, the two corresponding sequences of scali(ms),-eN and (p});ey are
mutually divergingthat

+o00
D lleilly , <M, (1.6)
i=0

whereM is the limit of(||u,,||’1”P)neN, and that the sequence, — )",y 0}, (¢)i )nen CON-
verges to zero it -7 (RY) if and only if (1.6)is an equality

REMARK 1.3. We notice that the above theorem still holds in the more general context
of Lorentz spaced.(p*, q) for ¢ > p, it does not hold in the cas¢ = p. Moreover,
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it is equivalent to state the compact embedding of bounded subsétd HfRY) with a
bounded scale intd (p*, g) for g > p (see [42]).

REMARK 1.4. In the above theorem all the limigg are the weak limits otpfl)—l(un).

Since for any two indexes j the corresponding sequences of scalings are mutually di-
verging, there exists at most one indesuch thato, admits the limit scaling. We shall
denote by 0 such an index. Thus, it is not restrictive to asseffreid and so thaiy is the

weak limit of the sequence. We always reserve the index 0 to this aim, by takiag the

weak limit of (u,,),,cy €ven whenpg = 0 and it does not need to be taken into account in
Theorem 1.5. Foi > 1 we can suppose, by passing to a subsequence, that every sequence
(0} )nen is diverging by concentration or by vanishing or by translation.

It is quite clear from the above theorem that the deviation from compactness for a PS
sequence of the problem at critical growth on a bounded domain can be controlled by se-
guences of scalings only diverging by concentration. Whereas, for the subcritical problem
on the whole domain the analogous phenomenon can be controligtby scalings only
diverging by translation.

DEFINITION 1.2. Let (u,)nen € HE?(RY) be a given sequence. We shall say that
(un)nen is a fragmented sequence W7 or, respectively, inL? if there exists a finite
numberk > 1 of functionsgg, ¢1, .. ., ¢x belonging toH1-?(RV) and in correspondence
of any indexi > 1, there exists a sequence of mutually diverging scalipgsn such that
the sequencéu, —go — > _; p,i (@)i)nen converges to zero i -7 (RN) or, respectively,

in L9,

DEFINITION 1.3. Let(u,),eny be a fragmented sequence. In the case all ofptﬁhéor
i > 1, are diverging by concentration, we shall say that the sequence is concentrating. If all
of the p; fori > 1, are diverging by translation we shall say that the sequence is broken.

Now we are in a position to apply the above results to the analysis of the two elliptic
problems under consideration. Let us begin with problem (CP).

1.3.1. Concentrating sequencesGivens > 0 andx € R", let us consider the following
scaled function

o) =uy:x+> GN/Z*u()E +o(x —)E)),

where the choice of the exponant= N /2* makes the scaling operatignkeep constant
the normg|Vu, |2 and||uy || 2+

In order to produce estimates on the values of soluticieg SP), we observe that= |u|
(extended by zero out g?) solves

—Av < pv? -1y A,

El
ve HYRV), v>0, =
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in the sense of distributions, whete is any coefficient greater than one amd=
—inf(bs? 1 — sP~1 — Xs) (taken for 1< p < 2%, s > 0) is a constant which does not
depend o andp. Sinceb can be trivially normalized, we shall always take- 1 in (El).

So most of the estimates employed for the solutions to (SP) will be derived for solutions
to (El) in H1(R") and this will let us free from caring about the signuobr taking into
account the domais®.

DEFINITION 1.4. Let(u,),en be a given sequence. We shall say thab,cn is
e acontrolled sequenciéeachu,, is a solution to (El),
e abalanced sequendteachu, solves (SP) for somg € [2, 2*].

REMARK 1.5. Aswe have already pointed out, the absolute value of every solution to (SP)
(under an extension by zero out@fand multiplied by a constant) is also solution to (El).
Therefore any sequence consisting, term by term, of the absolute value of a balanced se-
guence is a controlled sequence. On the other side, when we shall deal with controlled
sequences, we shall know that each term is positive andzhafR” .

REMARK 1.6. Let(u,),en be any PS sequence f@r. Then, if a sequence of functions
(¢i)ien is as in Theorem 1.5, for every> 1, ¢; solves (CP) ind1(®RY) with » =0 and,
in particular, (EI) withA = 0.

Since every solution to (EI) witth = 0 has theHO1 norm greater or equal to a positive
constant (see Remark 1.10), then from the above results we get the existence of a con-
stantC > 0 such that|g; ||H01 > C for everyi > 1. Since the sequence of such norms is
summable, one can conclude that there are only finitely manyherefore we are lead to
recall the main result due to Struwe in [45] as a corollary of Theorem 1.5 and so we have
the following statement which is appropriate to deal with the present situation.

THEOREM 1.6. Let (u,),en be a noncompact PS sequenthen by replacing(u,),en
with a suitable subsequendbere exists a finite numbét, depending on a boungif on
||un||H01 (namelyk < MS—N/2, where S is the Sobolev constanof global solutionsy;

to (CP)in HL(RN) with » = 0 with correspondingt sequences of mutually diverging
scalings(p!)nen With respective concentration pointg and diverging moduli;! (i.e.,
lim,,—, 100 0}, = +00) such that

k
n— Y ph(i) —> @0 In Hy(82), 1.7)
i=1

wheregyg is the weak limit of the sequence and sol(E€R).

PROOF Let (u,),eny be a PS sequence and let € H(} minimize the distance from
Z{;opfl((pi) in HY(RN) for every n € N. Then we havev, — Zfzop,i(¢i) -0
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in HL(RY). We notice that(v,),en is a PS sequence, since all of theare solutions
to (CP) inH(RY). Then, by an integration by parts, by denotingshya small term in the
H~1norm, we get

/RN |V — v e
=f9 |V (un — vp)] e
=—LAWWWMW—WNX
:=ﬂ}wuf—%n—hmﬁ—%n+an—w»+eawn—vwdx
= /g (1unl® ~2un = 10a1? 200 + A(ttn — v)) (uy — v) A

+/ en(tty — vy) dx.
2

Sinceu,, andv, are bounded id.2", |u,|? ~2u, and|v,|? ~2v, are bounded iL.2". More-
over, by Theorem 1.5 we know that — v, — 0 in LZ", so we have the first term on the
right-hand side converging to zero by duality. Furthermore, siacandv,, are bounded

in HY(RN) ande, — 0 in H~1 we have that also the second term on the right-hand side
converges to zero iff ! and so the thesis is proved. a

Theorem 1.6 says, in other terms, that from any noncompact PS sequence we can ex-
tract a concentrating sequence fi. Given any concentrating sequence, we shall also
consider the scalings, and the limit functionsy; (which are not uniquely determined by
Theorem 1.6) as also given.

The next statement, which can be seen as a variant of Theorem 1.6, allows us to say that
also from a noncompact balanced sequdngg, <y We can always extract a concentrating
sequence, even if we do not know(if, ) ey is a PS sequence.

LEMMA 1.1. Let(u,),en be a noncompact bounded balanced sequend,‘f-g}m). Then
from (u,,),,en We can extract a concentrating subsequenchn

PROOF Under a null extension of,, to the whole ofR? , we can use the structure theorem
for bounded sequences Theorem 1.5. Then we shall show that foriexety|y;| solves
(El) with A = 0. Indeed,(p!)"Yu,| — |¢;| and|u,| solves (EI). If we denote by, the
modulus of(,o;',)‘1 we havev, — 0. By scalingju, |, we have

i\—1 iy—1 o N+2)/2
—A(ph) Ml < (0)) Ml P T+ 0N 224, (1.8)
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which, passing to the weak limit, gives (El) for= |¢;| andA = 0. This implies, in partic-
ular, that||g; || > SV/4, wheres is the Sobolev constant, see Remark 1.10, so we have an
estimate on the number of the limits, i > 1. Finally, we can show that (1.7) holds as in
the proof of Theorem 1.6. O

REMARK 1.7. A more detailed argument, see [19], Lemma 6.2, shows that, while
@o solves (CP) orf2, everyg; fori > 1, is a solution to (CP) on the whole domain for
A = 0 multiplied by the number

—I|mU N(N 2)/4(1 Pll/2* /1

From now on we shall denote by, the modulus of the scaling/, so that for every
giveni we haves, — +oo asn — +oo.

For everyi j, through a selection argument, we can suppose that, for everyy,
o} < o (orvice versa) then we can order the indexes in such a way that, foreeel,
it resultsor < 02 < --- < of. Therefore, with such an ordering, we have tpatcor-
responds to a function concentratingxi;h in the slowest way. For every € N, we set
o, = anl andx, = x,}.

To the aim of establishing some local uniform estimates around the concentration points,
we perform the following construction. In view of making estimates at a distance of the
order ofcrn_l/2 from the concentration point,, we need to exclude that, for a suitable con-
stantc, someone of the functiong, for i > 1, could have a concentration poitjt closer
todB, o 12 (xp) thano,, 12 (let us recall thak,, corresponds to the function concentrating
in the slowest way), thus we argue as follows. For aryN, let us considek concentric
annuli of width &, /2 and centered in,,. Since, by Theorem 1.6, the total number of
global solutionsy; is k, we are sure that among those annuli there is at least one without
any concentration point’ . Let A be that annulus. Sinde< M S~"/2 does not depend
by n, this procedure allows, passing to a subsequence, to choose a canstahich
does not depend om, such that I< C < 7k + 1 < 7MS~V/2 + 1, and such that® =

B(C+7) —172(xp) \ B— _1/2()(,,) Then we setAl (C+6)Un_l/2(x’2 \ E(f—i—l)a,,_l/z(x”)'

A = Bz, g, 120tm) \ Bz, 5, 120m), A3 = Bz, —v2(i) \ Bz, g, —v2(xn), get-

ting in this way four sequences of annuli, of Wldtb71/2 1/2 , 30, Y2 ando /2,

respectively, such that, far=1,2,3, A"t is thea, -ne|ghborhood of4!. So When

i increases4!, gets thinner and we are going to establish finer estimates on it. Waéh
we only know that4? does not contain concentration poinfs we shall see in Section 2
how this rough estimate improves, in the case of a balanced sequenice, Io2, 3. When
we shall deal with a balanced sequengg),,cn, we shall assume to have fixed a constant
as above and so we shall consider the four sequedtess also given and we shall call
such setsafe region®f (u,,),eN-
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1.3.2. Broken sequences.We pass now to the analogous analysis for problem (P). Let
us begin by considering some inequalities, related to (P), that will be useful in producing
estimates on the solutions to the approximating problems:

—Au+a@u<uP™t inRY,

u>0 inRVN, (El1)
ue Hl(RN),

—Au+aoou<u1’_l in RN,

u>0 inRVN, (Elx)
ue Hl(RN).

We remark that if: is weak solution of
—Au+a@)u=ul’%u in,
{ (Pe)

ue Hy(R2),

2 C RV, then|u|, extended by 0 out of?, is a weak solution of (g).

According to the previous definitions, we shall say that), cn is a balanced sequence
if, for everyn, u, is a nontrivial weak solution to (AP), where(r,),en, r» € RT, is any
sequence so that > 0 and that it is a controlled sequence if, for each,, is a nontrivial
weak solution to (El). Once again we remark that to any balanced sequénggcn
there corresponds a controlled seque(gg,cn, Wherev, = |u,| in B, (0) andv, =0
in RV \ B,, (0).

REMARK 1.8. We see that, given any balanced sequémeg <y and a sequence of trans-
lation vectors(t, )nen, t € RV, |1, - +oo, if
n——+0o0

u(= lim wu,(-—1,) a.e.inkR",
n——+00

then|u| is a weak solution of (EL).

A basic tool to face problems in unbounded domains has been the analysis of the
PS sequences behavior and the information that in the framework of Theorem 1.5,
when (1.3) is satisfied, a noncompact PS sequence differs from its weak limit by one or
more sequences that, after suitable translations, go to a solutiop,p{$Ee [7] and [4]).

Here, since our aim relies in finding solutions to (P) that are limit of balanced sequences,
we need to know how a noncompact bounded balanced sequence can look like. Moreover,
since we want to analyze a rather general case by working wijhr(stead than (1.3), we
cannot state the existence of a limit equation corresponding to (P). Nevertheless, by virtue
of the previous considerations about the behavior of the balanced sequences and taking
into account Remark 1.8, it is easy to realize that in our case the role of the limit problem
can be played byEl.,). The following lemma gives the necessary information leading to
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the conclusion that the set of norms of the solution€gia, ) is bounded from below by a
positive constant.

LEMMA 1.2. There exists a positive constafi§ > 0 such that for any nontrivial solution
¢ 10 (Els)

lell, > Co (1.9)
holds
PROOF Let g be a nontrivial solution t@El,), theng satisfies

IVel5 + asllells < llgl}.

By using Sobolev embedding theorem and by interpolating/th@orm (taking into ac-
count that 2< p < 2*) we have

1—
Sllell3: + aolels < llely < (lel5:lelz )",

whereS denotes the best Sobolev constant arel(0, 1) is such thatr/2* + (1 —«)/2=
1/p. By applying Young inequality, we get

IS Ielli™ < allpllz + (L —a)llgl2
211/2
< ki[(VSllgllz: + vallellz)’]Y

1/2
< ki2Y2(Slgl13. + asollell3) 2,

wherek; is chosen so that, > max(«/+/S, (1 —a)/./as ). Hence,

2 2\p/2-1 1
(S||(P||2* + asoll@ll3) = k12072
and so we deduce, as desirdlgh||, > Co > 0, whereCy is a constant not depending
ong. O

Taking advantage of Lemma 1.2 and by using the previous arguments, we can state the
following assertions as corollaries of Theorem 1.5. Such results provide the desired picture
of the controlled and therefore of the balanced sequences behavior.

PrROPOSITIONL.1. Leta(x) satisfy(a;) and(ap). Let (u,),en be @a noncompact controlled
sequence bounded 1 (RY). Then there exists a subsequentill denoted byu,,) for
which the following holdsthere exist an integet > 0, nontrivial solutions to(Els) ¢;,
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1<i <k, sequence§’),en, 1<i <k, such that

k
— Z(p,’(- — t,ll) — @0 in LP(RN),
i=1

(1.10)

] —> +o0, |t—tn| T oo 1<i#j<k
n—+00 +00

Now we are going to apply the same idea, used in dealing with the concentrating se-
guences, to the present case of diverging sequences. Specifically, we shall proceed in or-
dering the sequence of translation vectors and in constructing suitable regions on which
we shall establish local uniform estimates. Thus, given any broken sequengey, we
assume as given also the functignsand the translation vector$ (even if they are not
uniquely determined) that appear in (1.10). Through a selection argument, we can suppose
that, for everyn € N, |t,’;| < |t} (or vice versa), then we can order the indexes in such a
way that, for every: € N, it results|t}| < [£2| < --- < |tX|. For everyn € N, we setr,, =t}
the basic sequence of translations. In view of constructing the safe regions of the space to
associate to any broken sequence, we introduce the following terminology.

DEFINITION 1.5. LetA c RN be a subset dR" andv € RV a pointv ¢ A. We callcone
of vertexv generated byl the smallest set containinggand positively homogeneous with
respect to the vertex, i.e., the set

{weRN|w=v+k(x—v),xeA,)»eR+}.

Let (u,),en be a broken sequence and (et),en be the above defined sequence. In
view of making estimates involving diverging sequences, we shall work isafeeregions
connected with the basic sequence of translations in which we can deduce some a priori
estimates which are not affected by the presence of other masses which are escaping to
infinity. This time we shall not be concerned with annuli (so set differences of concentric
balls) centered inx;,, but with set differences of coaxial cones with the axis parallej to
In order to avoid the other masses, we have to perform a similar argument to the one used
for (CP). To this aim we proceed in constructing the following sequences of sub&?s of
related to(t,),en. FOr anyn € N, let us consider the cortg with vertext, /2 and generated
by a ball Bg, (t,). We begin by taking the cong , generated by the baB, , = B,, (),
where

v 1l
k2

rn =

1 1
|th0<y<m|n<5 4G +l)) (1.11)

¢ being the constant appearing ingXalf 3C1., N Bru/z(t ) = ¢ for all t’ #*1,, 1<i <k,

we setC, = C1,, and R, = r,,, otherwise we consider the larger ccmlen having vertex
t,/2 and generated b, (1n). Slnce|tn| < |t‘| 1< i <k, for any indexi for which
9C1.n N By, 2(t)) # 0, we haveB,n/z(t ) C C2,, and we set, = Co,, if 3C2, does not
touch any of the other ballB,, ,»(z)), , # t,. Otherwise we pass to the cofg,, having
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vertext, /2, generated bys,, (7,) that surely contains the balls, of radiyg'2 centered at
the points; , touchingdCz,,,.

We iterate this procedure and, since the number of the funciiplis k, we are sure
that after at most steps, we can associatertoa coneC,, having vertex, /2, generated
by a baIIBRn (tp), with %% =r, <R, <kr, = )7"—5' having the property thaiC, N
B, ,2(t;,) =0, for any indexi, 1< i <k, such that, #1,.

REMARK 1.9. Letf, denote the width angle of the codg. We emphasize that, since
R, = 4l tang,, then

0 v <tang, <y < min ! 1
<= S < -, — .
2% nsY 5 4+ 1)

Now we introduce some tools which will be useful in dealing with problem (P). Let
s € R andn € N, we consider the cones

Con =Cp — sty (1.12)
and the regions around the boundarypf
Sosn =Csn \C—s.n. (1.13)

Lastly we set

k
Si=RY [ B, 2(r}): (1.14)
i=0

1.4. Natural constraint

The existence and the multiplicity results related to problems (CP) and (P) will be achieved
by working with variational methods on the so-called natural constraint manifold, which is
a subseV of H& which contains all the critical points of a functionahnd such that every
constrained critical point of onV is a critical point with respect to the whole space. We
shall introduce this concept for the case of (CP), the other case is analogous.

Let
1 A 1
1(u>=—/ |Vu|2——/ |u|2——/ Mk (1.15)
2)e 2)2 Pla

be the functional corresponding to (SP). We introducerthtural constrainty for the
functionall as the manifold defined by

V={ulus#0,VI(u) u=0}. (1.16)
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Then the defining equation for the natural constraint is

@(u):/ |Vu|2—)\/ |u|2—/ lul? = 0. (1.17)
2 2 2
PrRoOPOSITION1.2. For everyu €V, the following properties hold true

(i) 1) >0;

(i) T(w)>c>0,ifx<Aarg;
(iii) 7(u)>&SV/2,if »=0andp = 2*, whereS is the Sobolev constant

PrROOFE By (1.17), a simple computation gives that, for every V,

1(u)=(%—%)(/Qwuﬁ—x/!zmﬁ)=<%—%)/Q|u|l’>o. (1.18)

So by (1.18), (i) follows. IfA < A1, then

/Q|Vu|2—xfg|u|2>c||u||§,1(m>c||u||§,
and hence, by (1.17),
leel)? < clluly, (1.19)

from which we have by the Sobolev embedding|, > c. Finally, by combining this last
inequality with (1.18) we have

1(u)=<%—%>/glul”>c

and so we get (ii). Moreover, when= 0 and p = 2*, u € V implies || Vu(3 = |lul|3.
therefore, by the Sobolev inequality, we havec [ul|3.~2 and so|ju|3, > §2/?" =2 =
SN/2_ Then, by (1.18), we finally get

1 1 « 1
Tn=(=_ = t S S gN2
() (2 2*)||u||2 NS
from which (iii) follows. O

REMARK 1.10. The proof of (jii) also applies to positive solutions to (El) whert 0,
since we only use the inequalitWu |3 < [lu|3", trivially implied by (EI).

The main property oV is stated in the following proposition.

ProPOSITIONL.3. Let (u,),eny C V be a constrained PS sequence f9r Then(uy,),en
is a PS sequence fay,.
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PROOF Passing to a subsequence we can asslimg) — ¢ > 0. If ¢ =0, by (1.18)
we get|lul, — 0, so |lull2 — 0 by Hdélder inequality and finallyju|l 1 = (||u||ﬁ +

A||u||§) — 0 by the constraint equation (1.17). 8p — 0 and thereforgu,),cn is a PS
sequence. Thus let us assume 0. For everyn € N, we have

VI(up) = pun VO () + rn,

wherer, is an infinitesimal term irf ~1(£2) and ., is the Lagrange multiplier. Then, for
everyn € N,

VI () = pn (V2 () - sty + V1)) + 1. (1.20)

After an easy computation, multiplying both the sides of (1.20)pwnd integrating, we
get from (1.20)

(1—un)(f |wn|2—A/ |un|2—f |un|f')
2 2 2
=u</ |Vun|2—A/ |un|2—(p—1)/ |un|P)+/rn-un,
22 2 2 2

and, by taking into account the constraint equation (1.17), we have

(P—Z)Mn/ |Mn|p:/rn'uno
2 2

Now, by estimating the term on the right-hand side of the previous equation and by (1.17),
we obtain

/ Fn - Up < ||Vn||H—1(_Q)||Mn||H1(Q)
2

2\1/2
< ”rn”H*l(_Q)(”unnﬁ + Muallz) ™",

wherec is a positive constant. So by Hélder inequality,
— 2 1—
(P —2pn < CIIFnIIH—l(Q)(IIMnllpp/ + llunlly 7).

Since [[7ull g1y — 0 and ||u,,||ﬁ — %c > 0, by virtue of (1.18) and the condition
¢ >0, we getu, — 0 asn — oco. O

COROLLARY 1.7. Letu € V be a constrained critical point fof, . Thenu is critical point
for I,.
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1.5. Existence of a nontrivial solution for the problem at critical growth

In this subsection we shall only sketch the main arguments involved in the existence theory
inthe case&V > 4 andi < A1, we refer to [46] and the references therein for a more detailed
treatment of the subject. On the other hand, the existence result is trivially implied by the
multiplicity theorem which we are going to prove in Section 4 and which does not make
use of this existence result. The only reason for which we are giving this sketch is to show
the difference between a compactness argument based on a level estimate, which is enough
to give the existence of a nontrivial solution and the compactness techniques required for
the multiplicity results.

We recall that foih < A1, since zero is an isolated point for we also have inf I, > 0.
To prove the existence of a nontrivial solution to the minimization problend;feve shall
assume to work with any minimizing sequenceland then, by applying the results of
Section 1.3 and after some estimates, we shall conclude that along any of such a sequence
the functional cannot reach a level corresponding to a noncompact PS sequence and so, by
recovering compactness, the standard variational methods allow to state the existence of a
solution.

COROLLARY 1.8. Let (u,),en be a noncompact PS sequence for Then I (u,,) —
c}N_lSN/2 asn — 00.

PROOF Let (1,),eN be a noncompact PS sequence, by Theorem 1.6 we know,that
@o+ Zle @i, wheregg solves the differential equation in (CP) éhand the functions;,
i =1,...,k, are concentrated solutions B with A = 0. Then

k

L(n) = Do) + Y To(gi)
i=1

asn — oo and can easily estimate the terms in which the functional is split in the limit.
Indeed, by virtue of Proposition 1.2(iii), we have that for every 1,

Io(g;) > N~1sN/2,

So we can conclude thal*_, Io(¢;) > N~1SN/2. Since I, (¢o) > 0, we have the
thesis. 0

At this stage to conclude the argument regarding the existence of a nontrivial solu-

tion to (CP) we only have to show that really jnf, < N~15V/2. To this aim we set

N > 4 and we consider the family @&lenti functions:, , thatis,u, (x) = o ¥ =2/2y (o x),
whereu(x) = (N(N — 2))¥=2/41 4 |x|%)@M/2 We may assume that® and we

can choose) € C3°(£2) be a fixed cut-off function such that= 1 in a neighborhood
Br(0) of 0. We setu = nu,. After some computations based on the fact thatop-
timize the Sobolev embedding and &s{u,) = N~15V/2, we get that, foro > 0 large
enough, sup.g I, (au) < N~1SV/2. Indeed, the negative contribution due to the subcrit-
ical term—2x |, lu|? turns out to be less infinitesimal than the positive variatiofy6fu. )
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with respect tolo(us) = N~18N/2, due to the presence of the cut-off functipnwhen

o is sufficiently large. So we can find € R such thatvu? €V and therefore we have
infy I, < N~1§N/2 and inf, I, > 0 if » < 1. Consequently we get the existence of a
nontrivial solution to (CP).

1.6. Existence of a nontrivial solution for the problem on the whole domain

Also in this case we shall only give a brief sketch of the proof in a particular case, with the
same motivations as in the previous part.
Let

1(u)=%/RN (IVul? +a(x)u?) dx — %/RNWV’dx

be the functional associated to the problem (P). Let us assume thatlig, a(x) =
as > 0,a(x) < ax for everyx e RN and let us consider the corresponding functional at
infinity

1 1
IOO(M)ZE/RN (|Vu|2+aoou2)dx—;/

|]? dx
RN

which is associated to problem
—Au+ asou = [u|P"2u  inRY. (Pxo)

We introduce the natural constraintsand) related tol and /., respectively. By argu-
ing as in the previous case, since= 0 is an isolated point for, we begin by observing
that

I(u)>0 VueV.

We setc = inf ey, Ino(u). As we have previously observed, in this case the failure of
compactness for a PS sequence can be controlled by scalings diverging by translation
and, in order to get the existence result, we have to exclude this case for a constrained
minimizing sequence o. Thus, let(u,),cn be a noncompact PS sequence foiby
Theorem 1.6, we know that(u,) — I(¢g) + Zf-‘zl I (i), wheregg solves the differ-

ential equation in (P), and the functiogs, i = 1,...,k, are solutions to (R) and the
sequences of scalingg (¢;) are diverging by translation. So, for such a sequence we have
I(u,) — ¢ > coo and this shows that compactness is achieved for energy levels strictly
lower thanc,. Therefore, to get the existence of a nontrivial solution to (P), it remains to
show that inf, I (1) < ceo. TO this aim letu, be a ground state solution to{, fix « € R

such thatrus, € V. Then we have o (o) = MaX,er Ioo ((lino) and so

(o) < Too(0tltoo) < Too(Uoo) = Coo,s

from which the condition inf I (1) < ¢ follows.
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2. Approximating problems and compactness of balanced sequences

This section is devoted to the proof of the two compactness theorems (Theorems
1.1 and 1.3), which are the most relevant step for proving the multiplicity of solutions
(the variational approach through approximating problems discussed in Section 4 presents
some difficulties but uses more standard ideas). We shall make use here of some estimates
on the solutions which we shall justify roughly, by explaining why we can expect them, but
which will be rigorously proved in the next section, which must be therefore considered as
an essential part of the present one and which will make the proofs complete. Nevertheless,
we prefer to develop the estimates in a separate section at the end, letting the reader already
know how they should be and should be used. Let us begin by pointing out that no similar
compactness result holds for PS sequences, as stated in the following easy remark.

REMARK 2.1. ProblemgCP)and (P) admit noncompadPSsequences.

ProOF For (CP) we just have to consider the cut-off Talenti functiay considered in
the end of Section 1.5 by letting = 0, — +o00. For (P), wheru has limita., at infinity,
we just have to fix a solutiof to (P ) and taket, (x) = u(x + t,) with |7,| — +o0. O

The impossibility of proving complete compactness results for PS sequences is the rea-
son for which we are working with balanced sequences. The elements of a PS sequence
are close to be solutions of the problem while the elements of a balanced sequearet are
solutions of a close problem and this makes a big difference: when we deal with the terms
of a balanced sequence, we know that we cannot have even a small improvement of some
functional of the same type under any local modification of the same order.

On the other hand, when some masses are concentrating or escaping to infinity, we shall
be able to produce a local modification which improves the value of the functional by
respectively perturbing the concentration parameter or the translation vector. From this
contradiction we shall be able to deduce the compactness theorems. The variation of the
functional under such a local modification will be evaluated by a local Pohozaev inequality
and the a priori decay estimates on the terms of a balanced sequence which will be found
in the next subsection, carried in such inequalities, will formally produce the contradiction.

2.1. Avoiding concentration

In this subsection, we shall test the presence of concentrations which would prevent us to
find solutions to (CP) as limits of a balanced concentrating sequence. To this aim, we shall
evaluate the infinitesimal variation of the functional corresponding to (SP) under a scaling
of a concentrated part af,. Such a variation must be null because we are dealing with a
balanced sequence.

2.1.1. Local Pohozaev identity. The property that the variation of the functional under
a scaling operation is null or reduced to a boundary term is equivalent to the well-known
Pohozaev identity [37] which we must establish in a local form (namely without using
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boundary conditions) since it shall be tested on a small concentrated part of the func-
tionsu,. We fix a general open smooth setin R and shall consider, more in general,

a semilinear elliptic equation of the form

—Au = g(u). (2.1)

LEMMA 2.1. Letu be a smooth solution t(2.1) on a smooth domai® and letG (u) be
a primitive of the functiorz (). Then the following equation holds true

N/ (G(u)+ ig(u)u) = —/ <}|Vu|2(x-fi) —Gu)(x -ﬁ))
B 2* 9B 2

+/ (Vu-x)(Vu-ﬁ)—l—E/ (Vu -mu. (2.2)
9B 2* Jop

PrRoOOF Multiplying by u and integrating by parts, we get

/|Vu|2=/g(u)u+/ (Vu - i)u, (2.3)
B B B

wherer is the outward normal t6 B. Multiplying (2.1) for Vu - x, since
V- (V- x)Vu) = Au(Vu - x) + (V(Vu - x)) - Vau,

using the divergence theorem and by integrating by parts, we get

/ —Au(Vu - x)
B

=— (Vu-x)(w.ﬁ)Jr/w-(vzu.x+1-vu)
0B B

- 1 2 2
=— (Vu~x)(Vu'n)+f V<—|Vu| >-x+/ |Vu|
9B B \2 B
—-_ (Vu~x)(Vu~ﬁ)+1-/ |Vu|2(x-ﬁ)+2_—N/ |Vu|?. (2.4)
9B 2JyB 2 Jp

On the other side, integrating by parts we get

/ gu)(Vu - x) =/ VGu)-x :/ Gu)(x -n) — N/ G(u). (2.5)
B B 3B B

Combining (2.18) with (2.5) we obtain

7 J, Ve =v [ 6w [ 6w
— [ |Vul*=N | Gu)— Gu)(x -n)
2% Jp B 9B

—/ (w-x)(w-ﬁ)Jr}/ |Vu|?(x - 7). (2.6)
B 2 /8
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Finally, multiplying (2.3) for— N /2* and summing (2.6), we have (2.2). O

In the present case (i.e(u) = |u|”~2u + ru), (2.2) becomes

1 . i}
:_/ |u|1’(x-n)+—/ | (X~n)+/ (Vu - x)(Vu -n)
P JaB 2 JaB 9B

—1/ |Vu|2(x~r_i)+ﬁ/ (Vu - iu. (2.7)
2 Jyp 2% Jyp

By a translation, we can move the origin to any fixed poigte RV and we can for-
get, beingp < 2*, the positive tern’(— - —)fB |u|?, in order to obtain the following
“Pohozaev-tygdanequality

1 R A R
A/|u|2<—f Iulp((x—xo)~n)+—/ |u?((x — xo) - 7))
B P JoB 2 9B
+/ (Vu - (x —x0))(Vu - i)
0B

—}/ |Vu|2((x—xo)-ﬁ)+E/ (Vu - i)u, (2.8)
2 /5B 2* Jop

which we shall apply to the terms, of a balanced sequence, which enjoys (2.8) for
p = pn, ON a suitable balB = B,,.

2.1.2. Decay tools. The choice of the se®,, in (2.8) is a crucial point in order to produce

the contradiction. We shall take & a ball around the concentration poittrying to let

B, contain most of the concentrating mass, making the left-hand side of (2.8) consistent.
On the other hand, we must force the right-hand side to be small and, to this aim, we have
to take into account two opposite indications: ) must have a suitably small radius in
order to keep the measure of the integration dora@insmall; (b) B, must have a suitably
large radius to keep the points @8, far away from the concentration in order to make the
termu and Vu which appear in the integrals small. In order to guess a convenient choice
of the radius, we can focus on the simple case in which the nuinldrich appears in
Definition 1.2 is 1,u, = ¢o + p; 1(p1) exactly andyp; is a Talenti function (defined at the

end of Section 1.5). Sinagy is a smooth function, we easily find the bound

o, (N=2)/N
VneN, Vx € £2: <cll+|———— . 2.9
! ! jun )] C( <1+(an|x—xn|)2> ) (2.9)

So the values offu,,| are of the order of 1 whepx — x,,| reaches the order of, 2

such points we also have the bound

In

VneN, Vx e $2: ’un(x)| < can . (2.10)
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So a natural choice is to tak;g’l/z as the radius oB, and to bring (2.9) and (2.10) into

the right-hand side of (2.8). In the general situation we must take care of several singulari-
ties corresponding to unknown functiopsand of the difference,, — Zf:o ol (i) which

is infinitesimal only inH®. So we shall work on the safe regiosg which are annuli at

a distance of the order 01‘"_1/2 from the less concentrated mass and avoid the other con-
centrations. In the next subsection we shall prove the following lemma which essentially
gives (2.9) in the most general setting.

PrRoOPOSITION2.1. Let(u,),cn be a controlled concentrating sequentlen there exists
a constantC > 0 such that for any: € N and for anyx € A,Z,,

uy(x) < C.
Passing to the smaller annuld$ we can also give (2.10) in an integral form.

PROPOSITION2.2. Let(u,),cn be a controlled concentrating sequentlen there exists
a constaniC > 0 such that for any: € N,

f |Vun|? < Co2N/2, (2.11)
A3

n

A simple mean value argument allows us to deduce the following corollary which
gives (2.10) in a boundary integral form.

COROLLARY 2.1. Let (#,),en be a controlled concentrating sequené€er anyn € N
there exists, € [C + 2, C + 3] such thatdenoting byB,, the setB(x,, tnan_l/z),

/ IVu, 2 < ColN/2, (2.12)
9B,

whereC is the constant in the above proposition

REMARK 2.2. The ballB, appearing in the previous corollary is not yet, in general, the

set on which (2.8) is going to be tested. Indeed, we are not surgthat2. This inclusion

is not relevant as far as we work with a controlled sequence, whose terms can be assumed
defined on the whole @& ", but must be forced if we want to deal with a balanced sequence

in view of applying the Pohozaev inequality (2.8).

2.1.3. Proof of Theorem 1.1. In this subsection we shall use the local Pohozaev identity
to prove that concentrations are not possible for balanced sequences in dinfénsion

LEMMA 2.2. If N > 7 no concentrating sequence can be balanced

PROOF Let a concentrating sequengs, ), <N be given and assume by contradiction that

it is balanced. Let us fix € N, we shall use (2.8) o, = B(x,, tnan_l/z) N £2, where



Multiplicity techniques for problems without compactness 545

t, is the same as in Corollary 2.1, and we shall spB;, = 9; B, U 9. B,,, whered, B,
(empty in the case in which the concentration painof the basic rescaled functianis
sufficiently far froma$2) is 92 N B,. Whend, B, = ¢, to the aim of applying (2.8), we
shall takexg equal to the concentration point. Otherwise we shall takey out of £2 such

thatd (xg, x,) < 2tnan_1/2 and

Vx €0,B,: 7-(x—x0) <0, (2.13)

where7 is the outward normal t@ B, (roughly speakingcg is the “symmetric” ofx,

with respect ta£2). We want to show that (2.8) cannot hold true, in contradiction to the
assumption that the sequence is balanced. To this aim, we give a lower bound to the left-
hand side of (2.8) and a smaller upper bound to the right-hand side. For the first one, we
shall restrict the integral on the bdl|, = B(x,, an‘l), which is contained in2 for n large.

Then we have

f ) u? = an_Z/ ((,o;‘l)_l(un))2 > const
B(xy,0, 7) B(xp,1)

since, by Remark 1.4,01)"Y(u,) — ¢; # 0 andx, is bounded ifRY, we see that the
left-hand side of (2.8) has a lower bound of the fo€ra,~2, for a suitable constart.
Passing to the right-hand side, we firstly evaluate the possible contributid®,0fOn
such a set only two of the integrals must be taken into account because we,hav@
on 9,B, C 352. For the same reasoR,,, has the direction ofi and so the whole sum,
from (2.13), can be written as

1

—/ [Vu,|?(x — xo) -1 < 0.
2 Jy, B,

So we can focus our attention to the integrals extende@} By. Hence from Proposi-
tion 2.1, we get

A
2 d; By,

L1 .
|wF«x—m»ny+—/ ln]? ((x — x0) - 71)
p 3,’ By

<C/ ((x = x0) - ) < Coy 72,
9; By

and from Corollary 2.1 and our choice 8f,,
(2—-N)/2

2
f [Vu,|“|x — xo| < Coyp
3 B,

Finally, from both Proposition 2.1 and Corollary 2.1, by the Holder inequality,

1/2 1/2
f (Vuy 'ﬁ)un < (/ |Vlzin|2> (/ |Mn|2) < nggZ—N)/Z.
3 Bn 3 By 3 By
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Combining these estimates, we see that the right-hand side of (2.8) is therefore bounded

by Co,SZfN)/Z. So (2.8) requires
roy 2 < Cot M2, (2.14)
which whenN > 6, sinces,, — o0, is clearly false fon large. (]

Theorem 1.1 is an immediate consequence (essentially a restating which does not use
the terminology introduced in this chapter) of the above lemma.

PrOOF OFTHEOREM 1.1. Let us suppose, by contradiction, that there exists a bounded
balanced sequengg,, ), such that

supsup |uy, (x)| = +oo.
neNxesf2

A standard regularity argument [10] shows that cannot be compact i, so
by Lemma 1.1 it has a balanced concentrating subsequence and this is excluded by
Lemma 2.2. ]

2.2. Avoiding escaping masses

We shall now take into exam the case of a balanced sequence related to problem (P) and
we shall assume by contradiction that the sequence is broken, according to Definition 1.3.
This means, roughly speaking, that there are some massgsch are escaping to infinity.

So we are going to study the variation of the functional under a small translation of one of
such masses which brings it back to the origin.

2.2.1. Local Pohozaev identity for translationsThe variation of the functional under the
translation of a solution is evaluated by a Pohozaev-type formula. Since we only want to
translate a part of the function, corresponding to one of the escaping masses, we must prove
such a formula in a local version, namely without assuming boundary conditions, as stated
in the next lemma.

We fix a general open smooth setin R and shall consider, more in general, a semi-
linear elliptic equation of the form

—Au=g(x,u). (2.15)
LEMMA 2.3. Letu be a smooth solution #2.15)on a smooth domai® and letG (x, s)

be a primitive with respect to of the functiong(x, s). Then the following equation holds
true

—/ V.G(x,u)-t
B

:/ (E|Vu|2—G(x,u))(v-f)—/ (Vu-v)(Vu - 7). (2.16)
aB\2 9B



Multiplicity techniques for problems without compactness 547

PrROOF We have

/ (—Au+gCx, wyu)(Vu -7)dx =0. (2.17)
B

Now integrating by parts, we obtain

fB—Au(vu.?)dx=fB(vu.v(vu-?))dx—/aB (Vi -v)(Vu-1)do.

Then, taking into account thaidoes not depend an again using divergence theorem,

we get
/(Vu-V(Vu-?))dx:/ (Vu - (V2u 7)) dx
B B
1 , -
=—f(V|Vu| 1) dx
2Jp
=}/ |Vu|2(f~v)da
2 JyB
and then

/ —Au(Vu . ?) dx
B

2 dB 9B

(2.18)

Analogously we deduce

f G(x,u)u-fzfvc(x,u).?zfvxc(x,u).?+/g(x,u)w.?.
B B B B

So

/g(x,u)Vu~?=/ G(x,u)v~?—f V,G(x,u) -t
B 9B B
Therefore

5| (5ulE) - [ un(va-h)

2 /3
=/ G(x,u)u-?—/ V,G(x,u)-1. 0
B B
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In the case of problem (P) we can taégx, s) = %|s|P — 2042

COROLLARY 2.2. Let a(x) satisfy(a;) andu be a solution to(P). Then the following
identity

}/ uz(Va(x)-?)dx=}[ (|Vu|2+a(x)u2)(v-f)
2J)p 2 JyB

—/ (Vu-v)(w-f)—E ul?(v-7), (2.19)
B P JaB

wherev is the outward normal t@ B, holds

2.2.2. Drift estimates tools. As for the case of (CP), we must now choose a convenient
setB on which (1.10) leads to a contradiction. Again the contradiction will follow from the

fact that the boundary integrals are too small with respect to the volume integral and this
analysis is based on suitable decay estimates. Solutions to (P) have an exponential decay at
infinity. One can guess that therefore we should find an uniform exponential decay on the
terms of a balanced sequence of functions if we keep far away from the escaping masses.
This means that the bound we are going to find is not of the type®flebut of e =),

where the functiomw, defined by

, xeRV, (2.20)

ou(x)= inf |x—¢

will be calleddrift distancefunction and measures how mughs escaping from all the
masses in whicly,, gets broken. Note thaf,’ =0 5s00,(x) < |x| for all n € N. Indeed in
Section 3 we shall prove the following exponential decay result.

ProPOSITION2.3. Let a(x) satisfy(a1) and (ap). Let (u,),en be a broken controlled
sequence bounded M1 (R"). Then for any constant € (0, ,/a ), there exists a constant
¢ > 0such that fom large enough

Uun (x) < cue %™ vy e R, (2.21)

The above estimate suggests to apply (2.19), wheteu,, is a term of a balanced
sequence of functions, to a set=D,, whose boundary is far away from all the masses,
as it happens with the con€y and the other regions introduced in the end of Section 1.3.
We must take into account thaj solves the problem oB,, , so we have to take the trace
of such cones oB,, . As in the case of the critical growth problem, the choiceBpiwill
follow from a gradient estimate in an integral form. Indeed, in Section 3 we shall also prove
the following estimate.
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PROPOSITION2.4. Let a(x) satisfy(a;) and (a2). Let (u,),en be a broken controlled
sequence bounded #1(RY). Then there exist constants > 0 andc, > 0 such that for
allneN,

/ |Viup|? dx < el (2.22)
Sl,n

whereSs , is as defined irf1.13).
Also in this case a mean value argument allows to pass to a boundary integral.

PROPOSITION2.5. Leta(x) and (u,),cn be as in Propositior2.3. Then there exist con-
stantsa* > 0, ¢* > 0 and a SequUeNce;, ) en, sy € (—3, 3) such that for alls € N,

/a . Vi, |2 dx < c*e @ Il (2.23)

where for all n, Cy, , is as defined irf1.12).
Then, it makes sense setting
D, =C, N By, (0),

WhereCNn denotes the cong,, ,. We remark that, for large, the vertex% € D,,; indeed,

evenifp, < |t,|, foralln, |t,| — p, < C for some constant, otherwiseay,, (- — 1) A+ 0
n—+00
contradicting the choice af. Moreover, we remark thatD,, consists of an “internal part”
(apn)i = 3Cn N pr, (O)
and an “external” one

(0Dp)e =Cy N 3B, (0).

We finally point out that by using (2.21) we easily get the following integral estimate,
whose detailed proof is in Section 3.

PROPOSITION2.6. Let a(x) satisfy(a1) and (ap). Let (u,),en be a broken controlled
sequence bounded iIHY(RY) and S, be as in(1.14). Then for all p > 2, there exist
constantsy > 0 and¢ > 0 such that fom large enough

/ (un)P dx < ée4lnl, (2.24)

n
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2.2.3. Proof of Theorem 1.3. We are now ready to combine the local Pohozaev for-
mula (2.19) with the exponential decay estimates in the previous propositions to the aim
of proving Theorem 1.3. Let us begin with a lemma which is the only step in which we
use (a).

LEMMA 2.4. Leta(x) satisfy(a;) and (a4). Let (u,),en be @a noncompact balanced se-
guenceThen for large n, the inequality

- 1 da
/,, (Va(x) . t,,)u,zl dx > > /D,, E(x)ufldx (2.25)

holds

PrRoOF. Denoting by(z,)., the component of, lying in the space orthogonal t6 and
containingx, using (a) we get, for larges,

(Va(x) . 17,1) = (Va(x) )_c') (fn )?) + (Vtxa(x) . (;”)rx)

da - _da N
2 2= ¥) == (), |

d - .
= = @[( - %) =l @), |]

In order to evaluaté(z, - X) — ¢|(f,)-, |1, let us first suppose € Bag, (,), SO thatx —t,| <
2R, < 71t,|, with y asin (1.11), then we have

- th thitx—t tl —|x —t tl—|x —1t 1—-9
(tn~x)=<i'n n)>|n| | n|>|n| | n|>1 Y

Itn] |x| x| Tt +Ix—ta] T 147
(2.26)
and since
z X , —x
Tl el
AP i 2.27
’(t”)rx X Ix] < ( . )

On the other hand, we can assert that, by homothety, (2.26) and (2.27) are also true for
all x belonging to the conk having as vertex the origin and generateddby, (t,). Then,
in particular, (2.26) and (2.27) are true for ale D,,, beingD, Cc C, C K.

Thus (2.25) follows because we have, by the choiqé,t%‘% >3 and% —4¢9 > 0.
O

We can combine the previous lemma with Corollary 2.2 obtaining the following result.
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LEMMA 2.5. Leta(x) and (u,),en be as in Lemma&.4. Then the inequality

1 / 24 ()

4 D, ax
S [ (VP 0)
2 )@y,
- 1 -
- f Vit - ) (Vg - 7) — ~ / 0n? (v - 7) (2.28)
(aDn)i p (BDIl)i

holds

PrROOF Combining (2.19) and (2.25) we obtain
1 da 1 .
iy, 575 <5 [, (P atnd) o)

- 1 -
- / (Vitn - ) (Vity - 1y) — — / (v -T,).  (2.29)
3D, P JaD,

Now, for all n, u,, solves (I%pn ©), un =00ndB, (0) D (3D,)., SOVu, andv, have
the same direction, moreover, GD,). itis (v, - 7,) > 0, thus we deduce

/ a(x)u,zl(vn -fn) = 0:/ |un|p(vn ~fn) (2.30)
(@Dn)e (@Dn)e
and
1-/ |Vun|2(vn . ;n) _/ Vuy, 'Vn)(vun ;n)
2 JoDy). (Dp)e
1 2 - 1.
=z [Vu,| (Vn 'tn) - (Vuy -0Vup)| —v, -ty
2 JoDy). (D)o 6
1 IR
=——/ \Vitn|? (v - 1) <O. (2.31)
2 Jop,).
Hence (2.28) follows inserting (2.30) and (2.31) in (2.29). a

Taking the decay estimate in (2.28) we can finally deduce the compactness of a balanced
sequence.

LEMMA 2.6. Leta(x) satisfy(a1)—<(a4) and (u,),en be a bounded balanced sequence
Then(u,),en is relatively compact

PROOF We argue by contradiction and we assume thaj, <y is not compact. Then, by
Proposition 1.1, up to a subsequence, it is brokeh4rand, by Lemma 2.5, the inequal-
ity (2.28) must be true.
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Let us consider, fon large, the right-hand side of (2.28). First of all, let us observe that,
by (&), a(x) >0 for all x € (3D,,); so, taking into account tha, - 7,) < 0 on(dD,);, we
have

/ (|Vun|2 + a(x)u,zl) (v,, . fn) <O0. (2.32)
@Dn)i
Moreover, by using Proposition 2.5, we deduce
—/ (Vu, - vn)(Vun . ?n) do
©@Dn)i
</ |Vin|? do < /~ [Viup|2do < c*e @ Il (2.33)
@Dn)i ]

n

Let us now show that there exist constamts- 0 andc’ > 0, independent on, so that

—f ltn|? (vn - 1) do < / lup|? do < /e ], (2.34)
(3Dn)[ (8Dll)i

Since(0D,,); C aCNn and, for largen, BCNn C Sy, using Proposition 2.3 we infer

_/ lun|? do
0@Dy);

k
< f~ | |P do gca/N e (P gy < caZ/~ e ~ildo,  (2.35)
Cn aC i—170Ca

n

o€ (0, /ax), cq > 0.
Setting, forh > 1andi =0, 1, ...k,

Api= {x € dCy: Zh‘l%” <|x—t| < 2’1%”} (2.36)

and denoting byAy, ;| the (N — 1)-dimensional (Hausdorff) measure &5 ;, we have for
i=0,1,...,k,

N-1
IAh,i|<C[2”%’] , CeR, (2.37)

because it is not difficult to understand thék, |A, ;| can be estimated by the surface of
the cylinder having height and basis diameter measure eqé@i’to
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Thus, in view of (2.36) and (2.37), we deduce

o0

/~ e—aplx—t,’” do < Z/ e—apzhflrn/z do
acn h=1 Ah,i

-1
- —ap2i=1r, /2| oh r_n N
<CY e 2 (2.38)

h=1 2
hence, inserting (2.38) in (2.35), we obtain as desired,

/ a7 < LN 23 g D ¢ el (2.30)
0Dy)i h=0

On the other hand, denoting By = maxX,, ||} and by
Dy =Ca N B;,(0),

we have, for large,

2 da / 2 / 2
/D aq(x)u dx > g:(af”) DnundX> g( a(X)) 5nundx,

C > 0 constant, because, as remarked at the beginning of the segtigin- o, e iS
bounded from above. Moreover, in view of Proposition 1.1 and of the choige we infer

(2.40)

liminf | u?dx>1>0, i=const (2.41)

n—400 5n

Then, combining (2.28) with (2.32)—(2.34), (2.40) and (2.41), we obtain
1 Y C/ 7 _ =
“ACinf P (x) Lcre @il Z gl L gemalnl,
4 P, p

@ = min(a*, o’), and this is impossible by ¢ |

PROOF OFTHEOREM 1.3. If the statement is not true, we can extract frdna balanced
sequence which is not precompact and therefore, by Proposition 1.1, has a broken subse-
guence. Then we get in contradiction to the previous lemma. O

3. Decay estimates

This section completes the previous one by proving the estimates stated in Sections
2.1.2and 2.2.2.
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3.1. Decay estimates near concentration points

We start by considering a balanced sequence related to problem (CP) and establishing the
estimates in Section 2.1.2. We recall that we can always substitute theitgmith their
absolute value, extended by 0 on allRf, passing to the weaker assumption that the
sequence is controlled but getting free from caring about the sign of the function or the
shape of2.

3.1.1. Integral estimates for controlled concentrating sequencé&o we shall work with

a controlled concentrating sequer{ag), n. The boundedness of the sequencng and
soinL?Z", cannot hold inL” for p > 2*, because of the presence of concentrations. On the
other hand, such concentrations are smallfrfor p < 2*, so that, modulo an infinitesimal
term,u,, can be split in a part which keeps bounded.inhfor large p and in a part which

is infinitesimal inL? for small p.

In order to guess what kind of estimate we are going to find, we can assume, that
o+ o, L(p1) exactly and thap is a Talenti function, as in the beginning of Section 2.1.2.
In such a casgpg € L? for every p, while 1 € L? only for p > 2*/2=N/(N — 2). If
p1> 2%, then|go|l », < constandif 2/2 < po < 2%, then

N/2*~N/ N/2*—N/
loren|,, =0 Pllonllp, =0, "
If one has several concentrating masggghen
_ k
o) <Dl
p2  i=1
k
iN/2* N/pz
<o e1llye
i=1
< const g, N/2 NP2, (3.1)

So we are lead to introduce the following definition.

DEFINITION 3.1. Letp1, p2 €12, +o0o[ be real numbers such thagp < 2* < p3, a >0
ando > 0. We consider an inequalities system

(3.2)

luallp, < @,
N/2*=N/p2

luzllp, < ao
which will let us introduce a norm depending pm, p> ando, by setting
el ps, pp.c = inf{e > 0] Jug, up such that (3.2) is satisfied and < u1 + uz}.

The above norm will be briefly denoted iyt ||, when p; and p> can be supposed to be
given.
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REMARK 3.1. Let p1, p2 €12, +oo[ real numbers such that; < 2* < p; ando > 0,
then, by definition, for any function, we get

lullo < Nullpy, — lMulle < flullpyoN/P2=N/2",
We can easily see from (3.1) that for every, p> such that% < p2 < 2" < p1,

k
9o+ ) Ph(ei)

i=1

g const

P1,DP2,0n

The main goal of this section is to show that the same bound holds, fawhich differs
from go + Zle ol (i) by an infinitesimal term in'-IOl which is not a priori even bounded
inthe norm|| - || ;. p,., - Thanks to the assumption th@i, )< is also controlled, we shalll

be able to prove the following Brezis—Kato-type regularity result (see [10], Theorem 2.3):

ProPOsSITION3.1. Let (u,),en be a controlled concentrating sequentkeen for any
2* % - -

p1, P2 €15, +ool, p2 < 2* < p1, there exists a constar(py, p2) depending on the

seguence and on the exponepisand p», such that for any: € N,

luplls, < C.

To this aim, we shall state three preliminary lemmas: a continuity lemma, a bootstrap
lemma and the relative initialization lemma.

LEMMA 3.1. Letu andv € HX(RY) anda € LN/2(RN) be three positive functions such
that

—Au <a(x)v.

Then for eachps, p2 €12, +o0l, there exists a constari(N, p1, p2), depending on the
dimensionV and on the exponenjs, and p», such that for any > 0,

lulle < CN, p1, p2)llalin/2llvlle-

PrROOF Letu, v be as in the statement of the lemma and letofix 0 andes > 0. Let
v < v1 + vz such that; andv; satisfy (3.2) fore = ||[vl|p,, pp,0 + €. Lt us consider, for
i =1, 2, the solutioni; € HY(RN) to —Au; = av;. Then

luill p; < C(N, pi)llalln2llvill p,
and, being—Au1 — Aup = av1 + avy > av > —Au, by the maximum principle, we
haveu < u1 + up. Since the functions; satisfy (3.2) witha = C(N, p1, p2)llally/2 x

(Ivlle + &), with C(N, p1, p2) = max(C(N, p1), C(N, p2)), by the arbitrariness of we
get the thesis. O

The bootstrap argument relies in the use of the following lemma.
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LEMMZA 3.2. Let p1, p2 € 1343, 5 842 such thatp, < 2* < ps and letg; be definedfor
i=12by

e et (3.3)

If u and v are two positive functions whose support is contained in a bounde@ satd
such that

—Au<vZ 44,

then there exists a consta@i{ N, p1, p2, £2) such that for anyr > 0,

(N+2)/(N-2)

”u”ql,qz,(f < C(N, p1, p2, Q)((”U”pl,pz,d) + 1)- (3.4)

PROOF By proceeding as in the previous lemma, we consider v; + v2> where the
functionsv; satisfy (3.2) fora = ||v|,, 5,0 + & @ande is a real strictly positive number
arbitrarily small. Letu; andu» be two functions inHol(Q) such that

—Auy= 24/(N—2)v§-N+2)/(N*2) +A,

__~4/(N-2) (N+2)/(N—2)
—Aup =2 N2y, .
Since

CAu < yNFD/N=2) | 4

NN

2(N+2)/(N—2)—1v:(LN+2)/(N*2)+A+2(N+2)/(N—2)—1v§N+2)/(N*2)

= —Au1— Auo,

by the maximum principlex < u1 + u» follows. Hence, we have to estimafe ||,

and|luz|l4,. We have, using (3.3) and beif§3 < p; < 5 ¥+3,

N+2)/(N-2
lullg, < C(N, p1)| ”i N2y A L pyv-2yvi2

N+2)/(N-2 —
<CW, py)(lvallpy V72 4 Al N/ (N=2)

)(N+2)/(N—2)

< C(N, pl»g)((”l}”pl,pz,a +e& +1)

Analogously, if we use the equality

N N (N N\N+2
N-2

25 g2 \2* p
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we get

(N+2)/(N-2)
luzllgy, < CN, p2) (I1vall py) N T2

(
< C(N, pz)[(”v”pl,pz,a +8)O_N/2*,N/p2](N+2)/(N72)
(

N+2)/(N—-2 *_ _
—C(N, p2) ||”||p1,pz.6+5)( )/ ( )U(N/Z N/p2)(N+2)/(N-2)
N+2)/(N—-2 -
= C(N, p2) (0]l py, oo +8) N T2/ N2 N/Z =N ez

Souy anduz solve (3.2) forC = C(N, p1, p2, 2) (10 py. pp.o + )N/ N=2 1 1) this
concludes the proof by the arbitrary choicesof O

Now we need to initialize the exponents through the following lemma.

LEMMA 3.3. Let(u,),en be a controlled concentrating sequence then there exists a con-
stantC and exponentg1, p» e]%, +o0[, p2 < 2* < p1, such that for any: € N,

lunlle, <C. (3.5)

PrROOF This proof will follow a Brezis—Kato-type argument (see [10]) in order to get free
from an infinitesimal term which is the only real obstacle to our estimates, as explained
in the beginning of this section. For amye N, we can consider using a homogeneous
notation,u, = u +ul + u2, where

o u! stands for the weak limipo,

e u2 stands for the sum of rescaled functignsu? = Zle oL (@),

° ug =u, — uﬁ — ¢ IS, by definition of concentrating sequence, an infinitesimal term

in L2 norm.

We shall overcome the difficulty due to the presence:dhby taking advantage of the
assumption that we are dealing with a controlled concentrating sequencebkeaine of
the termsu,, u; = u!, anda; = max(1, 3C€-M/(N=2y,,4/(N=2 for j = 1,2, 3, ando = 0.
The infinitesimal character otg shall allow us to considerg as small as we want in the
LN/2 norm ((3.5) is easily checked on a finite number of terms, see [10] and [25]). Being

a=u22 < max(l, 3(67N)/(N72))(|M0|4/(N72) + uzll/(N—Z) + uzzl/(N—Z)),

we can consider as a solution to-Au < (ap + a1 + a2)u + A, so by the monotonicity
of the Green operat@ (G: H () — Hol(Q) denotes the inverse operator-efA) we
have

u < G(aou) + Glaiu + A) + G(aou). (3.6)

Sinces? is abounded setand € L>°, we getthatj(a1u + A) is bounded ifW22" < [P
for any p1 such that
1 1 2 N -6
>

p1_ 2 N 2N
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and so (see Remark 3.1)
|G(aru + A, < [Glar +A)|, <C. (3.7)

Now let 2 < p» < 2* be given. We consider the indexsuch that

1 1 1 2

2 r 2 N

’

from po > 2% we getr > %. The decay speed of the solutign= ¢; (see [25]) allows us
to say thatio € L" and, if we want to estimate the” norm ofaz, we just have to take into
account the less concentrated term, namgly), as follows fronv < % which is in turn
a consequence gf; < 2*. By easy computations we have

lazllr < Ca®N/T,
which, taking into account that2 N/r = N/2* — N/ p2, implies

|Gazw)] ,, < Cllazllu llull 2 < Co™/Z NP2, (3.8)

therefore, from Remark 3.1,

|Glazw) |, < o N/p2=N/2*

g(azu)”p2 <C. (3.9
Now we point out that with the above choice feor and p» we get
1
|G, < Sllullo. (3.10)
Indeed, by Lemma 3.1, we get
1
||Q(aou)||0 < Claoliny2llulls < Ellulla, (3.11)

under a suitable choice of the bound on the noramoSo by (3.6), (3.10) and the triangular
inequality, we finally obtain

lulle <2|Glaru+ A)|, +2|G(azu)|

which, combined with (3.7) and (3.9), gives the thesis. |

PROOF OFPROPOSITION3.1. Let(u,),en be a controlled concentrating sequence. By

applying the initialization Lemma 5.2, we can find a constdnt 0 and two exponents,
p1 and po €15%3, S NEZ[, p, < 2¢ < py, such that (3.5) holds. Using the bootstrap

Lemma 3.2 we can repeatedly enlarge the intefwal p1[ to 1g2, g1[, where the expo-
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nentsg; are given by (3.3), obtaining (3. 4) This procedure allows us to manage, in a finite
number of steps, every expongnt, p e] , +ool. |

3.1.2. Local uniform bounds on controlled concentrating sequenc®¢e are now go-
ing to establish the local uniform bound on the terms of a controlled concentrating se-
quence on the safe region& stated in Proposition 2.1, whose proof is the main goal of
this section.

The proof is a simple variant of the argument used in [41] and in [25] and shall require
some preliminary steps. We begin by establishing a weaker estimate.

PrRoOPOSITION3.2. Let (u,),en @ controlled concentrating sequendénen there exists a
constantC > 0 such thatfor anyn € N and for anyx € An,

1 (x) < CotN 214,

PrRoOOF We shall proceed by contradiction: let,),cn be a sequence such thate A%
for anyn € N and

im i Gon” ™ = oo, (3.12)

and let us scale the functions, in such a way to carry the point, in the origin and
normalize the value of the functions. The required scaling sepds i, defined as

Up(x) = pn un (onXx + yn),

where

pn = (a )7 CN = (un(y)) 2,

so thatiz,, (0) = 1. Note that, using (3.12), we have

lim 2
n——+00 O’,; /

—0. (3.13)

Therefore, since, A,}, there is no concentration point which approximatgsit a dis-
tance less than or equaldrgjl/2 and so of the order qgf,,, we can deduce that, — i = 0.
The contradiction will be archived by showing that we can choose the pgintssuch a

way to have: # 0. This shall possibly force us to work or(ear,fl/z)—neighborhood oj4,1,,
but this change will obviously not make any relevant difference in the above argument. The
choice will consist in forcing the property

in(y) <2 (=2i,(0)) Vye€B,(0), (3.14)
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for some givenp > 0. Then by using thafi, still satisfies (El) and by estimating the
variation of the mean value af,, we have for O< r < p,

- - g 1 -
]gB, iy = u,(0) +/O 7NbNtN_1 </Bt Aun) dr

ro1 \ 1
>1-Cc | — | (2 t+A)d=1-Cr?>=Z,
/Ole/B,( + ) r 5

whereby stands for th& N — 1)-dimensional measure of the unit spherd&ith, provided
we choose conveniently small. So the weak limit cannot be zero. Therefore we only
have to prove (3.14). To this aim, let us fix> 0 and assume that, for a givenc N,

y» does not satisfy (3.14). Then we must fireand look for a better point to hire for the
same job. Since (3.14) is false, we can fice B, (0) such that

Un(zn) = p;gN_Z)/zun (Onzn +yn) 2 2. (3.15)

The first candidate to replagg is

ylgl) = PnZn + Yn

which leads us to replags, by
2/(2—N _
P = [un ()] <220, (3.16)
We can be sure tha/él) is at least as good ag to let (3.12) hold since (3.15) implies that

Un (y,(,l)) 2 2un(Yn)- (3.17)
Moreover, being, € B,(0), we get

|yr(zl) - yn| = |znon| < PPA- (3.18)

We can defingi, as before by substituting, and p,, with y,ﬁl) and ,o,ﬁl), respectively. If

this newi,, satisfies (3.14) we do not have to look for other choices. Otherwise, we repeat

the same argument and we choose a second candiﬁétty arguing in the same way. For

any fixedn € N, we proceed recursively finding a sequemf;:]é, y,(,z), e y,(lk), ...asfaras

we do not find a successful choice, which lets us claim (3.14). We can easily see that this
process cannot go on indefinitely. Indeed (3.16) becomes in the general case (for

lor(zi+1) < 22/(2_N),0,§i)

and (3.18),

(i+1D (i)

|yn — y! (@

< PPy
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Then one easily sees, by taking the sum of a geometric sequencga,,”chainverges toa

point y,(,oo) asi — +oo but, by construction, we havg, (y,(,i)) — +00, in contradiction to

the smoothness of,. Finally, for everyi > 0, we have
+00
i —N)j -1/2
|95 = yu| < ppu Y 2 FNI < g0,
j=0
(i)

for n large. So all the points,,” are in the(eo,,_l/z)—neighborhood omi and so can be
used to replace,. O

PrROPOSITIONS.3. Let (u,),en be a controlled concentrating sequentieen there exists

a constaniC > 0 such thatfor anyn e N and for anyr € [Co, /2, (C + 5)0,, /4],

][ u, <C.
9By (xp)

PROOF By continuity, being(u, )»exy bounded inL2" ¢ L2, we can suppose

/ u, <C
B1(xn)

with a constanC independent from. So, for anyz € N, there exist,, € [%, 1], such that

][ u, =C.
aBr” (xn)

We are going to use Proposition 3.1 for = N%—f% andpp = ~NE2 so, for anyz € N, we
chooset1 = u1,, anduy = uz , such that (3.2) is satisfied for= o, and with a constant

that does not depend an Estimating the spherical mean variation fregrto r and taking
into account thatC + 5)0{1/2 <1/2,i.e.,r <r, forn large, we find

i"d rn 1
S P L T
9B, (x,) re A0 JoB,(x) r Nbyt By (x,)

1 1 .
<C+ —_— 2=l A)dr
/Canl/Z NbytN-1 ,/B,(x,l) (un )

1 1
<C+ / A/(N=2) / W NN g
By (x,) ’

Cor 2 NbytN -1
! 4/(N—2 1 (N+2)/(N-2) A [t
+/ 2/(‘)7/ uy dt+—/tdt
Coy 2 NoytN=1 [y 2" N Jo
o4/(N-2) A
—C+ 5 (A4 A+ —,

Nby 2N
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where, fori =1, 2,

1 1
o (N+2)/(N-2)
Al = /; 12 Z—Nfl Mi’n dr.

Coy B (xn)

Beinguy , € LNW+2/(N=2) by the Holder inequality, we get

A1

N

11
N\1-1/N (N+2)/(N—-2)
C/O tN——l(t ) ||u1,"||LN(N+2)/(N—2) dtéCotéC

On the other side, being,,, € LINt2/(N=2) i_e"ug\;uz)/(zv—z) e L1 we have

! 1

N/2*—N(N-2)/(N+2))71(N+2)/(N-2

Azgj;—l/ztlv——l[ao—”(/ (N=2)/( ))]< )/(N=2) 4,
CUH

1
_ a<N+2)/(N—2)o,§2’N)/2/ ! y<c
5(7,,71/2 V-1
and this concludes the proof. a

From Proposition 3.3 we see, by integrating with respeet that
][ up < C. (3.19)
A

Since,Vx € A2 B -1z C Al and the measure of the two sets are of the same order,
from (3.19) we deduce that

Vx € A2 ][ un < C. (3.20)
B _1/2(x)

Since

Uy (x) = Iim][ Up,
0—0 B, (x)

Proposition 2.1 follows from (3.20) if we estimate the variationf%f)(x) u, for 0 <

-1/2
p <oy /2,

PROOF OFPROPOSITION2.1. Let us fix an index € N and a pointx € A,%. If u,(x) <
2 fB ST by (3.20) we have done. Otherwise, setting for any O,

m(p)=][ u, and m(0) =u,(x),
3B, (x)
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we deduce that

/2

_ 1 1
35 <oy ? suchthat m(5) < 5m(0) = Sun(x).

Then we takep; andp; € [0, p] such thaim(p) attains its maximum i1, andp; is the
least value op > p1 such thain(p) < 3m(py).

Beingu, solution to (El), andB,,(x) C AL, we have on such a set, by Proposition 3.2,
uy V2 < Co,. So we find, fom sufficiently large,

1 r1 d d P2 1 d
—m(p1)=/ <—][ u ) p = 7/ —Au, dp
2 o \do Jyp,c0 o Nowp¥ g "

p2 1 / 4/(N-2)
—_— (it Uy + A)dp
;o NonpN=1 Jp, o)

1 p2 1
< —/ ﬁ((SUp un4/(N_2)) (/ Mn> +AbN,0N> dp
Nby J,, o B,(x) B, (x)

2 1
<C/ ﬁ(%/ Up +A/0N> dp
pp P By (x)

P2
< C(m(pr)on + A) / pdo < Cm(p1)on(p3 — p?),
p1

therefore(p3 — p?) > Co, t and sopp — p1 > Co,, 2. Denoting by.A the annulus cen-

tered inx of radii p1 and p> we have that measure gf is of the order ofan_N/z, i.e., of

the same order oil,% and so as in (3.20) we have

][ u, <C.
A

On the other hand,

1
][ up = m(p2) = zm(p1)
A 2
and so
un(x) =m(0) <m(p1) <C. O
3.1.3. Gradient estimates. In this subsection we shall prove the integral bound for the
derivatives of every term,, of a controlled concentrating sequence in its safe regiﬂ;ﬁs

stated in Proposition 2.2. One can easily guess that, sipcand Au, are uniformly
bounded onA,% and the width ofA,f is of the order ofcr,,_l/z, Vu, can be expected to
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be of the order ofynl/2 as stated in an integral form in (2.11). Such an estimate can be
easily proved in a rigorous way by a Caccioppoli-type inequality.

PROOF OFPROPOSITION2.2. Let us fixn € N and considep, :RY — [0, 1] a smooth
positive mollifier radially symmetric aroung, such that

(1) ¢n=1on A3,

(2) ¢, =0 out of A2,

(3) Ag, < Coy.
By (2) we havep, =0 andVg, =0 on 8,45, and so, integrating by parts, by (1) we get

/N —Aupupp, = fAZ |Vun|2(pn + /:42 Vuy - Vo,
R n n

2 1 2
= [Vug|©+ VI su, |- Vo
A3 A2 2

n n

1
:/AS|VL¢,1|2—§/A2 A(pnu,%.

n

Therefore, being,, solution to (El), by Proposition 2.1 and (3), we have

i 1
f |Vun|2<f (Junl? +Aun)<pn+—/ Agul < C(L+0,)| AZ.
A3 A 2J)4

(3.21)

Sinceo, > 1 forn large, one has (2.11). O

3.2. Decay estimates at drift points

The purpose of this second part is to establish the decay estimates and integral bounds,
concerning bounded controlled sequences contained in Propositions 2.3, 2.4 and 2.6.

3.2.1. Uniform estimates. The first step is proving a lemma that allows to obtain an uni-
form upper bound on the values of the Laplacian on a controlled sequence.

LEMMA 3.4. Leta(x) satisfy(a;) and(ap). Let (u,,),.cn be a controlled sequence bounded
in HY(RYN). Then(u,) <y is bounded inL®(RY).

PrROOF By (a&1) and (a), there exist a constarnt € (0, ax) and a positive function
c(x) € Co(RY) such thatu(x) > a — c(x) Vx € RY. Thereforeu,, weakly solves

— Aty +auy <ul 4+ c@u, iNRY,
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moreover, by the maximum principle, for any weak positive solutipe H(R") to
—Av+&v=u571+c(x)un in RN, (3.22)
the relation
up(x) <vp(x) inRY (3.23)

holds.
Now, let us consider a sequence,),ecn, va € HX(RY), such that for alln € N,
v, Solves (3.22). By (3.23), the claim follows proving thiat, |) <N iS bounded.
Sinceu, € HX(RM) andc(x) € Co(RY), we can assume’ ™t + c(x)u, € LZ/P-D,
so by regularity results, € W22 /(»=D(RN). Now, the spacéV? 2*/(1’—1)(]1@’) embeds

9 (RN —r1_ 2 2z 2 _ o
contlnuously inL4(RN), where £ =7 ~ and, smce i e N+2 =2

g >~ 22*, = 2*. Then, by (3. 23)u,, e LI(RN) with £ > 1, and

-1
lunlg < lvnly <kaluy ™+ c@o)uy < ko.

2*/(p=-1)
By iterating the same argument, we gradually increase the regularity properties of
u, anduv,, obtaining also uniform bounds to the norms in the respective spaces. After a
finite number of steps we obtain, € W24(R") with § > & and ||v, 24 < ks, k3 not
depending om.
Then the Sobolev embedding theorem givgess C%#(RN) for somepu € (0, 1), and
lvn ||C0,;L(RN) < ka.
This last relation with thelL.?2 summability allows to obtain a.> uniform bound
on (v,)neN and, in turn, on(u, )N as desired. O

COROLLARY 3.1. Let(u,),en anda(x) be as in Lemma.3.Then there exists a constant
c1 > 0 such that for allz € N, the relation

—Au, <c1 (3.24)
weakly holds
The proof of Proposition 2.3 is carried out through some estimates, on bounded con-
trolled sequences, proved in a slightly general setting. In order to do this we introduce the

following definition.

DEFINITION 3.2. Given a sequence of functioas,),cn, u» € HX(RY), and a sequence
(Xp)nen, Xn € RN, we say thatx,),en iS a sequence afrift pointsfor (u,),en if

Uun(- —x,) =0 weakly inH*(R"). (3.25)
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REMARK 3.2. Ifu, 4 0, a sequence of points,),cn is a drift sequence if and only if
on(x,) = 400 and, sincer, (x,) < |x|, (x,)nen iS unbounded. In generat, (x,) — +oo
is equivalent tax,),en being an unbounded drift sequence.

The following lemma guarantees that the values that a controlled bounded sequence
takes around the drift points, of a sequence are small.

LEMMA 3.5. Let a(x) satisfy(a1) and (a2) and let (u,),en be a controlled sequence
bounded inH1(RY). Let (x,).en be a drift points sequence fax,),en and lets, =
0, (x,). Thenforallh € (0, 1),

lim sup u,(x)=0. (3.26)

n=>+00 gy s ()

PROOF We argue by contradiction and we assume that there exist real numbé&ts 1),
n > 0 and a sequena@, ) eN, Y» € Bus, (x,), such that for large,

1
n(om) > (SUP () = 1
hén Xn

The above relation, combined with (3.24), allows to conclude that, for larged
o small enough,

1
f Up d = ———— u, dx > Q,
B/)(,Vn) |Bp()’n)| Bp()’n) 2

where| B, (y,)| denotes the Lebesqueé-dimensional measure @, (y,).
Henceu, (- — y,) — v # 0 asn — +o00. This is impossible because, by the choicé,of
h andy, and by Definition 3.2¢,,(- — y,) — 0 in HL(RN). O

Next lemma contains the key estimate for proving Proposition 2.3.
LEMMA 3.6. Let a(x) satisfy(a1) and (a2) and let (u,),en be a controlled sequence
bounded inH1(RY). Let (x,).en be an unbounded drift points sequence @f),cn.
Then for all @ € (0, \/ax ), there exists a consta@y, > 0 such that for allr,
Uy (Xy) < Co€ ¥OnCn), (3.27)
PROOF Leta € R, 0 < a < /ax, be fixed, and let us choogee (

(o, Sacoh).

Then, by using Lemma 3.5, we obtain that, for anfarge enoughy,, weakly satisfies

J%’l) anda €

Aup = a(X)u, — ul™ts &Zh_zun >0 inBys, (xn), (3.28)
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wheres,, = o, (x,). Thus, sinceéis, > 1 for largen, we have
Uy (x,) < / u,do Vr: 0<r <1, (3.29)
9By (xp)

and we deduce

1
u,,(xn)</ |:f Uy do] dr:/ u, dx.
0 dB,(xy) Bi1(x,)

So, in order to obtain (3.27) for large it is enough to show that a constagt> 0 exists
such that

/ up A < e, (3.30)
B1(xp)

To do this, let us consider the functions

(h3)N oy

gr/h
Gxan ’

v (p) =/ uy, ox, wp(p) =
Bp(xn)

wherewy is the Lebesgue measure of the unitary balkih, and let us remark that, (1) is
just the left-hand side of (3.30), while

hé,)N _ sN
wy, (D) = (Z(?JTQ)NéY/h < the«/lEﬁ < Eaefaﬁn

for n large enough. So (3.27) follows, by proving(1) < w,(1) and taking into account
that for any finite set, (x,,), n < i1, (3.27) is obviously true for a suitable choice of the
constant,.

Let us then show that for large

vn(p) Swn(p) Vo €10, hdyl. (3.31)
First, let us observe that
v, (0) <w,(0) VneN,
and that fom large, by Lemma 3.5,

n(h8y) < | Bhs, (xn)| SUP un (x) < oy (h8,)"N = wy (hSy).
BhSn (xn)
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Now, if for some point in[0, k8,] (3.31) were false, then the functiaw, — w,)(p)
should have a maximum poin, € (0, 48,), for which (v, — w,)(p,) > 0 and, of course,
v"(p,) — w”(p,) < 0. Let us show that this is impossible. Indeed, since

P
v (p) =/ Uy (x) dx =/ [/ Un do} dr,
Bp(xn) 0 By (xn)

we have

v, (p) = ivn(p) =/ un do,
dp

9B, (xn)

moreover,

1 v
][ ”ndazﬁ/ ”nda=%
9B, (xn) Nonp 9B, (xn) Nonp

and, by using divergence theorem,

P 1 d
][ unda=/ —1 / —u, do | dr
3B, (xn) o Nonr 9B, (x,) OV
p 1
0 NCL)Nr By (xn)

So

d v 1
da vk _ / Au, dr.
do NoypV=1  NoypV=1Jp ()

from which, using (3.28), we obtain

v, (p) v, (0)
+(@1=N)
pN—l ,ON
d (v (p) 1 a’h2
- = Au, dx > .
dp <pN‘l pN-1 f3p<xn> o N1 )

Hence, taking into account thaf(p) > 0 andN > 1,
vy (p) = a?h™%v,(p)  ¥p € (0, hdy) (3.32)
follows.
Let now p, € (0,hé,) be a maximum point for(v, — w,)(p) for which (v, —

wy)(0n) > 0 then by (3.32), we get

V) (Bn) — W) (Pn) = &Ph™2(va(Bn) — w(fn)) > O,
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and we are in contradiction. O

PROOF OF PROPOSITION 2.3. Arguing by contradiction, we assume that there are
a € (0, Jax ), (xn)nen and a sequence of integdrse N such that

u, (xp) > ne" %% (xn)

or, by replacingu,),en by the subsequendey, ), en.

Uy (x) > ne=@ontn)

By Lemma 3.4 we get,(x,) — 400 SO we get in contradiction to Lemma 3.6 whose
assumptions are fulfilled b§x,, ), eN. O

PROOF OF PROPOSITION 2.6. By using Proposition 2.3, we deduce that, fotarge
enough and € (0, \/aoo ),

f (up)P dx < co,/ e~ Pon () gy
S, Su

k
ca$ [ e
i—0 Y Sn

+0o0 5
< cgk / e PNl < ge@ll,
1l

O

3.2.2. Gradient estimates. Also in this case, a Caccioppoli-type inequality allows to pass
to an integral estimate of the gradient.

PROOF OFPROPOSITION2.4. For any fixed: € N, letg, € C*°(R", [0, 1]) be a function
fulfilling the following conditions:

() on=1 on Sy,
(i) supp(gn) C Sa.ns (3.33)
(“I) Agp < C, CeR.

Sinceu, weakly solves (El) ang,, =0 in RV \ S, ,, we have

/ (= Attt n) = / (= At tn )
SZ,n RN

N

/ (u,’,’ —a(x)u,zl)% (3.34)
RN

=/ (u,li7 —a(x)u%)(pn. (3.35)
82,)1
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On the other hand, taking into account that by (3.33)i)= 0 andVg, =0 ondSz ,
and using (3.33)(i), we get

f (= Attt o) = f Vitn 2n + / (Vitn - Vou)itn
Sz,,, Sz,n SZ,n

2 1 2
= Vi, |©+ Vi sun ) - Ve
Sl,n SZ,n 2

1
= / Vinl? = 5 f (Agn)u?. (3.36)
SL,, SZ.n

So, inserting (3.34) in (3.36), using (3.33)(iii) and taking into account thatjsflarge
enoughS,,, € S, anda(x) > 0 onS,, we deduce for large,

1
/ |V |? < / (uh — a(o)u?)en + E/ (Agn)u?
81,,, 2. Sz,n

n

Then, applying Proposition 2.6, taking also into account that for any finite set of in-
dexes (2.22) is true for a suitable choice of the constantve obtain the thesis. |

4. Multiplicity results

This section is devoted to the proof of the two multiplicity theorems (Theorems 1.2 and 1.4).
The proofs will be achieved by using the compactness results proved in Section 2 and well-
known variational tools, employed for the approximating problems, based on the use of
Krasnoselskii genus. Traditionally this approach is used for searching constrained critical
points, however we shall use a recent variant of this method which works with uncon-
strained min—-max classes [43]. This will make working with several functionals at the
same time easier, will simplify the use of the Morse index and will let us make a final
application in the next section in a case in which the constrained approach is made difficult
by a lack of regularity of the constraint manifold.

So we shall begin by introducing the classical Krasnoselskii genus, then we shall pass to
the variant introduced in [43], we shall show how the min—-max approaches on the natural
constrainty are equivalent to an unconstrained min—-max, we shall introduce the double
natural constraintV showing that it enjoys the same property and finally we shall give
an estimate on the Morse index. After this introductory parts, in the last two parts of this
section we shall give the proof of the two multiplicity theorems.
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4.1. Krasnoselskii genus

We recall some well-known facts about the Krasnoselskii genus in view of its application
to semilinear elliptic equations of the type addressed here, moreover, we introduce some
generalizations of those concepts introduced in [43] which will be useful in the following.
We refer to [26] and [46] for a more comprehensive treatment of the subject. Throughout
this subsection we shall denote Byany given Banach space.

Let A C E be a symmetric subset @f, i.e., A = — A, we defineA;(A) as the space of
Krasnoselskii test maps oh of dimensiom as follows

A (A) ={p e C(A,R") | p(x) = —p(—x)}.
We shall call Krasnoselskii genus afthe numben (A) so defined
y(A) =inf{n e N|3p € A(A): 0¢ p(A)}.
We notice that, from the above definitions, for any giver A (A), if k < y(A) then
0e ¢(A), whereas ik > y (A) then there existg € Ax(A) such that G¢ ¢(A). The main
properties of the Krasnoselskii genus, which will be useful for the subsequent arguments,

rely on the following statements.

PROPOSITION4.1. Let A be any given symmetric subset of a Banach space and let
n:A — E be agiven odd mafheny (n(A)) > y(A).

PROOF Let k < y(A) and lety € Ar(n(A)). Since ¢ o n € Ax(A), then we have
0€ ¢(n(A)) and therefore’ (n(A)) > k. The thesis follows from the arbitrarinessiof (]

PROPOSITION4.2. LetS C E be any closed subspace of co-dimengi@N. If A C E is
any symmetric subset such thatA) > k, thenA N § # @.

PROOF. Let S+ be the orthogonal complement &fin E, which is isomorphic t&R*, and
let P: E — S be the orthogonal projection map. There A (A) and Oc P(A) so, since
P~1(0) =S, we have thas N A # @. O

PROPOSITION4.3. y(SK—1) =«.

PROOF. Let ¢ € A;_1(S¥~1), by the Borsuk theorem we have D¢ (S¢~1) and so
y(S¥~1) > k — 1. On the contrary, the canonical injections*~1 — R* belongs to
Ar(S*1y and 0¢ i (S~ 1), thereforey (S¥~1) < k. O

The next proposition states a trace property for the Krasnoselskii genus.

PROPOSITION4.4. Let A C E be any given symmetric subset anddet A;(A), with
k <y (A). Theny (¢~ 1(0)) = y (A) — k.
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PROOF Firstly, let us notice thap—1(0) is a symmetric set. We take< y (A) — k and
Ve Anp” 1(0)). By virtue of the Tietze extension theorem, may be extended to an
odd mapyr € C(A, R¥). We introduce the map x ¥ :x — (¢(x), ¥ (x)) € RET2 ) with
k+h < y(A). Sincey x ¥ is a Krasnoselskii test map we have that @y x ¥)(A) and
this means that @ v (¢ ~1(0)). Soy(¢~1(0)) > h and by arbitrariness of we get the
thesis. O

4.2. Genus of a symmetric set

For anyk € N, we adopt the following notatiorQ; = [—1, 1)%, th ={x € Q| x; = +1}.
Given n,k € N, for everyx € R"t*, we shall splitx asx = (xg, x1, X2, ..., xx) With
xoeR" andx; e R fori =1, ..., k. Analogously, ifp(x) € R"**, we shall writep(x) =
(po(x), p1(x), ..., pr(x)) With po(x) € R" andg; (x) e Rfori =1, ..., k. Sometimes, we
shall also use the notation= (xg, x’), ¢(x) = (po(x), ¢’ (x)) instead of the previous one,
by assumingr’, ¢’(x) € R¥. We shall setB, = {x e R" | |x| <1}, §" =3B, 1= {x €
R**1 | |x| = 1} and we shall denote b¥ any given Banach space.

For any givenk € N, we setl; = {1, 2,...,k} and we denote by, the set of all the
involutive permutations oy, i.e.,m € Py ifand only if = : I — I, andx o 7 =id. Given
anyn € Pi, we introduce the map : R¥ — R* so defined

(X1, X2, o3 Xk) = (X (1)s X (2)s - - - » X (k)

We have

A(AX)) =R K@), X1(2)s - - - Xn (k) = X (r(D)s X (x(@)s - - - » Xr (k) = X,

which meanst o 7 = id. Furthermore, given any Banach spdcglet us define the map
g E x RF - E x R¥ such thatrg : (xg, x') = (—xo, 7 (x")). It is easily seen thaty is
involutive too, indeed

i (e () = e (~30. 7 (<)) = (10,7 (7 ())) = (s0.x') =

and so we also haveg o g = id. We shall seff = g if E=R". Now, letA C E be any
symmetric subset and let: A x Qx — R"** andx € P, be given, we set

P =T OPOTL:X > fr(tp(ﬂE(x))),

wherems A x Qr — A x Qg is the restriction ofrg. We shall refer top, as to the
-symmetricof ¢. We shall say thap is w-symmetridf ¢ = ¢, and thaty is symmetridf
there existsr such thaty = ¢,. We note thaty, ), =T o (Topoms) oma = ¢.

REMARK 4.1. We observe that if =id ¢ is 7-symmetric if
(S1) ¢o(—x0.x") = —¢go(x0,x") Vx € A x Qy,
(S2) ¢'(—x0,x") = ¢'(x0,x") Vx € A x Q.
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DEFINITION 4.1. LetA C E be any given symmetric subset, for ahy N we shall say
that a symmetric functiop € C(A x Qx, R"*¥) is atest function of dimensiomfor A if
the following condition holds

(T) +pi(x) >0Vx e Ax F_,Vi=1,... k.

We shall denote byt (A) the set of the:-dimensional test functions fot, obtained
for any value oft. Then we are ready to define thenusof a setA as the number

y*(A) =inf{n e N|3p € A}(A)| s.t. 0¢ p(A x Qp)}.

Firstly, we remark that, sincd’(A) is a larger set than the sdt,(A) of the test maps
related to the Krasnoselskii genus (indeed the last one coincides with the subset of the
former one which contains the test functions constructed by takia®), we have that, in
generaly*(A) < y(A). By definition, given any € A} (A) withn < y*(A), 0€ ¢(A).

In view of proving the analogous statement of Propositions 4.1-4.4 for the génug
prove some useful lemmas stating some properties of the test functions.

LEMMA 4.1. Lety : A x Qr — R satisfy(T) and letr € Py be giventheng, also
satisfieqT).

PROOF. Letx = (xo,x') € Ax FXfori=1,...,k. Theni(x) € Fj(l.) and, sincep sat-
isfies (T), we have

F¢r) (7E (x0, X)) = £z ) (—x0, 7 (x')) > 0.

By the previous definitions we know thak ;) = (7 o ¢); and so£(z o ¢); (g (x)) = 0,
that is,+(¢-); (x) > 0, as stated in the thesis. O

LEMMA 4.2. Let A C E be any given symmetric subs&hen every test functiop ¢
A (A) can be extended to a map itj; (E).

PrROOF Firstly, by virtue of the Tietze—Dugundji theorem (see [22]) we take an extension
of the component®; on E x Fl.i valued inR. keeping the sign property (T), then we
extend them angy continuously on all off x Qy so getting a mag: E x Q; — R
which, obviously, satisfies (T). By Lemma 4.1, the mgp which is an extension gf,,
satisfies (T) and the same happensdpe 3¢ + 3¢, 1 E x O — Rk, whererr € Py is

such thaty is w-symmetric. Obviouslyy, is symmetric since

1. 1 1. 1.
(¢s)n=§¢n+§(<pn)n=§<pn+§<p=<ps,

S0 s € AX(E). If x € A x Qf theng(x) = ¢ (x), hencep(x) = ¢(x) = @, (x) and so
@(x) = s (x). Thereforep, extendsy to all of E. O

The property in Proposition 4.1 also holds fof.
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PROPOSITION4.5. LetA C E be any given symmetric subset andjeA — E be a given
odd continuous magheny*(n(A)) > y*(A).

PROOF Letn < y*(A), ¢ € A,(n(A)) and leti(xg, x’) = (n(xo),x"), 1:A x Qp —
n(A) x Q. Givenr € Py, we have

7e (1(x0. %)) = (—n(x0),  (x') = (n(=x0), # (x"))
= ii(=x0, #(x')) =i (mr (x'))
and sor, 4y ofj =ijoma. We takeg = p o 7j: A x O — R"**, then
Gr =R oGoNMA=RoPoioma=7 0oy 0i=¢goi.
Therefore, if we fixr such thatp is w-symmetric, that isp = ¢, theng, =g o7 = ¢,

hence als@ is symmetric. Sincg(A x F¥) = n(A) x Fi=, we deduce thaf satisfies (T).
Thusg € A} (A), hence

0e @(A x Q) =o(ii(A x Qr) =p(n(A) x Q).

It follows that n < y*(n(A)) by the arbitrariness ofp and, consequentlyy*(A) <
y*(n(A)) by the arbitrariness of. O

Proposition 4.2 directly applies to* sincey*(A) < y (A).

In order to prove the analogous of Proposition 4.3 we need a topological lemma which
states a more general property than the Borsuk theorem.
THEOREMA4.1. Let f: B, x Qx — R"** be a continuous map symmetric 8B, x Qi
(i.e., such that for some € Py, f(x) = fx(x) Vx € S"~1 x Q;) and assume th4T) holds
for o = f and A = B,,. Then there exists € B, x Qy such thatf(x) =0
PrROOF The first step consists in introducing a suitable change of variables which will
allow to deal with the symmetry properties involved in the most convenient way.

For givenk € N andn € P, let us introduce the sets

lo={i e |i=n()}, L={iel|i<n@)}.

We note that, ifk; = £11;, ko + 2k1 = k. Let us introduce the functions; and p», both
defined oriR¥ as

p1(x) = (x; + xXz(i))ien + (Xi)icly p2(x) = (Xi — Xz(i))ien-

We haveRF = p1(R¥) @ po(R¥). Then for everyr € B, x Q, we set

x1 = (xo0, p2(x)),  x2=p1(x),
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and so we have = (xo, x') = (x4, X2). Analogously, for anyf = (fo, /') € R"*¥, we
define the functions

fi=(fo.p20f'). fa=piof’,

and sof = (f1, f2). Now we observe that; = 0 if and only if xg = 0 and, for every € I,
Xi = Xz(i), that(—Xq, X2) = (—xo, 7 (x")) = 7 (x) and that, consequently, = -symmetric
means

f(=x1.%2) =7 (9(X1, X2)) = (—F1(X1, X2), f2(X1. X2)). (4.1)

We assume by contradiction that

k
0¢f(8(anQk))=f< ("1 x Q) U UB x (FFUF~ )))

In such a case, we shall show that the topological degreg iof zero is different from
zero, that is, de@, x O, f,0) # 0. The first step in this direction consists in forcing
the assumption (T) to be satisfied with strict inequalities, by addingf the functionex’

with ¢ > 0 suitably small in order to keep the value of the topological degree. We just
remark that the functiog : (xg, x’) — (0, x’) is mw-symmetric, as it can be easily seen.
Then, through a linear homotopy, we can pass fyota %(f+f7,), which we will continue

to denote byf. By Lemma 4.1 we know that the symmetrization does not change the
degree sincg is not modified ord B, x O and f; and( f); have afixed sign oB,, x Fl.i.

By a standard perturbation argument we can also assume(B, x Qi, R"5). We
setX = {x e R"t* | x; = 0}. We shall introduce further modifications ¢fwhich make
f~1(0) N X contain only regular pointsFirstly we know that, by the oddness fafwith
respect to the variabbe; stated in (4.1)f1 = 0 on X and so the zeros of on X are the
zeros offp. Then we observe that, since after the previous symmetrizgtimneven with
respect to the variable;, so the partial Jacobian matrik,fo(x) is identically zero for
everyx € X. Then, for anyx € X, by Laplace rule we gt f (x)| = |Jx,f1(x)||Jx,f2(x)].

We can force|Jy,f2| # 0 on everyx € X such thatf2(x) = 0 by subtracting fronf, a
small regular value: € p1(R¥), given by the Sard theorem. Note that this perturbation
does not affect the symmetry propertiesfoéind, if 2 is taken sufficiently small, does not
change the value of the topological degree. In particular, we geths0) N X is a finite

set and therefore the setwhich contains all the eigenvalues &f,f1(x) in the points of
£~1(0) N X is also finite. Then we can force the determinpfy f1(x)| to be different
from zero in such points by adding tpthe function—ix1 with A € R\ L. Again, this new
perturbation preserves the symmetry propertieg @nd, if 1 is sufficiently small, does
not change the value of deBy, x Qy, f, 0) and the zeros df, remain of course the same.
So we can be sure thgthas only regular zeros oxi.

Now, sincef; satisfies the hypotheses of the Miranda theorem (see [33) B xy+«; ,
we can state thaf~1(0) N X is composed by an odd number of regular zeros. By conti-
nuity, we have that there exists a smatt- 0 such that the closed tubular neighborhood
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X, ={x e B, x Qi | d(x, X) < ¢} contains only regular zeros. In order to force 0 to be a
regular value forf we have to deal with the séB, x Q) \ X. and, to this aim, we argue
as follows.

Let AF = {x € B, x Qi | £xi > £}, where, fori = 1,...,n + k1, X} is the component
of x5 of indexi. One can easily see that

n-+k1

(B, x Q0 \ X C | (afua)).

i=1

We are going to perform a new perturbation 6fwhich keeps the symmetry properties
and is too small to change the topological degree or to introduce singular zeks in
in order to exclude the presence of singular zerog afiso onAf. Let S be the set of
singular values off. By the Sard theoren§ U 77(S) is a negligible set, so we can take
hy € R*™k\ (S U 7(S)) arbitrarily small. Letg:R — [0, 1] be a smooth function such
thatg(x) =0 forx <0 andg(x) =1 forx > 1. Lety : R" — R"*X be defined ag (x) =
g(xDh1+g(—2x])7 (h1). One easily sees that(x) = h1 if x € A andy (x) = 7 (hy) if
x € A7 . Sothe functiorf : x — f(x)— (x) has no singular zeros otif UA7 . Moreover,
f keeps the symmetry properties pf The value of the degree and the regularity of the
zeros inX, are preserved by stability, providéd is taken suitably small.

We proceed in this construction through- k1 steps, from = 1toi =n+k1. Thanks to
the stability property of the regular points, we are sure that at each step the regularity gained
at the previous step ok, U U;;ll(A/* UAY) is kept, provided the perturbation terim
given by the Sard theorem is chosen sufficiently small. Therefore, we can conclude that we
have regularity everywhere a8y, x Q; and so 0 is a regular value fgr. Finally, we know
that f~1(0) N X is made by an odd number of points and, sintce'(0) = 7 (f~1(0)),
£~1(0) \ X is made by an even number of points, indeégd) # x for x ¢ X. Then we
can conclude that déff,, x O, f, 0) is odd and so we get the thesis. O

REMARK 4.2. It is worth to notice that the previous theorem reduces to the Borsuk the-
orem whenk = 0 and to the Miranda theorem when= 0 ands =id. If it is easy to see

that Miranda theorem can be deduced from the Borsuk theorem, nevertheless reconducing
the above statement to the Borsuk theorem does not seem to be an obvious task.

PROPOSITION4.6. y*(S") =n + 1.

PrROOFR We know thaty*(S") < y(8") < n + 1. On the other hand, let € A} (S") and
let S = {(x1,...,X441) € §" | xp41 > 0}. S} is homeomorphic ta3, and so, by Theo-
rem 4.1, there exists € S x Qy such thaip(x) =0. Son < y*(5"). O

Also the trace property in Proposition 4.4 is enjoyedAly

PROPOSITION4.7. Let A C E be any given symmetric subset anddet A;(A), with
k < y*(A). Theny*(¢~1(0) = y*(A) — k.
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PROOF Letk <n <y*(A) andy € A*_ (9~10)), ¥ :1971(0) x Q) — R"*+ By
Lemma 4.2,/ can be extended t¢- defined on all ofE£ (and so onA) and such that
Ve Ay _,(A). Letus consider the functiop x ¥ : A x Q) — R™**" defined as

(¢ x V) (x) = (p(x0), ¥ (1)) = ((¢(x0), Yo(x)), ¥'(x)).

It is easily seen thap x ¥ satisfies (T), since the components involved in such condition
only belong toyr. Moreover, ifr € Pj, then

7((¢ x ¥)(me(x))) = 7 ((¢(—x0), Yo(re (), ¥'(7E(x))))
= ((—=¢(=x0), —Vo(re®)), 7 (¥ (7E£(x)))))
= ((¢(x0), (T 0 ¥)o(me@)), (7 0 %) mE(X)))

= (¢ X ¥x) (¥).

Therefore(p x ¥)r = ¢ x ¥, hence sincel is symmetric, then alsg x v satisfies
the same condition. Thug x ¥ € A,(A) and then 0= (¢ x ¥)(A x Qy), that is, Oc
V(910 x On). )

By the arbitrariness ofr, we getn — k < y*(¢~1(0)) and by the arbitrariness af the
thesis follows. O

A different trace property, which actually is the main motivation for passing to the
present variant of the notion of genus, can be now also proved.

PROPOSITION4.8. Let A C E be any symmetric subset and ketA x Oy — E and
¢ E — RFpe givenlf there existsr € P, such that

(@) Vx € A x Qp:o(np(x)) = —0 (x),

(b) Yu € E: p(—u) =7 (p)),

(€) Vx € Ax F: £gi(0(x)) >0Vi=1,... k,
theny*(a (A x Q) N~ 1(0)) > y*(A).

PrROOF Firstly we observe that conditions (a) and (b) allow to state respectively that
o(A x Q) and¢~1(0) are symmetric subsets @& and so the assertion makes sense.
We fixn < y*(A) and a test functiony of dimensiorn defined ono (A x Q) Ne~1(0))

and extended by Lemma 4.2 dh Theny : E x Q; — R**" satisfies (T) and is sym-
metric for somer; € Py,. Let us definep € Py such thato(i) = 71() if i < h and
p(i)=h+m(@i —h)if i > h.Inthis way, ifx’ € R"** is decomposed as = (z/, y) with

7 e R" andy’ e R¥, we havep (x') = (71(z), 7 (y')). We definey : A x Qj4x — RIHHE

by setting

9 (x0.x') =9 (x0.2".¥') = (¥ (0 (x0. ). ). (0 (x0. ¥))).

that is, % = ¥ and®’ = (', ¢). We are going to prove that € A% (A). Sinceyr satis-
fies (T), we have that, far< i, +9; = +y; > 0if 7/ € Fi whereas condition (c) states
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that £0,4; = +¢; 2 01if y' € Fl.jE and sov satisfies (T). Moreover, by (a), (b) and the
symmetry ofyr,

9 (pE(x))
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Then ¢ is symmetric and sa? € A’ (A) as claimed above and, sinee< y*(A),
0 € ¥(A x Qnir). This means that there exisg € A, y' € Qr andz’ € Qy, such that
¥ (0 (x0,¥"),2') = 0 andg(o (xo, y')) = 0. So 0 ¥ (((0 (A x Q) N~ 1(0))) x Q). By
the arbitrariness ofr, one gets: < y*(o (A x Qx) Ne~1(0)) and by the arbitrariness of
one gets the thesis. |

4.3. Min—max classes on the natural constraint
LetI: H — R be one of the functionals related to the problem (CP) or to the problem (P),
with H = H}(£2) or H = HY(RV), respectively. Lel be the natural constraint defined
in (1.16). For any fixed we introduce the class of sets
Y ={AcV|Acompacty*(A) > n}
and denote by, the corresponding min—max level, that is,

cp = inf supl(u).
AanVueA

We assume;, > 0. Such an assumption will let us find a neighborh@bdof O such that
for everyu e C—,

Iw) < % VIu)-u>0,

in conjunction to which we take a neighborhood of infinity such that for every € C+,

I(u) <0 andtherefore VI(u)-u <0.
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Let us observe that, given anye V, the functiona — I (au) is strictly increasing
between 0 and 1, strictly decreasing after 1 and tendsawasao — +o0o. So two con-
stantse, ¢ > 0 such thatu € C~ andcu € C* always exist. Moreover, ifi is any compact
subset of), ¢ andc can be uniformly fixed for € A, alsos can be fixed in maximal way
andc can be fixed in minimal way such that both the values turn out to be considered as
functions ofA. We introduce the functioas : A x [—1, 1] — H, defined as

oa(u, ) = <8+((x+1)c;8)u,

satisfying the conditions

oa(u, —1) =¢€u, oa(u,)=cu YuecA
and the set

Ta=0a(Ax[~1,1])

which will be namedsimple homothetic expansion of lfet us notice that ifA € FnV then
o4 belongs to the class of continuous functions defined by

Fo={o: Ax[-L1 - H|AeTl),
YueA: o(—u,a) =—o(u,a),

o(u,-1)eC 0,1 eC"}
and X' 4 belongs to the class of sets defined by

Li={XCcH\{0}|3Aer),
Jo:Ax[-1,1]> H,0 € F, st.X=0(Ax[-11])}.

Let us introduce two further classes of continuous functions and sets, namely
Fi={o:H—>R|p(—u)=—¢),
o) <OVue HNC™,p(u) 20Yue HNC'},
Iy ={X c H\{0}| X compactX = —X, Yo € F: y*(X N 1(0)) > n}.

LEMMA 4.3. I, C I,

PROOF. Letgp e F*, Ae )V, 0:A x 01— H, o € F, be fixed. By virtue of Theo-
rem 4.8 we haver*(o (A x Q1) N ¢~ 1(0)) > n. By the arbitrariness ap € F*, we get
o(Ax Q1) eT}. O

LEMMA 4.4. ForeveryA e I}, we haveANV e T},
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PrROOF To prove the statement it suffices to note that the fungtiom— VI () - u be-
longs toF;" and hence, by the definition dt", the thesis follows. O

LEMMA 4.5. If A e I}Y thensupy, I =sup, I.

PrROOF The assertion trivially follows from the definition of 4. O
LEMMA 4.6. infycr, SUR,cq [ () =infacrxSUP,cq I (u) = cp.

PrRoOF By virtue of the inclusior’;, C I, we have

inf supl(u) < inf supl (u).
Aelf yeA €lnyecA

Moreover, for evenyX € I, from Lemma 4.4 we have

n?

cn < SUp < supl (u)
ueXnNy ueX

and so, by the arbitrariness &f, ¢, < infacry sup,c 7 (u). Finally, by Lemma 4.5 we
have that, for ever e IV, sinceXx e I,

inf supl (1) < sup I(u) = supl (u).

Aely yeA ueXy ueX
By the arbitrariness ok in IY, we have

inf supl (1) < inf supl () =c,.
Aerﬂuef w0 AEF,,VME/E) w0 " 0

PROPOSITION4.9. [, and I}’ are two admissible min—-max classes

PrROOFE Sincec, > 0, we can find deformationg reducing the levek, and leav-
ing unchanged the sublevel é} Obviously such deformations do not change the sets
C~ andC™. It follows that if o € 7, andg € F; thennoo € F, and so ifA € I, then
n(A) e I, andif A € I thenn(A) e I;;. O

By the above results we can state that, for everthe min—-max levels of the classes

in FnV are all critical levels provided they satisfy the Palais—Smale condition, regardless any
regularity property of the constraint since they are levels of the unconstrained admissible
min—max classes),, andrl’". The corresponding critical points have also a characterization
of unconstrained min—max points with the relative properties like estimates of the Morse
index or others. Moreover, the three classes are equivalent from the point of view of the
localization of the critical points near the maximum points of the terms of a minimizing
sequence of sets, as stated in the next proposition.
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PrROPOSITION4.10. If (A,),eN IS @any minimizing sequence m}’, i.e., for everyn € N,
A, € FnV andlim, (sup,c 4, I (u)) = ¢, then the sequence of the homothetic expansions
(Xa,)neN is a minimizing sequence ifj, (and sq in particular, in ).

PROOFE The assertion easily follows by Lemma 4.5 and by Proposition 4.9. |

PROPOSITION4.11. If (A,),eN IS any minimizing sequence iy (and sq in particular,
in I,) then the sequence of the traces¥m,, N V), N iS @ minimizing sequence iﬁ)’.

PrROOF The assertion easily follows by Lemma 4.4 and by Proposition 4.9. a

4.4. Min—max classes on the double natural constraint

In this subsection we shall apply the above introduced notion of genus to the study of
the min—-max classes on the double natural constraint. To this aim wedi®,, = # id,

so that we simply haver (1) = 2, 7(2) = 1, and consequently we fix the mafisand

ng as defined in the previous subsection. I2tc R be given and let : H — R be

the functional defined in (1.15), related to problem (SP), with= H&(.Q). For every

x € 2, we set, as usual;t(x) = maxu(x),0), u~(x) = max—u(x), 0). Let A1 be the

first eigenvalue of- A on £2, we supposé < 11. Let W be the double natural constraint

so defined

W={u|ut#0,VIu) - u==0}cCV, (4.2)
we set forn > 1,

YV ={AcwW]|A compacty*(A) >n}
and

cp = inf supl(u).
AelV yueA

Sincei < A1 then there exists a ground state lewel O so, for every, ¢,, > 2¢ since, for
everyu e W, I (u™) > ¢ (see [14]). Let us introduce the sets

g,VI(u)M 20},
Ct={ueH\{0}|I(u) <0 (andsovI(u) u<0)},

C:{ueH\{O}’I(u)é

Ln={ueH\{0}(1(u)<cn—g}.

Let us observe that, being< A1, given anyu € H \ {0}, the functiona — I (ou) grows
with a positive derivative fos small as far as it reaches its maximum, then it has a negative
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derivative and tends te-co asa — +o0. So two constants, ¢ > 0 such thatu € C~
andcu € C* always exist. Moreover, ifA ¢ H \ {0} is any compact se andc¢ can

be uniformly fixed foru € A, as well as, ifA c W, for u € A* = {u™ | u € A}, since

AT turn out to be also compact sets which do not contain 0. Furthermasa be fixed

in a maximal way and can be fixed in a minimal way so that both the two values can be
considered as functions df. We introduce the functioa, : A x Q2 — H, defined as

c—¢&

oa(u,a, B) = (£+(a~|—1) > )u"'- (5+(,B+1)C;£)u_

and the sets
Ca=04(AXx0302) and X4 =04(A x Q2).

We shall refer toX's as to thedouble homothetic expansion of Bet us notice that if
Ae FnW and sup I < ¢, + 3, theno, belongs (see Lemma 4.9) to the class of functions
defined by

Fo={o:Ax Q2—>H|AanW and 12, 3 hold},

where
(1) o(ru(x)) =—o(x) Vx € A x Qg,
(2) o(u,a, ) € L, ando (u, o, )t € C*F if . = +1,
(3) o(u,a, B) € L, ando (u, o, B)~ € C* if p=+£1.
ThereforeX' 4 belongs to the class of sets defined by
L,={XcH\{0}|34ae),

J6:Ax Q2 H,0 €Fy, st.X=0(Ax 02}
Let us introduce two further classes of continuous functions and sets, namely
F*=l|g:H — R?|1*,2%,3" hold},
where
(1) o(—u) =7 (p)),
(2*) +1(u) >0ifue L, andu™ e C*,

(3% *@2(u) >0ifuelL, andu™ e C*,
and

Iy ={X c H\{0}| X compact,

X=-Xandvp € 7} y*(X ng~1(0) > n}.

LEMMA 4.7. I, C I
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PROOF. Letgp e F*, Ae )V, 0:A x Q2 — H, o € F, be fixed. By virtue of Theo-
rem 4.8, we haver*(o (A x Q2) N~1(0)) > n. By the arbitrariness of € F*, we get
o(Ax Qp) el O

LEMMA 4.8. For everyA e I, we haveA N W e I)V.

PROOF Let g(u) = VI(u) - u cut off by a positive constant near 0 so tha0) > 0. To
prove the statement it suffices to note that the funciignu — —g(u®*) € R? belongs
to F* and hence by the definition i the thesis follows. O

LEMMA 4.9. If A e I}V thensupy, I =sup, I andsup., I <sup, [ — 5¢.

PROOF Of course A C X4 SO sug I <supy, 1. Conversely, ifu € X4, u has the form
u=pit +vi— with iz € A. Sincei® € V, we have

Tw)=1(pa™) +1a") <I(a™)+ @) =1() <supl.
A

If u e Ca, then{u, v} N{e,c} # 0@ sol@®) — I w*) > ¢ — § for at least one of the+”
and “—" sign. |

LEMMA 4.10. The min—max levels of the above defined classes are the saime

inf supl (1) = |nf supl () = cy.

€lhyeA Aely ycA

PrRoOOF. By virtue of the inclusion’;, C I}, we have

inf sup/ inf sup! (u).
Aellf uef ®) < € nuef @)

Moreover, for everyX € I, from Lemma 4.8 we have

cn < sup < supl(u)
ueXNW  ueX

and so, by the arbitrariness &f, ¢, < infacr sup,c 7 (u). Finally, by Lemma 4.9 we
have that, for everx e I)V, sinceXx € I;,,

inf supl (u) < sup I (u) = supl (u).

€lnyecA ueXy ueX
By the arbitrariness ok in IV, we have

inf sup! (u inf supl (1) =c¢,.
Aernuef 0 < Aeﬂlwuef w0 " O

PROPOSITION4.12. I}, and I are two admissible min—max classes
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PROOF. Sincec, > 0, we can find a cut-off functiop such thatp(c,) =1 andg(s) =0
fors < c, — 5 (see [44,46]). By multiplying the gradieRt/ (u) by ¢ (1 (1)) we obtain a cut-
off gradient flown : R x H — H which lets the points at leve}, move along the reverse
gradient direction and leaves the pointdinfixed. It follows that, setting; : x — n(z, x),

if o € F, andg € F;f thenn; oo € F,, andp o, € F,F. Soif A € I, thenn,(A) € I, and

if AeI,)thenn,(A) el . O

By the above results we can state that, for everthe min—max levels of the classes
in FnW are all critical levels provided they satisfy the Palais—Smale condition, regardless
any regularity property of the constraint since they are levels of the unconstrained admis-
sible min—-max classes, andI*. The corresponding critical points also have a charac-
terization of unconstrained min—max points with the relative properties like, for instance,
the direct estimates of the Morse index in the whole space. Moreover, the three classes
are also equivalent from the point of view of the localization of the critical points near
the maximum points of the terms of a minimizing sequence of sets, as stated in the next
proposition.

PROPOSITION4.13. If (A;);en iS @any minimizing sequence IF)ZW, i.e, for everyi e N,
A; € FnW andlim; (sup,c4, I (1)) = c,, then the sequence of the double homothetic expan-
sions(Xy,);en is a minimizing sequence ify, (and sqin particular, in I;*) for i large.

PrROOFE The assertion easily follows from Lemmas 4.9 and 4.10. a

PROPOSITION4.14. If (A;);en IS any minimizing sequence i} (and sg in particular,
in I;,) then the sequence of the tracesi®iiA; N W), iS @ minimizing sequence 'WLW.

PrROOF The assertion easily follows from Lemmas 4.8 and 4.10. |

It is worth to remark that the two previous propositions imply, in particular, that the
admissible min—-max classé% and I produce Palais—Smale sequenceglin

4.5. An estimate on the Morse index

As an example of the utility of working without constraints and in view of an application in
remaining part of this subsection, we shall briefly show a rough estimate which states that
at the levelc,, we can find critical points in which the augmented Morse index is greater
or equal ton — 1 (the sharp estimate would give: greater or equal)tdhe proofs follow

the ideas in [27], to which we refer for more details. Firstly we shall take into account the
case in which at levet, we only have nondegenerate critical points. In such a case we
shall show that each one of such points can be avoided, in the sense that every minimizing
sequence can be modified in order to have an empty intersection with a neighborhood
of such a point, if it has a Morse index smaller thar- 1. If all the points are in this
situation, we can find a minimizing sequence of sets far away from all the critical points
at levelc,, getting in contradiction in case of compactness. This argument is based on a
simple topological lemma, see [27].
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LEMMA 4.11. LetC c RV~1 be a compact set and lgt: C — R \ {0} be a continuous
map Then f has a continuous extension frdk?’ ~ to R" \ {0}.

PROOF By the Dugundji theorem [22] has a continuous extensignfrom RY 1 to RV
which is €1 out of C. By the Sard theorenf (RV—1\ C) is a negligible set because it
cannot contain regular values. By compactness we know that a positive numtiesuch
that B, (0) N f(C) =¥ can be chosen. Then

B.(0) ¢ f(O)U F(RY 1\ C) = F(RY ).

So we can findj € B.(0) \ f(RVN~1). We denote byp the projection ofB, (0) from y
on d B, (0) extended by the identity out &, (0). Thenp o f is the desired extension.(]

Now, leti be a regular critical point at leve), and letE_ andE ., respectively, denote
the subspaces GH(} spanned by the eigenvectors corresponding to the negative and positive
eigenvalues o%?21 (i1), so that we can find a constant> 0 such that

YuieEy: V2@ (uy) usr >mlug? (4.3)

For two givenry >0, letBL =B, (00N Ey, St =90B+ in Ex, B =i+ B_ + B; and
B=u+ (B%L (0)NE_) + By. We shall splitu € B’ asit + uy +u_ with uy € By. Let

us divideB’ in two parts,

Bi={ueB | V?I(@) (uy)-uy >—2V2I(@)(u_) -u_},

Bo=B'\ By.

Note that by (4.3),
Vuy € By:  £V2I(@)(u) - uy > %Hu.,.”z > const: [|ul|?, (4.4)
Yui € By: V2@ ) - u_ < —mlu_|® < —const |jul|?. (4.5)

So, if we fixrL conveniently small, we can respectively deduce that

Yuyr € By1: £VI(u)-uy >0, (4.6)
Yui e By: +I(u)<I()=cy. 4.7)

Furthermore, by also choosimrg suitably smaller than, we can also assume that

inf  I>s,>cy,. (4.8)
fi+B_+S,

In a more regular context the following lemma can be proved in a slightly easier way by
using Morse lemma instead of the previous construction.
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LEMMA 4.12. Let u be a nondegenerate critical point éfat levelc,. Then for every
A € I} such thatsup, I < s, there existsA” € I, such that

A"\ (B'U-B)=A\ (B'U-B'), (4.9)
ANBCi+E, (4.10)
supl < supl. (4.11)
A A’

PROOF. Letn: B’ — B’ be defined by
nw)=n@4+u_~4uy)=u+u_+a@us, (4.12)

wherea (1) = (r%||u_|| —1)T.Son=id oni + S_ 4+ B,. We definep in a symmetric
way near the symmetric critical pointiz and we extend it by identity on all (ﬁol. We can
assume thaB’ does not touchC, son leaves the two sets fixed. The majso extended
turns out to be discontinuous only on the sei§: + B_ + S;) where the functional
takes values greater or equakto SOAN ((# + B_ + S4)U—(u+ B_+ S1)) =@ and we
can modifyn in order to restore the discontinuity without modifying the valuestom.et
A’ =n(A). Sincen is odd and leaves the sefs fixed,(A) € I;. Moreover, (4.9) follows
by easy considerations singe=id on A \ (B’ U —B’), (4.10) holds becauseife B then
a(m) =0andn(u) =u+u_ € u+ E_. Finally, (4.11) trivially follows from

YueB': I(n(u)) < max(l (u), cn), (4.13)

as we are going to check. Indeed by (4.6),
1
I(u)—l(n(u))=/ VI +u_+suy)-utds>0,

a(u)

if i +u_ +a@)uy =n(u)isin By. Otherwise by (4.7)] (n(u)) < cy. O

The above result can be improved by the use of Lemma 4.11, if we assume that the
Morse index ofi;, namely dimE_, is smaller tham — 1.

PrROPOSITION4.15. Letu be a nondegenerate critical point at levgland letdimE_ <
n — 1. Then we can find two arbitrarily small neighborhoofisand B’ of i such that
(4.9)and(4.11)and

ANB=y (4.14)
hold.

PROOF LetA’, B, B’ be as in the previous lemma. We shall show that (B U — B) still
belongs tol;* and therefore it satisfies the properties in the thesis. Indeed, assume to have
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¢ e F*andy € A" 1((A’\ (BU—B))N¢~1(0)) such that G ¥ (((A’\ (BU —B)) N
¢71(0) x Q). By (4.10),

T=(A\(BU-B)N(ANB)Ng Y O)cia+E.

We havey : ((A’\ (B U —B) N ¢~ 1(0)) x Or — R\ {0}. We want to extend)

to ((A’ N B) N¢~1(0)) x Or and we must extend it frorfi x Q; which is the common
boundary of the set on whiah is already defined and the set to which it must be extended.
We can firstly extend, by the Dugundji theorem, the components, i =1,...,k, to
(A'NB)Ne~1(0)) x Fl.jE to positive values and then all the other components in order to
have

¥ (T x Q) U ((A'NBNe~t0) x 0k) — R\ {0}
Since
(T x QU ((ANBNe 10) x 90k) C (i + E-) x R

and (i + E_) x R¥ is a linear space of dimension strictly smaller than- 1 + k, by
Lemma 4.11 we can extentd to (T x Q) U (A’ N B N¢~1(0)) x Q) with values in
R4k \ {0}. Symmetrically, we can also extendto (A’ N —B N¢~1(0)) x Q) and
therefore to all of A’ N ¢~1(0)) x Qy with values inR"~1+%\ {0}, in contradiction to the
conditionA € I;. O

By iterating this flattening and excision procedure] ihas only (a finite number of)
nondegenerate critical points at leuwgl and all of them have the Morse index strictly
smaller tham — 1, we can easily find a minimizing sequeneg );cn in I, whose terms
have an empty intersection with a fixed neighborh&oof the set, of the critical points
at levelc,, getting in contradiction in case of compactness.

In the general case, one can take advantage of the Marino—Prodi perturbation argument,
(see [27,32,40] and [41], Chapter 3, Section 5) which allows one to redyce a set of
nondegenerate critical points and to consequently deduce the following result

ProPOSITION4.16. If I satisfies PS at level, there exists: in K., which has an aug-
mented Morse index greater or equalite- 1.
4.6. Multiple solutions to the problem at critical growth

We can now give the proof of Theorem 1.2. Let us choose a sequepgan in 12, 2%[
such thatp,, — 2* and introduce the functionals

1 A 1
If<v>=§f |Vv|2—§/ |v2——f |v|Pn,
22 2 DPnJQ

whose critical points are solutions to problems (SP)fet p,,.
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LetV be as defined in Section 1.4 abig the analogous constraint fér= /;'. Let

¢ = Inf supl(v)
Ael“kv veEA

and

= inf, sup/ly (v).
Ael, " veA

By the results of Section 4.3, we see that ewgrgan be also regarded as the min—max
level of I on the class of set§; or I'. The same conclusion holds fgf and, by a suitable
choice of the set€~ andC* which can be uniformly fixed with respect tg c; can be
seen as the min—max levgl on the same classdg and " as before which, therefore,
do not depend on.

LEMMA 4.13. If A < At thenc, > 0 and for everyn e N, ¢! > 0.

PROOF. Let A € IV, by Proposition 424 NE- ; #0. Letu e ANEL , CVNEL .
By the constraint equation,

Ix(u)=%(/rz|vbt|2—x/9|u|2)>%(1—;—k>/g|vm2. (4.15)

The constraint equation also implies

" A
f|u|2 =/ |W|2—Af |u|2>(1——)/ |Vul?,
Q Q Q A/ Je

which implies

o A
(lull2)® 2 > (1— E)S

and therefore

1 1 A\ V2
supl > 1 (u) =— ul > —((1——|S .
A N Jo N Ak

Taking the infimum forA e Fkv we finally have

1 3 N/2
cg=—(l1-——]S > 0.
N Ak

The second part of the thesis can be proved in the same way. O

The proof of Theorem 1.2 will follow from the following two lemmas.
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LEMMA 4.14. lim,_, 1 ¢} = ¢« for anyk as in the previous lemma

PROOF. Letusfixk e NandA e I, thenforany € A, I} (u) — I, (u). BeingA compact
and the functionals equicontinuous,

supl; (u) — supl, (u).
ucA UeA

Then limsupy ¢} <sup,c4 11 (v) and, beingA an arbitrary set i, we get

limsupc; < cx.

n—+00

Since fors > 0 the functioni(s) = pisl’" — 252" gets its maximum value in= 1, we

haveh(s) < pi — 2 for all s > 0. Therefore for every € Hy,

. 101
L) < I (u) + P 1£2]

so, for anyk € N,

cx < liminf ¢}
n——+00

and we have the thesis. O
LEMMA 4.15. lim_ 1o cx = +00.

PROOFE We want to remark that such a result is not based on compactness properties be-
cause, if we prove the statement for 0, i.e., when we have compactness, the statement
itself is obviously true when. < 0 and compactness fails. Moreover, this lemma is also
true in lower dimension, as we can see, in the same way, by adding a suitably big sub-
critical term. On the other side, the use of compactness techniques takes advantage of the
previous results in this chapter. Let us suppose, by contradiction, that the sequence

is bounded, hence it converges to a real numbéior anyk € N, by Lemma 4.14 there
existsn > k such thatc}* — | < 1; hence

lim ¢*= lim ¢ =c (4.16)
k—+o00 k— 400

and the sequende;)ien is diverging, i.e.,

lim ng=-+4o0.
k— 00

Let u,, be a solution of (SP) at leve*. Using the Morse index estimates on min-max
points as in Section 4.5, we can select the sequéngecy such that every,, has an
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augmented Morse index greater or equat te 1. By our assumptions, we can claim that
the sequencé:,, )ren is bounded inHol(Q). Indeed, being,, a solution to (SP) we have

)/ |ty [P — ¢, (4.17)
2

which gives the boundedness ofAu,, in H~1 and, in turn, the boundedness 0f,
on H&. So the sequencer,, )ren is uniformly bounded by Theorem 1.1 and therefore
the Morse index ofi,, must keep bounded, in contradiction to our construction. O

1 1
I)’fk(unk) = (E - p
nk

PROOF OFTHEOREM 1.2. Fixedk € N, we take, for any: € N, u,, = u} a critical point

at levelc; for the functionall)’. First we use Lemma 4.14 and the analogous of (4.17) to
have(u,),cn bounded inH(}. The sequencéu,),cn, by Theorem 1.1, is then uniformly
bounded, so by standard compactness arguments we can find a converging subsequence to
a solutioni; to (CP) at leveky, as follows from Lemma 4.14. By Lemma 4.15, we have
infinitely many distinct values af; for k € N and so the proof is concluded. (]

4.7. Multiple solutions to the problem on the whole domain

This part is devoted to the proof of Theorem 1.4 which states the existence of infinitely
many solutions to problem (P).

Let us fix a sequenc@,),en, r» € RT such that,, — +oo and consider the problems
(P.) = (AP,,,) defined in Section 1.2.

Beside the functional defined in Section 1.2, we introduce the functional

1 1
I,(u) = _f (|Vu|2+a(x)u2)dx - —/ |u|? dx,
2JB,, 0 P JB,, )

and the min—-max levels

cr = inf supl(v)
Ael“kv vEA

and

c; = inf supl,(v),
Ae]“kv” vEA

whereV is the natural constraint related to the functiohandV), is the natural constraint
related tol, or, equivalently), =V N H}(B;, (0)).
Since (a) and (a) widely imply that(a — 3as)™ = SUp(—(a — 3asc), 0) € LN/, we
know that the eigenvalue problem
—Au = M(a — %aoo) ®u inRY, (LP)
ue Hl(]RN),
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has a diverging sequence of eigenvalugs< s < uz3 < --- < up, < ---, see [30]. So
we can findk such thatu; > 1. Also in this situation we have the analogous statement of
Lemma 4.13.
LEMMA 4.16. If u; > 1thenc, > 0.
ProOF The proof is formally equal to that of Lemma 4.13, provided we take the func-

tions ¢; as the eigenvectors given by (LP) corresponding to the eigenvalpesnd
E; = Spafg1, ¢2, ..., ¢;}. By the constraint equation, if€ V' N Ek{l,

= (3-2) et
2 <% - %) /RN <|VM|2+ %aoouz — <a — %aoo>_(x)u2>
(TR
2 p Mk ) JRN RN 2

1 1 1
> (5= ) (1) [wue e [
2 p i) Jry 2 Jry
1 1 1 a
> (5—;)«1—E)Snun%w%nun%)- (4.19)

On the other hand, by the Holder and Young inequalities,

So

2(2* 2 2¢-2 2(2(2*— 2¢-2
||u||2 < Ju)l3s (2*(p=2))/(p( ))||u|| (2(2*=p))/ (p( ))

2*(p—2) 2(2* - p)
<ﬁ|| ||2* ﬁ” ||2 (4.20)

Therefore, combining (4.19) and (4.20), one easily gets
|1 < const [lull

and finally,

1 1
Twy=|=—— / |u|? > const
2 P RN

Since, for everyA e FkV, one has by Proposition 4.2 thatN Ek{l # @, by fixing u
ANEL ; CVNEL ;, wehave

supl > I (1) > const (4.21)
A
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and, taking the infimung; > const> 0. O
In this second case we always have
ck <cp (4.22)
because¢/, =V n H(}(B,,,) C V. Moreover, the property of Lemma 4.13 still holds.

LEMMA 4.17. If i > 1thenc, =lim, c.

PROOF. Letk be given and lef € Fkv”. SinceA is a compact set, for every> 0 A has
a finite e-net F contained inD($2). Forn large, F C Hol(Brn). Let P, be the orthogonal
projection of HX(R") onto H3(B,,). We know that, for every € A, lx — P,(x)| <e.
SinceA Cc V, forv € P, (A),

2 _ 2 1/(p—2)
a(v) = S IV0I = g a(x)v® >0, (4.23)
fRN |U|P dx

providede is taken sufficiently small. Then the map: A — H{’(Brn) Ny =YV, defined
by

Npolh > ot(Pn(u))P,, (n) (4.24)

is an odd map. So*(,(A)) > y*(A) > k and thereforey, (A) € Fkv". One can also
easily see that for any > 0, by taking a conveniently small value ofo haven,, (A) close
enough toA,

cp<supl < sgpl +34 (4.25)
1 (A)

for n large. Taking the infimum foA € FkV ands > 0 we finally find

limsupcy < cx, (4.26)
n

which, combined with (4.22), gives the thesis. O

We can also formally use the same proof of Lemma 4.13 to see that, also in this second
case, the sequencg is diverging. The same argument used for the proof of Theorem 1.2
gives now Theorem 1.4.

PROOF OFTHEOREM 1.4. Letk be as in Lemma 4.16. For evenywe can find a solu-
tionu, to (P,) at levelc}. Since

n 1 1 p
e =In(uy) = > E llunlly = ck
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asn — +o00, then(u,),en is bounded inL?, so also
f |Vun|2+/ a(x)u? < const
RV RV
and finally,

1 1 -
/ |Vun|2 + ano/ u’% < const+/ (a — ano) u,zl
RN RN RN

(r/2) 5
lunll?

1 _
< const+ H (a — ano)

< const

SO () nen is bounded inH1(RY). Then by Theorem 1.3yu,),en has a converging sub-
sequence to a solutian, to (P) at levelc,. Since(cy)ren is diverging, (P) has infinitely
many solutions. O

5. Concluding remarks

We conclude this exposition with some comments on the assumptions employed for the
two problems and indicating what one knows or what one can expect without them. In
the second part of the section we shall show what kind of multiplicity results are already
known for (SP) in nonsymmetric cases when the fundamental restrigtion7 on the
dimension is not assumed.

5.1. Review on the assumptions and open problems

We have considered the critical growth problem only from the point of view of taking into
exam the presence of subcritical terms which make the concentrations to be not conve-
nient. The techniques discussed here have no application (so far) to problems in which
the concentrations are avoided thanks to assumptions on the shape of the domain or other
geometric conditions. Easy extensions are possible to similar equations involving other
operators as, for instance, theLaplacian or more general elliptic operators. The most
delicate point is concerned with the bound on the dimension. The dimension seven has no
particular meaning as happens, for instance, with the minimal surface problems, but de-
pends on the linearity of the subcritical perturbation tesmA nonlinear subcritical term
would require a different bound on the dimension. Let us point outithat4 is enough

for the existence of a nontrivial solution for everyput three more dimensions are needed

for the multiplicity results. The reason is due to the fact that as we have seen in Section 1.5,
starting on dimension 4, the gain due to the quadratic temfg u? in the functional is

more consistent than the cost of a cut-off term which brings a Talenti function to zero
within the boundary of2. On the other hand, if one wants to perform a similar test for the
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multiplicity problem, one must cut off the function in order to reach a value of opposite
sign and so the cost of the cut-off is considerably more expensive.

As we have seen in Section 2, the existence of infinitely many solutions to (CP) is as-
sured for every2 ¢ RY only for N > 7 and relies on a compactness theorem which cannot
be extended to lower dimensions. This circumstance does not mean that the existence of in-
finitely many solutions cannot be proved through different tools as it happens, for instance,
in the case of symmetric domains (see [24]). Such a result is false if one looks for particular
solutions as, if2 is a ball, the radial ones (see [2]), which certainly exig¥if= 7, and this
suggests, in the general case, to search for solutions which change sign near the boundary,
so excluding the radial symmetric functions. This approach was pursued in [14] in order to
show the existence of two (pairs of ) distinct solutionsfoe 4 andi < Aj.

A result in this sense will be shown in the second part of this section.

In the case of problem (P) the assumption3 éad (2) let the superquadratic term of the
functional bounded in terms of the quadratic part and allow the proof of Proposition 1.1.
The smoothness asked imJds more than what we need to this aia (e LV/2(RV)
would be more than enough) but it is required for the other assumptions. Condgjas (a
the equivalent of the bountf > 7 for (CP). The proof of the multiplicity results without
this assumption would probably require completely different arguments. One can possibly
show even uniqueness results in some particular cases, as happens for (CP) with the radial
symmetry. On the contrary {phas been only used for the proof of Lemma 2.4 to the
aim of passing from an integral of the functié Atoan integral ofg%. It can certainly be
weakened, the question if some assumption of this kind is necessary for the multiplicity
result or what is the minimal condition is open.

5.2. Estimates in lower dimension

Now we shall prove, following [20], that the estimate in [14] increases up to at%&sll
solutions or even taV + 1 if A is suitably close to zero. This result has been recently
extended in [15] to the case> A1. In any case, there is no reason to suppose that such a
result may be optimal and the problem of proving the existence of infinitely many solutions,
or even of getting an optimal estimate on the number of solutions, remain, as far as we
know, largely open folv < 6. We shall work with the double natural constraint introduced

in Section 4.4.

LEMMA 5.1. Let (u,),en be a PS sequence W at levelc < %SN/Z, then the sequence
cannot converge weakly to zero

PROOF Since(u,),en is a PS sequence W and i €10, A1[, we have||Vu,jf|| > const
therefore an eventual strong limit of the two sequemaésneN cannot be zero. We have to
extend this claim to the case of a weak limit, which brings a weaker information when the
sequence is not compact. We know that the “bad” levdlsr noncompact PS sequences
detected by Theorem 1.6 0, 2 SV/2[ arec = ¢’ + £ SV/2 with ¢’ critical level for I;

and the weak limitpg of the sequence is a solutianto (P) at levek’. The obstruction to

the compactness @fi,),cn iS given by scaled copies of a global solutipnwhich has a
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constant sign and disappears if we restrict ourselves ttor one of the+ or — signs. So,
in one of the two cases, we havg — u* strongly and sa # 0, according to the assertion
in the beginning of the proof. Therefore ©or ¢ — %SN/Z is a nonnull critical level which
corresponds to the strong or respectively to the weak limit of the sequenceny. O

We set
co= inf L, (u).
ueyV
LEMMA 5.2. Forall k € {1,..., N + 1}, we have
2
2c0 < —§N/2,
C0O Cr < N

PROOF The finite sequence of set&y)iey1,... n+1; IS decreasing and therefore we must
only prove that 2p < ¢1 andcyi1 < %SN/Z. The first inequality is obvious since, for
all u e W, ut,u= eV and I,(w) = L") + Li(u~) > 2co. We start by determin-
ing a constant < %SN/z such thatcy < 2¢, namely we can find a set € I'y such
that sup I, < 2¢ < %SN/Z. Let B = Bg be a ball with radiusk > 0 contained in
£2 which, in order to use a simpler notation, will be assumed, without any restriction,
to be centered in the origin. For anye S¥~1 = 9B, we consider two balls3; and
B; of radius% contained inB and tangent t®B respectively inv and in —v. Let
us consider the functiop:9B — W such that for anyw € 9B, ¢(v) =u":2 — R,
where (1*)* and (4")~ are respectively the function’ found in Section 1.5 inB}
and By and let us callc = I, (u")") = I,((”)7). In this way, we map B into a set
A C W in an odd continuous way, therefoygA) > y(dB) = N. Moreover,Vv € 3 B:
L") = L)) + (W) ") =2 < £SNV/2,

From the boundy < 2¢ we shall now pass to show tha{ 1 is below%SN/z. Actu-
ally we shall find in this new case the boungl,; <c¢ + %SN/Z, by extending the above
introduced mapp from 9B to an N-dimensional sphere. From the construction in Sec-
tion 1.5, one can easily see thatcan be modified continuously to the analogous function
uy, which has a support on the ball'(s) concentric withB; and radiuss, belongs to)
and keeps the property (ii3) < +SV/2. Of courser; (i) — ~SV/2 ass — 0.

We shall firstly exten@ to B, namely we shall find a continuous homotopy with values
in W from ¢ to a constant map. This homotopy will be performed in two steps.

Firstly we shall shrink the radius d@; to a conveniently small radiys by taking

Hy(s,v) =uj —i2

with s € [0, %]. Then we shall translate the bal®s'(p) and B; bringing the two centers
on the origin, obtaining the homotopy

Ho(t,v) =x ﬁ'; <x +t%> — ﬁz(x — t%)
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forr €0, 1].
The very different scales o‘d"{ andu2 make infinitesimal the mixed terms in the evalu-
ation of I, , so we have, for all € [0, 1],

1
L (Hz(t,v)) = L. (a]) + Li(i2) + €1(p) = ¢+ NSN/Z +£2(p), (5.1)

where fori =1, 2, ¢;(p) — 0 whenp — 0. The definition ofH> should still be changed
by multiplying the positive and the negative partif(z, v) by coefficientsy. (¢) in such a
way to provide thatd,(z, v) € W forall ¢ € [0, 1]. Since the functiow. (¢) are clearly con-
tinuous andx.(r) — 1 asp — 0, as we can see by arguing as in (5.1), we still keep (5.1)
after this small correctionH>(1, v) gives the same function whateveniss 9B, so the
homotopy connectg to a constant map.

We have in this way an extension@fto B and so to a hemisphere in dimensisnt- 1.
By an odd extension we defigeon the whole sphere.

Then the set of the functions obtained via this transformation is a compact symmetric
set contained iV whose genus is greater or equalNo+ 1, moreover, on this set the
functionall, is bounded by + +SV/2 4 g5(p) < 2 SV/2 and the thesis follows. O

REMARK 5.1. If we work on the larger constraiit, we can add one more step to the
previous construction showing that even the constrained ¢gxvgl is in such a case lower
than %SN/Z. Indeed, one can easily find a homotopy from the magxtended to the
sphere inN + 1 dimension to a constant map, by arguing as follows. sFe1{0, 1] one
performs the same construction as before by multiplying ltge functionu taken in

B} and then normalizing the whol€’ by multiplying it by a normalization constant(s)

which letsa (s)u” € V. Analogously, one normalizds; (s, v). In this way we can, roughly
speaking, “kill” the negative part of the function remaining only with scaled copies of
u’ on some balls contained iB. Then it is easy to modify such functions continuously
reconducing all of them to the functiorj defined as in Section 1.5 on the whole ball. This
homotopy extendg to a hemisphere in dimensidv+ 2. In any case, even with the present
approach, we gain a further critical level by adding to the levelso, ..., cx4+1 detected

on W the level, which we have denoted by, obtained as the infimum dfon V), so that

the difference apparently relies in a shift of the index which runs from & te 1 rather

than from 1 toN + 2. However, the further information that, foe> 1, ¢; is a critical level
corresponding to a PS sequencé/ihwill allow the use of Lemma 5.1 and motivates the
choice of working on the double natural constraint. Nevertheless, approaching the problem
on ) would only give the further difficulty of avoiding the Ievégl SN/2in Lemma 5.1 and
would finally lead to prove the same result as Theorem 5.1 in even dimension but to find
one solution less in odd dimension. On the other hand, Theorem 5.2 can be proved also in
this other way.

We shall now observe that if two different levels coincide, then (P) must necessar-
ily have infinitely many solutions, even if the [P.S.Fondition fails. Note that this lack
of compactness make us unable even to say that such a level must be critical, however
Lemma 3.2 permits to conclude that the number of solutions at a possibly lower level is
necessarily infinite.
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LEMMA 5.3. If there existi, j € {1,..., N + 1}, i # j, such thatc; = ¢;, then(P) has
uncountably many solutions

PROOF We can reduce ourselves to the case in whicki + 1 withi € {1,..., N}.

We shall prove that, in this hypothesis, we can find a solution to (P) which is orthogonal
to every given function € H&(Q). Let (Ap)neN € F,NH be a minimizing sequence, i.e.,
limsup, (supy, 1) = ci+1. Letus fixv € Hol(.Q) and consider for every e N

A=A, Nt

The sequencéA)),en is, by Lemma 4.3, a sequencefihand, being

lim sup(sup]k) <lim sup(sup[k) =ci+1=¢,
n A;l n An

it is a minimizing sequence. L€k, ),y be a constrained PS sequence at leyallose

to the sequenceéA)),en (i.e., lim,d(u,, A,) = 0), then by Lemma 5.1 its weak limit

i is a nontrivial solution to (CP) which is orthogonal to If (CP) has a only countably
many solutions, the set of the functions which are orthogonal to some solution to (CP) is
a first category set. So we can find a functioa Hol(.Q) whose scalar product with every
nontrivial solution is not null and we find a contradiction. |

THEOREM 5.1. Let N > 4, then(CP) has at Ieast% + 1 distinct ( pairs of) solutions
VA €10, A1][.

PrROOF Taking into account Lemma 5.3, we can supposetthate {1,..., N+ 1}, ¢; #
cj so that we haveV + 1 distinct levels; fori =1,...,k + 1. Adding the ground state
level ¢g, obtained as minimal level o¥i, we haveN + 2 distinct levels

2
O<c0<cl<-~-<cN+1<NSN/2.

By Lemma 3.2, we know that for eveiye {1, ..., N + 1} we have the following alterna-
tive: orc; or ¢, =c¢; — %SN/Z is a nonzero critical level, so we can deduce that at most

two different values; can determine the same solution, so we get at Ié%gt: % +1
solutions to (CP). More precisely, whahis even we have at Iea§t+ 1 pairs of solutions
to (CP) while if N is odd we get at Ieaéifzi1 + 1 pairs of solutions to (CP). a

THEOREM5.2. Let N > 4, then there exists a positive numbee 10, Al[_such that prob-
lem(CP)has at leastV + 1 distinct( pairs of) solutions for every. € 10, A[.

PROOF. The proof is obvious taking into account that there exists]0, A1[ such that
for all » €10,A[ 2co > +SV/2. This last property implies thati € {2,...,N + 1},

ci — %SN/Z < c1, SO the only critical value which can be given by two different min—max
approaches of the type considered abovgis a
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